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� � 5–1

1. [r6���DB�D, ��
T�)u*2�	Ry�t&pq?

(1) +�
 Z; (2) G��
Q; (3) 2�
R; (4) @�
C.

�: (1)B (2)mU�2�	 Ry�t&pq, !"U �DU��. (3): (4)m� Ry�t&p

q.

2. �K"@�	C, �$2�"�X�HA n×n]^�
T�]^��DBU �D�)u*

Ky�t&pq? "/0?

�: ), *<U �DU��.

3. B}��
T�<#��3g�)u*2�	y�t&pq:

(1) 3�2�u (Mu, y456)]^, �<]^��DBU �D;

(2) H�V< n (n > 1)�2j�	:)3�, �<	:)��DB�D;

(3) ��y3�� , �<� ��DB���M�U �D:

kα = α;

(4) 3�r2�R+, �D:U �D�M":

a⊕ b = ab,

k ◦ a = ak.

�: (1) �; (2) ), o	:)Uk
T�; (3) ), !"b α 6= 0R, 0α 6= 0; (4) �.

4. xgya�#%1�t&pq�F�:z.

�: (1) 2�u: n(n + 1)
2 F, z {Eij + Eji | i 6 j};

Mu: n(n− 1)
2 F, z {Eij − Eji | i < j};

y456: n(n + 1)
2 F, z {Eij | i 6 j}.

(4) 1F, ��UV< 1�r2�m>/"z.

5. ST: 3�$o"�s�2��

S =
{
{an} = (a1, a2, a3, · · · , an, · · · ) | ai ∈ R, lim

n→∞
an = 0

}

[���M��DBU �D:

{an}+ {bn} = {an + bn};
k{an} = {kan}

u*2�	Ry�Hf,sFt&pq.

��: }St&pqi. "XT8�,sF�, ����r+� n, GHfCD< 0���: αn =

{0, · · · , 0, 1(= n:),0, 0, · · · }. <��<��;� n, 8G nf� α1, · · · , αnt&,*.
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6. �

P =
{(

α β

−β α

)∣∣∣∣ α, β ∈ C
}

.

(1) ST: P []^��DBU �Du*2�	Ry�Hft&pq;

(2) s P �F�Bz.

�: (1) i. (2) dimR P = 4, z":
(

1 0
0 1

)
,
(

i 0
0 −i

)
,
(

0 1
−1 0

)
,
(

0 i
i 0

)
.

7. �R"2�	k8gEy�t&pq, R+"= 3a (4)��� pq. ST: RBR+Cu.

��: I
ϕ : R −→ R+

r 7−→ 2r

J (a) ϕ�F];

(b) ϕ���: !" 2r1 = 2r2 ⇐⇒ r1 = r2;

(c) ϕ�-�: !"���� a ∈ R+, a = 2log2 a. % log2 a ∈ R, <� ϕ(log2 a) = 2log2 a = a;

(d) ϕFG3g:

ϕ(r1 + r2) = 2r1+r2 = 2r12r2 = 2r1 ⊕ 2r2 = ϕ(r1)⊕ ϕ(r2);

ϕ(kr1) = 2kr1 = (2r1)k = k ◦ 2r1 = k ◦ ϕ(r1).

#$ ϕ�Cu.

8. � F "3�6�

(x1, x2, x3, · · · , xn, · · · ), xn = xn−1 + xn−2, n > 3

�2��#B*�
T, <�DBU �D��M�= 5a.

(1) ST: F u*Ry�HfbFt&pq;

(2) �% F �HfNVe��#B*�z;

(3) sHI E (Fibonacci)��

(0, 1, 1, 2, 3, 5, 8, · · · )
�r:f).

��: (1) F "Ryt&pq�STi. ��s F �F�.

���� α1 = (0, 1, 1, 2, 3, 5, · · · )B α2 = (1, 1, 2, 3, 5, · · · ), �� α1, α2 ∈ F .

(a) � k1α1 + k2α2 = 0, J (k2, k1 + k2, k1 + 2k2, 2k1 + 3k2, · · · ) = 0, #$ k2 = 0, C% k1 = 0. wX

T α1, α2t&,*.

(b) ����

β = (a1, a2, a3, · · · , an, · · · ), an = an−1 + an−2, n > 3

��

γ = (a2 − a1)α1 + a1α2 − β ∈ F,

J γ = (0, 0, x3, x4, · · · ). !" γ ∈ F , #$ x3 = 0 + 0 = 0, x4 = x3 + 0 = 0, N�PD>� γ = 0. woS

Tr β = (a2 − a1)α1 + a1α2. !O α1, α2u* F �z, dim F = 2.

(2) �GVe��

(a, aq, aq2, · · · ) ∈ F,

J� n > 2G aqn = aqn−1 + aqn−2, C% q2 = q + 1, P� q = 1±√5
2 .
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��

η1 =


1,

1 +
√

5
2

,

(
1 +

√
5

2

)2

, · · ·

 ∈ F,

η2 =


1,

1−√5
2

,

(
1−√5

2

)2

, · · ·

 ∈ F.

Q η1, η2t&,*, % dim F = 2, #$ η1, η2u* F �z.

(3) HI E��

ϕ = (0, 1, 1, 2, 3, 5, 8, · · · ) ∈ F,

!O1k c1, c2 ∈ R, '

ϕ = c1η1 + c2η2.

C% {
0 = c1 + c2

1 = c1
1 +

√
5

2 + c2
1−√5

2
-P

c1 =
√

5
5

, c2 = −
√

5
5

,

NO>PHI E��Pr:f)�

Dn =
√

5
5




(
1 +

√
5

2

)n−1

−
(

1−√5
2

)n−1

 .

9. #J nyKL, �-<(
(�$hM�5:H�5�X9:meV� ny@^, �



6 1 8
7 5 3
2 9 4




o�Hf4yN^.

(1) ST: 2�	y3� nyN^�
TMn[]^��DBU �Du*Ry�Hft&pq;

(2) sM3�F�.

�: (2) 3F, z":



1 −1 0
−1 0 1
0 1 −1


 ,




0 1 −1
−1 0 1
1 −1 0


 ,




1 1 1
1 1 1
1 1 1


 .

� � 5–2

1. �W1, W2�t&pq V ��pq, ST$�4f#}�V��:

(1) W1 ⊆ W2; (2) W1 ∩W2 = W1;

(3) W1 + W2 = W2.

��: (1)⇔ (2)$h (1)⇒ (3)m����.

(3)⇒ (1): W1 + W2 = W2 ⇒ W1 ⊆ W1 + W2 = W2.

2. sN� αi�*��pq:N� βi�*��pq��B:�zBF�.

(1)

{
α1 = (1, 3, 1,−1)

α2 = (1, 0, 1, 2);

{
β1 = (3,−1,−3,−5)

β2 = (5,−2,−3,−4);

· 3 ·



(2)

{
α1 = (1, 0, 1, 0)

α2 = (1, 1, 0, 1);

{
β1 = (0, 1, 0.1)

β2 = (0, 1, 1, 0);

(3)





α1 = (1, 0, 2, 0, )

α2 = (2, 0, 1, 1)

α3 = (1, 0,−1, 1);

{
β1 = (3, 3, 1,−2)

β2 = (1, 3, 0,−3).

�: NN� αi�*��pq:N� βi�*��pq���"W1,W2.

(1) dim(W1 + W2) = 3, dim W1 ∩W2 = 1,

W1 + W2�z: α1, α2, β1,

W1 ∩W2�z: (3,−2, 3, 8)
(
= 1

3 (−2α1 + 11α2) = −4β1 + 3β2

)
;

(2) dim(W1 + W2) = 4, dim W1 ∩W2 = 0,

W1 + W2�z: α1, α2, β1, β2;

(3) dim(W1 + W2) = 3, dim W1 ∩W2 = 1,

W1 + W2�z: α1, α2, β1,

W1 ∩W2�z: (2, 0, 1, 1)(= α2 = β1 − β2).

3. �W , W1, W2m�� pq V ��pq, ?

W1 ⊆ W2, W ∩W1 = W ∩W2, W + W1 = W + W2.

ST: W1 = W2.

��: dim W + dim W1 = dim(W + W1) + dim(W ∩W1),

dim W + dim W2 = dim(W + W2) + dim(W ∩W2),

#$y)�aeV. >P dim W1 = dim W2. Q!W1 ⊆ W2, #$W1 = W2.

4. � V1, V2� nFt&pq V �7f�pq, W?-.

dim(V1 + V2) = dim(V1 ∩ V2) + 1,

ST: V1 ⊆ V2D V2 ⊆ V1.

��: !" dim(V1 ∩ V2) 6 dim V1 6 dim(V1 + V2) = dim(V1 ∩ V2) + 1, 7fVY�@GHf*

+. ���8VY*+, J! V1 ∩ V2 ⊆ V1, >P V1 ∩ V2 = V1, C% V1 ⊆ V2. ���8VY*+, J!

V1 ⊆ V1 + V2, >P V1 = V1 + V2, C% V2 ⊆ V1.

5. � V = K4, α1 = (1, 2, 1, 2), α2 = (2, 1, 2, 1), W = L(α1, α2). s�pqW k V ��HfOp

q.

�: � α3 = (0, 0, 1, 0), α4 = (0, 0, 0, 1), J! α1, α2, α3, α4 t&,*, #$ L((0, 0, 1, 0), (0, 0, 0, 1))

�W k V ��HfOpq.

6. ST: sHf nFt&pqm� nfHF�pq�.:.

��: � V " nFt&pq, α1, · · · , αn� V �z. IWi = L(αi), J V = W1 + W2 + · · · + Wn.

Q, n = dim V =
∑n

i=1 dim Wi, #$

V = W1 ⊕W2 ⊕ · · · ⊕Wn.

7. ST: nFt&pq V �sHf��pqm��Pf n− 1F�pq��.

��: �W � V ���pq, J r = dim W < dim V = n. zW �Hfz α1, · · · , αr, v<�0*

V �z α1, · · · , αn. z��� n− rf n− 1Ft&�pq

Vj = L(α1, · · · , αj−1, αj+1, · · · , αn), j = r + 1, · · · , n.
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J!

β =
n∑

i=1

aiαi ∈ Vj ⇐⇒ aj = 0,

β =
n∑

i=1

aiαi ∈
n⋂

j=r+1

Vj ⇐⇒ ar+1 = · · · = an = 0 ⇐⇒ β ∈ W.

�W =
n⋂

j=r+1

Vj .

8. � V1B V2����Ht&@AB

x1 + x2 + · · ·+ xn = 0 B x1 = x2 = · · · = xn

�-pq.

ST: Kn = V1 ⊕ V2.

��: (a) ���� α = (a1, · · · , an) ∈ Kn, I

β =

(
a1 − 1

n

n∑

i=1

ai, a2 − 1
n

n∑

i=1

ai, · · · , an − 1
n

n∑

i=1

ai

)
,

γ =

(
1
n

n∑

i=1

ai,
1
n

n∑

i=1

ai, · · · ,
1
n

n∑

i=1

ai

)
,

J β ∈ V1, γ ∈ V2, ? α = β + γ. #$Kn = V1 + V2.

(b) �� α = (a1, · · · , an) ∈ V1 ∩ V2, J
n∑

i=1

ai = 0, a1 = a2 = · · · = an

-P a1 = a2 = · · · = an = 0, � α = 0. #$ V1 ∩ V2 = 0.

Qy>PKn = V1 ⊕ V2.

9. �W1 = {A ∈ Mn(K) | AT = A}, W2 = {A ∈ Mn(K) | AT = −A}.
ST: Mn(K) = W1 ⊕W2.

��: (a) ���� ny]^A ∈ Mn(K), G

A =
1
2

(A + AT) +
1
2

(A−AT),

% 1
2 (A + AT) ∈ W1,

1
2 (A−AT) ∈ W2, #$Mn(K) = W1 + W2.

(b) �A ∈ W1 ∩W2, J

−A = AT = A,

N 2A = 0>PA = 0. #$W1 ∩W2 = 0.

��P�Mn(K) = W1 ⊕W2.

10. �A ∈ Mn(K)?A2 = A, I

V1 = {X ∈ Kn | AX = 0}, V2 = {X ∈ Kn | AX = X}.
ST: Kn = V1 ⊕ V2.

��: (a) � α ∈ Kn, J α = (α−Aα) + Aα. %

A(α−Aα) = Aα−A2α = Aα−Aα = 0, #$ α−Aα ∈ V1,

A(Aα) = A2α = Aα, #$ Aα ∈ V2,

C%Kn = V1 + V2.

· 5 ·



(b) � α ∈ V1 ∩ V2, J! α ∈ V1, GAα = 0, N α ∈ V2, GAα = α. <� α = 0, � V1 ∩ V2 = 0.

!OKn = V1 ⊕ V2.

11. �Kn = V1 ⊕ V2, <� V1, V2"Kn�7fn�x��pq.

ST: H�1k,H�RV]^ (�A2 = A�]^) A ∈ Mn(K), '

V1 = {X ∈ Kn | AX = 0}, V2 = {X ∈ Kn | AX = X}.
��: z V1 �Hfz α1, · · · , αr $h V2 �Hfz αr+1, · · · , αn. J α1, · · · , αn �Kn �z. �M

Kny�t&=JA ":

A (αi) =

{
0, 1 6 i 6 r

αi, r + 1 6 i 6 n

Nt&=JA kKn�g�z��]^�"A. NA ��M>PA 2 = A , e,mGA2 = A.

����X ∈ Kn, GX =
n∑

i=1

aiαi. J

AX = A
(

n∑

i=1

aiαi

)
=

n∑

i=1

aiA (αi) =
n∑

i=r+1

aiαi.

!O

AX = 0 ⇐⇒
n∑

i=r+1

aiαi = 0 ⇐⇒ ai = 0∀r + 1 6 i 6 n ⇐⇒ X ∈ V1,

AX = X ⇐⇒
n∑

i=r+1

aiαi =
n∑

i=1

aiαi ⇐⇒ ai = 0∀1 6 i 6 r ⇐⇒ X ∈ V2.

#$A�-.12�RV]^.

�S,H&: ��B ∈ Mn(K), 'P

BX = 0 ∀X ∈ V1, BX = X ∀X ∈ V2,

J!Kn = V1 ⊕ V2, >P

(A−B)X = 0, ∀X ∈ Kn.

#$A−B = 0, C%A = B.

12. �A ∈ Mn(K), E" ny�/@^. I

V1 = {X ∈ Kn | (A− E)X = 0}, V2 = {X ∈ Kn | (A + E)X = 0}.
ST: Kn = V1 ⊕ V2 ⇐⇒ A2 = E.

��: (⇒) Kn = V1 ⊕ V2 =⇒ n = dim V1 + dim V2 =⇒ n = (n− rank(A− E)) + (n− rank(A +

E)) =⇒ n = rank(A− E) + rank(A + E) =⇒ A2 = E (`a 4–8.12).

(⇐) ���� α ∈ Kn,

α =
1
2

(A + E)α− 1
2

(A− E)α.

!"

(A− E)
[

1
2

(A + E)α
]

=
1
2

(A2 − E)α = 0,

#$ 1
2 (A + E)α ∈ V1. Q!

(A + E)
[
− 1

2
(A− E)α

]
= − 1

2
(A2 − E)α = 0,

#$− 1
2 (A− E)α ∈ V2.

!OKn = V1 + V2.

· 6 ·



b α ∈ V1 ∩ V2RQG

α =
1
2

(A + E)α− 1
2

(A− E)α = 0 + 0 = 0,

!O V1 ∩ V2 = 0. C%Kn = V1 ⊕ V2.

� � 5–3

1. kt&pqR2�, ���7f� α = (a1, a2), β = (b1, b2), �M

(α, β) = 5a1b1 + 2a1b2 + 2a2b1 + a2b2.

}SkO�M�R2u*HfS'�Ppq.

��: i.

2. kt&pqMn(R)�, �M

f(A,B) = Tr(ATB) ∀A,B ∈ Mn(R).

��: f �)Mn(R)�Hf{�?

�: �. �A = (aij), B = (bij), J

(a) f(A,B) = Tr(ATB) =
n∑

k=1

n∑
i=1

akibki =
n∑

k=1

n∑
i=1

bkiaki = f(B, A).

(b) f(A+B, C) = Tr((A+B)TC) = Tr(ATC +BTC) = Tr(ATC)+Tr(BTC) = f(A,C)+f(B, C).

(c) f(kA,B) = Tr((kA)TB) = Tr(kATB) = k Tr(ATB) = kf(A,B).

(d) f(A,A) = Tr(ATA) =
n∑

k=1

n∑
i=1

a2
ki > 0, ?

f(A,A) = 0 ⇐⇒ aki = 0, k, i = 1, · · · , n ⇐⇒ A = 0.

#$ f �Mn(R)�Hf{�.

3. �

A =




1 0 · · · 0
0 2 · · · 0
...

...
. . .

...
0 0 · · · n


 .

T�

(X,Y ) = XTAY ∀X,Y ∈ Rn.

(1) ST: Rn*<O�Mu*HfS'�Ppq;

(2) s� ε1 = (1, 0, · · · , 0), ε2 = (0, 1, 0, · · · , 0), · · · , εn = (0, 0, · · · , 0, 1)�w ]^,

(3) ��~%wfpq�UV–WXUYdzUV).

�: (1) i.

(2) w ]^"A.

(3) � α = (a1, · · · , an), β = (b1, · · · , bn), J
∣∣∣∣∣

n∑

k=1

kakbk

∣∣∣∣∣ 6

√√√√
n∑

k=1

ka2
k ×

√√√√
n∑

k=1

kb2
k.

4. �C�Hf ny2>�]^. kRn�, ���7f�� X, Y , T�

(X, Y ) = XTCTCY

ST: Rn*<O�Mu*HfS'�Ppq.

· 7 ·



��: i.

5. kU�S'�Ppq{xg��� �{�, Ws8�9q��5:

(1) α = (1, 1, 1, 1), β = (−1, 2, 4, 3);

(2) α =
(

1
2 ,−1, 1

3 , 1
6

)
, β = (3,−1, 2, 2);

(3) α = (3,−1, 1,−1), β = (−2, 2,−2, 2);

(4) α = (−1, 1,−1, 2, 1), β = (3, 1,−1, 0, 1).

�: (1) (α, β) = 8, 〈α, β〉 = arc cos 2
√

30
15 .

(2) (α, β) = 7
2 , 〈α, β〉 = arc cos 7

10 .

(3) (α, β) = −12, 〈α, β〉 = 5π
6 .

(4) (α, β) = 0, 〈α, β〉 = π
2 .

6. � x2 + y2 + z2 = 1, (x, y, z ∈ R), �s
x2

1− x2
+

y2

1− y2
+

z2

1− z2

��\�.

�: K)= −3 + 1
1− x2 + 1

1− y2 + 1
1− z2 . %NUV–WXUYdzUV),

√√√√
(

1√
1− x2

)2

+

(
1√

1− y2

)2

+
(

1√
1− z2

)2

·
√

(
√

1− x2)2 + (
√

1− y2)2 + (
√

1− y2)2

>
(

1√
1− x2

,
1√

1− y2
,

1√
1− z2

) 

√

1− x2)√
1− y2

√
1− y2


 = 3,

� √
1

1− x2 +
1

1− y2 +
1

1− z2 ·
√

2 > 3,

#$
1

1− x2 +
1

1− y2 +
1

1− z2 > 9
2

.

x2

1− x2
+

y2

1− y2
+

z2

1− z2
> −3 +

9
2

=
3
2

.

Qb x = y = z =
√

3
3 Ry)zVY. !K)��\�" 3

2 .

7. � a, b, c, x, y, z ∈ R, � a2 + b2 + c2 = 25, x2 + y2 + z2 = 36, ax + by + cz = 30. s a + b + c
x + y + z

�

�.

�: NUV–WXUYdzUV),

30 = ax + by + cz = (a b c)




x

y

z




6
√

a2 + b2 + c2 ·
√

x2 + y2 + z2 = 30.

!VY*+R, (a, b, c)B (x, y, z)*ej. � (a, b, c) = t(x, y, z), QRP

30 = t(x2 + y2 + z2) = 36t,

-% t = 5
6 . C% a + b + c

x + y + z
= 5

6 .

· 8 ·



8. kU�S'�PpqR3�, sz α1 = (1, 0, 1), α2 = (1, 1, 0), α3 = (0, 1, 1)�w ]^.

�: A =




2 1 1
1 2 1
1 1 2


.

9. k 4FS'�Ppq V �, �z α1 = (1, 1,−1,−1), α2 = (1, 1, 1, 0), α3 = (−1, 1, 1, 1), α4 =

(1, 0, 0,−1)�w ]^"

A =




2 1 0 0
1 2 1 0
0 1 2 1
0 0 1 2




(1) sz ε1 = (1, 0, 0, 0), ε2 = (0, 1, 0, 0), ε3 = (0, 0, 1, 0), ε4 = (0, 0, 0, 1)�w ]^;

(2) s� β1 = (1,−1, 1,−1), β2 = (0, 1, 1, 0)�{�;

(3) sH�/� B α1, α2, α3r�.

�: (1) (α1, α2, α3, α4) = (ε1, ε2, ε3, ε4)B,

B =




1 1 −1 1
1 1 1 0
−1 1 1 0
−1 0 1 −1


 , B−1 =

1
2




0 1 −1 0
2 0 0 2
−2 1 1 −2
−2 0 2 −4


 .

!Oz ε1, ε2, ε3, ε4Pw ]^,"

G = B−TAB−1 =




6 − 1
2 − 9

2 9

− 1
2 1 1

2 −1

− 9
2

1
2 4 −7

9 −1 −7 14




.

(2) (β1, β2) = 6.

(3) � α =
4∑

i=1

xiαiB α1, α2, α3r�, J
(

αj ,

4∑

i=1

xiαi

)
= 0, j = 1, 2, 3.

C%



2 1 0 0
1 2 1 0
0 1 2 1







x1

x2

x3

x4


 = 0.

-P (x1, x2, x3, x4) = (1,−2, 3,−4), #$

α = α1 − 2α2 + 3α3 − 4α4 = (−8, 2, 0, 6).

(α, α) = (α4, α) = 20. !O#s��/� "±
√

5
5 (−4, 1, 0, 3).

10. � α1, α2, · · · , αm�S'�Ppq V �mf� , u]^

G(α1, α2, · · · , αm) =




(α1, α1) (α1, α2) · · · (α1, αm)
(α2, α1) (α2, α2) · · · (α2, αm)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(αm, α1) (αm, α2) · · · (αm, αm)




"� B α1, α2, · · · , αm�Z`[ (Gram)]^.

ST: α1, α2, · · · , αmt&,*b?cb |G(α1, α2, · · · , αm)| 6= 0.

· 9 ·



��: �Gt&*j)

x1α1 + x2α2 + · · ·+ xmαm = 0.

NwfV)��B α1, · · · , αm/{�, >$P�= x1, · · · , xm�Hf�Ht&@AB:




(α1, α1)x1 + (α1, α2)x2 + · · ·+ (α1, αm)xm = 0

(α2, α1)x1 + (α2, α2)x2 + · · ·+ (α2, αm)xm = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(αm, α1)x1 + (αm, α2)x2 + · · ·+ (αm, αm)xm = 0

<j�]^o�Z`[]^G(α1, · · · , αm). �3��Ht&@ABGno-�0�@&12>P:

|G(α1, α2, · · · , αm)| 6= 0 ⇐⇒ �Ht&@AB{Go-x1 = · · · = xm = 0 ⇐⇒ α1, · · · , αmt&,*.

11. � ε1, ε2, ε3�4FS'�Ppq V �HfT=r�z.

ST: α1 = 1
3 (2ε1 + 2ε2 − ε3), α2 = 1

3 (2ε1 − ε2 + 2ε3), α3 = 1
3 (ε1 − 2ε2 − 2ε3)g� V �HfT

=r�z.

��: .�}S>�, α1, α2, α3m��/� , ?77r�. !8�� V ��/r�� B. Q!

dim V = 3, 8�u* V �T=r�z.

12. vU�S'�PpqR4�z α1=(1, 1, 0, 0), α2=(1, 0, 1, 0), α3 = (−1, 0, 0, 1), α4 = (1, 1, 1,−1)

L"T=r�z.

�:
√

2
2 (1, 1, 0, 0),

√
6

6 (1,−1, 2, 0),
√

3
6 (−1, 1, 1, 3), 1

2 (−1, 1, 1,−1).

13. s�Ht&@AB {
x1 − x2 + x3 + 3x4 − x5 = 0
x1 + 2x2 − x3 + 2x5 = 0

�-pq (/"U�S'�PpqR5��pq)�HfT=r�z.

�: ��Ht&@AB�Hfz�-j"

α1 =




−1
2
3
0
0




, α2 =




−2
1
0
1
0




, α3 =




0
−1
0
0
1




.

r�LP:



−1
2
3
0
0




,




− 12
7

3
7
− 6

7
1
0




,




− 5
17

− 23
34
6
17
3
34
1




.

�/L�PT=r�z:
√

14
14

(−1, 2, 3, 0, 0),
√

238
238

(−12, 3,−6, 7, 0),
√

1938
1938

(−10,−23, 12, 3, 34).

14. ST: kS'�Ppq V �, z ε1, ε2, · · · , εn�T=r�z�0�@&12�: � V ����

 α = a1ε1 + a2ε2 + · · ·+ anεn, 8G

(α, εi) = ai (i = 1, 2, · · · , n).

· 10 ·



��: (⇒) � ε1, · · · , εn�T=r�z, J���� α =
∑

aiεi, G

(α, εi) =




n∑

j=1

ajεj , εi


 =

n∑

j=1

aj(εj , εi) = ai.

(⇐) ����� α =
∑

aiεi, G

(α, εi) = ai,

J εj =
n∑

k=1

akεk, <� ak = δkj . !O

(εj , εi) = ai = δij .

C% ε1, · · · , εn�T=r�z.

15. rN�	���{r@6$h'�pq{+@��\�, �P%8��~�WU�i], C

%^�% nFpq�+@��~�f�f). �xg 4Fpq��+@�G	Ff 3F�D�, 	Ff

2F�D�B 1F��? wf 4F+@�G	FbUC;w��5t? �s8��;w$hB���

5. ^c)NwH"�^�� nFpq��6?

t
t
t
p�

t
t
t
p�

uuur 

uuur 

��:	!F

z/����

(0, 0) (1, 0)

(0, 1) (1, 1)

t
t
t
p�

t
t
t
p�

uuur 

uuur 

��:	!F

z/����qqq �uuur 
� qqq

qqq �t
t
t
p�

���*
@� @� @� @� @�

�0�0�0�0�0�0�0�0�0�0 P P P P P P P P P 
(0, 0, 0) (1, 0, 0)

(0, 0, 1)

(1, 1, 0)
(0,1,0)

(0, 1, 1)
(1, 1, 1)

(1,0,1)

� 15��

�: nFpq�+@��, mF�+@�G 2n−mCm
n f.

bm = 0R"~�f�= 2n;

bm = 1R"��= 2n−1n;

bm = 2R"��= 2n−3n(n− 1); . . .

<UC;w��5tG n− 1b, ;w��"
√

2,
√

3, · · · ,
√

n.

;w"
√

k��5tB���5" π
2 D arc cos 1√

k
.

� � 5–4

1. �srN�A(1, 1, 1)BB(1, 0, 2)?".<�� x + 2y − z − 6 = 0���@A.

�: �#s���D� " ν = (A, B,C), J ν ⊥ −→
AB, νgB�� x + 2y − z − 6 = 0�D� "

.. !OG@AB {
0 ·A + (−1)B + C = 0

A + 2B − C = 0.

-PA : B : C = 1 : −1 : −1. >P�D)@A (x− 1)− (y − 1)− (z − 1) = 0, � x− y − z + 1 = 0.

2. ��ΠN 3f�M1(3,−1, 5), M2(4,−1, 1):M3(2, 0, 2). s��Π�HfD� , Ws%Π�

@A.

�: ��Π�HfD� >z" ν =
−−−−→
M1M2 ×−−−−→M1M3 = (4, 7, 1). >P�D)@A 4(x− 2) + 7y +

(z − 2) = 0, � 4x + 7y + z − 10 = 0.

· 11 ·



3. ��ΠN�M0(2, 3, 1), ?:7��Π1 : x + 3y − z + 3 = 0, Π2 : 2x + y − 2z + 1 = 0m".,

sΠ�@A.

�: 3�j 4.5����@A"
∣∣∣∣∣∣

x− 2 y − 3 z − 1
1 3 −1
2 1 −2

∣∣∣∣∣∣
= −5x− 5z + 15 = 0,

LkP x + z − 3 = 0.

4. ��Πk x, y, zEy��2���−1, 3
2 , 3, sgK�-�����/D� �@�$%.

�: 3�����2)@AP�����@A:
x

−1
+

y
3
2

+
z

3
= 1.

Lk�P−3x + 2y + z − 3 = 0. 8�D� >z"±(−3, 2, 1). !"�P0(−1, 0, 0)kO��y, %
−−→
OP0

B)a#&s�D� 9q��5,�\< π
2 , �{�;< 0. !,zD� " (−3, 2, 1). 8�@�$

%"
(
− 3

√
14

14 ,

√
14
7 ,

√
14

14

)
.

5. sN zE?B�� 2x + y −√5z − 7 = 0* 60◦5���Π�@A.

�: N zE����D� ," ν = (A,B, 0). 8,B
���* 60◦5, #$ 2A + B√
A2 + B2

√
10

=

± 1
2 . ^P 3A = BDA = −3B. !��@A" x + 3y = 0D 3x− y = 0.

6. 
���Π : 4x− 4y − 2z + 3 = 0. � P B��Π�23" 2, s� P �BC.

�: �-.12��" P (x, y, z), JG
|4x− 4y − 2z + 3|

6
= 2,

^P 4x− 4y − 2z + 3 = ±12. �� P �BC�7f�
��:

4x− 4y − 2z − 9 = 0 : 4x− 4y − 2z + 15 = 0.

7. 
�7f��N�)d�, s8���5, Wd�� (0, 0, 1)#k�7�5�;\:

(x + 2y + 4z − 3)(−3x + y − z − 1) = 0.

�: 7���D� ��" (1, 2, 4)B (−3, 1,−1). J�5 θ-. cos θ = ± −5√
21
√

11
= ± 5

√
231

231 ,

#$ θ = arc cos 5
√

231
231 D π − arc cos 5

√
231

231 .

"d�� (0, 0, 1)#k�7�5, xgO�*<7f���3[��" 1√
21
B −2√

11
, N<8�_

Y, !O#s7�5�;\" π − arc cos 5
√

231
231 .

8. k.5WUj�, s�������23.

(1) � (2, 1, 4), �� 2x− y + 4z − 12 = 0;

(2) � (−1, 0, 5), �� x− 3y + 5z − 2 = 0.

�: (1) d = |4− 1 + 16− 12|√
21

=
√

21
3 .

(2) d = | − 1 + 25− 2|√
35

= 22
√

35
35 .

9. k.5WUj�, ���Πi�@A"

Aix + Biy + Ciz + Di = 0, i = 1, 2.

· 12 ·



?w7��e�. s8��*�7�5�5����@A.

�: � P (x, y, z)kΠ1BΠ2�nf7�5�5���yb?cb���w7f���23eV.

!O� P ,-.@A
|A1x + B1y + C1z + D1|√

A2
1 + B2

1 + C2
1

=
|A2x + B2y + C2z + D2|√

A2
2 + B2

2 + C2
2

.

#$5����@A"
A1x + B1y + C1z + D1√

A2
1 + B2

1 + C2
1

= ± A2x + B2y + C2z + D2√
A2

2 + B2
2 + C2

2

.

10. s�7f������23"�e k���BC@A.

�: �7f�����@A"

Πi : Aix + Biy + Ciz + Di = 0, i = 1, 2.

� P (x, y, z)��Π1BΠ2�239e" k, JG
|A1x + B1y + C1z + D1|√

A2
1 + B2

1 + C2
1

= k
|A2x + B2y + C2z + D2|√

A2
2 + B2

2 + C2
2

.

!O P ��BC@A"
A1x + B1y + C1z + D1√

A2
1 + B2

1 + C2
1

= ±k
A2x + B2y + C2z + D2√

A2
2 + B2

2 + C2
2

.

11. k.5WUj�, 
���Π�@A"Ax + By + Cz + D = 0, sΠ*< xOy����u�

Π′�@A:*<WUK���u�Π′′�@A.

�: �� P ′(x′, y′, z′) ∈ Π′, J P ′*< xOy����u�� (x′, y′,−z′), ��,k��Πy, !G

Ax′ + By′ − Cz′ + D = 0, #$Π′�@A"Ax + By − Cz + D = 0.

C�, �� P ′′(x′′, y′′, z′′) ∈ Π′′, J P ′′*<K���u�� (−x′′,−y′′,−z′′), ��,k�� Πy,

!G−Ax′′ −By′′ − Cz′′ + D = 0, #$Π′′�@A"Ax + By + Cz −D = 0.

� � 5–5

1. |}��.tB���/Y*j. ��e�, Js8����B�5.

(1) .t x− 1
2 = y + 3

−1 = z + 2
5 B�� 4x + 3y − z + 3 = 0;

(2) .t





x = 1− 2t

y = 2− 4t

z = −1 + 5t

B�� x + 2y + 2z − 7 = 0;

(3) .t
{

x− y + z = 5
x + y − z = −1

B�� 2x + y + z − 5 = 0.

�: (1) .t�@�� � ξ = (2,−1, 5), ���D� � ν = (4, 3,−1). !" (ξ, ν) = 0, .ty�

� (1,−3,−2)Q-.��@A, #$.tk��{.

(2) .t�@�� � ξ = (−2,−4, 5), ���D� � ν = (1, 2, 2). !" (ξ, ν) = 0, .ty��

(1, 2,−1)U-.��@A, #$.tB���
.

(3) .t�U�@A� x− 2
0 = y + 3

2 = z
2 , B��@A`+�sP�� (2,−1, 2). .t�@�

� � ξ = (0, 2, 2), ���D� � ν = (2, 1, 1), �.tB����5" θ, J sin θ = 4
4
√

3
=
√

3
3 , #

$�5 θ = arc sin
√

3
3 .

2. sN�A(3,−1, 1)?B��Π : x + y + z = 1".�.t@A.

· 13 ·



�: !#s.tB��"., .t�@�� � ξ = (1, 1, 1). !.t@A" x− 3
1 = y + 1

1 =
z − 1

1 .

3. |}��.tq�*j, Ws8���5. �<e��.tWs��:

(1) L1 : x + 1
4 = y − 3

2 = z − 1
3 , L2 : x− 5

1 = y + 1
3 = z + 1

2 ;

(2) L1 : x + 1
4 = y − 1

2 = z − 2
3 , L2 : x + 2

6 = y + 3
10 = z

7 .

�: (1) =>=4,7a 9.2, 
�)

∆ =

∣∣∣∣∣∣

6 4 1
−4 2 3
−2 3 2

∣∣∣∣∣∣
= −30 6= 0,

#$7.t_�. ��5" θ, J cos θ = 16√
29
√

14
= 8

√
406

203 , ! θ = arc cos 8
√

406
203 .

(2) 
�)

∆ =

∣∣∣∣∣∣

1 4 6
4 2 10
2 3 7

∣∣∣∣∣∣
= 0,

#$7.t(�, Q!8��@�� U�
, !7.te�. ��5" θ, J cos θ = 13
√

5365
1073 , !

θ = arc cos 13
√

5365
1073 . -`+@A, sP��"

(
1, 2, 7

2

)
.

4. 
�.tL�@A�
{

x + y + z − 4 = 0
2x− y − z + 1 = 0

s�A(3, 2,−1)�L�23.

�: .t�@�� � ξ =
(∣∣∣∣

1 1
−1 −1

∣∣∣∣ ,−
∣∣∣∣
1 1
2 −1

∣∣∣∣ ,

∣∣∣∣
1 1
2 −1

∣∣∣∣
)

= (0, 3,−3), ?� (1, 2, 1)k.t

y, !�A�.t�23"

d =
|(2, 0,−2)× (0, 1,−1)|√

2
=
√

6.

5. �S.t

L1 :





x = 3 + 3t

y = t

z = 1
B L2 :





x = −1 + u

y = 2
z = u

(<� t, u�^�)

�_�.t, Ws8��f"t:7.tq�23.

�: .tL1rN�M1(3, 0, 1), @�� � ξ1 = (3, 1, 0). .tL2rN�M2(−1, 2, 0), @�� �

ξ2 = (1, 0, 1). !O

ξ1 × ξ2 = (1,−3,−1).

<�L1BL2�23�

d =
|(−−−−→M1M2, ξ1 × ξ2)|

|ξ1 × ξ2| =
9√
11

=
9
√

11
11

.

NM1, ξ1, ξ1 × ξ2d����Π1�@A�∣∣∣∣∣∣

x− 3 3 1
y 1 −3

z − 1 0 −1

∣∣∣∣∣∣
= −x + 3y − 10z + 13 = 0.

NM2, ξ2, ξ1 × ξ2d����Π2�@A�∣∣∣∣∣∣

x + 1 1 1
y − 2 0 −3

z 1 −1

∣∣∣∣∣∣
= 3x + 2y − 3z − 1 = 0.

· 14 ·



kL�>Pf"t@A" {
x− 3y + 10z − 13 = 0

3x + 2y − 3z − 1 = 0.

6. 
�.tL :
{

x− y − 4z + 12 = 0
2x + y − 2z + 3 = 0

h�� P0(2, 0,−1). s P0*<L��u�.

�: ��rN���*<�� Π1 : x − y − 4z + 12 = 0h Π2 : 2x + y − 2z + 3 = 0�3[�d

� P0*< L��u� P ′0. P0(2, 0,−1)*< Π1�3[ δ1 = 18√
18

=
√

18, *< Π2�3[ δ2 = 9
3 = 3.

#$�u� P ′0(x
′, y′, z′) *< Π1 �3[ δ′1 = x′ − y′ − 4z′ + 12√

18
= −δ1 = −√18, *< Π2 �3[

δ′2 = 2x′ + y′ − 2z′ + 3
3 = −δ2 = −3. !O

{
x− y − 4z + 12 = −18

2x + y − 2z + 3 = −9,
�

{
x− y − 4z = −30

2x + y − 2z = −12.
(*)

Q!"
−−→
P0P

′
0,B.tL"., �

∣∣∣∣∣∣

x′ − 2 1 2
y′ −1 1

z′ + 1 −4 −2

∣∣∣∣∣∣
= 6x′ − 6y′ + 3z′ − 9 = 0, (**)

`+O 3f@A-P: x′ = 0, y′ = 2, z′ = 7. ��u��WU" (0, 2, 7).

7. .tN� (2,−3, 5)?B41WUE�r��*V5, s� P (1,−2, 3)�O.t�23.

�: ��.t@A"
x + 2

1
=

y + 3
1

=
z − 5

1
.

#$� P (1,−2, 3)�w1.t�23"

d =
|(1,−1, 2)× (1, 1, 1)|√

3
=
√

42
3

.

8. srN7.t x− 1
−1 = y

8 = z − 5
−3 :





x = 3 + 4t

y = 21 + 5t

z = −11− 10t

���, ?Bw7.tm".�.t@A.

�: !�.tB
�7.tm"., %
�.t�@���" ξ1 = (−1, 8,−3), ξ2 = (4, 5,−10). !

#s.t�@�� " ξ = ξ1 × ξ2 = (−65,−22,−37). w71.t���>sP" (−1, 16,−1). !#

s.t�@A"
x + 1
65

=
y − 16

22
=

z + 1
37

.

9. sk�� 2x + 3y + 4z − 9 = 0yjN� (1, 1, 1)?B xOy���*�;5�.t.

�: �#s.t�@�� " ξ = (A,B,C). !.tk�� Π : 2x + 3y + 4z − 9 = 0 y, #

$ 2A + 3B + 4C = 0. xOy ���@A" z = 0, ��k'��
j�`, b?cb��y�.t

B7f����t".R, w1.tB�H����5P��;. %w7f����t�@�� �

(2, 3, 4)× (0, 0, 1) = (3,−2, 0), !O ξB (3,−2, 0)"., � 3A− 2B = 0. -PA = 2
3 B, C = − 13

12 B. !

#s.t�@A"
x− 1

8
=

y − 1
12

=
z − 1
−13

.

10. s��7.tq�23, �7.tG("t, s%8��f"t�@A.
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(1)
{

2x + 2y − z − 10 = 0
x− y − z − 22 = 0,

B x + 7
3 = y − 5

−1 = z − 9
4 ;

(2)





x = 3t− 5
y = 2t− 5
z = −2t + 1,

B
{

x− y + z + 5 = 0
x + 2y − z − 14 = 0.

�: (1) =H1.tL*U�@A"
x− 6

3
=

y + 6
−1

=
z + 10

4
,

!O7.t�
. 23"

d =
|(13,−11,−19)× (3,−1, 4)|√

26
=
√

16250√
26

= 25.

(2) .tL1rN�M1(−5,−5, 1), @�� � ξ1 = (3, 2,−2). .tL2rN�M2(4, 1,−8), @��

 � ξ2 = (−1, 2, 3). !O

ξ1 × ξ2 = (10,−7, 8).

<�L1BL2�23�

d =
|(−−−−→M1M2, ξ1 × ξ2)|

|ξ1 × ξ2| =
24√
213

=
24
√

213
213

.

NM1, ξ1, ξ1 × ξ2d����Π1�@A�
∣∣∣∣∣∣

x + 5 3 10
y + 5 2 −7
z − 1 −2 8

∣∣∣∣∣∣
= 2x− 44y − 41z − 169 = 0.

NM2, ξ2, ξ1 × ξ2d����Π2�@A�
∣∣∣∣∣∣

x− 4 −1 10
y − 1 2 −7
z + 8 3 8

∣∣∣∣∣∣
= 37x + 38y − 13z − 290 = 0.

kL�>Pf"t@A" {
2x− 44y − 41z − 169 = 0

37x + 38y − 13z − 290 = 0.

11. 
�H�P (a, b, c) (abc 6= 0). NP ��(fWU�/"t, ".��"L,M, N , sS: OP B

(f�OMN, ONL,OLM ��5eV.

��: =>1�, ".��" L(a, b, 0), M(a, 0, c), N(0, b, c). J� OMN �D� >z" ν1 =
−−→
OM ×−−→ON = (−bc,−ac, ab), klm, �OLM �D� >z" ν2 = (bc,−ac,−ab), �ONL�D� >

z" ν3 = (−bc, ac,−ab). %
−→
OP = (a, b, c), N<

−→
OP · ν1 =

−→
OP · ν2 =

−→
OP · ν3 = −abc,

>�OP Bw 3f���5eV.

12. 
�71_�.t L1: L2. sSL� L1y�H�: L2y�H��tx���BC�f"

tx�".���.

��: ;b{|WUj>'L1" xE, @A"

{
y = 0

z = 0,
L2�@AJ"

{
kx− y = 0

z = a,
(ak 6= 0). �

P1(x1, 0, 0)"L1y��Hf�, P2(x2, kx2, a)�L2y���,JP1P2���WU"
(

x1 + x2
2 , kx2

2 , a
2

)
.

· 16 ·



�OBC-.^�@A 



x = 1
2 u + 1

2 v

y = k
2 u

z = a
2 ,

u, v"^�.

����� z = a
2 . wg�71_�.t�f"tx�".���.

13. 
�.tLrN� (1, 1, 0)?B.t

L1 :
x− 1

4
=

y

−2
=

z

1
, L2 :

x

4
=

y + 3
−3

=
z − 1
−2

"., s.tLk(fWU�y�]��@A.

�: !"LBL1, L2m"., #$>zL�@�� " ξ = (4,−2, 1)× (4,−3,−2) = (7, 12,−4), J

L�@A"
x− 1

7
=

y − 1
12

=
z

−4
.

8k xOy �� z = 0 y���@A" x− 1
7 = y − 1

12 = z
0 , k yOz �� x = 0 y���@A"

x
0 = y − 1

12 = z
−4 , k xOz�� y = 0y���@A" x− 1

7 = y
0 = z

−4 .

14. sN� (2,−3,−1)?B.t
x− 1
−2

=
y + 1
−1

=
z

1
".e��.t.

�: �#s.t�@�� " ξ = (A,B, C), !8@AB
�.t"., !G −2A − B + C = 0.

�~%#s.t�^�@A





x = 2 + At

y = −3 + Bt

z = −1 + Ct,

QR
�.t�@A, P

1 + At

−2
=
−2 + Bt

−1
=
−1 + Ct

1
.

Ny)>P (3A−B+5C)t = 0. N< t = 0��U�-,%7.te�XT tH�G-,!O3A−B+5C =

0. ��-PA : B : C = 4 : −13 : −5. C%.t@A"
x− 2

4
=

y + 3
−13

=
z + 1
−5

.

� � 5–6

1. kU�S'�PpqR4�, s� βkN� α1, α2, α3�*��pqW y�r���. �

(1) α1 = (2, 2,−3, 1), α2 = (−2, 1,−2, 3), α3 = (1, 2,−3, 2), β = (1, 1,−2, 1);

(2) α1 = (−1, 2,−1, 1), α2 = (2,−1, 1, 0), α3 = (0, 1,−1, 2), β = (1, 2,−1, 0).

�: (1) � β = x1α1 + x2α2 + x3α3 + β2, <� β2 = β − x1α1 − x2α2 − x3α3 ∈ W⊥. NV)

(β2, αi) = 0, i = 1, 2, 3, >$�%$��Ht&@AB:




18x1 + 7x2 + 17x3 = 11

7x1 + 18x2 + 12x3 = 6

17x1 + 12x2 + 18x3 = 11

-P (x1, x2, x3) =
(

1
2 , 1

12 , 1
12

)
, !O βkW y�r���":

1
2

α1 +
1
12

α2 +
1
12

α3 =
(

11
12

,
5
4

,− 23
12

,
11
12

)
.
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(2)
(

1
2 , 2, 0, 1

2

)
.

2. �A ∈ Mn(R), B ∈ Rn. ST: 2j�t&@ABAX = BG-�0�@&12�BB@AB

ATX = 0�-pqr�.

��: (⇒) � AX = BG-, JG C = (c1 c2 · · · cn)T'P B = AC. <�� ATX = 0���-

D = (d1 d2 · · · dn)T, G

DTB = DTAC = (ATD)TC = 0,

#$BBATX = 0�-pqr�.

(⇐) �ATX = 0�-pq"W1, A��� B.*��pq"W2. JW1 ⊥ W2. Q! dim W1 =

n− rankA = n− dim W2, #$ V = W1 ⊕W2. C%W2 = W⊥
1 . 
�B ⊥ W1, >PB ∈ W2, �B>N

A��� Bt&��, <�1kC ∈ Rn'PB = AC.

3. � V1, V2�S'�Ppq V �7f�pq, ? V1�F�\< V2�F�. ST: V2�@GHn

o� r�< V1�#G� .

��: N7a 6.2, V = V1 ⊕ V ⊥
1 , dim V ⊥

1 = n− dim V1.

dim(V2 ∩ V ⊥
1 ) = dim V2 + dim V ⊥

1 − dim(V2 + V ⊥
1 )

> n− dim V1 + dim V2 − n

= dim V2 − dim V1 > 1.

#$ V2 ∩ V ⊥
1 6= 0, 1kno� α ∈ V2 ∩ V ⊥

1 , � α ∈ V2, α ⊥ V1.

4. �U " nFS'�Ppq V ��pq. ST:
(
U⊥)⊥ = U .

��: !"U �� mBU⊥r�, !OU ⊆ (U⊥)⊥. Q!

dim(U⊥)⊥ = n− dim U⊥ = n− (n− dim U) = dim U,

!OU = (U⊥)⊥.

5. � V1, V2" nFS'�Ppq V �7f�pq, ST:

(1) (V1 + V2)⊥ = V ⊥
1 ∩ V ⊥

2 ;

(2) (V1 ∩ V2)⊥ = V ⊥
1 + V ⊥

2 .

��: (1) �α ∈ (V1 + V2)⊥, Jα ⊥ V1?α ⊥ V2, C%α ∈ V ⊥
1 ∩ V ⊥

2 . #$ (V1 + V2)⊥ ⊆ V ⊥
1 ∩ V ⊥

2 .

�� α ∈ V ⊥
1 ∩ V ⊥

2 , J α ⊥ V1? α ⊥ V2, α ⊥ V1 + V2, #$ α ∈ (V1 + V2)⊥. wXT V ⊥
1 ∩ V ⊥

2 ⊆
(V1 + V2)⊥.

Qy�G (V1 + V2)⊥ = V ⊥
1 ∩ V ⊥

2 .

(2) (V1 ∩ V2)⊥ =
[
(V ⊥

1 )⊥ ∩ (V ⊥
2 )⊥

]⊥ =
[(

V ⊥
1 + V ⊥

2

)⊥]⊥
= V ⊥

1 + V ⊥
2 .

∗6. �W "S'�Ppq V ��pq, α� V �Hf� . �M α�W �23

d(α, W ) = |α− α′|,
<�, α′" αkW y�r���.

ST: �� α1, α2, · · · , αm"W �z, J

d(α,W ) =

√
|G(α1, α2, · · · , αm, α)|
|G(α1, α2, · · · , αm)| .

w��G(· · · )�� B�Z`[]^ (_`a 5–3.10).
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��: � α′ =
m∑

i=1

xiαi. C

(α− α′, αj) =

(
α−

m∑

i=1

xiαi, αj

)
= 0, j = 1, · · · ,m,

>P 


(α, α1)
...

(α, αm)


 = G(α1, · · · , αm)




x1
...

xm


 ,

N< α1, · · · , αmt&,*, #$G = G(α1, · · · , αm)>� (^_a` 5–3.10). !O



x1
...

xm


 = G−1




(α, α1)
...

(α, αm)


 .

α′ = (α1 · · · αm)




x1
...

xm


 = (α1 · · · αm)G−1




(α, α1)
...

(α, αm)


 .

#$

d(α, W )2 = (α− α′, α− α′)

=


α− (α1 · · · αm)G−1




(α, α1)
...

(α, αm)


 , α− (α1 · · · αm)G−1




(α, α1)
...

(α, αm)







= (α, α)− 2((α, α1) · · · (α, αm))G−1




(α, α1)
...

(α, αm)




+ ((α, α1) · · · (α, αm))G−TGG−1




(α, α1)
...

(α, αm)




= (α, α)− ((α, α1) · · · (α, αm))G−1




(α, α1)
...

(α, αm)




=
1
|G|


(α, α)|G| − ((α, α1) · · · (α, αm))G∗




(α, α1)
...

(α, αm)







=
1
|G|

∣∣∣∣∣∣∣∣∣

(α1, α1) · · · (α1, αm) (α1, α)
(α2, α1) · · · (α2, αm) (α2, α)

...
. . .

...
...

(α, α1) · · · (α, αm) (α, α)

∣∣∣∣∣∣∣∣∣

=
|G(α1, · · · , αm, α)|

|G| .

∴ d(α, W ) =

√
|G(α1, α2, · · · , αm, α)|
|G(α1, α2, · · · , αm)| .

7. � V1, V2"S'�Ppq V �7f�pq, x, y ∈ V . t&t6 L1 = x + V1, L2 = y + V29q
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�23�M"

d(L1, L2) = min |α− β|, ∀α ∈ L1, β ∈ L2.

ST: d(L1, L2) = d(x− y, V1 + V2).

��: NV = (V1 +V2)⊕(V1 +V2)⊥,>Px−y = β1−α1 +δ,<�α1 ∈ V1, β1 ∈ V2, δ ∈ (V1 +V2)⊥.

<�

d(x− y, V1 + V2) = |δ| = |(x + α1)− (y + β1)| > d(L1, L2).

M9, ���� α = x + α1 ∈ L1, β = y + β1 ∈ L2, I

α− β = (x− y) + (α1 − β1) = γ + δ,

<� γ ∈ V1 + V2, δ ∈ (V1 + V2)⊥. J

x− y = (γ − α1 + β1) + δ.

<�

|α− β|2 = |γ + δ|2 = |γ|2 + |δ|2 > |δ|2 = d(x− y, V1 + V2)2.

(<� |γ + δ|2 = |γ|2 + |δ|2�!" γ ⊥ δ.) #$

d(L1, L2) = min |α− β| > d(x− y, V1 + V2).

��>P d(L1, L2) = d(x− y, V1 + V2).

8. s7f��L1 = x + L(α1, α2)BL2 = y + L(β1, β2)9q�23, <�

α1 = (1,−2, 0,−3), α2 = (2,−2, 1, 2), x = (4, 5, 3, 2);

β1 = (1, 0, 1, 1), β2 = (1,−2, 0,−1), y = (1,−2, 1,−3).

�: W = L(α1, α2) + L(β1, β2) = L(α1, α2, β1). #$

d(L1, L2) = d(x− y,W ) =

√
|G(α1, α2, β1, (x− y))|

|G(α1, α2, β1)| =

√
324
36

= 3.

9. s��@A��\b�-: 



3.4x− 1.6y = 1

3.3x− 1.7y = 1

3.2x− 1.5y = 1

2.6x− 1.1y = 1.

�: A =




3.4 −1.6
3.3 −1.7
3.2 −1.5
2.6 −1.1


, B =




1
1
1
1


.

J�\b�- (x, y)"t&@AATAX = ATB�-. -wf@A, P{
x ≈ 0.69

y ≈ 0.78

� � 5–7

1. �A = (aij) ∈ Mn(R)"r�]^, ? |A| = 1.

ST: aij = Aij , <�Aij" aij�Q�$�).

��: !" |A| = 1, #$AA∗ = E, C%

A∗ = A−1 = AT,

· 20 ·



78eb�>P

aij = Aij , i, j = 1, · · · , n.

2. �A �S'�Ppq V �Hf=J.

ST: ��A FG{�U=, ��#G� α, β ∈ V , (Aα,Aβ) = (α, β),  08H��t&�, !%

�r�=J.

��: ���� α, β ∈ V , G

(A (α + β)− Aα− Aβ,A (α + β)− Aα− Aβ)

= (A (α + β),A (α + β))− 2(A (α + β),Aα)− 2(A (α + β),Aβ)

+ (Aα,Aα) + 2(Aα,Aβ) + (Aβ,Aβ)

= (α + β, α + β)− 2(α + β, α)− 2(α + β, β) + (α, α) + 2(α, β) + (β, β)

= ((α + β)− α− β, (α + β)− α− β) = 0.

#$A (α + β) = Aα + Aβ.

klm,

(A (kα)− kAα,A (kα)− kAα)

= (A (kα),A (kα))− 2k(A (kα),Aα) + k2(Aα,Aα)

= (kα, kα)− 2k(kα, α) + k2(α, α) = 0.

#$A (kα) = kAα.

!OA �t&=J.

3. � ε1, ε2, · · · , εnB α1, α2, · · · , αn�S'�Ppq�7fT=r�z. ST: 1kr�=J A ,

'

A (εi) = αi (i = 1, 2, · · · , n).

��: N< ε1, ε2, · · · , εn�t&pq�z, !O-.a�12�t&=J A H�1k. �<��

�7f� α =
n∑

i=1

aiεi, β =
n∑

i=1

biεi, GA (α) =
n∑

i=1

aiA (εi) =
n∑

i=1

aiαi, A (β) =
n∑

i=1

biαi, !O

(A (α),A (β)) =

(
n∑

i=1

aiαi,

n∑

i=1

biαi

)
=

n∑

i=1

aibi = (α, β).

#$A �r�=J.

4. s��r�@^�S`5:

(1)




1
2

√
3

2 0

−
√

3
2

1
2 0

0 0 1


; (2)




0 0 1
0 −1 0
1 0 0


; (3)




√
2

4

√
6

4

√
2

2
−
√

2
4 −

√
6

4

√
2

2√
3

2 − 1
2 0


.

�: (1) θ = 0, φ + ψ = 5π
3 ;

(2) θ = π
2 , φ = π

2 , ψ = π
2 ;

(3) N r33 = cos θ = 0, θ ∈ [0, π], >P θ = π
2 . �N r31 = sin ψ =

√
3

2 $h r32 = cos ψ = − 1
2 >P

ψ = 2π
3 . ��N r13 = sin φ =

√
2

2 $h r23 = − cosφ =
√

2
2 >P φ = 3π

4 .
∗5. �� P �WU" (1, 1, 0), s"E

−→
OP [�2@��� π

6 �r�=J.
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�: ^hj 7.5. ��E��/� � ξ =
( √

2
2 ,

√
2

2 , 0
)

. I η = ξ −−→k =
( √

2
2 ,

√
2

2 ,−1
)

. c η

@��d]�"S , N<



S (
−→
i ) =

−→
i − 2 (

−→
i , η)

(η, η) η = 1
2
−→
i − 1

2
−→
j +

√
2

2
−→
k

S (
−→
j ) =

−→
j − 2 (

−→
j , η)

(η, η) η = − 1
2
−→
i + 1

2
−→
j +

√
2

2
−→
k

S (
−→
k ) =

−→
k − 2 (

−→
k , η)

(η, η) η =
√

2
2
−→
i +

√
2

2
−→
j

!OS kz−→
i ,
−→
j ,
−→
k ��]^"

S =




1
2 − 1

2

√
2

2
− 1

2
1
2

√
2

2√
2

2

√
2

2 0


 .

�H@���R−→
k ,−π

6
�]^�

R =




√
3

2
1
2 0

− 1
2

√
3

2 0
0 0 1


 .

��P�#sr�=J�]^"

SRS =




√
3

4 + 1
2 −

√
3

4 + 1
2

√
2

4
−
√

3
4 + 1

2

√
3

4 + 1
2 −

√
2

4
−
√

2
4

√
2

4

√
3

2


 .

∗6. sr�=J

A (X) =




√
2

2

√
2

2 0

1
2 − 1

2

√
2

2
1
2 − 1

2 −
√

2
2


 X

���EB��5.

�: s��Eeb<sAX = X�-� X ∈ R3. -P��E�@�� �ξ = (
√

2+1, 1,
√

2−1).

"s��5, zHfB ξr��� α = (1,−2,−1), J��5 θ = 〈α,A (α)〉.

cos θ =
(α,A (α))
|α|2 = − 3

4
.

Q!>T�

(ξ, α,A (α)) = − 21
2

< 0,

#$��5 θ = π + arc cos 3
4 .
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