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1. (!"K)M*+,-).M*+,/0A0M< 2, 3, 4�0T1G-)231.
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� � 6–2

1. !"434^_X53TU:

(1) B�6�@7&#A(2,−3, 5)8B(4, 1,−3);

(2) 59��� x− 4
2 = y + 8

−4 = z − 2
1 �, $:& (2,−3, 6)8 (6, 3,−2);

(3) :& (−1, 2, 5), $� 3C� ;3�<;

(4) :& (
√

2,
√

2, 2), $=>#:

{
x2 + y2 = 4,

z = 0.

�: (1) 59� C
(

2 + 4
2 , −3 + 1

2 , 5− 3
2

)
= (3,−1, 1), ?6

R =
√

(3− 2)2 + (−1 + 3)2 + (1− 5)2 =
√

21,

FG53TU# (x− 3)2 + (y + 1)2 + (z − 1)2 = 21.

(2) (59�@:���, SA�� B# (4 + 2t,−8− 4t, 2 + t). E(& (2,−3, 6)8 (6, 3,−2)�

53�, FGA��59�CD�M, t

(4 + 2t− 2)2 + (−8− 4t + 3)2 + (2 + t− 6)2 = (4 + 2t− 6)2 + (−8− 4t− 3)2 + (2 + t + 2)2,

%= t = −2, f-59� � (0, 0, 0), $?6M< 7. 53TU# x2 + y2 + z2 = 49.

(3) 59�& (−1, 2, 5)�EBFGH, ().�A�� # (−a, a, a), �53TU#

(x + a)2 + (y − a)2 + (z − a)2 = a2.

· 1 ·



I (−1, 2, 5)�� JK, = a2 − 8a + 15 = 0, %= a = 5o 3. t53TU#

(x + 5)2 + (y − 5)2 + (z − 5)2 = 25 G- (x + 3)2 + (y − 3)2 + (z − 3)2 = 9.

(4) @:#L<� ;3 xOy�, #9�7&, ()59Bm� zM�. �59� # (0, 0, t), �

4 + t2 = 2 + 2 + (2− t)2, %= t = 1. FG53TU# x2 + y2 + (z − 1)2 = 5.

2. X34#�#9-?6:

(1)

{
x2 + y2 + z2 = 4,

x + y + z − 3 = 0;

(2)

{
x2 + y2 + z2 = 5,

x2 + y2 + z2 + x + 2y + 3z − 7 = 0.

�: (1) FN�#.GOY�|BCTUFPm�53�|.CTUPm�;3�%�, -59

�7&, FG#9B�7&QRC;3FS�T��TU�. )T��TQQV� (1, 1, 1), ST�T

U#





x = t,

y = t,

z = t.

T��;3�%&� (1, 1, 1), )t59. W�WXmn, 5�?6#
√

4− 3 = 1.

(2) |.CTUYZ|BCTUg.= x + 2y + 3z− 2 = 0. [K� (1)I\�T�, .:#94�

)TUFPm�;3���





x = t,

y = 2t,

z = 3t

�%&. %=#9� #
(

1
7 , 2

7 , 3
7

)
. ?6

√
5− 2

7 =
√

231
7 .

3. X�: 



x = a cos2 t,

y = a sin2 t,

z = a
√

2 sin t cos t,

0 6 t < π (a > 0)

PQB#. X)#�#98?6.

�: )������B& (x, y, z)]UTU x2 + y2 + z2 = a2G- x + y − a = 0. S���53�

;3�%� (#): {
x2 + y2 + z2 = a2,

x + y − a = 0,

o�B^!. #�)��P�#, � (x, y, z)�#���B&, <� y = a − x, x2 + (a − x)2 + z2 = a2.

g�._# 2
(
x− a

2

)2

+ z2 = a2

2 . ()�� 0 6 θ < 2π�=




x = a
2 + a

2 cos θ = a cos2 θ
2 ,

z =
√

2a
2 sin θ =

√
2a sin θ

2 cos θ
2 ,

f- y = a− x = a sin2 θ
2 . � t = θ

2 , 4`=�a��b	TU, c�]U#TU�&��a����

�&, ()@:��P�#.

�#9B���





x = t,

y = t,

z = 0

�;3x+y−a = 0�%&,t
(

a
2 , a

2 , 0
)
,?6�#

√
a2 − a2

4 − a2

4 =

√
2

2 a.

4. X�: @C53

Si : x2 + y2 + z2 + Aix + Biy + Ciz + Di = 0, (i = 1, 2),

· 2 ·



%�#F�;3#

(A1 −A2)x + (B1 −B2)y + (C1 − C2)z + (D1 −D2) = 0.

��: �R@C53�%�#�� 3C,E&Mj(aj , bj , cj) (j = 1, 2, 3). �{
a2

j + b2
j + c2

j + A1aj + B1bj + C1cj + D1 = 0,

a2
j + b2

j + c2
j + A2aj + B2bj + C2cj + D2 = 0,

(j = 1, 2, 3).

I@��Y=

(A1 −A2)aj + (B1 −B2)bj + (C1 − C2)cj + (D1 −D2) = 0, (j = 1, 2, 3).

Rc�#�� 3C&M1,M2,M3��;3

(A1 −A2)x + (B1 −B2)y + (C1 − C2)z + (D1 −D2) = 0

�, ()dC#��);3�.
∗5. @:@53:

Si : x2 + y2 + z2 + 2Uix + 2Viy + 2Wiz + di = 0, (i = 1, 2)

X�R@53)% (�%&e�<;3T�)�^_�:

2(U1U2 + V1V2 + W1W2) = d1 + d2.

��: �&M(x0, y0, z0)#@C53���BC%&, �:M &�<;3��QV4�:RC&

�5?6. KfT�,gO0R@C53�59� (−Ui,−Vi,−Wi) (i = 1, 2). ()5?6�TQQV

� (x0 + Ui, y0 + Vi, z0 + Wi) (i = 1, 2). R@C53)%Mh<R@C5?6)%, t

(x0 + U1)(x0 + U2) + (y0 + V1)(y0 + V2) + (z0 + W1)(z0 + W2) = 0,

��=

x2
0 + y2

0 + z2
0 + (U1 + U2)x0 + (V1 + V2)y0 + (W1 + W2)z0 + U1U2 + V1V2 + W1W2 = 0.

;<M �53�%��, ()A�� E+]U@C53�TU, I)@CTU��g�G 2.=

x2
0 + y2

0 + z2
0 + (U1 + U2)x0 + (V1 + V2)y0 + (W1 + W2)z0 +

d1 + d2

2
= 0.

JK�3M�gt=

2(U1U2 + V1V2 + W1W2) = d1 + d2.

RC^_�[!$\]�.
∗6. X�@#

S1 :

{
x2 + y2 = 4,

z = 0
� S2 :

{
x2 + y2 + z2 − 2x− 2y − 2 = 0,

x + y + z = 1

�EB53�.

��: i: S1 �53�59Bm� z M� (bjka 1(4)), ()�� # (0, 0, a). �X S2 �#

9. A���





x = 1 + t,

y = 1 + t,

z = t

�;3 x + y + z = 1�%&
(

2
3 , 2

3 ,− 1
3

)
. -59�#9�l�Bm�;

3 x + y + z = 1��QV;5, t 2
3 : 2

3 :
(
− 1

3 − a
)

= 1 : 1 : 1, FG a = −1, t59# (0, 0,−1). E

( (2, 0, 0)� S1�, f-�53�, X=5?6M<
√

22 + 12 =
√

5. () S1�53

x2 + y2 + (z + 1)2 = 5

· 3 ·



�. )TUYZTU x + y + z = 1� 2ng=�

x2 + y2 + z2 − 2x− 2y − 2 = 0,

c�)53�;3 x + y + z = 1�%�4� S2. () S1� S2�EBC53�.
∗7. ��: :#:{

S = x2 + y2 + z2 + 2ux + 2vy + 2wz + d = 0, (u2 + v2 + w2 − d > 0),

E = Ax + By + Cz + D = 0, (A2 + B2 + C2 6= 0)

�53oTU.PQ#: S + 2λE = 0 (λ#b	).

��: N<b	 λ, cTU S + 2λE = 0PpPQBC53, �#

{
S = 0,

E = 0
Bm�)53�.

N��BC:#

{
S = 0,

E = 0
�53

x2 + y2 + z2 + 2px + 2qy + 2tz + r = 0,

@:#B�@C5�%� {
x2 + y2 + z2 + 2ux + 2vy + 2wz + d = 0,

x2 + y2 + z2 + 2px + 2qy + 2tz + r = 0

�. ;| 4a:, )#B�;3

(p− u)x + (q − v)y + (t− w)z +
r − d

2
= 0

�. qE = 0�:)#, ()@C;3!r, t��p	 λ�=

p− u = λA, q − v = λB, t− w = λC,
r − d

2
= λD.

%0 p, q, t, r, JK53TUt=

x2 + y2 + z2 + 2ux + 2vy + 2wz + d + 2λ(Ax + By + Cz + D) = 0.

� � 6–3

1. X34s��3�TU:

(1) �� x
2 = y

1 = z − 1
0 t�� x = y = zs�;

(2) �� x− 1
1 = y

−3 = z
3 t zMs�;

(3) uv�

{
y2 = 2px,

z = 0
tA�w�s�;

(4) ��

{
x2 = y,

x + z = 0
t�� x

1 = y
2 = z

1 s�.

�: (1) xy7&O�s�M�, $M�TQQV� ξ = (1, 1, 1). bx (3.1), .G=�TU"




(x− x′) + (y − y′) + (z − z′) = 0,

x2 + y2 + z2 = x′2 + y′2 + z′2,
x′
2 = y′

1 = z′ − 1
0 ,

�TU" yZb	 x′, y′, z′g.=

x2 + y2 + z2 − 1 =
5
9

(x + y + z − 1)2,

()FXs��3�TU#

2(x2 + y2 + z2)− 5(xy + xz + yz) + 5(x + y + z)− 7 = 0.

· 4 ·



(2) xy7&O�s�M�, $M�TQQV� ξ = (0, 0, 1). E�a, .G=�TU"




z − z′ = 0,

x2 + y2 + z2 = x′2 + y′2 + z′2,
x′ − 1

1 = y′
−3 = z′

3 ,

() z′ = z, y′ = −z, x′ = 1 + z
3 , JKTU"yZb	 x′, y′, z′g.=

x2 + y2 + z2 =
(
1 +

z

3

)2

+ z2 + z2,

()FXs��3�TU#

9x2 + 9y2 − 10z2 − 6z − 9 = 0.

(3) uv��w��BzTU#

{
x = − p

2 ,

z = 0,
�� wTU#

x + p
2

0
=

y

1
=

z

0
.

RM��B& (x0, y0, z0) =
(
− p

2 , 0, 0
)
, 4.{0G3TU"





y − y′ = 0,(
x + p

2

)2

+ y2 + z2 =
(
x′ + p

2

)2

+ y′2 + z′2,

y′2 = 2px′,

z′ = 0.

fTU"yZb	 x′, y′, z′, 4`=�s��3�TU

y4 − 4p2x2 + 2p2y2 − 4p2z2 − 4p3x = 0.

(4) xy7&O�s�M�, ().=TU":



(x− x′) + 2(y − y′) + (z − z′) = 0,

x2 + y2 + z2 = x′2 + y′2 + z′2,

x′2 = y′,

x′ + z′ = 0.

fTU"yZb	 x′, y′, z′, 4`=�s��3�TU

3x2 + 3z2 − 4xy − 2xz − 4yz − 4x− 8y − 4z = 0.

2. W� k, l�,ER� (|o}|)~���

L :
x

1
=

y

k
=

z − l

0
t xMs�FY�3 S����3.

�: !G3����~�.

(i) k = l = 0+, L�TUY# x
1 = y

0 = z
0 , L4� xM, ()t xMs��y� xMl�;

(ii) k = 0, l 6= 0+, L�TU#

{
z = l,

y = 0,
L�� ;3 xOz����, W�� 3.1�~�, xOz�

 ;3����t xMs�=��s��3�TU.GK
√

y2 + z2J�TU � z-=�, ()s�

���TU# y2 + z2 = l2, �BC#�3;

(iii) k 6= 0, l = 0+, L�TU�

{
y = kx,

z = 0,
L�� ;3 xOy����, En, s��3�TU.

GK
√

y2 + z2J�TU � y-=�, t# y2 + z2 = k2x2, R�#$3;

· 5 ·



(iv) k 6= 0, l 6= 0+, (7&�s�M�, .=G3TU"




x− x′ = 0,

x2 + y2 + z2 = x′2 + y′2 + z′2,
x′
1 = y′

k
= z′ − l

0 ,

yZb	g=��3TU
y2 + z2

l2
− k2x2

l2
= 1,

R��	'�3.

3. ��: �m��-m���Bm&�CD;T8�D	�
&���Bs��3.

��: �m��# zM, m&#7&O. � P (x, y, z)�]U^_�&, � P �� ]UG3TU:

(x2 + y2) + (x2 + y2 + z2) = k2,

xyR��� {
2x2 + z2 − k2 = 0,

y = 0
t zMs�-=�s��3TU.

4. X�: yz + zx + xy = a2�s��3, $Xs�M.

��: (#

(x2 + y2 + z2) + 2(yz + zx + xy)− (x2 + y2 + z2) = 2a2,

.=

(x + y + z)2 − (x2 + y2 + z2) = 2a2.

N��p	 p (|p| > √
2|a|), �� {

x2 + y2 + z2 = p2 − 2a2,

x + y + z − p = 0
�BC#, #9��� x = y = z�, ()R�BCs��3, s�M� x = y = z.

�.G��� {
yz + zx + xy = a2,

2x− y − z = 0
t�� x = y = zs�-=��3 yz + zx + xy = a2.

5. X�: 



x = a(cos u + cos v),

y = a(sinu + sin v),

z = b(u− v)
�s��3, R
 a, b 6= 0$ a, b�D	.

��: (#

x2 + y2 = a2 + 2a2(cos u cos v + sin u sin v) = a2 + 2a2 cos(u− v)

= a2 + 2a2 cos
z

b
,

xyA��� {
x2 = a2 + 2a2 cos z

b
,

y = 0
t zMs�-=.

· 6 ·



6. X��

{
x = z2,

x2 + y2 = 1
t��





x = 2t,

y = 0,

z = 3t

s��Y�s��3�TU.

�: s�Mi:7&O, ().=TU"




2(x− x′) + 3(z − z′) = 0,

x2 + y2 + z2 = x′2 + y′2 + z′2,

x′ = z′2,

x′2 + y′2 = 1.

yZb	g.=s��3TU

2x + 3z + 2− 2x2 − 2y2 − 2z2 = ±3
√

x2 + y2 + z2 − 1.

7. ���3 F (x, y, z) = (x2 + y2 + z2)2 − 16(x2 + z2) = 0�BCs��3.

��: R��� {
(x2 + y2)2 − 16x2 = 0,

z = 0
t yMs�-=���3.

� � 6–4

1. @:�3w�TU# {
x2 + y2 + z2 = 4,

x2 + (y − 3)2 + z2 = 4,

��TQ# 1 : 1 : (−1), (X�TU.

�: �R&M(x′, y′, z′)�w��, P (x, y, z)#�3:M �����&, �b




x = x′ + u,

y = y′ + u,

z = z′ − u,

x′2 + y′2 + z′2 = 4,

x′2 + (y′ − 3)2 + z′2 = 4,

%= 



x′ = x− y + y′,

z′ = z + y − y′,

y′ = 3
2 ,

/0�3TU

(2x− 2y + 3)2 + (2z + 2y − 3)2 = 7.

2. @:�3w�TU# {
y = x2 + z2,

y = 2z,

��T�<w�F�;3, (X)�3TU.

�: (#��T�<w�F�;3 y − 2z = 0, FG��TQ# (0, 1,−2). ��aI\, .=TU

· 7 ·



" 



x = x′,

y = y′ + u,

z = z′ − 2u,

y′ = x′2 + z′2,

y′ = 2z′,
%= 




x′ = x,

y′ = 2
5 (2y + z),

z′ = 1
5 (2y + z),

/0�3TU
2
5

(2y + z) = x2 +
1
25

(2y + z)2,

��g=

25x2 + 4y2 + z2 + 4yz − 20y − 10z = 0.

3. X�� {
x2 + 2y2 + z2 = 1,

x2 + z2 = y

N xOy;3��,�3TU.

�: ���TQQV� (0, 0, 1). .=TU"



x = x′,

y = y′,

z = z′ + u,

x′2 + 2y′2 + z′2 = 1,

x′2 + z′2 = y′,

%= 



x′ = x,

y′ = y,

2y′2 + y′ − 1 = 0,
;< y = −1,ra�, ()�3TU#

y =
1
2

,

(
−
√

2
2

6 x 6
√

2
2

)
.

�%: I��TU"�|BCTUYZ|.CTU, .= 2y2 − y − 1 = 0. R���� zM;5�

�3, -$i:@:��, t#FX��,�3.

4. (c�34TUFPQ��3��3:

(1) (x + y)(y + z) = a2; (2) (x + y)(y + z) = x + 2y + z;

(3) y2 + 2yz + z2 = 1− x2; (4) (x + y + z)2 = (x− y − z)2.

�: (1) (#��

{
x + y = a,

y + z = a
�)�3�, A�TQ# 1 : (−1) : 1. $&

(
a
2 , a

2 , a
2

)
�)��

�. -;3 x− y + z − a
2 = 0��3 (x + y)(y + z) = a2�%�#

{
(x + y)(y + z) = a2,

x− y + z = a
2 .

· 8 ·




�GR^��#w�, G 1 : (−1) : 1#��TQ, .X=TU"




x = x′ + u,

y = y′ − u,

z = z′ + u,

(x′ + y′)(y′ + z′) = a2,

x′ − y′ + z′ = a
2 ,

yZb	g, =��3TU (x + y)(y + z) = a2, FG7���3��3.

(�: G3�C�a
�I�Pm��TQ, yg��i:�3���B&����TQ;5��

����3�, KR��T�����3��3.)

(2) (# (x + y)(y + z) = (x + y) + (y + z), FG��

{
x + y = 0,

y + z = 0
�)�3�, �TQQV�

(1,−1, 1).

�M(x′, y′, z′)��3����&, P (x, y, z)�:M ���
x− x′

1
=

y − y′

−1
=

z − z′

1
��B&, 
�]�� P ��3�. #), %={

x + y = x′ + y′,

y + z = y′ + z′,

()

(x + y)(y + z) = (x′ + y′)(y′ + z′) = x′ + 2y′ + z′) = (x + y) + (y + z) = x + 2y + z,

t P &�� ]U�3TU, c�d^�����3�, ()�3��3.

(3) TU y2 + 2yz + z2 = 1− x2.G_# x2 + (y + z)2 = 1, FG��

{
x = 1,

y + z = 0
�)�3�, A

�TQQV� (0,−1, 1).

�M(x′, y′, z′)��3����&, P (x, y, z)�:M ���
x− x′

0
=

y − y′

−1
=

z − z′

1
��B&, 
�]�� P ��3�. #), %={

x = x′,

y + z = y′ + z′,

()

x2 + (y + z)2 = x′2 + (y′ + z′)2 = 1,

t P &�� ]U�3TU, c�d^�����3�, ()�3��3.

(4) xy��

{
x + y + z = 0,

x− y − z = 0
�)�3�, A�TQQV� (0, 1,−1).

�M(x′, y′, z′)��3����&, P (x, y, z)�:M ���
x− x′

0
=

y − y′

1
=

z − z′

−1
��B&, 
�]�� P ��3�. #), %={

x = x′,

y + z = y′ + z′,

· 9 ·



()

(x + y + z)2 − (x− y − z)2 = (x′ + y′ + z′)2 − (x′ − y′ − z′)2 = 0,

t P &�� ]U�3TU, c�d^�����3�, ()�3��3.

5. @:#�3�MTU#:
x

1
=

y − 1
−2

=
z + 1
−2

,

& (1,−2, 1)�)#�3�, X)#�3�TU.

�: (#& (1,−2, 1)�M x
1 = y − 1

−2 = z + 1
−2 �CDt#�#�?6, FG)?6#

r =
|(1,−3, 2)× (1,−2,−2)|√

1 + 4 + 4
=
√

117
3

.

�R)#�3��B& P (x, y, z), P �M�CD�# r, ()b

|(x, y − 1, z + 1)× (1,−2,−2)|
3

=
√

117
3

,

dng.=#�3TU

8x2 + 5y2 + 5z2 + 4xy + 4xz − 8yz − 18y + 18z − 99 = 0.

(�: )a�.K: (1,−2, 1)&����tMs�-=�)�3TU, �.GKX0BC�#Sw

��X0)�3TU.)

6. ��3�w�#

{
x = y2 + z2,

x = 2z,
��T�<w�F��;3, XR�3�TU.

�: (#w��;3 x = 2z�, FG���TQQV� (1, 0,−2). ;).=TU"




x = x′ + u,

y = y′,

z = z′ − 2u,

x′ = y′2 + z′2,

x′ = 2z′,

yZb	g.=�3TU:

4x2 + 25y2 + z2 + 4xz − 20x− 10z = 0.

7. X?6# 4, M�TU� x = 2y = −z�#�3TU. ���A� xOy� ;3F�=���

��Y�3�M< 24π.

�: FX#�34��M��CDM< 4�&���. ()#�3��&P (x, y, z)]UG3TU∣∣∣(x, y, z)×
(
1, 1

2 ,−1
)∣∣∣

√
2 + 1

4

= 4,

_�g=

5x2 + 8y2 + 5z2 + 8xz + 4yz − 4xy = 144.

)#�3� xOy;3F�=�� �BC!#, $)!#�"?M0# 4, - xOy;3�M��

#� θ]U:

sinθ =
|(0, 0, 1) · (2, 1,−2)|√

22 + 12 + 22
=

2
3

,

FG0?M�0#
4

sin θ
= 6.

· 10 ·



)!#�3�M<

π · 4 · 6 = 24π.

8. X� xM-;3 y = kMCD�&���TU.

�: �
&# P (x, y, z), �;^_:

y2 + z2 = (y − k)2,

t#

z2 + 2ky − k2 = 0.

� � 6–5

1. X$3TU:

(1) w�:

{
ax2 + by2 = 1,

z = 0,
$& (x0, y0, z0);

(2) w�:

{
f(x, y) = 0,

z = k (6= 0),
$& (0, 0, 0);

(3) w�:

{
x2 + y2 + (z − 5)2 = 9,

y = 2,
$& (0, 0, 0).

�: (1) N<w���&M(x′, y′, z′), � P (x, y, z)�:M ������&, �bG3TU"



x′ = x0 + (x− x0)u,

y′ = y0 + (y − y0)u,

z′ = z0 + (z − z0)u,

ax′2 + by′2 = 1,

z′ = 0,

yZb	 x′, y′, z′, ug.=$3TU:

a(z0x− x0z)2 + b(z0y − y0z)2 − (z − z0)2 = 0.

(2) I\%bG3TU" 



x′ = xu,

y′ = yu,

z′ = zu,

f(x′, y′) = 0,

z′ = k,
yZb	g.=$3TU:

f
(
k

x

z
, k

y

z

)
= 0.

(3) bG3TU" 



x′ = xu,

y′ = yu,

z′ = zu,

x′2 + y′2 + (z′ − 5)2 = 0,

y′ = 2,
yZb	g.=$3TU:

x2 + 5y2 + z2 − 5yz = 0.

· 11 ·



2. XG& P (5, 0, 0)#$&, G��

{
x2 + 2y2 = 1,

x + 2y − z = 0
#w��$3TU.

�: bG3TU" 



x′ = 5 + (x− 5)u,

y′ = yu,

z′ = zu,

x′2 + 2y′2 = 1,

x′ + 2y′ − z′ = 0,
yZb	g.=$3TU:

x2 − 146y2 − 24z2 + 4xy − 2xz + 96yz − 10x− 20y + 10z + 25 = 0.

3. XG7&#$&, G

{
x2 − 2z + 1 = 0,

y − z + 1 = 0
#w��$3TU.

�: bG3TU" 



x′ = xu,

y′ = yu,

z′ = zu,

x′2 − 2z′ + 1 = 0,

y′ − z′ + 1 = 0,
yZb	g.=$3TU:

x2 + y2 − z2 = 0.

4. @:#$3�$&# (1, 2, 3), MT�<;3 2x + 2y − z + 1 = 0, ���M�#�# 30◦, Xm

#$3�TU.

�: � P (x, y, z)�$3��BC&, &': P &����TQQV�

ξ = (x− 1, y − 2, z − 3).

-#$�M�TQQV4�;3��QV

ν = (2, 2,−1).

W�a�b
(ξ, ν)
|ξ||ν| = ± cos 30◦,

t
2(x− 1) + 2(y − 2)− (z − 3)√

(x− 1)2 + (y − 2)2 + (z − 3)2
√

4 + 4 + 1
= ±

√
3

2
.

_�dngt=FX#$3�TU#

11(x− 1)2 + 11(y − 2)2 + 23(z − 3)2 − 32(x− 1)(y − 2) + 16(x− 1)(z − 3) + 16(y − 2)(z − 3) = 0,

o

11x2 + 11y2 + 23z2 − 32xy + 16xz + 16yz − 6x− 60y − 186z + 342 = 0.

5. : xM8 yM!"S
;3, �A�()m%�α. (XA��%�*���3TU, �+0�

,'�3.

�: �: xM�
;3#A1y + B1z = 0, : yM�
;3#A2x + B2z = 0. A�()m� α, �
B1B2√

A2
1 + B2

1

√
A2

2 + B2
2

= cos α.

· 12 ·



A��%�:7&O, -$%��TQQV

ξ = (0, A1, B1)× (A2, 0, B2) = (A1B2, A2B1,−A1A2),

()%���& P (x, y, z)]U 



x = tA1B2,

y = tA2B1,

z = −tA1A2,

%= 



A2
1 + B2

1 = 1
t2A2

2
y2 + z2,

A2
2 + B2

2 = 1
t2A2

1
x2 + z2,

(B1B2)2 = x2y2

t2z2 .

; cos2 α(A2
1 + B2

1)(A2
2 + B2

2) = (B1B2)2./0�3TU cos2 α(x2y2 + x2z2 + y2z2 + z4) = x2y2, �B

C$3.

6. X$&# (5, 0, 0)$�53 x2 + y2 + z2 = 9�<�#$3TU.

�: ;�<�vw.:)#$3�?$� θ]U cos θ = 4
5 , xM�#$3�M, ()M�TQQ

V� (1, 0, 0). FG)#$3�TU#
|(x− 5, y, z) · (1, 0, 0)|√

(x− 5)2 + y2 + z2
=

4
5

,

_�#

9(x− 5)2 − 16(y2 + z2) = 0.

7. ��: :7&$<<53

x2 + y2 + z2 + 2ax + 2by + 2cz + d = 0, (0 < d < a2 + b2 + c2)

���F�Y�#$3TU#

d(x2 + y2 + z2) = (ax + by + cz)2.

��: @:53�59# (−a,−b,−c), FG#$3�M�TQQV� (a, b, c). f59�7&�C

D�
√

a2 + b2 + c2, 5?6M<
√

a2 + b2 + c2 − d, ():7&�<�-0M<
√

d, ;).= cos θ =√
d

a2 + b2 + c2 , � θ�#$3�?$�. FGFX#$3�TU#

|ax + by + cz|√
x2 + y2 + z2

√
a2 + b2 + c2

=

√
d

a2 + b2 + c2 ,

_�g=

d(x2 + y2 + z2) = (ax + by + cz)2.
∗8. �� ayz + bzx + cxy = 0PQ$3. c;3 x + y + z = 0�m$3%<BN��, ��%�#

θ, $ a + b + c = 0, � θ = π
2 .

��: (#�3 ayz + bzx + cxy = 0 �.< x, y, z �.���TU, FG�G7& O #$&�

$3. -;3 x + y + z = 0�:7&, FG@%�/0��3 ayz + b(−y − z)z + c(−y − z)y = 08

a(−x− z)z + bxz + c(−x− z)x = 0�, $:7&.

;|BCTU_�=

cy2 − (a− b− c)yz + bz2 = 0 (*)

· 13 ·



;|.CTU_�=

cx2 − (b− a− c)xz + az2 = 0 (**)

!"�@�%���hRB& (x′, y′, z′)8 (x′′, y′′, z′′), �)@&�� *y�]U (*)8 (**). fA�

]U (*).=:

cy′2 − (a− b− c)y′z′ + bz′2 = 0 � cy′′2 − (a− b− c)y′′z′′ + bz′′2 = 0

[KW�i	.i, .= y′y′′ = b
c

z′z′′. En, ;<A��]U (**), .= x′x′′ = a
c

z′z′′.

()@���#� θ]U

cos θ =
x′x′′ + y′y′′ + z′z′′√

x′2 + y′2 + z′2
√

x′′2 + y′′2 + z′′2
=

a + b + c

c
√

x′2 + y′2 + z′2
√

x′′2 + y′′2 + z′′2
= 0,

t θ = π
2 .

∗9. ��:
√

x +
√

y −√z = 0PQBC?$� θ# arc cos
√

6
3 �#$3.

��: 7TU�1VR�2�B]U x > 0, y > 0, z > 0. 7TU3 2�;TgY#

2(x2 + y2 + z2)− (x + y + z)2 = 0,

xy�C$3, -$A�7TU� x > 0, y > 0, z > 0RB4
H�E%�. ()7�3�$3 (*y

G7&#$&, $5bBCTQ).

d6:7&� 2^��:

L :
x

1
=

y

1
=

z

1
, L′ :

x

m
=

y

n
=

z

s
,

��L′t��Ls�=�#$3�TU#



x′ = mt,

y′ = nt,

z′ = st,

(x− x′) + (y − y′) + (z − z′) = 0,

x2 + y2 + z2 = x′2 + y′2 + z′2,

yZb	 x′, y′, z′, tg=�

x2 + y2 + z2 =
m2 + n2 + s2

(m + n + s)2
(x + y + z)2.

* m2 + n2 + s2

(m + n + s)2
= 1

2 +, RC#$3�TU�@:$3�TUE%. -#$3�?$� θ4�L′�L

�#�, t

cos θ =
(1, 1, 1) · (m,n, s)√
m2 + n2 + s2

√
3

=
√

2√
3

=
√

6
3

.

� � 6–6

1. @:!53�NOM�� M!r, $i:!#
{ x2

4 + y2

9 = 1

z = 0

8&A(1, 2,−√11), X!53TU.

�: xy)!53�TU#
x2

4
+

y2

9
+

z2

c2 = 1,

· 14 ·



G&A�� JK, %= c = 6, FG!53�TU#
x2

4
+

y2

9
+

z2

36
= 1.

2. @:$&#7&, NO3# xOy38 zOx3, $:&A
(

1
2 ,−1, 2

)
8B

(
5
2 , 3,−2

)
. X!#u

v3�TU.

�: )!#uv3�TUB#
y2

b2 +
z2

c2 = 2x,

�GA,B&�� JK, %= b =
√

2, c = 2
√

2, ()FX!#uv3�TU#
y2

2
+

z2

8
= 2x.

3. XBC.��3�TU, �RC.��3i:@^uv�{
x2 − 6y = 0

z = 0
8

{
z2 + 4y = 0

x = 0.

�: RC.��3.`�!#uv3o'�uv3, W�@:^_, A�TU7bG3��:

x2

a
+

z2

b
= 2y,

G z = 0JK, X= a = 3, G x = 0JK, X= b = −2, ()R�'�u�3, �TU#
x2

3
− z2

2
= 2y.

4. * kRh�p	�+, TU

(k − 3)x2 + y2 = (k + 3)z

PQ,'�3?

�: * k < −3o−3 < x < 3+, TUPQ'�uv3; * k = −3+, TUPQ@C�%;3; *

k = 3+, TUPQuv�3; * k > 3+, TUPQ!#uv3.

5. @:!#uv3Ax2 + By2 = 2zi:#{
x2 + y2 + z2 = 2x + 2z,

x = z,

(X�TU.

�: #TU.GE%1�# {
2x2 + y2 = 4z,

x = z,

-7�3�;3 x = z�=���� {
Ax2 + By2 = 2z,

x = z.

>?gt=A = 1, B = 1
2 , ()!#uv3�TU#

x2 +
y2

2
= 2z.

6. @:!#uv3Ax2 + By2 = 2zi:#{
x2 + y2 + z2 = 2x + 2z,

x = z,

(X�TU.

· 15 ·



�: R#�@C& (1,
√

2, 1), (2, 0, 2), A����3�. IA��� JK�3TU, %=A = 1,

B = 1
2 . FG!#uv3�TU# x2 + y2

2 = 2z.

7. @:!#uv3 x2 + y2

2 = 2z8;3 x = kz�%��BC#. (X)#�?6.

�: )%��.PQ# { (
x− 1

k

)2

+ y2

2 = 1
k2 ,

x = kz.

R
|BCTU�%�� xOy;3�+,�3, A�BC!#�3, �NOM���

{
x = 1

k
,

y = 0.
R^

���;3 x = kz�%&
(

1
k

, 0, 1
k2

)
4�%�#�#9. ��
�E.I%��TUE%1�#

{ (
x− 1

k

)2

+ y2 + k2
(
z − 1

k2

)2

= 2
k2 ,

x = kz.

fRCTU".GO0, ]�%�Y#BCG
(

1
k

, 0, 1
k2

)
##9�#, \8$58 k2 = 1, R+#�?

6M<
√

2.

8. (��!#uv3�'�uv3�b	TU.!"9#




x = a(u + v),

y = b(u− v),

z = u2 + v2

�





x = a(u + v),

y = b(u− v),

z = 2uv,

(u, v#b	).

��: !#uv3�TU� x2

a2 + y2

b2 = 2z, S1V:�
{

x = a(u + v),

y = b(u− v),

,gO0RC1��.;�, JKTUg.= z = u2 + v2. ;<�3��&� x, y��<BPm, ()

�� u, v<BPm. c�RP��3�b	TU. I\%.G=�'�uv3�b	TU.

9. @:Buv�

{
x2 = 2z,

y = 0
;5=
, $$&�uv�

{
y2 = −4z,

x = 0
�, (X���TU.

�: (#uv�

{
y2 = −4z,

x = 0
� yOz ;3�, �uv�

{
x2 = 2z,

y = 0
;5=
-g>0��3#

S. �R��B& (X, Y, Z), �;3 y = Y ��3 S �� B�uv�

{
x2 = 2z,

y = 0
�\, 5�$&�

(
0, Y,− Y 2

4

)
e. ()& (X,Y, Z)Bm]UTU

X2 = 2
(

Z −
(
− Y 2

4

))
,

tX2 − Y 2

2 = 2Z, FG��TU# x2 − y2

2 = 2z, �'�uv3.

10. ��!#uv3�?����.

��: �b�� 



x = x0 + lt,

y = y0 + mt,

z = z0 + nt,

· 16 ·



A]0�!#uv3 x2

a2 + y2

b2 = 2z�*$@*

(x0 + lt)2

a2 +
(y0 + mt)2

b2 = 2(z0 + nt) (*)

N��� tY�, q���.< t�.�TU, $ t2�i	� l2

a2 + m2

b2 , cA,M< 0, � (*)�,.`

N��� tY�, S5b l = m = 0, R+ t�B��i	# n, �5`� 0, ,.`.

� � 6–7

1. X'�uv3 x2 − y2 = z�:& (1,−1, 0)�@^���TUG-A��%� α.

�: ��@o���# {
x + y = µ,

µx− µy = z
8

{
x− y = ν,

νx + νy = z,

A�i:& (1,−1, 0), FG µ = 0, ν = 2, /=���TU#
x

1
=

y

−1
=

z

0
8

x− 1
1

=
y + 1

1
=

z

4
,

%�]U cos α = 0, t α = π
2 .

2. ��: '�uv3 x2

a2 − y2

b2 = 2z (a 6= b)��A�)%�����%&����B^'��.

��: ;<Eo���@^���B�C3��, Db%&, ()5Ed6Co����. ,��{ x
a

+ y
b

= 2µ,

µ
(

x
a
− y

b

)
= z

�

{ x
a
− y

b
= 2ν,

ν
(

x
a

+ y
b

)
= z

�AT�, @���TQQV!"#
(
− 1

b
, 1

a
,− 2µ

ab

)
8

(
1
b

, 1
a

, 2ν
ab

)
, (A�T�, FG 4µν = a2− b2.

* µ 6= ν+, F9%=%&]U



x2

a2 − y2

b2 = 4µν = a2 − b2,

z = 2µν = a2 − b2

2 ,

* µ = ν+, %&]U 



x = 2aµ,

z = 2µ2,

y = 0.
,�GB���, �c�%&�'��




x2

a2 − y2

b2 = a2 − b2,

z = a2 − b2

2 ,

�

{
x2 = 2a2z,

z = 0,

�.

3. (�:

2x2 + y2 − z2 + 3xy + xz − 6z = 0

��H3, �X0��:&M(1, 1, 1)����TU.

�: 7TU._#

(x + y + z)(2x + y − z) = 6z,

�����TU# {
λ(x + y + z) = 6z,

2x + y − z = λ
o

{
µ(2x + y − z) = 6z,

x + y + z = µ,

· 17 ·



� λ, µ#b	. E(,� λ, µR��, Bb

rank
(

λ λ λ− 6
2 1 −1

)
= 2, rank

(
2µ µ 6− µ

1 1 1

)
= 2,

c�A�PpPQ@C��o. FG�3��H3.

d6:& (1, 1, 1)����. I� JK��TU, .= λ = 2, µ = 3. ()@^���#{
x + y − 2z = 0,

2x + y − z − 2 = 0
8

{
2x + y − 3z = 0,

x + y + z − 3 = 0.

4. X�V��

L1 :

{
y − 1 = 0,

x + 2z = 0,
L2 :

{
y − z = 0,

x− 2 = 0,
L3 :

x

2
=

y + 1
0

=
z

1

�%�
��*���3TU.

�: �
���L1, L3�%&# (−2u, 1, u)� (2v,−1, v) (� u, v#b	), FG
���TU#
x + 2u

2(u + v)
=

y − 1
−2

=
z − u

v − u
. (*)

AB��� L2 �%. ;<& (2, 0, 0)� L2 �, $ L2 �TQQV# (0, 1, 1), ()W����%�^_,

\8 ∣∣∣∣∣∣

0 2(u + v) −2(1 + u)
1 −2 1
1 v − u u

∣∣∣∣∣∣
= 0,

%= uv = −1. -f (*)�.G=� 



u = 2z − x
2(1 + y) ,

v = −x− 2z
2(y − 1) .

()
��F>:��3TU#
x2

4
+ y2 − z2 = 1.

5. ��Ia 7.3.

��: ��	'�3�TU# x2

a2 + y2

b2 − z2

c2 = 1. A�@^Co���#
{

µ0

(
x
a

+ z
c

)
+ ν0

(
1 + y

b

)
= 0,

µ0

(
1− y

b

)
+ ν0

(
x
a
− z

c

)
= 0

-

{
µ1

(
x
a

+ z
c

)
+ ν1

(
1− y

b

)
= 0,

µ1

(
1 + y

b

)
+ ν1

(
x
a
− z

c

)
= 0.

J9YBzTU{ µ0

a
x + ν0

b
y + µ0

c
z + ν0 = 0,

ν0
a

x− µ0

b
y − ν0

c
z + µ0 = 0

-

{ µ1

a
x− ν1

b
y + µ1

c
z + ν1 = 0,

ν1
a

x + µ1

b
y − ν1

c
z + µ1 = 0.

[K|2K §3LM.<KBzTUPQ�@^����.LN�u�, ;<�OP��vTU"�Q

RST�54� ∣∣∣∣∣∣∣∣∣

µ0

a
ν0
b

µ0

c
−ν0

ν0
a

− µ0

b
− ν0

c
−µ0

µ1

a
− ν1

b
µ1

c
−ν1

ν1
a

µ1

b
− ν1

c
−µ1

∣∣∣∣∣∣∣∣∣
= 0,

c�QRST�U< 4, ()R@^���Bm�3.

�'�uv3�TU# x2

a2 − y2

b2 = 2z. A�@^Co���#
{ (

x
a

+ y
b

)
+ 2µ = 0,

µ
(

x
a
− y

b

)
+ z = 0

-

{
ν

(
x
a

+ y
b

)
+ z = 0,

(
x
a
− y

b

)
+ 2ν = 0.
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;�O 4CTUP�=���vTU"�QRST#

Ã =




1
a

1
b

0 −2µ
µ
a

− µ
b

1 0
ν
a

ν
b

1 0
1
a

− 1
b

0 −2ν




,

12= |Ã| = 0, c� rank Ã < 4. �BT3,gO0 rankA = 3 = rank Ã, c�R@^����%.

6. ��Ia 7.4.

��: ��	'�3�TU# x2

a2 + y2

b2 − z2

c2 = 1. A�@^Eo���#
{

µ0

(
x
a

+ z
c

)
+ ν0

(
1 + y

b

)
= 0,

µ0

(
1− y

b

)
+ ν0

(
x
a
− z

c

)
= 0

-

{
µ1

(
x
a

+ z
c

)
+ ν1

(
1 + y

b

)
= 0,

µ1

(
1− y

b

)
+ ν1

(
x
a
− z

c

)
= 0.

;�O 4CTUP�=���vTU"�QRST�54�#
∣∣∣∣∣∣∣∣∣

µ0

a
ν0
b

µ0

c
−ν0

ν0
a

− µ0

b
− ν0

c
−µ0

µ1

a
ν1
b

µ1

c
−ν1

ν1
a

− µ1

b
− ν1

c
−µ1

∣∣∣∣∣∣∣∣∣
=

4(µ0ν1 − ν0µ1)2

abc
.

*R@^���,!r+, Bmb µ0 : ν0 6= µ1 : ν1, ()QRST�UM< 4, R@^��C3.

�'�uv3�TU# x2

a2 − y2

b2 = 2z. A�@^Eo���#
{ (

x
a

+ y
b

)
+ 2µ0 = 0,

µ0

(
x
a
− y

b

)
+ z = 0

-

{ (
x
a

+ y
b

)
+ 2µ1 = 0,

µ1

(
x
a
− y

b

)
+ z = 0,

;�O 4CTUP�=���vTU"�QRST�54�#∣∣∣∣∣∣∣∣∣∣

1
a

1
b

0 −2µ0

µ0

a
− µ0

b
1 0

1
a

1
b

0 −2µ1

µ1

a
− µ1

b
1 0

∣∣∣∣∣∣∣∣∣∣

=
4(µ0 − µ1)2

ab
.

* µ0 6= µ1+, QRST�54�,M< , ()A�UM< 4. c�R@^���C3.

N<'�uv3�Bo���
{ (

x
a

+ y
b

)
+ 2µ = 0,

µ
(

x
a
− y

b

)
+ z = 0,

A�TQQV#
(

1
a

, 1
b

, 0
)
×

(
µ
a

,− µ
b

, 1
)

=
(

1
b

,− 1
a

,− 2µ
ab

)
,FGRo���;5<;3 bx+ay = 0.

En.:, �Bo��� {
ν

(
x
a

+ y
b

)
+ z = 0,

(
x
a
− y

b

)
+ 2ν = 0

�;5<;3 bx− ay = 0.
∗7. X�	'�3 x2

a2 + y2

b2 − z2

c2 = 1 (c2 < a2 + b2)��A�T������%&��.

�: xy, �AT�����\,Eo. �#
{

ω
(

x
a

+ z
c

)
= µ

(
1 + y

b

)
,

µ
(

x
a
− z

c

)
= ω

(
1− y

b

) 8

{
θ
(

x
a

+ z
c

)
= ν

(
1− y

b

)
,

ν
(

x
a
− z

c

)
= θ

(
1 + y

b

)
,

� , ω, µ ,E+#|, θ, ν �,E+#|. R@^���TQ!"#
(

µ2 − ω2

bc
,

2µω
ac

,
µ2 + ω2

ab

)
8
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(
θ2 − ν2

bc
, 2νθ

ac
,− ν2 + θ2

ab

)
. (A�T�, 4b

(µ2 − ω2)(θ2 − ν2)
b2c2 +

4µωνθ

a2c2 − (µ2 + ω2)(ν2 + θ2)
a2b2 = 0.

_�g=

a2(ωθ + µν)2 + b2(µθ − ων)2 + c2(µν − ωθ)2 = (a2 + b2 − c2)(µθ + ων)2.

�fTU"%=%&# 



x = µν + ωθ
µθ + ων

a,

y = ων − µθ
µθ + ων

b,

z = µν − ωθ
µθ + ων

c.

.: x2 + y2 + z2 = a2 + b2 − c2. S%&��#
{ x2

a2 + y2

b2 − z2

c2 = 1,

x2 + y2 + z2 = a2 + b2 − c2.

� � 6–8

1. 9053 x2 + y2 + z2 = R2�

(1) �3 x2 + y2 = a2 (R > a > 0);

(2) $3 x2 + y2 = z2 tan2 θ (0 < θ < π)

%��b	TU.

�: (1)





x = a cos θ,

y = a sin θ,

z =
√

R2 − a2,

(0 6 θ < 2π)8





x = a cos θ,

y = a sin θ,

z = −√R2 − a2,

(0 6 θ < 2π);

(2)





x = R sin θ cosϕ,

y = R sin θ sin ϕ,

z = R cos θ,

(0 6 ϕ < 2π)8





x = R sin θ cos ϕ,

y = R sin θ sin ϕ,

z = −R cos θ,

(0 6 ϕ < 2π).

2. (Pmm#��+;3 x + mz − 1 = 0��	'�3 x2 + y2 − z2 = 1�%Y: (1) !#; (2) '

��.

�: *m = 0+%��BN�%��
{

y2 − z2 = 0,

x = 1.

()�m 6= 0, )+%�# {
x2 + y2 − 1

m2 (1− x)2 = 1,

x + mz = 1,

._�# 



x2

m4

(m2 − 1)2
+ y2

m2

m2 − 1

= 1,

x + mz = 1.

(), * |m| > 1+, %��!#; * |m| < 1$m 6= 0+, %��'��.

3. (/0;53 x2 + y2 + z2 = 4��3 x2 + y2 = 2xF�Y�4
.
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x

y

z

� 4��

4. (/0;�3 z = 1− x2 − y28;3 y = x, y =
√

3x, z = 0F�4
�|BFG �&^!.

5. (/0,M�

x2 + y2 6 z 6
√

x2 + y2

FPm�4
��V.
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t
0�

��*� � @	#L

z/����
�3�3�3�3�3�3�45��4��5�6:����

h- h, g, g+ f+ e�
 d* b) _' \% W$ T" Q� M�
g, g, g, g, g, g, 5� 4� 5�

4� 5� 4�
5� 4� 5�

4� 5� 4�b) b( b) b) b( b) b) b( b) b) �B� B� B� A� B� B� B� B� B�

0�0�0�
0�0�0�

x
y

z

O

� 5��

n

������
��
�

��

�
�1�0

�������
��
��
��
��
��

BBBBCBBB��9:9 lk

p�z/����

4��@ � 
e�-t

{{{{{{{{{{{{{{{mBBBCBBBB

�����G��H�JM� M� M� M� M� M� M� M� L� f+ f+ e�
0�0�0�
0�0�0�
0�0�

x
y

z

O

� 6��

6. (/0;,M�"

y > 0, z > 0, x > 2y2,
x

4
+

y

2
+

z

4
6 1,

FPm�4
��V.
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