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� � 3–1

1. ���D-��t&@AB:

(1)





2x1 − x2 + x3 + 3x4 =−4

x1 + 3x2 − x3 + 4x4 = 6

2x1 − 2x2 + 3x3 − x4 = 3

3x1 + 2x3 + 2x4 = 3

(2)





x1 − 2x2 + 3x3 − x4 =−6

x1 + x2 − x3 + x4 = 7

2x1 − x2 + x3 = 1

x2 + x3 + x4 = 3

�: (1) x1 = −5, x2 = 5, x3 = 8, x4 = 1.

(2) x1 = 4, x2 = 7, x3 = 0, x4 = −4.

2. ���]^�\V
=J:�=Jv��]^L"
yp]^:�yp]^:

(1)




3 2 1 0 4
2 1 4 4 −3
2 0 3 1 −2
2 3 −1 2 5


;

(2)




1 5 2 0 1
3 −5 4 2 7
1 −5 1 1 3
0 2 1 −1 2
1 −1 3 −1 7




.

�: (1)




3 2 1 0 4
0 − 1

3
10
3 4 − 17

3
0 0 −11 −15 18
0 0 0 17

11 − 16
11


 B




3 0 0 0 0
2 4 0 0 0
2 1 3

2 0 0

2 2 − 10
3 − 17

18 0


.

(2)




1 5 2 0 1
0 2 1 −1 2
0 0 4 −4 12
0 0 0 0 0
0 0 0 0 0



B




1 0 0 0 0
3 −2 0 0 0
1 −1 0 0 0
0 1 −8 0 0
1 1 −16 0 0




.

3. ST: t&@AB�=bk, =4k\V=JNt&@ABL*B8C-�t&@AB.

��: (i)

4. ST^# 1.4.

��: �]^AT,�^# 1.3, JAT>$jNHj�\V
=JL*kL
yp]^. vyS=

Jl
<]^A��y, ovAL*kL�yp]^.
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5. m�a:

(1)t&@AB�-
>$h/�pq�Hf�
.  0, t&pq��H�
�)H��nft

&@AB�-
To? ���wn, 0,p
,��
{(0, 0, · · · , 0)}B7�
{(0, 0, · · · , 0), (1, 1, · · · , 1)}
���pn�t&@AB�-
To? ��U�wn,  0, pn��
q�nft&@AB�-
T

o?

(2) t&@AB�\V=JNt&@AB=*C-�t&@AB.  0, 7fC-�t&@AB�

)H�>$rN\V=JdLo?

�: (1) �rp
B��
0, t&@AB�-
TH��,s
. p
�45@AB�-
, �

�
 {(0, 0, · · · , 0)}>$�$�@AB 



x1 = 0

x2 = 0
...

xn = 0
�-
. t&@AB�-
T�Hft&t6. -
T�&'>^h §2, §6, §7�U#.

(2) kuvT�Dw��x@A “0 = 0”�Oy�, O"#�rd�.

� � 3–2

1. ���D-��t&@AB:

(1)





x1 − 2x2 + 3x3 − x4 − x5 = 2

x1 + x2 − x3 + x4 − 2x5 = 1

2x1 − x2 + x3 − 2x5 = 2

2x1 + 2x2 − 5x3 + 2x4 − x5 = 5

(2)





x1 − 2x2 + 3x3 − x4 − x5 = 4

x1 + x2 − x3 + x4 − 2x5 = 1

2x1 − x2 + x3 − 2x5 = 3

2x1 + 2x2 − 5x3 + 2x4 − x5 =−4

(3)





x1 − 2x2 + x3 + x4 = 1

x1 − 2x2 + x3 − x4 =−1

x1 − 2x2 + x3 + 5x4 = 5

(4)





2x1 + x2 + x3 = 2

x1 + 2x2 + x3 = 3

x1 + x2 + 5x3 =−7

2x1 + 2x2 − 3x3 = 12

(5)





2x1 − 2x2 + x3 − x4 + x5 = 0

x1 − 4x2 + 2x3 − 2x4 + 3x5 = 0

4x1 − 10x2 + 5x3 − 5x4 + 7x5 = 0

x1 + 2x2 − x3 + x4 − 2x5 = 0
�: (1) ,-.

(2) x3 = 1− x1 + 2x2, x4 = −4x1 + 5x2, x5 = −1− x1 + 2x2, x1, x2"gNz� .

(3) x1 = 2x2 − x3, x4 = 1, x2, x3"gNz� .
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(4) x1 = 1, x2 = 2, x3 = −2.

(5) x1 = 1
3 x5, x2 = 1

6 (3x3 − 3x4 + 5x5), x3, x4, x5"gNz� .

2. {| λ, '@AB 



2x1 − x2 + x3 + x4 = 1

x1 + 2x2 − x3 + 4x4 = 2

x1 + 7x2 − 4x3 + 11x4 = λ

G-, Ws8�H}-.

�: cb λ = 5RG,~	-, <H}-" x1 = 1
5 (4− x3 − 6x4), x2 = 1

5 (3 + 3x3 − 7x4), x3, x4"

gNz� .

3. a, bz��R, t&@AB




x1 + x2 + x3 + x4 + x5 = 1

3x1 + 2x2 + x3 + x4 − 3x5 = a

x2 + 2x3 + 2x4 + 6x5 = 3

5x1 + 4x2 + 3x3 + 3x4 − x5 = b

G-? kG-��!�, sH}-.

�: cb a = 0, b = 2RG-, <H}-" x1 = −2 + x3 + x4 + 5x5, x2 = 3 − 2x3 − 2x4 − 6x5,

x3, x4, x5"gNz� .

4. ST@AB 



x1 − x2 = a1

x2 − x3 = a2

x3 − x4 = a3

x4 − x5 = a4

x5 − x1 = a5

G-�0�@&12�

a1 + a2 + a3 + a4 + a5 = 0.

kG-��!�, s8�H}-.

��: (⇒) �t&@ABG-, � (c1, c2, c3, c4, c5)"<Hf-, v8QRK@AB, Wv()e�,

�P a1 + a2 + a3 + a4 + a5 = 0.

(⇐) � a1 + a2 + a3 + a4 + a5 = 0, JN��Hf@AP x5 = x1 + a5, GHQROHf@A, P

x4 = a4 + a5 + x1, x3 = a3 + a4 + a5 + x1, x2 = a2 + a3 + a4 + a5 + x1, v x2, x3, x4, x5QR=Hf@A,

P

x1 − (a2 + a3 + a4 + a5 + x1) = −a2 − a3 − a4 − a5 = a1.

#$K@AB�H}-"




x2 = a2 + a3 + a4 + a5 + x1

x3 = a3 + a4 + a5 + x1

x4 = a4 + a5 + x1

x5 = a5 + x1

x1"gNz� .

5. sH	:) f(x) = a0x
3 +a1x

2 +a2x+a3,' f(1) = −3, f(−1) = −7, f(2) = −1, f(−2) = −21.

�: f(x) = x3 − 2x2 + x− 3.
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� � 3–3

1. �α1 = (2, 5, 1, 3), α2 = (10, 1, 5, 10), α3 = (4, 1,−1, 1). sH� α, ' 3(α1 −α) + 2(α2 + α) =

5(α3 + α).

�: α = (1, 2, 3, 4).

2. 
� 3α + 4β = (2, 1, 1, 2), 2α− 3β = (−1, 2, 3, 1). s αB β.

�: α = 1
17 (2, 11, 15, 10), β = 1

17 (7,−4,−7, 1).

3. N� β�*� α1, α2, α3�t&BT:

(1) α1 = (1, 1, 1), α2 = (1, 1,−1), α3 = (1,−1,−1), β = (1, 2, 1);

(2) α1 = (1, 3, 5), α2 = (6, 3,−2), α3 = (3, 1, 0), β = (5, 8, 8);

�: (1) β = α1 + 1
2 α2 − 1

2 α3.

(2) β = 2α1 + α2 − α3.

4. |���� B�)t&e*:

(1) α1 = (1, 1, 1), α2 = (1, 2, 3), α3 = (1, 3, 6);

(2) α1 = (3, 2,−5, 4), α2 = (2, 1,−3,−5), α3 = (3, 5,−13, 11), α4 = (4, 5,−14,−3);

(3) α1 = (1,−1, 2, 4), α2 = (0, 3, 1, 2), α3 = (1, 7, 8, 9), α4 = (3, 2, 1, 2);

(4) α1 = (1, 2,−1, 4), α2 = (9, 1, 2,−3), α3 = (3, 5, 0, 2), α4 = (3, 2, 2, 1), α5 = (1, 3, 3, 2).

�: (1) ); (2) �; (3) ); (4) �.

5. � a1, a2, · · · , an�dUeC��, I

α1 = (1, a1, a
2
1, · · · , an−1

1 ),

α2 = (1, a2, a
2
2, · · · , an−1

2 ),

. . . . . . . . . . . . . . . . . . . . . . . . .

αn = (1, an, a2
n, · · · , an−1

n ).

ST: �H nF� m>$N� B α1, α2, · · · , αnt&��.

��: � B α1, α2, · · · , αnu*�
�)

|A| =

∣∣∣∣∣∣∣∣∣

1 a1 · · · an−1
1

1 a2 · · · an−1
2

· · · · · · · · · · · ·
1 an · · · an−1

n

∣∣∣∣∣∣∣∣∣
=

∏

16j<i6n

(ai − aj) 6= 0,

#$ α1, α2, · · · , αnt&,*.

Q���� nF� β, � B β, α1, · · · , αnt&e*, C%� β>N� B α1, α2, · · · , αnt

&��.

6. �� B α1, α2, α3t&,*. ST:� B α1 + α2, α2 + α3, α3 + α1gt&,*.

��: �

k1(α1 + α2) + k2(α2 + α3) + k3(α3 + α1) = 0,

J

(k1 + k3)α1 + (k1 + k2)α2 + (k2 + k3)α3 = 0.

· 4 ·



!" α1, α2, α3t&,*, #$ 



k1 + k3 = 0

k1 + k2 = 0

k2 + k3 = 0
-P k1 = k2 = k3 = 0, #$ α1 + α2, α2 + α3, α3 + α1t&,*.

7. ST: α1, α2, · · · , αs (<� α1 6= 0) t&e*�0&12�EFGHf αi (1 < i 6 s) >I

α1, α2, · · · , αi−1t&��.

��: !" α1, α2, · · · , αst&e*, #$1kU3"o�� k1, k2, · · · , ks, '

k1α1 + k2α2 + · · ·+ ksαs = 0.

� k1, k2, · · · , ks���HfU"o�" ki, J i 6= 1 ()J α1 = 0B1�45), C% i > 1. !

k1α1 + · · ·+ ki−1αi−1 = −kiαi,

αi = − k1

ki
α1 − k2

ki
α2 − · · · − ki−1

ki
αi−1.

8. ST: ��� B�Hf:�Bt&e*, JO� Bgt&e*.

��: �� B (II)" (I)�:�B, �� B (I)t&,*, JNj 3.9�, (II)gt&,*, B
�

45, !O� Bt&,*.

9. ��#}�)*+? ��, �$ST; ��, �%Mj.

(1) � α1, α2, · · · , αst&e*, J<�sHfm>N<$� t&��;

(2) �� Bα1, α2, · · · , αrt&,*, � B β1, β2, · · · , βst&,*, J� B α1, α2, · · · , αr, β1,

β2, · · · , βsgt&,*;

(3) �� B α1, α2, · · · , αs t&,*, � B β1, β2, · · · , βs t&,*, J� B α1 + β1, α2 +

β2, · · · , αs + βsgt&,*;

(4) �� B α1, α2, · · · , αrt&e*, JH�1k rfUV<o�� k1, k2, · · · , kr, '

k1α1 + k2α2 + · · ·+ krαr = 0;

(5) �� B α1, α2, · · · , αrt&,*, J8���t&BTmUV<o.

�: (1) �. � α1 = (0, 0), α2 = (1, 1)t&e*, q α2U>N α1t&��.

(2) �. � α1 = (1, 1), α2 = (1, 2)t&,*, β1 = (2, 2), β2 = (0, 1)t&,*, q α1, α2, β1, β2t&

e*.

(3) �. � α1 = (1, 1), α2 = (0, 1), β1 = (1,−1), β2 = (1, 2) t&,*, q α1 + β1 = (0, 0),

α2 + β2 = (1, 3)t&e*.

(4) �. � α1 = (0, 0), α2 = (0, 1)t&e*, q���� k1 6= 0, k2 6= 0mG k1α1 + k2α2 6= 0.

(5) �. α1, α2, · · · , αr�ot&BToV<o.

� � 3–4

1. k4F'�pqR3�, ��
TW �)u*R3�t&�pq?

(1) W = {(a, b, c) ∈ R3 | (a, b, c) ⊥ (1, 1, 1)};
(2) W ���kn.ty�3�� #u*�
T;

(3) W �Bpq�nI�no� (x0, y0, z0)��5V<���3�� #u*�
T.

�: (1) �; (2) �.tNK�, �; )J, U�; (3) �5V< π
2 , �; )J, U�.

· 5 ·



2. � V "�	Ky nF� pq, |} V ����
W �)u* V �t&�pq.

(1) � α1, α2, · · · , αr" V ���� rf� ,

W = {β ∈ V | α1, α2, · · · , αr, βt&e*};
(2) �α1, α2, · · · , αr" V ���� rf� , W � V �UcNα1, α2, · · · , αrt&���3�� 

#u*�
T.

�: (1) �; (2) U�.

3. � α1, α2, · · · , αr"Kn���� rf� , ST:

W = {(c1, c2, · · · , cr) | c1α1 + c2α2 + · · ·+ crαr = 0}
B*Kr��pq.

��: ��W ⊆ Kr? (0, 0, · · · , 0) ∈ W , C%W np.

���� (a1, · · · , ar), (b1, · · · , br) ∈ W $h k ∈ K, G

(a1 + b1)α1 + · · ·+ (ar + br)αr = a1α1 + · · ·+ arαr + b1α1 + · · ·+ brαr = 0 + 0 = 0.

#$

(a1, · · · , ar) + (b1, · · · , br) ∈ W.

(ka1)α1 + (ka2)α2 + · · ·+ (kar)αr = k(a1α1 + a2α2 + · · ·+ arαr) = k · 0 = 0.

#$

k(a1, · · · , ar) ∈ W.

W *"Kr��pq.
∗4. �W1,W2, · · · ,Ws"Kn� sft&�pq. W = W1 ∪W2 ∪ · · · ∪Ws. ST: W "Kn�t&

�pq�0�@&12�, 1k i (1 6 i 6 s), 'W = Wi.

��: 0�&����. ��S@&&. � s��PD. b s = 1R"#��*+. 1�"#� s− 1

*+, ��W = W1 ∪W2 ∪ · · · ∪Ws. ��W 6= Ws, J>z β ∈ W \Ws. �<��� α ∈ Ws, @G

β + kα ∈ W \Ws (C β + kα ∈ Ws$hα ∈ Ws>$^P β ∈ Ws, 45). b k = 1, · · · , sR, sf� �@

G7f� �<CHfWi (1 6 i 6 s−1). w7f� e��>Pα ∈ Wi. !OWs ⊆ W1∪ · · · ∪Ws−1,

<�W = W1 ∪ · · · ∪Ws−1. 3��P1�, >PHf i, 1 6 i 6 s− 1'PW = Wi. "#*+.

� � 3–5

1. sN��� #.*�t&�pq�zBF�:

(1) α1 =(2, 1, 11, 2), α2 =(1, 0, 4,−1), α3 =(1, 4, 16, 15), α4 =(2,−1, 5,−6), α5 = (1, 6, 22, 23);

(2) α1 = (1,−4, 15, 5,−4), α2 = (0, 7, 29,−8, 7), α3 = (2,−1, 1, 1,−3), α4 = (1,−4, 3, 5,−4).

�: (1) F� 2, z α1, α2.

(2) F� 4, z α1, α2, α3, α4.

2. �W "� pq V ��pq, α1, α2, · · · , αr"W �Hfz, βi =
r∑

j=1

aijαj , i = 1, 2, · · · , r.

ST: β1, β2, · · · , βrg�W �z�0�@&12�∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1r

a21 a22 · · · a2r

. . . . . . . . . . . . . . . . . . .

ar1 ar2 · · · arr

∣∣∣∣∣∣∣∣∣
6= 0.

· 6 ·



��: (⇒) � β1, β2, · · · , βr g� W �z, �]^ A = (aij), (k1, k2, · · · , kr) ��Ht&@AB

XA = 0�Hf-, �

(k1 k2 · · · kr)A = 0.

J

k1β1 + k2β2 + · · ·+ krβr = (k1 · · · kr)A




α1
...

αr


 = 0.

!" β1, β2, · · · , βrt&,*, #$ k1 = k2 = · · · = kr = 0, �XA = 0{Go-. #$ |A| 6= 0.

(⇐) �

k1β1 + k2β2 + · · ·+ krβr = 0,

J

(k1 · · · kr)A




α1
...

αr


 = 0,

!" α1, α2, · · · , αrt&,*, #$

(k1 k2 · · · kr)A = 0.

N< |A| 6= 0, !�Ht&@AB{Go-, � k1 = k2 = · · · = kr = 0. <� β1, β2, · · · , βrt&,*. Q

! dim W = r, #$ β1, β2, · · · , βr�W �z.

∗3. � V "�	Ky� nF� pq. ST: ���;< n�g��m, H�1kN V �mf� 

B*�� B, '<��� nf� mu* V �z.

��: N`a 3–4.4 �"�>$�`, V U>c��*8�Gs	f�t&�pq�W
. �

m > nl
�O�PD. bm = nR"#*+. 1�
j��-.12�m − 1 > nf� �� B

α1, · · · , αm−1. N<��� n− 1�� �*�t&�pq�"Wi (i = 1, · · · , s), J! V 6= ⋃
Wi, 1k

� αm 6∈ ⋃
Wi (i = 1, · · · , s). J� B α1, · · · , αmg-.12.

� � 3–6

1. λz��R, @AB 



(λ + 3)x1 + x2 + 2x3 = λ

λx1 + (λ− 1)x2 + x3 = 2λ

3(λ + 1)x1 + λx2 + (λ + 3)x3 = 3λ

G-? kG-��!�, s%H}-.

�: j�
�)V< λ2(λ− 1). b λ 6= 0, 1R, @ABG,H-:




x1 = λ− 3
λ− 1

x2 = λ + 3
λ− 1

x3 = 3− λ
λ− 1 ,

b λ = 0R, H}-": x1 = −x3, x2 = x3, x3�gNz� ;

b λ = 1R, K@AB,-.

· 7 ·



2. a, bz��R, @AB 



ax1 + x2 + x3 = 4

x1 + bx2 + x3 = 3

x1 + 2bx2 + x3 = 4

G-? kG-��!�, s%H}-.

�: (a) b a 6= 1? b 6= 0R, @ABG,H-:




x1 = 2b− 1
b(a− 1)

x2 = 1
b

x3 = 2ab− 4b + 1
b(a− 1) ;

(b) b b = 0R, Db a = 1, b 6= 1
2 R, K@AB,-;

(c) b a = 1, b = 1
2 R, H}-": x1 = 2− x3, x2 = 2, x3�gNz� .

3. s���Ht&@AB�z�-j:

(1)





x1 + x2 + x3 + x4 + x5 = 0

3x1 + 2x2 + x3 + x4 − x5 = 0

5x1 + 4x2 + 3x3 + 3x4 + x5 = 0

x2 + 2x3 + 2x4 + 4x5 = 0

(2)





3x1 + 2x2 − 5x3 + 4x4 = 0

3x1 − x2 + 3x3 − 3x4 = 0

3x1 + 5x2 − 13x3 + 11x4 = 0

(3)





x1 + x2 + x3 + x4 + x5 = 0

2x1 + 2x2 + x3 + x4 − 2x5 = 0

5x1 + 4x2 − 3x3 + 4x4 + x5 = 0

x2 + 6x3 − x4 − 4x5 = 0

(4)





x1 − 2x2 + 3x3 − 4x4 = 0

x2 − x3 + x4 = 0

x1 + 3x2 − 3x4 = 0

x1 − 4x2 + 3x3 − 2x4 = 0

�: (1) (1,−2, 1, 0, 0), (1,−2, 0, 1, 0), (3,−4, 0, 0, 1).

(2) (−1, 24, 9, 0), (2,−21, 0, 9).

(3) (−7, 7,−1, 1, 0), (−25, 28,−4, 0, 1).

(4) (0, 1, 2, 1).

4. ST: ���Ht&@AB




a11x1 + a12x2 + · · ·+ a1nxn = 0

a21x1 + a22x2 + · · ·+ a2nxn = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

an1x1 + an2x2 + · · ·+ annxn = 0

�j�]^ A�
�) |A| = 0, @AB�	� n − 1, W?]^ A� akl �Q�$�) Akl 6= 0,  0

(Ak1, Ak2, · · · , Akn)�O�Ht&@AB�Hfz�-j.

· 8 ·



��: N<

ak1Ak1 + ak2Ak2 + · · ·+ aknAkn = |A| = 0,

ai1Ak1 + ai2Ak2 + · · ·+ ainAkn = 0, b i 6= kR,

!O (Ak1, Ak2, · · · , Akn)�a��Ht&@AB�-. Q!Akl 6= 0, w�Hfno-. N1��`@A

B�	� n − 1, #$O�Ht&@AB�z�-jNHfno-u*. !O (Ak1, Ak2, · · · , Akn)�O

�Ht&@AB�Hfz�-j.

5. ��Ht&@AB




a11x1 + a12x2 + · · ·+ a1nxn = 0

a21x1 + a22x2 + · · ·+ a2nxn = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

an−1,1x1 + an−1,2x2 + · · ·+ an−1,nxn = 0

�j�]^"A, Mi�]^A�
�= i�#P� (n− 1)× (n− 1)]^�
�). ST:

(1) (M1,−M2, · · · , (−1)n−1Mn)�@AB�Hf-;

(2)��wft&@AB�	"n−1,nfMi 6= 0,ST@AB�-3�(M1,−M2, · · · , (−1)(n−1)Mn)

���.

��: (1) /�Ht&@AB




a11x1 + a12x2 + · · ·+ a1nxn = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

an−1,1x1 + an−1,2x2 + · · ·+ an−1,nxn = 0

an1x1 + an2x2 + · · ·+ annxn = 0

<�an1 = an2 = · · · = ann = 0,JOt&@ABBK@ABC-,?j�]^V< 0. !Nya,��H


�Q�$�)(An1, An2, · · · , Ann)"K@AB�-. QAni = (−1)n+iMi,#$(M1,−M2, · · · , (−1)n−1Mn) =

(−1)n+1(An1, An2, · · · , Ann)"K@AB�-.

(2) !K@AB�	"n− 1, ?GHfMi 6= 0. !OK@AB�z�-jNHfno-� u*.

C%no- (M1,−M2, · · · , (−1)n−1Mn)u*Kt&@AB�Hfz�-j. !K@AB�sHf-m

� (M1,−M2, · · · , (−1)n−1Mn)���.

6. �%��y 3f� (x1, y1), (x2, y2), (x3, y3)(t�0�@&12.

�: �� (x1, y1), (x2, y2), (x3, y3)(t, U?�O.t�@A"Ax + By + C = 0, J




Ax1 + By1 + C = 0

Ax2 + By2 + C = 0

Ax3 + By3 + C = 0

⇔ �Ht&@AB 



x1t1 + y1t2 + t3 = 0

x2t1 + y2t2 + t3 = 0

x3t1 + y3t2 + t3 = 0
Gno- (A, B,C)

⇔ <j�]^

A =




x1 y1 1
x2 y2 1
x3 y3 1


 = 0.

· 9 ·



7. �%��y 31.t

a1x + b1y + c1 = 0,

a2x + b2y + c2 = 0,

a3x + b3y + c3 = 0

(��0�@&12.

�: O 31.t(��0�@&12�e,��Ht&@AB

a1x + b1y + c1z = 0,

a2x + b2y + c2z = 0,

a3x + b3y + c3z = 0

Gno-, b?cbj�]^V< 0, �
∣∣∣∣∣∣

a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣
= 0.

8. ~%rN4� (1, 2), (1,−2), (0,−1)��@A.

�: (x− 2)2 + y2 = 5.

9. s`a 3–4.3�#�M�t&�pq�F�.

�: �

αi =




a1i

a2i
...

ani


 ,

A = (α1, α2, · · · , αr).

J

(c1, · · · , cr) ∈ W ⇔
∑

ciαi = 0

⇔ A




c1
...
cr


 = 0 ⇔ W "AX = 0�-pq

#$

dim W = r − rankA = r − rank{α1, · · · , αr}.

� � 3–7

1. s��t&@AB�3|-:

(1)





2x1 − x2 + 5x3 + 7x4 = 0

4x1 − 2x2 + 7x3 + 5x4 = 0

2x1 − x2 + x3 − 5x4 = 0

2x1 − x2 + 6x3 + 10x4 = 0

(2)





2x1 + x2 − x3 + x4 = 1

x1 + 2x2 + x3 − x4 = 2

x1 + x2 + 2x3 + x4 = 3

· 10 ·



(3)





x1 + x2 − 3x4 − x5 = 2

x1 − x2 + 2x3 − x4 = 1

4x1 − 2x2 + 6x3 + 3x4 − 4x5 = 8

2x1 + 4x2 − 2x3 + 4x4 − 7x5 = 9

(4)





3x1 + 4x2 + 2x3 + x4 + 6x5 =−2

2x1 + 5x2 + 5x3 + 3x4 + x5 = 4

x1 − x2 − x3 − 2x4 + 5x5 =−6

x1 + 6x2 + 8x3 + 5x4 − 3x5 = 9

�: (1) k1(4, 0,−3, 1) + k2(0, 8, 3,−1).

(2) (1, 0, 1, 0) + k(−3, 3,−1, 2).

(3) (1, 0, 0, 0,−1) + k1(−1, 1, 1, 0, 0) + k2(7, 5, 0, 2, 6).

(4) (1, 0, 0, 1,−1) + k(−1, 1, 0,−1, 0).

2. � η1, η2, · · · , ηr�n�Ht&@AB



a11x1 + a12x2 + · · · + a1nxn = b1

a21x1 + a22x2 + · · · + a2nxn = b2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

am1x1 + am2x2 + · · · + amnxn = bm

��� rf-, η =
r∑

i=1

kiηi (ki ∈ K, i = 1, 2, · · · , r). ST: b?cb
r∑

i=1

ki = 1R, ηg�wfn�Ht&

@AB�-.

��: �A = (Aij), B =




b1
...

bn


. JB 6= 0.

η"yS@AB�-⇔ Aη = B ⇔
n∑

i=1

kiB = B ⇔
n∑

i=1

ki = 1.

3. � γ0�n�Ht&@AB



a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

am1x1 + am2x2 + · · ·+ amnxn = bm

�Hf-, η1, η2, · · · , ηr�8��%B�z�-j.

ST: (1) γ0, η1, η2, · · · , ηrt&,*;

(2) γ0, γ0 + η1, γ0 + η2, · · · , γ0 + ηrgt&,*;

(3) � γ�wfn�Ht&@AB���-, J γ, γ0, γ0 + η1, · · · , γ0 + ηrt&e*;

(4) Kn�� γ�wfn�Ht&@AB�-�0�@&12�1k r+1f�ki (i = 0, 1, · · · , r),
r∑

i=0

ki = 1, 'P

γ = k0γ0 + k1(γ0 + η1) + k2(γ0 + η2) + · · ·+ kr(γ0 + ηr).

��: (1) �

α = k0γ0 + k1η1 + · · ·+ krηr = 0,

· 11 ·



J

0 = Aα = k0Aγ0 +
r∑

i=1

kiAηi = k0B.

#$ k0 = 0, k1η1 + · · · + krηr = 0. N< η1, · · · , ηr t&,*, >P k1 = k2 = · · · = kr = 0. !O

γ0, η1, η2, · · · , ηrt&,*.

(2) �

k0γ0 + k1(γ0 + η1) + · · ·+ kr(γ0 + ηr) = 0,

J

(k0 + k1 + · · ·+ kr)γ0 + k1η1 + · · ·+ krηr = 0,

N (1), γ0, η1, η2, · · · , ηrt&,*, #$

k1 = k2 = · · · = kr = 0, k0 + k1 + · · ·+ kr = 0,


% k0 = k1 = · · · = kr = 0. !O γ0, γ0 + η1, γ0 + η2, · · · , γ0 + ηrt&,*.

(3) � γ �wfn�Ht&@AB�-, J γ − γ0 �8��%B�-. #$1k ki ∈ K, '

γ − γ0 =
∑

kiηi. <�

γ = γ0 +
∑

kiηi =

(
1−

r∑

i=1

ki

)
γ0 +

r∑

i=1

ki(γ0 + ηi),

C% γ, γ0, γ0 + η1, · · · , γ0 + ηrt&e*.

(4) (⇒) γ"n�Ht&@AB�-, JN (3)�ST>P

γ =

(
1−

r∑

i=1

ki

)
γ0 +

r∑

i=1

ki(γ0 + ηi),

C%Ot&��)�j�9:V< (
1−

r∑

i=1

ki

)
+

r∑

i=1

ki = 1.

(⇐) �
r∑

i=0

ki = 1, JNya�"#>� γ�Hf-.

4. ST: Kn��Ht&�pq@�Kynf n��Ht&@AB�-pq.

��: �W "Kn��H�pq, α1, α2, · · · , αr (�� )"W �z. I A = (α1, α2, · · · , αr), J

rankA = r. � c1, · · · , cn−r ∈ Kr � ATX = 0�z�-j, I C = (c1, · · · , cn−r)T, J rankC = n − r.

<��Ht&@ABCX = 0�-pq�F�V< r.

NATci = 0, >PAT(c1, · · · , cn−r) = 0, �CA = 0. w�T αi�CX = 0�-.

N< α1, · · · , αrt&,*$hCX = 0�-pq�F�V< r, ! α1, · · · , αr"CX = 0�z�-

j. C%W "CX = 0�-pq.

5. ST: Kn�Hfnp�
 Y �Hft&t6�0�@&12�: 8�nHt&@AB�-


T.

��: (⇒) � Y �Hft&t6, J Y = α0 + W , <�W �Hft&�pq. α0 =




a1
...

an


 ∈ Kn.

JW"n�Ht&@ABAX = 0�-pq. IB = Aα0 =




b1
...

bm


. ��AX = B,��, Y "AX = B

�-
.

· 12 ·



(⇐) o��� 7.4�"#.

6. � Y1,Y2 "� pq V �7ft&t6, ��
T�)u* V �t&t6?

(1) Y1 ∪ Y2;

(2) Y1 + Y2 = {α1 + α2 | α1 ∈ Y1, α2 ∈ Y2}.
�: (1) UH�. �z α, βt&,*, I

Y1 = L(α), Y2 = L(β),

J Y1, Y2m�t&t6, q α + β 6∈ Y1 ∪ Y2.

(2) �. �

Y1 = α1 + W1, Y2 = α2 + W2,

<�W1,W2"�pq, J

Y1 + Y2 = (α1 + α2) + (W1 + W2),

>� Y1 + Y2g�t&t6.

7. � α0, α1, · · · , αr" V � r + 1f� , ST:

Y =

{
r∑

i=0

kiαi

∣∣∣∣∣
r∑

i=0

ki = 1, ki ∈ K, i = 0, 1, · · · r
}

u* V �Hft&t6.

��: �
r∑

i=0

kiαi ∈ Y,

r∑

i=0

ki = 1,

r∑

i=0

liαi ∈ Y,

r∑

i=0

li = 1,

J���� k, l ∈ K, k + l = 1, G

k

(
r∑

i=0

kiαi

)
+ l

(
r∑

i=0

liαi

)
=

r∑

i=0

(kki + lli)αi,

%
r∑

i=0

kki +
r∑

i=0

lli = k

r∑

i=0

ki + l

r∑

i=0

li = k + l = 1,

<�

k

(
r∑

i=0

kiαi

)
+ l

(
r∑

i=0

liαi

)
= 0,

C% Y �t&t6.

8. � Y "� pq V �Hft&t6. ST: 1k Y �� r + 1f� α0, α1, · · · , αr, '

Y =

{
r∑

i=0

kiαi

∣∣∣∣∣
r∑

i=0

ki = 1, ki ∈ K, i = 0, 1, · · · r
}

.

��: � Y = α0 + W , <�W ��pq. �W �z" η1, · · · , ηr, I

α0 = α0, α1 = α0 + η1, · · · , αr = α0 + ηr,

J αi ∈ Y , ?���� ki ∈ K,
r∑

i=0

ki = 1, G

r∑

i=0

kiαi =
r∑

i=0

kiα0 +
r∑

i=0

kiηi ∈ α0 + W = Y.
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M9, ���� α = α0 + η ∈ Y = α0 + W , 1k ki, ' η =
r∑

i=1

kiηi, C%

α =

(
1−

r∑

i=1

ki

)
α0 +

r∑

i=1

ki(α0 + ηi),

<� (
1−

r∑

i=1

ki

)
+ k1 + k2 + · · ·+ kr = 0.

wSTr

Y =

{
r∑

i=0

kiαi

∣∣∣∣∣
r∑

i=0

ki = 1, ki ∈ K, i = 0, 1, · · · r
}

.

� � 3–8

1. k���\]WUj�, s�����H}@A:^�@A:

(1) N (−1, 2, 0), (−2,−1, 4), (3, 1,−5)4����;

(2) N� (3, 1, 2): (1, 0,−2), �
<� −→v = (1,−2,−3)���.

�: (1) N 3����4�)@A�:
∣∣∣∣∣∣

x + 1 −1 4
y − 2 −3 −1

z 4 −5

∣∣∣∣∣∣
= 0,

ef�P

19x + 11y + 13z − 3 = 0.

8�^�@A": 



x = −1− u + 4v

y = 2− 3u− v

z = 4u− 5v.
(2) N
�12, ��rN (3, 1, 2), 8�@�� � ξ1 = −→v = (1,−2,−3)$h ξ2 = (1 − 3, 0 −

1,−2− 2) = (−2,−1,−4), !O���^�@A"




x = 3 + u− 2v

y = 1− 2u− v

z = 2− 3u− 4v,

���H}@A" ∣∣∣∣∣∣

x− 3 1 −2
y − 1 −2 −1
z − 2 −3 −4

∣∣∣∣∣∣
= 0,

ef�P x + 2y − z − 3 = 0.

2. k���\]WUj�, s�����H}@A:

(1) N� (1, 2,−4): xE���;

(2) N� (2, 1, 2)$h��Π1 : x + y − z = 0, Π2 : 2x− 3z − 1 = 0��t���;

(3) N� (0, 4,−3): (1,−2, 6), ?�
< xE���;

(4) N� (3, 1,−2)?�
<�� x− 2y − 2z + 1 = 0���.

�: (1) ����H}@A�Ax + By + Cz + D = 0, !"8N xE, #$A = D = 0; Q!8N�

(1, 2,−4), #$B = 2C. !���@A" 2y + z = 0.
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(2) -t&@AB {
x + y − z = 0

2x− 3z − 1 = 0

sP���ty�7f�
(

1
2 ,− 1

2 , 0
)
$h

(
0,− 1

3 ,− 1
3

)
. P�#s���4�)@A:

∣∣∣∣∣∣∣

x− 2 − 3
2 −2

y − 1 − 3
2 − 4

3
z − 2 −2 − 7

3

∣∣∣∣∣∣∣
= 0,

ef�P 5x + 3y − 6z − 1 = 0.

(3) #s���Hf@�� � (1, 0, 0), !O#s���@A":
∣∣∣∣∣∣

x 1 1
y − 4 0 −6
z + 3 0 9

∣∣∣∣∣∣
= 0,

ef�P 3y + 2z − 6 = 0.

(4) N7���
�&'>�, #s���@A," x− 2y− 2z + D = 0. !���N (3, 1,−2)�,

#$ 3− 2 + 4 + D = 0, �D = −5. !#s@A" x− 2y − 2z − 5 = 0.

3. 
�H��rN P0(x0, y0, z0) (z0 6= 0), ?k xE: yEy��2��� a: b, s8�@A.

�: ���k zEy��2" c, J����@A"
x

a
+

y

b
+

z

c
= 1.

Q! P0�k��y, #$ x0
a

+ y0

b
+ z0

c
= 1, P 1

c
= 1

z0

(
1− x0

a
− y0

b

)
, #$��@A"

x

a
+

y

b
+

(
1− x0

a
− y0

b

) z

z0
= 1.

4. sN P0(x0, y0, z0), ?�
<��Ax + By + Cz + D = 0����@A.

�: N7���
�&'>�, #s���@A,"Ax + By + Cz + D1 = 0. !���N P0�,

#$D1 = −(Ax0 + By0 + Cz0), !#s��@A"A(x− x0) + B(y − y0) + C(z − z0) = 0.

5. ST7a 8.2.

��: !"� Bt&t6�
�M"wf� kt&�pqW {, !O−→v B���
�0�
@&12�−→v ∈ W . %t&�pqW Q�N�%@AAx + By + Cz = 0�M�, #$−→v ∈ W �0�

@&12�−→v �� (X,Y, Z)-.�%@A, �AX + BY + CZ = 0.

6. |}��(���e*/Y:

(1) 2x + y − z = 0B 1
2 x + 1

4 y − 1
4 z + 2 = 0;

(2) x− 2y + z − 2 = 0B 3x + y − 2z − 1 = 0;

(3) A1x + B1y + C1z + D1 = 0BA2x + B2y + C2z + D2 = 0, <�
∣∣∣∣
A1 B1

A2 B2

∣∣∣∣ 6= 0.

6. (1) !"
2
1
2

=
1
1
4

=
−1

− 1
4

6= 0
2

,

#$7���
.

(2) !" 1
3 6= −2

1 , #$7��e�.

(3) !"A1 : B1 6= A2 : B2, #$7��e�.

7. 
�7f��Π1 : x− 2y + pz − 1 = 0, Π2 : 2x− 4y + 5z + q = 0. �b p, qz��R:

· 15 ·



(1) Π1BΠ2e�; (2) Π1BΠ2�
; (3) Π1BΠ2$T.

�: (1) b 1
2 = −2

−4 6= p
5 , � p 6= 5

2 , qz��2�R7��e�.

(2) b 1
2 = −2

−4 = p
5 6= −1

q
R, � p = 5

2 , q 6= −2R7���
.

(3) b 1
2 = −2

−4 = p
5 = −1

q
R, � p = 5

2 , q = −2R7��$T.

8. 
��A(3, 10,−5):��Π : 7x− 4y − z − 1 = 0. s zEy��B�WU, 'AB�
<Π.

�: � B ��WU" (0, 0, k), J
−→
AB = (−3,−10, k + 5). =>7a 8.2,

−→
AB �� @A-.

7(−3)− 4(−10)− (k + 5) = 0, � k = 14. !B��WU" (0, 0, 14).

9. ST4f��

a1x + b1y + c1z + d1 = 0,

a2x + b2y + c2z + d2 = 0,

k(a1x + b1y + c1z) + l(a2x + b2y + c2z) + m = 0

bm 6= kd1 + ld2R, �Gf(�.

��: 4f��Gf(�b?cbt&@AB




a1x + b1y + c1z = −d1

a2x + b2y + c2z = −d2

k(a1x + b1y + c1z) + l(a2x + b2y + c2z) = −m

G-. �wf@AB/\V=J, C= 3 f@A��= 1 f@A� k �:= 2 f@A� l ��P�

0 = kd1 + ld2 −m, bm 6= kd1 + ld2R, w�f45@A, !O�Gf(�.

10. ST��HfjNe��7��

Π1 : A1x + B1y + C1z + D1 = 0,

Π2 : A2x + B2y + C2z + D2 = 0

�e�.tL���@Ac~*

α(A1x + B1y + C1z + D1) + β(A2x + B2y + C2z + D2) = 0,

<�, α, β�U3"o�2�.

��: L����WU-.Π1BΠ2�@A, C%g-.@Aα(A1x + B1y + C1z + D1) + β(A2x +

B2y + C2z + D2) = 0, !OLkO��y.

M9, ����Π′rN.tL, ��>kΠ′yzHfU
<L��M(x0, y0, z0). I

α0 = A2x0 + B2y0 + C2z0 + D2, β0 = A1x0 + B1y0 + C1z0 + D1,

N<M 6∈ L, #$ α0, beta0U3" 0. M0�WU��-.$�@A:

α0(A1x + B1y + C1z + D1)− β0(A2x + B2y + C2z + D2) = 0,

NO��U#�yS@Ad����H�rN�tL, NrNH1.tht0H�����,H&, >

_yS@A�M���o�Π′.

11. ���Π : Ax + By + Cz + D = 0BL�7�M1(x1, y1, z1)BM2(x2, y2, z2)�.te�<�

M , %?
−−−→
M1M = k

−−−→
MM2. ST:

k = − Ax1 + By1 + Cz1 + D

Ax2 + By2 + Cz2 + D
.

· 16 ·



��: ��M �WU� (x0, y0, z0), JN�e��f)�



x0 = x1 + kx2
1 + k

y0 = y1 + ky2

1 + k

z0 = z1 + kz2
1 + k

(k 6= −1).

qN<M0 ∈ Π, #$

A
x1 + kx2

1 + k
+ B

y1 + ky2

1 + k
+ C

z1 + kz2

1 + k
+ D = 0,

Lk��P

k = − Ax1 + By1 + Cz1 + D

Ax2 + By2 + Cz2 + D
.

∗12. H��Bpql86ABCD�8AB,BC,CD, DA���< P , Q, R, S, J
AP

PB
· BQ

QC
· CR

RD
· DS

SA
= 1.

�S9.

uuuuuuuuur@�����
��
��
��
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9���@ruuuuuuuuu

��9����
��
��
��
��
��
��
��
��
��
��

�M;;:;;:;;:;kkklkkkk


PPPX
��B"#"#

"#
"#

uuuuuuuP�

�

��4� @
b-r

��:	!FM� M� M� M� M� M� M� �X
 X$ X


f* e+ f+ f* e+ f
� B� A� A� A� A� A
B

P
A

S

D

Q

C

R

� 12��

��: �	, ��$B�"K�, $−→e1 =
−→
BP , −→e2 =

−→
BQ, −→e3 =

−→
BD"z� u/Hf\]WUj

[B;
−→
BP,

−→
BQ,

−→
BD]. I

−→
QC = a

−→
BQ,

−→
CR = b

−→
RD,

−→
DS = c

−→
SA,

−→
PA = d

−→
BP.

�
−→
BR = k

−→
BQ + l

−→
BD = k−→e2 + l−→e3 ,

−→
BS = m

−→
BP + n

−→
BD = m−→e1 + n−→e3 ,

J
−→
CR =

−→
BR−−→BC = (k − 1− a)−→e2 + l−→e3 ,

−→
RD =

−→
BD −−→BR = −k−→e2 + (1− l)−→e3 .

N
−→
CR = b

−→
RD>P: {

k − 1− a = −bk

l = b(1− l),
�

{
a = k + l − 1

1− l

b = l
1− l

.

Q!
−→
DS =

−→
BS −−→BD = m−→e1 + (n− 1)−→e3 ,

−→
SA =

−→
BA−−→BS = (1 + d−m)−→e1 − n−→e3 .

N
−→
DS = c

−→
SA>P: {

m = c(1 + d−m)

n− 1 = −cn,
�

{
c = 1− n

n

d = m + n− 1
1− n

.
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#$
AP

PB
· BQ

QC
· CR

RD
· DS

SA
=

dbc

a
=

l(m + n− 1)
n(k + l − 1)

. (*)

Q,
−→
QR =

−→
BR−−→BQ = (k − 1)−→e2 + l−→e3 ,

−→
QP =

−→
BP −−→BQ = −→e1 −−→e2 ,

−→
QS =

−→
BS −−→BQ = m−→e1 −−→e2 + n−→e3 ,

!"w 3f� (�, #$ ∣∣∣∣∣∣

0 1 m

k − 1 −1 −1
l 0 n

∣∣∣∣∣∣
= l(m− 1)− n(k − 1) = 0.

C%

l(m + n− 1) = ln + l(m− 1) = ln + n(k − 1) = n(k + l − 1).

vy)QR (*)�P:
AP

PB
· BQ

QC
· CR

RD
· DS

SA
= 1.

� � 3–9

1. k���\]WUj�, s��.t�@A:

(1) N� P (3, 1,−1)?�
<� −→v (4, 7,−8);

(2) N� P0(−3, 0, 1): P1(2, 5, 1);

(3) 
�456�4f~��Ai(xi, yi, zi) (i = 1, 2, 3), s41�t�@A.

�: (1) x− 3
4 = y − 1

7 = z + 1
−8 .

(2) �7�)@A>P x + 3
5 = y

5 = z − 1
0 .

(3) x− xi

xi − xi+1 + xi+2

2
= y − yi

yi − yi+1 + yi+2

2
= z − zi

zi − zi+1 + zi+2

2
, b i + 1, i + 2;< 3R��� 3.

2. k.5WUj�, sN� P (1, 6, 3)?�
<�� 3x + y − 2z − 5 = 0�.t�@A.

�: �.t�@�� " ξ = (A,B,C), J ξB�� 3x + y − 2z − 5 = 0�
, ! 3A + B − 2C = 0,

%.t@A" x− 1
A

= y − 6
B

= z − 3
C

.

3. sN�A(0,−2, 1)?�
<.t

{
x + 6y − 4z + 2 = 0

x + y + z − 3 = 0
�.t@A.

�: 
v.t@AL"U�@A x− 2
2 = y

−1 = z − 1
−1 , <@�� " ξ(2,−1,−1), !#s.t

@A" x
2 = y + 2

−1 = z − 1
−1 .

4. s.tL : x
3 = y − 2

−2 = z + 4
2 B��Π : 2x− 3y + 2z − 2 = 0���WU.

�: N.t~*^�@A: 



x = 3t

y = 2− 2t

z = −4 + 2t.
��QR��@AP

2(3t)− 3(2− 2t) + 2(−4 + 2t)− 2 = 0,

-P t = 1, #$��" (3, 0,−2).
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5. sN�A(3, 1, 2)h.tL : x
1 = y

−2 = z + 2
−3 ����@A.

�: .tyGH� (0, 0,−2), !O���@�� � ξ1 = (1,−2,−3), ξ2 = (−3,−1,−4). !��

@A" ∣∣∣∣∣∣

x− 3 1 −3
y − 1 −2 −1
z − 2 −3 −4

∣∣∣∣∣∣
= 0,

xgP 5x + 13y − 7z − 14 = 0.

6. 
�.tL : x− 1
m

= y − a
−2 = z + 2

3 , ��Π : x− 2y − 4z + 1 = 0. �b a, mz/0�R

(1) LBΠe�; (2) L�
<Π; (3) LkΠ{.

�: (1) .t�@�� � ξ = (m,−2, 3), � LBΠe�, J ξUBΠ�
, !m + 4 − 12 6= 0, �

m 6= 8, a���2�.

(2) ξ@ABΠ�
, �m = 8, CRLy�� (1, a,−2)UkΠy, � 1− 2a + 8 + 1 6= 0, a 6= 5.

(3) m = 8, a = 5.

7. srN� (2, 2, 2)?B7.t
x

1
=

y

2
=

z

3
:

x− 1
2

=
y − 2

1
=

z − 3
4

me��.t�@A.

�: �#s.t�@�� � ξ = (X, Y, Z). 
�=H1.ty��M1(0, 0, 0), @�� ξ1 =

(1, 2, 3). =b1.ty��M2(1, 2, 3), @�� ξ2 = (2, 1, 4). "'#s.tB=H1.te�, @A

' ∣∣∣∣∣∣

2 1 X

2 2 Y

2 3 Z

∣∣∣∣∣∣
= 2X − 4Y + 2Z = 0.

C�, "'#s.tB=b1.te�, @A'
∣∣∣∣∣∣

1 2 X

0 1 Y

−1 4 Z

∣∣∣∣∣∣
= X − 6Y + Z = 0.

-Ot&@ABPX : Y : Z = 1 : 0 : −1. !O#s.t�@A�
x− 2

1
=

y − 2
0

=
z − 2
−1

.

8. v��.t�H})@AL*U�@A.

(1)

{
2x− 3y + 4z − 12 = 0

x + 4y − 2z − 10 = 0;
(2)

{
3x + 2y − 4z − 5 = 0

6x− y − 2z − 4 = 0;

(3)

{
3x− y + 2 = 0

4y + 3z + 1 = 0.

�: (1) O.t�@�� �(∣∣∣∣
−3 4
4 −2

∣∣∣∣ ,−
∣∣∣∣
2 4
1 −2

∣∣∣∣ ,

∣∣∣∣
2 −3
1 4

∣∣∣∣
)

= (−10, 8, 11).

"s.ty��, -Kt&@AB, P�Hf- (8, 0,−1). !O.t�U�@A�
x− 8
−10

=
y

8
=

z + 1
11

.

(2) O.t�@�� �(∣∣∣∣
2 −4
−1 −2

∣∣∣∣ ,−
∣∣∣∣
3 −4
6 −2

∣∣∣∣ ,

∣∣∣∣
3 2
6 −1

∣∣∣∣
)

= (−8,−18,−15).
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"s.ty��, -Kt&@AB, P�Hf-
(

1
3 , 0,−1

)
. !O.t�U�@A�

x− 1
3

8
=

y

18
=

z + 1
15

.

(3) O.t�@�� �
(∣∣∣∣
−1 0
4 3

∣∣∣∣ ,−
∣∣∣∣
3 0
0 3

∣∣∣∣ ,

∣∣∣∣
3 −1
0 4

∣∣∣∣
)

= (−3,−9, 12).

O� >Lk" (1, 3,−4). "s.ty��, -Kt&@AB, P�Hf- (0, 2,−3). !O.t�U�

@A�
x

1
=

y − 2
3

=
z + 3
−4

.

9. s.tB�����.

(1) x + 1
−2 = y + 1

3 = z − 3
4 B 3x + 2y + z = 0;

(2)

{
2x + 3y + z − 1 = 0

x + 2y − z + 2 = 0
B xOy��.

�: (1) N.t~*^�@A: 



x = −1− 2t

y = −1 + 3t

z = 3 + 4t.

��QR��@AP

3(−1− 2t) + 2(−1 + 3t) + (3 + 4t) = 0,

-P t = 1
2 , #$��"

(
−2, 1

2 , 5
)
.

(2) ���WU� (x, y, 0), -@AB

{
2x + 3y − 1 = 0

x + 2y + 2 = 0
P x = 8, y = −5. !��" (8,−5, 0).

10. s%N� P0(x0, y0, z0)W?Be���

Πi : Aix + Biy + Ciz + Di = 0, i = 1, 2

m�
�.t�@A.

�: =>7a 9.1, ��Π1BΠ2��t�@�� �(∣∣∣∣
B1 C1

B2 C2

∣∣∣∣ ,−
∣∣∣∣
A1 C1

A2 C2

∣∣∣∣ ,

∣∣∣∣
A1 B1

A2 B2

∣∣∣∣
)

.

!#s.t@AB�t�
, !Owg�#s.t�@�� . !#s.t�@A"
x− x0∣∣∣∣
B1 C1

B2 C2

∣∣∣∣
=

y − y0∣∣∣∣
C1 A1

C2 A2

∣∣∣∣
=

z − z0∣∣∣∣
A1 B1

A2 B2

∣∣∣∣
.

11. .t@A {
A1x + B1y + C1z + D1 = 0

A2x + B2y + C2z + D2 = 0
�j�,-./012qc'�.t�k xOzWU��{.

�: �� xOz�@A� y = 0, !O.t�k�� xOz{�0�@&12�@AB




A1x + B1y + C1z + D1 = 0

A2x + B2y + C2z + D2 = 0

y = 0
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G,~-. %yS@ABB 



A1x + C1z + D1 = 0

A2x + C2z + D2 = 0

y = 0

(*)

C-. %@AB (*)G,~	-�0�@&12�O7f@A�j�*ej, �
A1

A2
=

C1

C2
=

D1

D2
6= B1

B2
,

��HfUV)�.t@A�@&12.

� � 3–10

1. srN�� 4x− y + 3z − 1 = 0: x + 5y − z + 2 = 0��t?-.��129H���:

(1) rNK�;

(2) B yE�
;

(3) rN (0, 0, 1)�;

(4) B xOy����t�
<@� (4, 5, 0).

�: (1) #s@A"

k(4x− y + 3z − 1) + m(x + 5y − z + 2) = 0,

� (0, 0, 0)QRP k = 2m. #$��@A"

9x + 3y + 5z = 0.

(2) #s@A"

k(4x− y + 3z − 1) + m(x + 5y − z + 2) = 0,

yE�@�� � ξ = (0, 1, 0), ��B ξ�
�12�−k + 5m = 0, � k = 5m. #$��@A"

21x + 14z − 3 = 0.

(3) #s@A"

k(4x− y + 3z − 1) + m(x + 5y − z + 2) = 0,

� (0, 0, 1)QRP 2k + m = 0, �m = −2k. #$��@A"

2x− 11y + 5z − 5 = 0.

(4) #s@A"

k(4x− y + 3z − 1) + m(x + 5y − z + 2) = 0,

O��B� (4, 5, 0)�
�12� 4(4k + m) + 5(−k + 5m) = 0, � 11k = −29m. #$��@A"

−105x + 84y − 98z + 51 = 0.

2. sB�� x− 2y − z + 2 = 0�
?k xEy��2" 4���.

�: =>�
���&', #s���@A" x− 2y − z + D = 0. L"�2):
x

−D
+

y

D
2

+
z

D
= 1.

>_D = −4. !#s@A" x− 2y − z − 4 = 0.

3. .t@A {
A1x + B1y + C1z + D1 = 0

A2x + B2y + C2z + D2 = 0
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�j�,-./012qc'�.t�k xOy��{.

�: N
�.t�����@A"

k(A1x + B1y + C1z + D1) + m(A2x + B2y + C2z + D2) = 0.

�� z = 0,�kO���{, #$G$�*j):



kA1 + mA2 = 0

kB1 + mB2 = 0

kC1 + mC2 6= 0

kD1 + mD2 = 0.

"#�
A1

A2
=

B1

B2
=

D1

D2
6= C1

C2
.

4. BU(��.t

L1 :

{
A1x + B1y + C1z + D1 = 0

A2x + B2y + C2z + D2 = 0
:.t

L2 :

{
A3x + B3y + C3z + D3 = 0

A4x + B4y + C4z + D4 = 0
me��.tL�@A"{

k(A1x + B1y + C1z + D1) + m(A2x + B2y + C2z + D2) = 0

k′(A3x + B3y + C3z + D3) + m′(A4x + B4y + C4z + D4) = 0,

<�, k, m�U3"o�2�, k′,m′g�U3"o�2�.

�: Ne�.tLBL1d����@AH�G$�6):

k(A1x + B1y + C1z + D1) + m(A2x + B2y + C2z + D2) = 0,

<� k,mUCR" 0. C�, NLBL2d����@A"

k′(A3x + B3y + C3z + D3) + m′(A4x + B4y + C4z + D4) = 0,

<� k′,m′UCR" 0. N<L1, L2U(�, yS7f��U$T, 8���to�L.
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