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� � 7–1

1. � V � n	
��, η1, η2, · · · , ηn� V ����.

α1 = η1 + η2 + · · ·+ ηn, α2 = η2 + · · ·+ ηn, · · · , αn = ηn

(1) ��: α1, α2, · · · , αn� V ����;

(2) ��� η1, η2, · · · , ηn�� α1, α2, · · · , αn�����;

(3) � α�� η1, η2, · · · , ηn����� (a1, a2, · · · , an), � α�� α1, α2, · · · , αn����.

�: (1), (2) ��

(α1, α2, · · · , αn) = (ε1, ε2, · · · , εn)




1 0 · · · 0
1 1 · · · 0
...

...
. . .

...
1 1 · · · 1


 ,

�

T =




1 0 · · · 0
1 1 · · · 0
...

...
. . .

...
1 1 · · · 1


 ,

 T !", #$ α1, α2, · · · , αn� V ��, %�� ε1, ε2, · · · , εn�� α1, α2, · · · , αn������ T .

(3) �

α = (ε1, ε2, · · · , εn)




a1
...

an


 ,

 

α = (α1, α2, · · · , αn)A−1




a1
...

an


 ,

&' α�� α1, α2, · · · , αn����� (a1, a2 − a1, a3 − a2, · · · , an − an−1).

2. �K4(, ��� ε1, ε2, ε3, ε4�� η1, η2, η3, η4�����, )�*+ ξ�&,�����.

(1) ε1 = (1, 0, 0, 0), ε2 = (0, 1, 0, 0), ε3 = (0, 0, 1, 0), ε4 = (0, 0, 0, 1);

η1 = (2, 1,−1, 1), η2 = (0,−1, 1, 0), η3 = (−1,−1, 2, 1), η4 = (2, 1, 1, 3);

ξ = (x1, x2, x3, x4)� η1, η2, η3, η4����;

(2) ε1 = (1, 2,−1, 0), ε2 = (1,−1, 1, 1), ε3 = (−1, 2, 1, 1), ε4=(−1,−1, 0, 1);

η1 = (2, 1, 0, 1), η2 = (0, 1, 2, 2), η3 = (−3,−1,−1, 1), η4 = (1, 3, 1, 2);

ξ = (1, 0, 0, 0)� ε1, ε2, ε3, ε4����;

(3) ε1 = (1, 1, 1, 1), ε2 = (1, 1,−1,−1), ε3=(1,−1, 1,−1), ε4=(1,−1,−1, 1);

η1 = (1, 1, 0, 1), η2 = (2, 1, 2, 1), η3 = (1, 1, 1, 0), η4 = (0, 1,−1,−1);

· 1 ·



ξ = (1, 0, 0,−1) � η1, η2, η3, η4����.

�: (1) T =




2 0 −1 2
1 −1 −1 1
−1 1 2 1
1 0 1 3


,




y1

y2

y3

y4


 = T−1




x1

x2

x3

x4


 =

1
2




−1 −5 −5 4
2 0 2 −2
−2 −4 −4 4
1 3 3 −2







x1

x2

x3

x4


 =

1
2




−x1 − 5x2 − 5x3 + 4x4

2x1 + 2x3 − 2x4

−2x1 − 4x2 − 4x3 + 4x4

x1 + 3x2 + 3x3 − 2x4


 .

(2) T =




1 0 0 1
1 1 −1 1
0 1 0 1
0 0 2 0


, ξ�&,������ 1

13




3
5
−2
−3


.

(3) T = 1
4




3 6 3 −1
1 0 1 3
−1 2 1 −1
1 0 −1 −1


, ξ�&,������




−2
4
−5
3


.

3. -./ (2), ��*+, 0�� ε1, ε2, ε3, ε4����1�� η1, η2, η3, η4����� 22.

�: η1 + η2 + η3 + η4 = (0, 4, 2, 6).

4. �K[x]n34�K[x](5678 n�9:;<=�
��.

fi(x) = (x− a1) · · · (x− ai−1)(x− ai+1) · · · (x− an), i = 1, · · · , n,

>( ai ∈ K (i = 1, 2, · · · , n)�?@AB�6.

(1) ��: f1(x), f2(x), · · · , fn(x)<=K[x]n����;

(2) C a1, a2, · · · , an�DE n5FGH, ��� 1, x, x2, · · · , xn−1�� f1(x), f2(x), · · · , fn(x)��

���.

�: (1) IJ� f1(x), f2(x), · · · , fn(x)
�KLM!. �

k1f1(x) + k2f2(x) + · · ·+ knfn(x) = 0,

NO' x = aiPQ.;, R

kifi(ai) = 0.

�� fi(ai) 6= 0, &' ki = 0, i = 1, 2, · · · , n. S f1(x), f2(x), · · · , fn(x)
�KL. T� dim K[x]n = n, !

U f1(x), f2(x), · · · , fn(x)�K[x]n��.

(2) �DV n5FGH1 1, ε1, · · · , εn−1.  

fi(x) =
xn − 1
x− εi

=
xn − εn

i

x− εi
= xn−1 + εix

n−2 + ε2
i x

n−3 + · · ·+ εn−1
i ,

S&������ 


1 εn−1
1 · · · εn−1

n−1

1 εn−2
1 · · · εn−2

n−1

...
...

. . .
...

1 1 · · · 1


 .

5. �K[x](, W

〈x〉0 = 1, 〈x〉 = x, 〈x〉k = x(x− 1)(x− 2) · · · (x− k + 1), k > 1

(1) �K[x]5(�� 1, 〈x〉, 〈x〉2, 〈x〉3, 〈x〉4�� 1, x, x2, x3, x4�����;

· 2 ·



(2) �K[x]5(9:; f(x) = 1 + x + x2 + x3 + x4�� 1, 〈x〉, 〈x〉2, 〈x〉3, 〈x〉4����;

∗(3) ��:
n∑

x=0

〈x〉k =
1

k + 1
〈n + 1〉k+1;

∗(4) �XYZ6[Dn =
n∑

k=0

k4�\:];.

�: (1) 1 = 1

x = 〈x〉
x2 = 0 + x + x(x− 1) = 0 + 〈x〉+ 〈x〉2
x3 = x + 3x(x− 1) + x(x− 1)(x− 2) = 〈x〉+ 3〈x〉2 + 〈x〉3
x4 = 〈x〉+ 7〈x〉2 + 6〈x〉3 + 〈x〉4

S&������

T =




1 0 0 0 0
0 1 1 1 1
0 0 1 3 7
0 0 0 1 6
0 0 0 0 1




.

(2) (1, 4, 11, 7, 1).

(3) ^U 〈x + 1〉k+1 − 〈x〉k+1 = (k + 1)〈x〉k. &'
n∑

x=0

〈x〉k =
1

k + 1

n∑
x=0

[〈x + 1〉k+1 − 〈x〉k+1]

=
1

k + 1

[
n+1∑
x=1

〈x〉k+1 −
n∑

x=0

〈x〉k+1

]

=
1

k + 1
(〈n + 1〉k+1 − 〈0〉k+1)

=
1

k + 1
〈n + 1〉k+1.

(4) �� x4 = 〈x〉+ 7〈x〉2 + 6〈x〉3 + 〈x〉4, &'

Dn =
n∑

x=0

x4 =
n∑

x=0

(〈x〉+ 7〈x〉2 + 6〈x〉3 + 〈x〉4)

=
1
2
〈n + 1〉2 +

7
3
〈n + 1〉3 +

6
4
〈n + 1〉4 +

1
5
〈n + 1〉5

=
1
30

n(n + 1)(2n + 1)(3n2 + 3n− 1).

� � 7–2

1. ,_K3�`��:
ε1 = (1, 1,−1),

ε2 = (1, 0,−1),

ε3 = (1, 1, 1),

η1 = (1,−1, 2),

η2 = (2,−1, 2),

η3 = (−2, 1, 1).
�A �K3�
�ab, c:

A εi = ηi i = 1, 2, 3.

(1) ��� ε1, ε2, ε3�� η1, η2, η3�����;

(2) �A �� ε1, ε2, ε3����;

· 3 ·



(3) �A �� η1, η2, η3����;

(4) � α = (2,−1, 3), NO�Aα�� ε1, ε2, ε3d� η1, η2, η3����.

�: �K3�e�� ξ1 = (1, 0, 0), ξ2 = (0, 1, 0), ξ3 = (0, 0, 1), f

B =




1 1 1
1 0 1
−1 −1 1


 , C =




1 2 −2
−1 −1 1
2 2 1


 ,

 g

(ε1, ε2, ε3) = (ξ1, ξ2, ξ3)B, (η1, η2, η3) = (ξ1, ξ2, ξ3)C.

(1) �8 (η1, η2, η3) = (ξ1, ξ2, ξ3)C = (ε1, ε2, ε3)B−1C, S�� ε1, ε2, ε3�� η1, η2, η3������

T = B−1C =



− 5

2 −3 3
2

2 3 −3
3
2 2 − 1

2


 .

(2) �8 (A (ε1),A (ε2),A (ε3)) = (η1, η2, η3) = (ε1, ε2, ε3)B−1C, SA �� ε1, ε2, ε3�����

A = B−1C =



− 5

2 −3 3
2

2 3 −3
3
2 2 − 1

2


 .

(3) �A �� η1, η2, η3�����A′,  

A′ = T−1AT = (B−1C)−1(B−1C)(B−1C) = B−1C ==



− 5

2 −3 3
2

2 3 −3
3
2 2 − 1

2


 .

(4) α� ε1, ε2, ε3d� η1, η2, η3����NO�

B−1




2
−1
3


 d C−1




2
−1
3


 ,

�XAα�� ε1, ε2, ε3�����

AB−1




2
−1
3


 =

1
2




7
−11
−1


 ,

A �� η1, η2, η3�����

A′B−1




2
−1
3


 =

1
2



−7
6
5


 .

2. �A ∼ C, B ∼ D, ��: (
A 0
0 B

)
∼

(
C 0
0 D

)
.

��: h�!"�� T1, T2, cR

T−1
1 AT1 = C, T−1

2 BT2 = D,

�X T =
(

T1 0
0 T2

)
!", %

T−1

(
A 0
0 B

)
T =

(
T−1

1 AT1 0
0 T−1

2 BT2

)
=

(
C 0
0 D

)
.

&' (
A 0
0 B

)
∼

(
C 0
0 D

)
.

3. �A!", ��: ABdBAAi.

· 4 ·



��: �8A−1(AB)A = BA, SAB ∼ BA.

4. �A!", %A ∼ B, ��: Bj!", %A−1 ∼ B−1.

��: �8 T, Ak!", &'B!", %

B−1 = (T−1AT )−1 = TAT−1,

SA−1 ∼ B−1.

5. �A ∼ B, ��: AT ∼ BT.

��: h�!"�� T , cR T−1AT = B. SBT = (T−1AT )T = TTATT−T.

6. �A ∼ B, f(x) ∈ K[x], ��: f(A) ∼ f(B).

��: h�!"�� T , cR T−1AT = B. S

T−1(f(A))T = f(T−1AT ) = f(B).

7. ��: 


λ1

λ2

. . .

λn


 ∼




λi1

λi2

. . .

λin


 ,

>( (i1, i2, · · · , in)1 (1, 2, · · · , n)���l[.

��: � V 1 n	
��, ε1, · · · , εn1 V ��. A � V �
�ab, _m�

A εi = λiεi,

 A �� ε1, · · · , εn�����

A =




λ1

λ2

. . .

λn


 .

�8 (i1, i2, · · · , in)1 (1, 2, · · · , n)���l[, �X εi1 , · · · , εin n� V ��, $

A εij = λij εij , j = 1, · · · , n.

SA �� εi1 , · · · , εin �����

B =




λi1

λi2

. . .

λin


 ,

#$A ∼ B.

8. � A,B ∈ Mn(R), ��: oph�!"�� U ∈ Mn(C), c A = U−1BU ,  qh�!"��

T ∈ Mn(R), cA = T−1BT .

r: stuvwxyz{|:

}K, F u~���, ��F uKz�� (�K ⊆ F ), A,Bu��K�z~���. 	


A, B� F ��, �����K��.

��: �U = T1 + iT2, T1, T2 ∈ Mn(R).  (T1 + iT2)A = B(T1 + iT2). T�A,B ∈ Mn(R), !�Z

T1A = BT1, T2A = BT2.

· 5 ·



�� f(λ) = |T1 + λT2|. �8 f(i) = |U | 6= 0, �� f(λ)@1�9:;, qg λ0 ∈ Rc f(λ0) 6= 0. #$

T = T1 + λ0T2!". � T1A = BT1, T2A = BT2!R TA = BT . SA = T−1BT .

9. � x, y, z ∈ K , f

A =




x y z

y z x

z x y


 , B =




z x y

x y z

y z x


 , C =




y z x

z x y

x y z


 .

��: A,B, C�XAi.

��: C�b��

P =




0 1 0
0 0 1
1 0 0


 , Q =




0 0 1
1 0 0
0 1 0


 ,

 P, Qk!", %

P−1AP = C, Q−1AQ = B,

&'A ∼ B, A ∼ C. �AiL�����, !RB ∼ C.
∗10. ��: 



1 1 · · · 1
1 1 · · · 1
...

...
. . .

...
1 1 · · · 1




n

∼




n 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0


 .

��: � V 1 n	
��, ε1, · · · , εn1 V ��. A � V �
�ab, _m�

A εi = ε1 + ε2 + · · ·+ εn, i = 1, 2, · · · , n.

 A �� ε1, · · · , εn�����

A =




1 1 · · · 1
1 1 · · · 1
...

...
. . .

...
1 1 · · · 1




n

.

T^U

α1 = ε1 + ε2 + · · ·+ εn, α2 = ε1 − ε2, · · · , αn = ε1 − εn

n� V ��, %A �� α1, · · · , αn�����

B =




n 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0


 .

#$A ∼ B.

� � 7–3

1. ��6�.
�� V �
�abA ��� d��*+, �A � V ��������1:

(1) A =
(

2 5
4 3

)
; (2) A =

(
0 a

−a 0

)
(a 6= 0);

(3) A =




1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1


 ; (4) A =




5 6 −3
−1 0 1
1 2 −1


 ;

· 6 ·



(5) A =




0 0 1
0 1 0
1 0 0


 ; (6) A =




0 −2 −1
−2 0 −1
−1 −3 1


 ;

(7) A =




4 3 0
−3 −2 0
2 −6 2


 .

�: 6!34�� , "#�$�*+%1A&�����*+.

(1) 7, (1, 1); −2, (5,−4).

(2) ai, (1, i); −ai, (i, 1).

(3) 2, k(1, 1, 0, 0) + l(1, 0, 1, 0) + m(1, 0, 0, 1); −2, (−1, 1, 1, 1).

(4) 2, (−2, 1, 0); 1 +
√

3, (−3, 1,−2 +
√

3); 1−√3, (−3, 1,−2−√3).

(5) 1, k(1, 0, 1) + l(0, 1, 0); −1, (−1, 0, 1).

(6) −3, (1, 1, 1); 2, (1, 1,−4).

(7) 2, (0, 0, 1); 1, (−1, 1, 8).

2. � λ1, λ21
�abA �`�@B��� , ε1, ε2NO1A �'8�� λ1, λ2���*+.

��: ε1 + ε2@1A ���*+.

��: ((�) op ε1 + ε21A �'8)��� λ0���*+,  

A (ε1 + ε2) = λ0(ε1 + ε2).

TA (ε1 + ε2) = A ε1 + A ε2 = λ1ε1 + λ2ε2, &'

(λ1 − λ0)ε1 + (λ2 − λ0)ε2 = 0.

� λ1 6= λ2!R ε1, ε2
�KL, �X

λ1 − λ0 = 0, λ2 − λ0 = 0,

R� λ1 = λ0 = λ2, *+.

3. ��: op
�abA ',�-�*+.�0���*+,  A ��+/0ab.

��: �1)�-�*+ αg Aα = kα, 12��-�*+ β, g Aβ = mβ. op k 6= m,  H3

4/ 2�56, α + β@1A ���*+. opα + β = 0,  gAβ = −Aα = −kα = kβ, d k 6= m*+.

�X α + β1-�*+, d/�*+.

4. ��: ABdBAgAB��� .

��: H34/ 4–8�7 4/, 8 |A| 6= 0, AC = CA9, g∣∣∣∣
A B

C D

∣∣∣∣ = |AD − CB|.

�X ∣∣∣∣
λE B

A E

∣∣∣∣ = |λE −AB|.
T� (

0 E

E 0

)(
λE B

A E

) (
0 E

E 0

)
=

(
E A

B λE

)
,

`:C;[;, MR ∣∣∣∣
E A

B λE

∣∣∣∣ = |λE −BA| =
∣∣∣∣
λE B

A E

∣∣∣∣ = |λE −AB|.
�XABdBAgAB���9:;, #$gAB��� .

· 7 ·



5. ��: <=>R��?@ab��� (og�A)IB1±1.

��: � α1'8?@abA ��� λ0���*+,  

0 6= (α, α) = (Aα,Aα) = λ2
0(α, α),

�X λ2
0 = 1, λ0 = ±1.

6. ��: C������ D��.

��: � α1'8C���A��� λ0���*+,  Aα = λ0α. �8

0 = Akα = λk
0α,

!R λk
0 = 0, λ0 = 0.

7. �A = (a1, a2, · · · , an) ∈ Rn (ai@D��), ���ATA��� d��*+.

�: � ai 6= 0. �� 0 1&���*+1 αj = (0, · · · , 0,ai, · · · ,−aj , 0, · · · , 0)
j i

(j=1, · · · , i−1, i+1, · · · , n)�
�<D. �� 
n∑

j=1

a2
j���*+1(a1, · · · , an).

∗8. �A = (aij) ∈ Mn(K), E;
∣∣∣∣∣∣∣∣∣

ai1i1 ai1i2 · · · ai1ik

ai2i1 ai2i2 · · · ai2ik

...
...

. . .
...

aiki1 aiki2 · · · aikik

∣∣∣∣∣∣∣∣∣
, (1 6 i1 < i2 < · · · < ik 6 n),

F�A��� kGHE;. f��9:;

χA(λ) = |λE −A| = λn − a1λ
n−1 + · · ·+ (−1)n−1an−1λ + (−1)nan.

��: akI8A�DV kGHE;JK.

��: L |λE −A|�,[ 


−a1j

−a2j

...
λ− ajj

...
−anj




MN=`[: 


0
...
0
λ

0
...
0




d




−a1j

−a2j

...
−ajj

...
−anj




 ;[; |λE −A|!NO� 2n� nG;[;JK, >(,�;[;�[M1.P`QR;J�.

�Ak�S�Tg k� λ�E;[;, > λU8 j1, · · · , jk[, VAkWX k[YZ, R

Ak = λk · (−1)n−kDn−k,

>(Dn−k �� A([\7 j1, · · · , jk [] 7 j1, · · · , jk ;$R�� n − kGHE;. 8X k� λC^ n

G;[;(&g!B� k�G�,  Dn−k %C^&g Ck
n �HE;. #$ χA(λ)( λn−k ��6I8

· 8 ·



(−1)k/'A�&g kGHE;JK. �X ak�A�&g kGHE;JK.

9. �A ∈ Mn(K). ��: h�K.���56@_� n2�9:; f(x), c f(A) = 0.

��: ��Mn(K)1K. n2	
��, SE, A, A2, · · · , An2−1, An2

�AL. 81h�@D�

�� ai ∈ K, i = 1, · · · , n2cR

a0E + a1A + · · ·+ an2−1A
n2−1 + an2An2

= 0.

f

f(x) = an2xn2
+ an2−1x

n2−1 + · · ·+ a1x + a0,

 f(A) = 0.
∗10. �A ∈ Mn(C). ��: h�!"�� T ∈ GL(n,C), c T−1AT �.`a��.

��: 1 nb6cdef. 8 n = 1956gh=i. j�561 n− 1G��=i.

� λ1 1 A����� , A&���*+1 α1 ∈ Cn. L α1 kl= Cn �� α1, α2, · · · , αn. f

T1 = (α1, α2, · · · , αn),  T1!", %

AT1 = T1

(
λ1 ∗
0 A1

)
, M T−1

1 AT1 =
(

λ1 ∗
0 A1

)
,

>(A1 ∈ Mn−1(C). �dem�, h�!"�� T2 ∈ Mn−1(C), cR

T−1
2 A1T2 =




λ2 ∗
. . .

0 λn


 ,

f T = T1

(
1 0
0 T2

)
,  T !", %

T−1AT =




λ1 ∗
. . .

0 λn


 .

11. �A ∈ Mn(C), f(x)����69:;. ��: opA�DV�� �λ1, λ2, · · · , λn,  f(A)

�DV�� � f(λ1), f(λ2), · · · , f(λn).

��: �4/ 10, h�!"�� T , c

T−1AT =




λ1 ∗
λ2

. . .

0 λn


 ,

X> λ1, · · · , λn1A�DV�� . #$

T−1f(A)T = f(T−1AT ) = f







λ1 ∗
λ2

. . .

0 λn





 =




f(λ1) ∗
f(λ2)

. . .

0 f(λn)


 .

&' f(λ1), f(λ2), · · · , f(λn)� f(A)�DV�� .

� � 7–4

1. 4/ 7–37�/(���, no1!'1ap�? �!1ap�qr�, �ZA&�����

K1a��.

· 9 ·



�: (1) T =
(

1 5
1 −4

)
, T−1AT = diag(7,−2).

(2) T =
(

1 i
i 1

)
, T−1AT = diag(ai,−ai).

(3) T =




−1 1 1 1
1 1 0 0
1 0 1 0
1 0 0 1


, T−1AT = diag(−2, 2, 2, 2).

(4) T =



−2 −3 −3
1 1 1
0 −2 +

√
3 −2−√3


, T−1AT = diag(2, 1 +

√
3, 1−√3).

(5) T =



−1 1 0
0 0 1
1 1 0


, T−1AT = diag(−1, 1, 1).

(6), (7) @!1ap.

2. �K[x]n(, �sNabD:

D(f(x)) = f ′(x)

���9:;, )��: D�St�������M@!B11a��.

�: CK[x]n�� 1, x, x2, · · · , xn−1.  D�X������1

D =




0 1 0 · · · 0
0 0 2 · · · 0
...

...
...

. . .
...

0 0 0 · · · 0


 .

#$D���9:;� χD(λ) = λn. opD!1ap,  h�!"�� T cR T−1AT = 0, MD = 0,

$D@1�ab, *+.
∗3. �A ∈ Mn(K), ��: op rankA + rank(A− E) = n,  A!1ap.

��: �4/ 4–8.13U, rank A + rank(A−E) = n�lNqJuv1A2 = A. M1A�S�[*

+ αgAα = α. TA(A− E) = 0, S1A− E�S�[*+ βgAβ = 0.

� A �[*+<�wxKL<� α1, · · · , αr, A − E �wxKL[*+<� β1, · · · , βn−r (��

rankA + rank(A− E) = n). �� α1, · · · , αr, β1, · · · , βn−r
�KL.

�g
r∑

i=1

kiαi +
n−r∑

j=1

mjβj = 0.

 
r∑

i=1

kiAαi +
n−r∑

j=1

mjAβj =
r∑

i=1

kiAαi =
r∑

i=1

kiαi = 0.

81 k1 = · · · = kr = 0, y$m1 = · · · = mn−r = 0. &' α1, · · · , αr, β1, · · · , βn−r
�KL.

f T = (α1, · · · , αr, β1, · · · , βn−r),  T !", %

AT = A(α1, · · · , αr, β1, · · · , βn−r) = (α1, · · · , αr, β1, · · · , βn−r)
(

Er 0
0 0

)
,

M

AT = T

(
Er 0
0 0

)
,

· 10 ·



#$

T−1AT =
(

Er 0
0 0

)
.

∗4. �A ∈ Mn(K), ��: op rank(A + E) + rank(A− E) = n,  A!1ap.

��: d./zi, {.

5. � A �6�K. n	
�� V �
�ab, |} A 2 = A . � A ��� , )�� A !1a
p.

��: �

V1 = {Aα | α ∈ V }, V2 = {α− Aα | α ∈ V }.
 1S~� α ∈ V , g α = Aα + (α− Aα), �X

V = V1 + V2.

� α ∈ V1 ∩ V2,  

α = Aβ = γ − A γ, β, γ ∈ V.

81

Aα = A 2β = Aβ = α, (*)

Aα = A γ − A 2γ = A γ − A γ = 0. (**)

&' α = Aα = 0, M V1 ∩ V2 = 0. X�%���

V = V1 ⊕ V2.

18 V1(�*+α, g (*);=i, �� V11'8�� 1���E�. zi�� (**);!R V21'

8�� 0���E�. H3�6 4.5, A !1ap. A ��� � 0, 1.

(�: j!�b4/ 3��f�'��)

6. �

A =
(

1 1
1 0

)
.

(1) �V��A1ap, ��An;

∗(2) �b.P5p, �	
��6[�\:];.

�: (1) A��� � 1±√5
2 , A&���*+�

(
1 +

√
5

2
1

)
,

(
1−√5

2
1

)
.

f

T =

(
1 +

√
5

2
1−√5

2
1 1

)
,

 

T−1AT =

( 1 +
√

5
2 0

0 1−√5
2

)
.
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#$

An = T




(
1 +

√
5

2

)n

0

0
(

1−√5
2

)n


T−1

=
1√
5

(
1 +

√
5

2
1−√5

2
1 1

)


(
1 +

√
5

2

)n

0

0
(

1−√5
2

)n




(
1 − 1−√5

2
−1 1 +

√
5

2

)

=
√

5
5

(
αn+1 − βn+1 αn − βn

αn − βn αn−1 − βn−1

)
,

>( α = 1 +
√

5
2 , β = 1−√5

2 .

(2) f

α0 =
(

1
0

)
, α1 =

(
1
1

)
, · · · , αn =

(
an+1

an

)
,

>( ai17 i�	
��6.  

αn = Anα0.

&' (
an+1

an

)
= Anα0 =

√
5

5

(
αn+1 − βn+1 αn − βn

αn − βn αn−1 − βn−1

) (
1
0

)
,

R

an =
√

5
5

(αn − βn) =
√

5
5

[(
1 +

√
5

2

)n

−
(

1−√5
2

)n]
.

7. �A = (aij)� nG.`a��. ��:

(1) � aii 6= ajj (i 6= j),  A!1ap;

(2) � a11 = a22 = · · · = ann, %��g�� aij 6= 0 (i 6= j),  A@!1ap.

��: (1) �8A1.`a��, S a11, a22, · · · , ann�A� n��� . �8 i 6= j9 aii 6= ajj ,  

Ag n�@B��� , #$A!1ap.

(2) ((�) �UA��� � λ0 = a11 = · · · = ann, oA!1ap,  h�!"�� T , cR

T−1AT = diag(λ0, · · · , λ0).

81

A = T




λ0

. . .

λ0


T−1 =




λ0

. . .

λ0


 .

MA��+�, dm�*+.

8. �gN�1a��

A =




A1 0 · · · 0
0 A2 · · · 0
...

...
. . .

...
0 0 · · · As


 .

��: A!1ap�lNqJuv1,�Aik!1ap.

��: lN�1�h�. ��qJ�.
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�A!1ap,  h�!"�� T , cR

T−1AT =




λ1

λ2

. . .

λn


 .

81

AT = T




λ1

λ2

. . .

λn


 .

f

T =




T1

T2
...

Ts


 ,

>( Ti�;6I8Ai�G6 ri.  

AiTi = Ti




λ1

λ2

. . .

λn


 .

X�� Ti�-�[*+M1Ai���*+. T� T !", S T �;*+
�KL, �$ Ti�;*+j


�KL. 81 rankTi = Ai�G6, Ti�[�jI8Ai�G6. �XAig ri�
�KL���*+,

��Aik!1ap.
∗9. �A,B ∈ Mn(K), %AB = BA. ��: opA, BM!1ap,  h�!"�� T ∈ Mn(K), c

T−1AT d T−1BT B�1a��.

��: �A�@B�� � λ1, λ2, · · · , λs, >( λi��6� ri. �8A!1ap, h�!"�� T ,

c

T−1AT = A1 =




λ1Er1

. . .

λsErs


 .

fB1 = T−1BT ,  A1B1 = B1A1.

fB1 = (Bij), >N��;dA1AB,  �A1B1 = B1A1R

λiBij = Bijλj

818 i 6= j9gBij = 0, M

B1 =




B11

B22

. . .

Bss


 .

T�B!1ap, B1j!1ap, #$�./U,�BiiM!1ap. Mh�!"�� Si ∈ Mri(K)c

S−1
i BiiSi =




λi1

. . .

λiri


 .
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f

T = T1




S1

. . .

Ss


 ,

 T !", %

T−1AT =




S−1
1

. . .

S−1
s







λ1Er1

. . .

λsErs







S1

. . .

Ss


 =




λ1Er1

. . .

λsErs


 ,

T−1BT =




S−1
1

. . .

S−1
s







B11

. . .

Bss







S1

. . .

Ss




=




S−1
1 B11S1

. . .

S−1
s BssSs


 =




λ11

. . .

λ1r1

. . .

λs1

. . .

λsrs




B�1aR.

� � 7–5

1. �A 1
�� V �
�ab, �UA �� η1, η2, · · · , ηn����1

A =




0 1
. . . . . .

. . . 1
0


 .

�A �&g@aE�.

�: �W 1A ���-�@aE�. ����: W q�T)��*+ ηi.

�

0 6= α = akηk + · · ·+ anηn ∈ W, ak 6= 0.

 A k−1α = akη1 ∈ W , η1 ∈ W .

�� ηk1�T8W (����x��*+,  

ηk−1 = A ηk, ηk−2 = A 2ηk, · · · , η1 = A k−1ηk ∈ W.

���

W = L(η1, · · · , ηk).

b(�f. og α ∈ W , � α 6∈ L(η1, · · · , ηk),  

α = a1η1 + · · ·+ amηm, >( am 6= 0,m > k.

81

am−kη1 + · · ·+ am−1ηk + amηk+1 = Am−k−1α ∈ W.

· 14 ·



T� am−kη1 + · · ·+ am−1ηk ∈ W , am 6= 0, !R ηk+1 ∈ W , *+. �XA �&g@aE���E�
'�L(η1, · · · , ηk), k = 1, · · · , n.

2. �A �<=>R��?@ab, ��: A �@aE��?@�j1A �@aE�.

��: �W 1A �@aE�,  A (W ) ⊆ W . �8?@abq!", �XA (W ) = W .

18S~� β ∈ W⊥, α ∈ W , qh� γ ∈ W c α = A γ. 81

(Aβ, α) = (Aβ,A γ) = (β, γ) = 0.

X�� β ∈ W⊥, SW⊥1A �@aE�.

3. �A 1
�� V �
�ab, W �A �@aE�. ��: A (W )�1A �@aE�.

��: �8W 1 A �@aE�, A (W ) ⊆ W , �X A (A (W )) ⊆ A (W ), �� A (W )j1 A �@
aE�.

4. � V 1�6�.� n	
��, A , B1 V �
�ab, %AB = BA . ��:

(1) op λ1A ����� , ��, Vλ1B�@aE�;

(2) A , B��g��]����*+.

��: (1) 1S~� α ∈ Vλ,

A (Bα) = B(Aα) = B(λα) = λBα.

�XBα ∈ Vλ, �� Vλj1B�@aE�.

(2) �.U, Vλ1B�@aE�, #$B|Vλ
1 Vλ.�
�ab. 81B|Vλ

g�� µ'�A

&���*+ β ∈ Vλ, c

Bβ = B|Vλ
(β) = µβ.

T� β ∈ Vλ, Aβ = λβ. &' β1A dB�]���*+.

· 15 ·


