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L M 12–1

1. iu��	!"w, st#3M�? �3M>�hM.

(1)
(

λ + 1 λ− 1
λ + 3 λ + 1

)
; (2)

(
λ2 − 2 λ2 − λ

λ + 2 λ + 1

)
;

(3)




1− λ −λ −λ2

−λ + 2 −λ + 1 −λ2

−1 + λ λ λ2 + 1


; (4)




λ− 1 λ2 λ

λ −λ λ

λ2 + 1 λ2 λ2 − 1


.

P: (1) 3M, M!"l 1
4

(
λ + 1 −λ + 1
−λ− 3 λ + 1

)
.

(2) 3M, M!"l− 1
2

(
λ + 1 −λ2 + λ

−λ− 2 λ2 − 2

)
.

(3) 3M, M!"l




λ2 − λ + 1 λ λ2

−λ2 + λ− 2 −λ + 1 −λ2

1 0 1


.

(4) 
3M.

2. �iu��	!"�X[�:

(1)
(

λ + 1 λ

λ− 1 λ− 1

)
; (2)

(
λ− 1 λ− 1
λ− 1 λ2 − 2λ + 1

)
;

(3)




λ− 1 λ λ2 − 1
3λ− 1 λ2 + 2λ 3λ2 − 1
λ + 1 λ2 λ2 + 1


; (4)




λ2 λ2 − 1 3λ2

−λ2 − λ λ2 + λ λ3 − 2λ2 − 3λ

λ2 + λ λ2 + λ 2λ2 + 2λ


;

(5)




λ + 2 0 0
−1 λ + 2 0
0 −1 λ + 2


; (6)




0 0 λ(λ− 1)
0 λ2 − 1 0

λ(λ− 1)2 0 0


.

P: (1) diag(1, λ− 1).

(2) diag(λ− 1, (λ− 1)(λ− 2)).

(3) diag(1, λ, 0).

(4) diag(1, λ(λ + 1), λ(λ + 1)2
(
λ− 1

2

)
).

(5) diag(1, 1, (λ + 2)3).

(6) diag(λ− 1, λ(λ− 1)(λ + 1), λ(λ− 1)2(λ + 1)).

3. 
tiu��	!"#��T:

(1) A =




λ λ− 3 λ2 − 4λ + 3
2λ− 2 2λ− 5 λ2 − 4λ + 3
λ− 2 λ− 2 (λ− 2)2


; B =




λ2 − 3λ + 3 2λ− 3 λ− 3
λ2 − 2λ + 1 4λ− 7 2λ− 5
λ2 − 3λ + 2 2λ− 4 λ− 2


.

(2) A =




λ2 − λ− 2 λ2 − 1 λ + 1
0 λ + 1 1

(λ + 1)2 λ2 + λ λ + 1


; B =




1 2λ2 + λ− 1 λ− 1
λ λ− 2 λ2 + λ

1 λ λ + 1


.

P: (1) �T; (2) 
�T.
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4. �A(λ)ljk��	!", 01: A(λ)3M�C�DEFG#@�&�+( c, A(c)x3M.

NO: (⇒) �A(λ)3M, =

|A(λ)| = a 6= 0 ∈ C.

�@cd� c ∈ C, |A(c)| = a, �HA(c)3M.

(⇐) �� f(λ) = |A(λ)|, =@cd� c ∈ C, f(c) 6= 0, � f(λ)%Cw78. �H f(λ) = a 6= 0 ∈ C,

|A(λ)| = a 6= 0 ∈ C. �aA(λ)3M.

5. iu��#�[�: (9[�, =�H01, 9
[�, =����.)

Ik��	!"�T�C�DEFG#, @�&� k ∈ K, A(k)�B(k)x�T.

P: 
[�. 9

A(λ) =
(

1
λ

)
, B(λ) =

(
1

λ2

)
,

=A(λ)�B(λ)
�T, h@cd� k ∈ K, A(k)�B(k)�T.

L M 12–2

1. �iu��	!"��:

(1)




λ2 − 1 λ + 1 2λ− 1
λ + 1 λ2 + 2λ + 1 −1
λ2 + λ λ2 + 3λ + 2 λ− 2


; (2)




λ + 1 −1 λ2

2λ λ2 − 1 λ2 − λ

λ− 1 λ2 −λ


.

P: (1) 3; (2) 2.

2. �A(λ)ljk��	!", 01: rank A(λ) = max{rankA(k)|k ∈ K}.
P: � rankA(λ) = r, =A(λ)&jk r ��	Mr+1(λ) = 0. �@�&� k ∈ K, Mr+1(k) = 0, _

�1 rankA(k) 6 r. y�Mr(λ) 6= 0, m% c ∈ K<Mr(c) 6= 0, _�1 r = max{rank A(k) | k ∈ K}.
3. >�iu!"�
���:

(1)




λ− 1 −1 0
0 λ− 1 −1
0 0 λ− 1


; (2)



−λ + 2 (λ− 1)2 −λ + 1

1 λ2 − λ 0
λ2 − 2 −(λ− 1)2 λ2 − 1


;

(3)




λ + α β 1 0
−β λ + α 0 1
0 0 λ + α β

0 0 −β λ + α


; (4)




λ− 1 1 0 0
0 λ− 1 1 0
0 0 λ− 1 1
0 0 0 λ− 1


;

(5)




λ− α β β β · · · β

0 λ− α β β · · · β

0 0 λ− α β · · · β

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 0 · · · λ− α




; (6)




λ 0 0 · · · 0 an

−1 λ 0 · · · 0 an−1

0 −1 λ · · · 0 an−2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 · · · −1 λ + a1




.

P: (1) 1, 1, (λ− 1)3.

(2) 1, λ− 1, λ(λ− 1).

(3) 9 β 6= 0, 1, 1, 1, [(λ + α)2 + β2]2; 9 β = 0, 1, 1, (λ + α)2, (λ + α)2.

(4) 1, 1, 1, (λ− 1)4.

(5) 9 β 6= 0, 1, 1, · · · , 1, (λ− α)n; 9 β = 0, λ− α, λ− α, · · · , λ− α.

(6) 1, 1, · · · , 1, λn + a1λ
n−1 + · · ·+ an.

4. �Dk(λ) (k = 1, 2, · · · , r)lA(λ)�3u	��, 01:

D2
k(λ) | Dk−1(λ)Dk+1(λ), k = 2, 3, · · · , r − 1.

· 2 ·



NO: �A(λ)�
���l

d1(λ), d2(λ), · · · , dn(λ),

=

Dk−1(λ) = d1(λ)d2(λ) · · · dk−1(λ),

Dk(λ) = d1(λ)d2(λ) · · · dk(λ) = Dk−1(λ)dk(λ),

Dk+1(λ) = d1(λ)d2(λ) · · · dk+1(λ),

�H

D2
k(λ) = D2

k−1(λ)d2
k(λ) | Dk−1(λ)Dk(λ)dk(λ)dk+1(λ),

D2
k(λ) | Dk−1(λ)Dk+1(λ).

5. �A(λ)l n�?", 01: A(λ)�AT(λ)�T.

NO: m%3M!" P (λ), Q(λ), <

P (λ)A(λ)Q(λ) =




d1(λ)
d2(λ)

. . .

dn(λ)


 ,

�

P (λ)A(λ)Q(λ) =




d1(λ)
d2(λ)

. . .

dn(λ)




T

= Q(λ)TA(λ)TP (λ)T,

L#A(λ)�AT(λ)�T.

6. � f1(x), · · · , fn(x) ∈ K[x], b (f1(x), · · · , fn(x)) = 1.

01: m%��	 fij(x) ∈ K[x] (i = 2, 3, · · · , n, j = 1, 2, · · · , n), <
∣∣∣∣∣∣∣∣∣

f1(x) f2(x) · · · fn(x)
f21(x) f22(x) · · · f2n(x)

...
...

. . .
...

fn1(x) fn2(x) · · · fnn(x)

∣∣∣∣∣∣∣∣∣
= 1.

NO: ����	!"

A(x) = (f1(x), f2(x), · · · , fn(x)),

�� , A(x)�
���l 1, �m%3M!" P (x), <

A(x)P (x) = (1, 0, · · · , 0). (*)

� |P (x)| = c 6= 0, =m%3M!"Q(x), <

Q(x)P (x) =




1
1

. . .

1
c




. (**)

�

Q(x) = (fij(x)),

· 3 ·



1

B(x) =




f1(x) f2(x) · · · fn(x)
f21(x) f22(x) · · · f2n(x)

...
...

. . .
...

fn1(x) fn2(x) · · · fnn(x)


 ,

=� (*)� (**) 

B(x)P (x) =




1
1

. . .

1
c




,

L# |B(x)||P (x)| = c, y� |P (x)| = c, N |B(x)| = 1, jk fij(x)�l��.

L M 12–3

1. 
tiu!"#�
�:

(1) A =




3 2 −5
2 6 −10
1 2 −3


; B =




6 20 −34
6 32 −51
4 20 −32


.

(2) A =




6 6 −15
1 5 −5
1 2 −2


; B =




37 −20 −4
34 −17 −4
119 −70 −11


.

(3) A =




2 −2 1
1 −1 1
1 −2 2


; B =




1 −3 3
−2 −6 13
−1 −4 8


.

P: (1) #; (2) #; (3) �.

2. 01: cB?"A�m�|�!"AT 
�.

NO: �L λE −AT = (λE −A)T�TL λE −A (�i 12–2.5), �aA�AT 
�.
∗3. �A�B l n�?", 01: (AB)∗ = B∗A∗

NO: ���	

[(λE + A)(λE + B)][(λE + A)(λE + B)]∗

= |(λE + A)(λE + B)|E = |λE + A|E · |λE + B|E
= (λE + A)(λE + B)(λE + B)∗(λE + A)∗.

�H

(λE + A)(λE + B) {[(λE + A)(λE + B)]∗ − (λE + B)∗(λE + A)∗} = 0.

cd2	Iy�V(,  

[(λE + A)(λE + B)]∗ − (λE + B)∗(λE + A)∗ = 0,

�

[(λE + A)(λE + B)]∗ = (λE + B)∗(λE + A)∗.

g λ = 0r&

(AB)∗ = B∗A∗.
∗4. 01: 9:!"A�B 
�, =mr���!"A∗�B∗�
�.

· 4 ·



NO: >A�B 
�, =m%3M!" P , < P−1AP = B. L#U=�i 4���,

B∗ = (P−1AP )∗ = P ∗A∗(P−1)∗ = P ∗A∗(P ∗)−1.

�A∗�B∗
�.
∗5. 01: !"�
��()�g�7v.

NO: �A,B#()K1w�!", = λE − A� λE − B�
���x#6(%K1w���	.

�()K1 ⊂ K2, �Q_t��	�3Ho[6(%K2w���	, jk
���Z�()�g�7

v (+�	jk
(��). k!"A,B 
��bC� λE − A� λE −B&
��
���Z. �a!

"�
��()�g�7v.
∗6. �Al n�?", λ0 lA�jk���. 01: ��� λ0��(l(> n− rank(λ0E −A).

NO: � λ0 l A � r l���, � d1(λ), · · · , dn(λ) l A �
���. = λ − λ0 | dn(λ), h

λ− λ0 - dn−r(λ), (�=, 9 λ− λ0 | dn−r(λ), = λ− λ0 | dn−r+1(λ), · · · , λ− λ0 | dn(λ), L# λ− λ0�l

(> r + 1) �am%3M!" P (λ), Q(λ)<

P (λ)(λE −A)Q(λ) =




d1(λ)
. . .

dn−r(λ)
dn−r+1(λ)

. . .

dn(λ)




,

�

P (λ0)(λ0E −A)Q(λ0) =




d1(λ0)
. . .

dn−r(λ0)
dn−r+1(λ0)

. . .

0




,

�L d1(λ0) 6= 0, · · · , dn−r(λ0) 6= 0, �H

rank(λ0E −A) > rankP (λ0)(λ0E −A)Q(λ0) > n− r.

�a

r > n− rank(λ0E −A).

L M 12–4

1. �iu��	!"�����:

(1)




λ2 + 2λ− 3 λ− 1 λ2 + 2λ− 3
2λ2 + 3λ− 5 λ2 − 1 λ2 + 3λ− 4
λ2 + λ− 2 0 λ− 1


; (2)




λ2 − 2 λ2 + 1 2λ2 − 2
λ2 + 1 λ2 + 1 2λ2 − 2
λ2 + 2 λ2 + 1 3λ2 − 5


.

P: (1) λ, λ− 1, λ− 1, λ− 1, λ + 3.

(2) λ + 1, λ− 3.

2. � ��	!"A(λ)�����, � r��( n, �A(λ)�X[�:

(1) λ + 1, λ + 1, (λ + 1)2, λ− 1, (λ− 1)2; r = 4, n = 5;

(2) λ− 2, (λ− 2)2, (λ− 2)3, λ + 2, (λ + 2)3; r = 4, n = 4;

· 5 ·



(3) λ− 1, (λ− 1)2, (λ− 1)3, λ + 2, (λ + 2)2; r = 3, n = 5.

P: (1) diag(1, λ + 1, (λ + 1)(λ− 1), (λ + 1)2(λ− 1)2, 0).

(2) diag(1, λ− 2, (λ− 2)2(λ + 2), (λ− 2)3(λ + 2)3).

(3) diag(λ− 1, (λ− 1)2(λ + 2), (λ− 1)3(λ + 2)2, 0, 0).

3. �iu!"�X[�:

(1)




0 λ(λ + 1)2 0 0
λ2(λ− 1) 0 0 0

0 0 0 λ2 − 1
0 0 λ(λ + 1)2 0


;

(2)




λ2 − 4 0 0 0
0 λ2 + 2λ 0 0
0 0 λ3 − 2λ2 0
0 0 0 λ3 − 4λ


;

(3)




λ2 + 2λ− 3 λ2 + λ− 2 0 0
2λ2 + 2λ− 4 2λ2 + λ− 3 0 0

0 0 λ + 1 λ + 2
0 0 λ2 − 1 λ2 + λ− 2


;

(4)




λ2 − λ− 2 0 λ3 + λ2 − λ− 1 0
λ2 − 4 0 λ3 + 2λ2 − λ− 2 0

0 λ2 + 2λ 0 λ2 + 6λ− 2
0 λ2 + λ− 2 0 λ2 + 5λ− 7


.

P: (1) diag(1, λ(λ + 1), λ(λ + 1)2(λ− 1), λ2(λ + 1)2(λ− 1)).

(2) diag(1, λ(λ2 − 4), λ(λ2 − 4), λ2(λ2 − 4)).

(3) diag(1, λ− 1, (λ− 1)(λ + 1), 0).

(4) diag(1, 1, λ2 − 4, 0).

4. �iu!"�
���, 3u	�������:

(1)




4 2 −5
6 4 −9
5 3 −7


; (2)



−2 1 3
6 −3 −9
4 −2 −6


;

(3)




1 1 1 · · · 1
1 1 1 · · · 1
. . . . . . . . . . . . . . . .

1 1 1 · · · 1


; (4)




2 −3 0 0
3 −4 0 0
1 5 1 −2
0 2 2 −3


.

P: (1) 
���: 1, 1, λ2(λ− 1), 3u	��: 1, 1, λ2(λ− 1), ����: λ2, λ− 1.

(2) 
���: 1, λ, λ(λ + 1), 3u	��: 1, λ, λ2(λ + 1), ����: λ, λ, λ + 1.

(3)
���: 1, λ, · · · , λ︸ ︷︷ ︸
n−2�

, λ(λ−n),3u	��: 1, λ, λ2, · · · , λn−2, λn−1(λ−n),����: λ, · · · , λ︸ ︷︷ ︸
n−1�

,

λ− n.

(4) 
���: 1, 1, 1, (λ + 1)4, 3u	��: 1, 1, 1, (λ + 1)4, ����: (λ + 1)4.

5. � λ0 l n �!" A �jk���, 01: !" A �fL��� λ0 ������k(�L

n− rank(λ0E −A).

NO: � d1(λ), · · · , dn(λ)lA�
���. 9A�fL��� λ0������k(l r, =

λ− λ0 | dn(λ), · · · , λ− λ0 | dn−r+1(λ), λ− λ0 - dn−r(λ), · · · , λ− λ0 - d1(λ).

· 6 ·



�am%3M!" P (λ), Q(λ)<

P (λ)(λE −A)Q(λ) =




d1(λ)
. . .

dn(λ)


 ,

P (λ0)(λ0E −A)Q(λ0) =




d1(λ0)
. . .

dn−r(λ0)
0

. . .

0




,

L#

n− r = rank P (λ0)(λ0E −A)Q(λ0) = rank(λ0E −A),

�

r = n− rank(λ0E −A).

L M 12–5

1. �iu!"�������:

(1)




1 −1 0
0 −1 0
−1 2 1


; (2)




2 6 −15
1 1 −5
1 2 −6


;

(3)




13 16 14
−6 −7 −6
−6 −8 −7


; (4)




9 −6 −2
18 −12 −3
18 −9 −6


;

(5)




1 −3 3
−2 −6 13
−1 −4 8


; (6)




1 −2 −1
−2 4 2
3 −6 −3


;

(7)




1 −1 1
3 −3 3
2 −2 2


; (8)




5 2 6
−2 0 3
2 1 −2


;

(9)




−2 1 1 −2
5 −4 2 9
−3 1 2 −2
2 −4 3 8


; (10)




3 −4 0 2
4 −5 −2 4
0 0 3 −2
0 0 2 −1


;

(11)




0 1 0 · · · 0 0
0 0 1 · · · 0 0
. . . . . . . . . . . . . . . . . . .

0 0 0 · · · 0 1
1 0 0 · · · 0 0




; (12)




1 2 3 · · · n

0 1 2 · · · n− 1
. . . . . . . . . . . . . . . . . . . .

0 0 0 · · · 1


.

P: (1)



−1 0 0
0 1 1
0 0 1


; (2)



−1 0 0
0 −1 1
0 0 −1


;

(3)




1 0 0
0 −1 1
0 0 −1


; (4)



−3 0 0
0 −3 1
0 0 −3


;

· 7 ·



(5)




1 1 0
0 1 1
0 0 1


; (6)




2 0 0
0 0 0
0 0 0


;

(7)




0 1 0
0 0 0
0 0 0


; (8)




1 0 0
0 1 + 2

√
6 0

0 0 1− 2
√

6


;

(9)




1 0 0 0
0 1 1 0
0 0 1 1
0 0 0 1


; (10)




1 1 0 0
0 1 0 0
0 0 −1 1
0 0 0 −1


;

(11) diag(1, ε1, ε2, · · · , εn−1), 1, ε1, ε2, · · · , εn−1# xn − 1� nk8;

(12)




1 1 0 · · · 0
0 1 1 · · · 0
...

...
. . . . . .

...
0 0 · · · 1 1
0 0 · · · 0 1




.

2. �!"

A =




2 0 0
a 2 0
b c 2


 .

(1) !"A3T&���������?

(2) >DYA3@AB�FG.

P: (1) AC&jk���λ0 = 2, �HA����m�m(= A������k(= rank(λ0E−
A) (
E�i 12–4.5) k

rank(λ0E −A) =





2 � ac 6= 0,

1 � a, cwjk�L 0, �jk
�L 0, � a, cx# 0, h b 6= 0R,

0 � a = b = c = 0R.

�a� ac 6= 0R, A�������#




2 1 0
0 2 1
0 0 2


; � a, cwjk�L 0, �jk
�L 0, � a, cx# 0,

h b 6= 0R, A�������#




2 0 0
0 2 1
0 0 2


; � a = b = c = 0R, A�������#




2 0 0
0 2 0
0 0 2


.

(2) A3@AB ⇐⇒ a = b = c = 0.

3. �!"A�����	

χA(λ) = λ5 + λ4 − 5λ3 − λ2 + 8λ− 4.

>��A�&3T�������.

P: χA(λ) = (λ− 1)3(λ + 2)2, �aA�3T�����l:

(a) λ− 1, λ− 1, λ− 1, λ + 2, λ + 2;

(b) (λ− 1)2, λ− 1, λ + 2, λ + 2;

(c) (λ− 1)3, λ + 2, λ + 2;

(d) λ− 1, λ− 1, λ− 1, (λ + 2)2;

(e) (λ− 1)2, λ− 1, (λ + 2)2;

· 8 ·



(f) (λ− 1)3, (λ + 2)2.

�A�3T�������l:




1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 −2 0
0 0 0 0 −2




,




1 0 0 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 −2 0
0 0 0 0 −2




,




1 1 0 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 −2 0
0 0 0 0 −2




,




1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 −2 1
0 0 0 0 −2




,




1 0 0 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 −2 1
0 0 0 0 −2




,




1 1 0 0 0
0 1 1 0 0
0 0 1 0 0
0 0 0 −2 1
0 0 0 0 −2




.

∗4. �!"A��l 1. 01: A��������3Tl



β

0
0

. . .

0




, 9 β = Tr A 6= 0,

� 


0 1
0 0

0
. . .

0




, 9 TrA = 0.

NO: �LA���L 1, �a JA����L 1. �A����mwC&jk��l 1, h.��

x�L 0. k�l 0����mr#j�o!" (0), �l 1����m3T#j�" (β)� 2 ����

m
(

0 1
0 0

)
. �HA��������3Tl




β

0
0

. . .

0




, �




0 1
0 0

0
. . .

0




.

y�TrJA = Tr A, �N�q��.
∗5. U=2i�����iu!"�3u	:

(1)




a1 x x · · · x

x a2 x · · · x

x x a3 · · · x
...

...
...

. . .
...

x x x · · · an




,
ai 6=x,

x6=0;
(2)




x0 a1 a2 · · · an

a0 x1 a2 · · · an

a0 a1 x2 · · · an
...

...
...

. . .
...

a0 a1 a2 · · · xn




, xi 6=ai.

P: (1) |A|=

∣∣∣∣∣∣∣




a1 − x
. . .

an − x


 + x




1 1 · · · 1
...

...
. . .

...
1 1 · · · 1




∣∣∣∣∣∣∣

· 9 ·



=
n∏

i=1

(ai − x)

∣∣∣∣∣∣∣∣∣∣∣

E + x




1
a1 − x

· · · 1
a1 − x

1
a2 − x

· · · 1
a2 − x

...
. . .

...
1

an − x
· · · 1

an − x




∣∣∣∣∣∣∣∣∣∣∣

=
n∏

i=1

(ai − x)

∣∣∣∣∣∣∣∣∣∣

E + x




n∑
i=1

1
ai − x

0

0
. . .

0 0




∣∣∣∣∣∣∣∣∣∣

=
n∏

i=1

(ai − x)
[
1 +

n∑
i=1

x
ai − x

]
.

(2) ���?@3N

|A| =
n∏

i=0

(xi − ai)

[
1 +

n∑

i=0

ai

xi − ai

]
.

∗6. � λ0 l n�!"A�jk���. g

n0 = rank E = n, nk = rank (λ0E −A)k,

ak = nk−1 − nk, bk = ak − ak+1, k = 1, 2, · · ·

9i���:

n0 n1 n2 n3 n4 · · ·
��
a1

��
a2

��
a3

��
a4 · · ·

��
b1

��
b2

��
b3 · · ·

01: (1) !"A�fL��� λ0����m�m(�L a1;

(2) !"A�fL��� λ0� k ����m�m(�L bk;

NO: (1) ��i 12–4.5��3N.

(2) �L ni#!"�
�
��, ��&� ai, bi �x#!"�
�
��. �A�fL��� λ0

� k ����m�m(lmk, kh.
fL��� λ0�����m��(?�lm, =

n0 =
∑

k>1

mkk + m,

n1 =
∑

k>1

mk(k − 1) + m,

n2 =
∑

k>2

mk(k − 2) + m,

· · · · · · · · · · · · · · · · · ·

nr =
∑

k>r

mk(k − r) + m,

· · · · · · · · · · · · · · · · · ·
· 10 ·



jk

a1 =


∑

k>1

mkk + m


−


∑

k>1

mk(k − 1) + m


 =

∑

k>1

mk,

a2 =


∑

k>1

mk(k − 1) + m


−


∑

k>2

mk(k − 2) + m




=


∑

k>2

mk(k − 1) + m


−


∑

k>2

mk(k − 2) + m


 =

∑

k>2

mk

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

ar =


 ∑

k>r−1

mk(k − r) + m


−


∑

k>r

mk(k − r) + m




=


∑

k>r

mk(k − r) + m


−


∑

k>r

mk(k − r) + m


 =

∑

k>r

mk

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

�H

br = ar − ar+1 =
∑

k>r

mk −
∑

k>r+1

mk = mr.

∗7. U=2i�����iu!"�������:

(1)




1 −3 0 3
−2 −6 0 13
0 −3 1 3
−1 −4 0 8


; (2)




3 −1 0 0
1 1 0 0
3 0 5 −3
4 −1 3 −1


.

P: (1) p , λ0 = 1#!"�jk���. 3Ni�:

4 2 1 0 0 0 · · ·
2 1 1 0 0 · · ·

1 0 1 0 · · ·
�H

b1 = 1, b2 = , b3 = 1.

�a!"& 1�� 3�����m� 1k. j!"��(3 m�&$����. �ah������

l 


1 0 0 0
0 1 1 0
0 0 1 1
0 0 0 1


 .

(2) a!"C& 1k��� λ0 = 2. 3Ni�:

4 2 0 0
2 2 0

0 2
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�a!"& 2k 2����m. �ah������l


2 1 0 0
0 2 0 0
0 0 2 1
0 0 0 2


 .

∗8. �!"A���� (%+(�',) U# 1. 01: Ak�A 
�, hw, k lcjno5( (X�

�4�).

NO: w�Al���m:

J =




1 1 0

1
. . .
. . . . . .

. . . 1
0 1




.

� k > 0, =

Jk =




1 k ∗
1

. . .

. . . . . .
. . . k

0 1




.

L# Jk����m�m(= r− rank(E − Jk) = r− (r− 1) = 1. �H Jk��������# J , jk

Jk� J 
�.

y�

J−1 =




1 −1 ∗
1

. . .

. . . . . .
. . . −1

0 1




.

�'30 J−1� J 
�, L# J−k� Jk 
�, jk�� J 
�.

@Lj��$�, �A�������l

JA =




J1

J2

. . .

Js


 .

=

Ak ∼ Jk
A ∼




Jk
1

Jk
2

. . .

Jk
s


 ∼ JA ∼ A.

L M 12–6

1. �iu!"�����	:

(1)




1 2 −3
1 1 2
1 −1 4


; (2)




2 −5 2
−1 5 −3
1 0 −1


;

· 12 ·



(3)




3 −1 3 −1
−1 3 −1 3
−3 1 −3 1
1 −3 1 −3


; (4)




1 2 0 0
−2 −3 0 0
0 0 0 −1
0 0 1 −2


;

(5)




1 1 · · · 1
1 1 · · · 1
...

...
. . .

...
1 1 · · · 1


; ∗(6)




1 2 3 · · · n− 1 n

n 1 2 · · · n− 2 n− 1
n− 1 n 1 · · · n− 3 n− 2

...
...

...
. . .

...
...

2 3 4 · · · n 1




.

P: (1) (λ− 2)3.

(2) λ3 − 6λ2 − 4λ.

(3) λ2.

(4) (λ + 1)2.

(5) λ(λ− n).

(6) �

P =




0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
1 0 0 · · · 0




, f(λ) = 1 + 2λ + · · ·+ nλn−1.

=

A = E + 2P + 3P 2 + · · ·+ nPn−1 = f(P ).

�L P ����l 1, ε, ε2, · · · , εn−1, hw εl nVOh�
8. �HA�����	l

χA(λ) = (λ− f(1))(λ− f(ε)) · · · (λ− f(εn−1)) =
(

λ− n(n + 1)
2

)
g(λ).

�l

f(λ) =
nλn+1 − (n + 1)λn + 1

(1− λ)2
,

�H

f(εk) =
nε− n

(1− εk)2
= − n

1− εk
. (*)

g(λ) =
n−1∏

k=1

(
λ +

n

1− εk

)
=

1
n−1∏
k=1

(1− εk)

n−1∏

k=1

(λ + n− λεk)

=
1
n

n−1∏

k=1

λ

(
λ + n

λ
− εk

)
=

λn−1

n
·

(
λ + n

λ

)n

− 1

λ + n
λ

− 1

=
λn−1

n2

[(
λ + n

λ

)n

− 1
]

=
1
n2 [(λ + n)n − λn].

�H

χA(λ) =
1
n2

(
λ− n(n + 1)

2

)
[(λ + n)n − λn].

y� (∗) , χA(λ)7l8, �A�����	r#h����	, jkA�����	l
1
n2

(
λ− n(n + 1)

2

)
[(λ + n)n − λn].

· 13 ·



2. �Al n�?", m(λ)#m�����	, g(λ)lcj��	, d(λ) = (m(λ), g(λ)).

01: (1) rank d(A) = rank g(A);

(2) g(A)3M�C�DEFG# g(λ)�m(λ)r;;

(3) 9 g(A)3M, = g−1(A)jY#A���	.

NO: (1) m%��	 u(λ), v(λ), <

m(λ)u(λ) + g(λ)v(λ) = d(λ).

�

m(A)u(A) + g(A)v(A) = d(A).

�m(A) = 03N d(A) = g(A)v(A). �H

rank d(A) 6 rank g(A).

y� d(λ) | g(λ), m% h(λ)< d(λ)h(λ) = g(λ), � d(A)h(A) = g(A). L#

rank g(A) 6 rank d(A).

+,N

rank g(A) = rank d(A).

(2) (⇒) � λ1, · · · , λn lA�U5���. = g(A)�U5���l g(λ1), · · · , g(λn). 9 g(A)3M,

= g(A)�6k��� g(λi) 6= 0. �L m(λ)�8x# A����, �a g(λ)� m(λ)7��8, jk

(g(λ),m(λ)) = 1.

(⇐) 9 (g(λ),m(λ)) = 1, =� (1)�0, d(λ) = 1, �a d(A) = E. �@L (1)w� v(λ), &

g(A)v(A) = E,

g(A)3M.

(3) 9 g(A)3M, % (2)�C�u�01w, �N g(A)v(A) = E. �H g(A)−1 = v(A) l A���

	.

3. 01: !"A (%+()2)3@AB�C�DEFG#h����	7l8.

NO: (⇒) A3@AB, jka@A�r#A�������. �aA����mU#j��, A

�����U#jV�. kA�����	1l�����+��7	, jY#
�jV���|),

jk7l8.

(⇐) 9A�����	7l8, =a����	#
�jV���|). L#A�����x#

jV�, �������w����mx#j��, #jk@A!", �1A3@AB.

4. �A =




1 1 −1
1 0 0
0 1 −1


, �A100.

P: A�����	l λ(λ2 − 2). g

λ100 = λ(λ2 − 2)g(λ) + aλ2 + bλ + c,

�$H λ = 0,
√

2,−√2�.2	, �

c = 0, 250 = 2a +
√

2b, 250 = 2a−
√

2b.

/N b = 0, a = 249. �H

A100 = 249A2 = 249




2 0 0
1 1 −1
1 −1 1


 .
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∗5. 01: 9:@cd k ∈ Nx&Tr (Ak) = 0, = χA(λ) = λn.

NO: �L!"��r#!"�U5���?�, �A����l λ1, · · · , λn, =

Tr(Ak) = λk
1 + · · ·+ λk

n = sk.

�Tr(Ak) = 03N sk = 0. j���	3N λ1, · · · , λn��&��@g��	 σ1 = · · · = σn = 0, L#

χA(λ) = (λ− λ1) · · · (λ− λn) = λn.

∗6. �A�����	 χ(λ) = h(λ)g(λ), b (h(λ), g(λ)) = 1,

01: rank h(A) = deg g(λ), rank g(A) = deg h(λ).

NO: �A����lλ1, · · · , λn,=h(A)����lh(λ1), · · · , h(λn), g(A)����lg(λ1), · · · ,

g(λn). �L χ(λ) = h(λ)g(λ) b (h(λ), g(λ)) = 1, �a {h(λi)}w 0�k(�L deg h(λ), {g(λi)}w 0�

k(�L deg g(λ), b deg h(λ) + deg g(λ) = n.

��i 12–3.6 ,

deg h(λ) > n− rank(h(A)) (1)

deg g(λ) > n− rank(g(A)) (2)

�a

n = deg h(λ) + deg g(λ) > 2n− (rank h(A) + rank g(A)),

rankh(A) + rank g(A) > n.

y�

h(A)g(A) = χ(A) = 0,

rankh(A) + rank g(A) 6 n.

L#

rankh(A) + rank g(A) = n.

jk (1), (2)	UxO�+, <N

rankh(A) = n− deg h(λ) = deg g(λ),

rank g(A) = n− deg g(λ) = deg h(λ).
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