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% & 10–1

1. op (x2 + ax− b)(x2 − 1) + (x2 − ax + b)(x2 + 1).

): 2x4 − 2ax + 2b.

2. opI~� x3 + 2x2 + 3x− 1� 3x2 + 2x + 4��	.

): 3x5 + 8x4 + 17x3 + 11x2 + 10x− 4.

3. 


f(x) = 3x2 − 5x + 3,

g(x) = ax(x− 1) + b(x + 2)(x− 1) + cx(x + 2),

<fX a, b, c, N f(x) = g(x).

): Q x = −2, O a = 25
6 ; Q x = 0, O b = − 3

2 , Q x = 1, O c = 1
3 .

4. 
 f(x), g(x)u h(x)2!�syI~�, ^_: 45

f2(x) = xg2(x) + xh2(x),

[#

f(x) = g(x) = h(x) = 0.

'(: 4 f(x) 6= 0, �����y.�y, J����y.�y, ��, 3 f(x) = 0. IJ

g2(x) + h2(x) = 0.

C, g(x), h(x) .�syI~�, IJ g2(x), h2(x)�!~sy2!zzy, Jk@vytu.{, 3

g(x), h(x)�!~sy2!{, IJ g(x) = h(x) = 0.

% & 10–2

1. X g(x)" f(x), L# q(x)�m� r(x):

(1) f(x) = x4 + 4x2 − x + 6, g(x) = x2 + x + 1;

(2) f(x) = x3 + 3x2 − x− 1, g(x) = 3x2 − 2x + 1.

): (1) q(x) = x2 − x + 4, r(x) = −4x + 2.

(2) q(x) = 1
9 (3x + 11), r(x) = 10

9 (x− 2).

2. m, p, q$%"#FGS, $

(1) x2 + mx + 1 | x3 + px + q;

(2) x2 + mx + 1 | x4 + px2 + q.

): (1) p = 1−m2, q = −m.

(2)

{
m = 0

p = 1 + q
k

{
p = −m2 + 2

q = 1

· 1 ·



3. X&%"qL# q(x).m� r(x):

(1) f(x) = x4 − 2x3 + 4x2 − 6x + 8, g(x) = x− 2;

(2) f(x) = 2x5 − 5x3 − 8x, g(x) = x + 2.

): (1) q(x) = x3 + 4x + 2, r(x) = 12.

(2) q(x) = 2x4 − 4x3 + 3x2 − 6x + 4, r(x) = −8.

4. X&%"qr f(x). x− x0�>':

(1) f(x) = x4 − 2x3 + 3x2 − 2x + 1, x0 = 2;

(2) f(x) = x4 − 2x2 + 3, x0 = −2;

(3) f(x) = x4 + 2ix3 − (1 + i)x2 − 3x + 1− 2i, x0 = −i.

): (1) f(x) = (x− 2)4 + 6(x− 2)3 + 15(x− 2)2 + 18(x− 2) + 9.

(2) f(x) = (x + 2)4 − 8(x + 2)3 + 22(x + 2)2 − 24(x + 2) + 11.

(3) f(x) = (x + i)4 − 2i(x + i)3 − (1 + i)(x + i)2 − 5(x + i) + (1 + 2i).

5. G 〈x〉0 = 1, 〈x〉k = x(x− 1)(x− 2) · · · (x− k + 1), (k > 1). <( f(x)r.

c0 + c1〈x〉+ c2〈x〉2 + · · ·
�p�:

(1) f(x) = x4 − 2x3 + x2 − 1;

(2) f(x) = x5.

): (1) 1 1 −2 1 0 −1
1 −1 0

2 1 −1 0 0
2 2

3 1 1 2
3

1 4
�l f(x) = −1 + 2〈x〉2 + 4〈x〉3 + 〈x〉4.
(2) f(x) = 〈x〉+ 15〈x〉2 + 25〈x〉3 + 10〈x〉4 + 〈x〉5.
6. k!W	y, ^_: x | fk(x)PFaP x | f(x);

'(: 
 f(x)�`y~. a, � fk(x)�`y~. ak. �l x | fk(x) ⇐⇒ ak = 0 ⇐⇒ a = 0 ⇐⇒
x | f(x).

7. 
 a, b.@v`���`y, ^_: I~� f(x)) (x− a)(x− b)"�Om�.
f(a)− f(b)

a− b
x +

af(b)− bf(a)
a− b

.

'(: 
 f(x) = (x− a)(x− b)q(x) + Ax + B, �

f(a) = aA + B, f(b) = bA + B,

�lO

A =
f(a)− f(b)

a− b
, B =

af(b)− bf(a)
a− b

.

�l89:;.

8. 
 f1(x), f2(x), g1(x), g2(x)2!y�K��I~�, -* f1(x) 6= 0.

^_: 45 g1(x)g2(x) | f1(x)f2(x), f1(x) | g1(x), � g2(x) | f2(x).

· 2 ·



'(: 
 f1(x)f2(x) = g1(x)g2(x)q1(x), g1(x) = f1(x)q2(x). � f1(x)f2(x) = f1(x)q2(x)g2(x)q1(x),

�� f1(x) 6= 0, @O f2(x) = g2(x)q2(x)q1(x), K g2(x) | f2(x).
∗9. ^_: xd − 1 | xn − 1PFaP d | n.

'(: (⇒) � n = dq, �

xn − 1 = (xd − 1)(xd(q−1) + xd(q−2) + · · ·+ xd + 1).

�l xd − 1 | xn − 1.

(⇐) 
 n = dq + r, 0 6 r < d. ��^, xdq − 1 ≡ 0 (mod xd − 1). K

xdq ≡ 1 (mod xd − 1),

xn ≡ xdq+r ≡ xdq · xr ≡ xr (mod xd − 1),

xn − 1 ≡ xr − 1 (mod xd − 1).

J xd − 1 | xr − 1 ⇔ r = 0, �l xd − 1 | xn − 1 ⇔ r = 0 ⇔ d | n.

% & 10–3

1. L^|��� (f(x), g(x)):

(1) f(x) = x4 + x3 − 3x2 − 4x− 1, g(x) = x3 + x2 − x− 1;

(2) f(x) = x5 + x4 − x3 − 2x− 1, g(x) = 3x4 + 2x3 + x2 − 2;

(3) f(x) = x4 − x3 − 4x2 + 4x + 1, g(x) = x2 − x− 1.

): (1) x + 1.

(2) 1.

(3) 1.

2. L u(x), v(x), N u(x)f(x) + v(x)g(x) = (f(x), g(x)):

(1) f(x) = x4 + 2x3 − x2 − 4x− 2, g(x) = x4 + x3 − x2 − 2x− 2;

(2) f(x) = 4x4 − 2x3 − 16x2 + 5x + 9, g(x) = 2x3 − x2 − 5x + 4;

(3) f(x) = 2x4 + 3x3 − 3x2 − 5x + 2, g(x) = 2x3 + x2 − x− 1.

): (1) u(x) = −x− 1, v(x) = x + 2, d(x) = x2 − 2.

(2) u(x) = − 1
3 (x− 1), v(x) = 1

3 (2x2 − 2x− 3), d(x) = x− 1.

(3) u(x) = − 1
6 (2x2 + 3x), v(x) = 1

6 (2x3 + 5x2 − 6), d(x) = 1.

3. ^_: 45 d(x) | f(x), d(x) | g(x), F d(x). f(x)� g(x)�fv]%, [# d(x)! f(x)� g(x)

�fv^|���.

'(: 
 d(x) = u(x)f(x) + v(x)g(x), ��45� h(x) ∈ K[x], 4 h(x) | f(x), h(x) | g(x), �

h(x) | d(x).

C, d(x). f(x)� g(x)�fv���, 3 d(x)! f(x)� g(x)�fv^|���.

4. ^_: 45 h(x).!fI~�, �

(f(x)h(x), g(x)h(x)) = (f(x), g(x))h(x).

'(: 
 d(x) = (f(x), g(x)) 6= 0, �Dq u(x), v(x)N

d(x) = u(x)f(x) + v(x)g(x).

· 3 ·



��

d(x)h(x) = u(x)f(x)h(x) + v(x)g(x)h(x).

C� d(x)h(x) | f(x)h(x), d(x)h(x) | g(x)h(x), �� d(x)h(x)! f(x)h(x)� g(x)h(x)�fv^|���.

C� d(x), h(x)2!!fI~�, 3 d(x)h(x);!!fI~�, IJ

(f(x)h(x), g(x)h(x)) = d(x)h(x) = (f(x), g(x))h(x).

C4 d(x) = 0, � f(x) = g(x) = 0, r��*�:;.

5. ^_: 45 f(x), g(x)`y.{, �(
f(x)

(f(x), g(x))
,

g(x)
(f(x), g(x))

)
= 1.

'(: � f(x), g(x)`y.{, 3 (f(x), g(x)) 6= 0. ��

(f(x), g(x)) =
(

f(x)
(f(x), g(x))

(f(x), g(x)),
g(x)

(f(x), g(x))
(f(x), g(x))

)

=
(

f(x)
(f(x), g(x))

,
g(x)

(f(x), g(x))

)
(f(x), g(x))

(�NO 4) @R+, (f(x), g(x)), O(
f(x)

(f(x), g(x))
,

g(x)
(f(x), g(x))

)
= 1.

6. ^_: 45 f(x), g(x)`y.{, F

u(x)f(x) + v(x)g(x) = (f(x), g(x)),

� (u(x), v(x)) = 1.

'(: � f(x), g(x)`y.{, 3 (f(x), g(x)) 6= 0, �l

u(x)
f(x)

(f(x), g(x))
+ v(x)

g(x)
(f(x), g(x))

= 1,

(u(x), v(x)) = 1.

7. ^_: 45 (f(x), g(x)) = 1, (f(x), h(x)) = 1, [#

(f(x), g(x)h(x)) = 1.

'(: Dq u(x), v(x), s(x), t(x), N

u(x)f(x) + v(x)g(x) = 1,

s(x)f(x) + t(x)h(x) = 1,

��

f(x)(u(x)s(x)f(x) + u(x)t(x)h(x) + s(x)v(x)g(x)) + v(x)t(x)g(x)h(x) = 1,

(f(x), g(x)h(x)) = 1.

8. 
 f1(x), · · · , fm(x), g1(x), · · · , gn(x) 2!I~�, F (fi(x), gj(x)) = 1 (i = 1, · · · ,m; j =

1, · · · , n), ^_:

(f1(x)f2(x) · · · fm(x), g1(x)g2(x) · · · gn(x)) = 1.

'(: � (fi(x), gj(x)) = 1, @O (fi(x), g1(x)g2(x)) = 1, . . . , (fi(x), g1(x)g2(x) · · · gn(x)) = 1. IJ

(f1(x)f2(x), g1(x) · · · gn(x)) = 1, (f1(x)f2(x)f3(x), g1(x) · · · gn(x)) = 1, . . . ,

(f1(x)f2(x) · · · fm(x), g1(x) · · · gn(x)) = 1.

9. ^_: 45 (f(x), g(x)) = 1, [# (f(x) + g(x), f(x)g(x)) = 1.

· 4 ·



'(: �� (f(x), g(x)) = 1, ��

(f(x) + g(x), g(x)) = (f(x), g(x)) = 1,

(f(x) + g(x), f(x)) = (g(x), f(x)) = 1,

�l

(f(x) + g(x), f(x)g(x)) = 1.

10. 
 f1(x) = af(x) + bg(x), g1(x) = cf(x) + dg(x), F ad− bc 6= 0, ^_:

(f(x), g(x)) = (f1(x), g1(x)).

'(: �O
@O (f(x), g(x)) | (f1(x), g1(x)). C

f(x) =
d

ad− bc
f1(x)− b

ad− bc
g1(x),

g(x) =
−c

ad− bc
f1(x) +

a

ad− bc
g1(x),

��

(f1(x), g1(x)) | (f(x), g(x)).

C� (f1(x), g1(x))� (f(x), g(x))�!~sy�a, 3 (f(x), g(x)) = (f1(x), g1(x)).

11. ^_: 45 f(x)� g(x)��, [# f(xm)� g(xm);��.

'(: �O
, DqI~� u(x), v(x)N

u(x)f(x) + v(x)g(x) = 1.

��

u(xm)f(xm) + v(xm)g(xm) = 1.

3 (f(xm), g(xm)) = 1.

12. ^_ : �45�W	y n, 2$

(f(x), g(x))n = (fn(x), gn(x)).

'(: 
 (f(x), g(x)) = d(x), f(x) = d(x)f1(x), g(x) = d(x)g1(x), � (f1(x), g1(x)) = 1.

�NO 8@O

(fn
1 (x), gn

1 (x)) = 1.

�!

(fn(x), gn(x)) = (dn(x)fn
1 (x), dn(x)gn

1 (x))

= dn(x)(fn
1 (x), gn

1 (x)) = dn(x)

= (f(x), g(x))n.

∗13. <L xm − 1� xn − 1�^|���.

): S d = (m, n), �x-NO 10–2.9, xd − 1 | xm − 1, xd − 1 | xn − 1.


 h(x)! xm − 1� xn − 1����, �$

xm − 1 ≡ 0 (mod h(x)), xn − 1 ≡ 0 (mod h(x)) =⇒ xm ≡ 1 (mod h(x)), xn ≡ 1 (mod h(x)).

�� d = (m,n), �lDq u, v ∈ ZNO d = um + vn.

xd = xum+vn ≡ 1 (mod h(x)) =⇒ xd − 1 ≡ 0 (mod h(x)).

· 5 ·



C
 d = ms− nt, s, t > 0, � d + nt = ms. �!

xms − 1 = xd+nr − 1 = (xd − 1)xnr + xnr − 1.

� f(x) ∈ K[x]�� f(x) | xm − 1, f(x) | xn − 1, � (f(x), x) = 1, F f(x) | xms − 1, f(x) | xnt − 1, �!

f(x) | (xd − 1)xnr. � f(x)� x��@O f(x) | xd − 1. �l (xm − 1, xn − 1) = xd − 1, -* d = (m,n).
∗14. ^_: lE f(x)

(f(x), g(x)) , g(x)
(f(x), g(x)) ��y2|�{, T@�$P./$%��

u(x)f(x) + v(x)g(x) = (f(x), g(x))

� u(x)� v(x), N

deg u(x) < deg
(

g(x)
(f(x), g(x))

)
, deg v(x) < deg

(
f(x)

(f(x), g(x))

)
.

'(: DqI~� s(x), t(x) ∈ K[x]N

s(x)f(x) + t(x)g(x) = (f(x), g(x)).

�

s(x)
f(x)

(f(x), g(x))
+ t(x)

g(x)
(f(x), g(x))

= 1. (*)

S

s(x) =
g(x)

(f(x), g(x))
q(x) + u(x),

-* u(x) = 0k deg u(x) < deg g(x)
(f(x), g(x)) . G v(x) = f(x)

(f(x), g(x)) q(x) + t(x), �� (*)u,

u(x)
f(x)

(f(x), g(x))
+ v(x)

g(x)
(f(x), g(x))

= 1. (**)

�0
, f(x)
(f(x), g(x)) �

g(x)
(f(x), g(x)) ��y2|�{, �� u(x), v(x)2`!{I~�. �!

deg u(x) < deg
g(x)

(f(x), g(x))
.

� (**)u

deg
(

u(x)
f(x)

(f(x), g(x))

)
= deg

(
v(x)

g(x)
(f(x), g(x))

)
,

IJ

deg v(x) < deg
f(x)

(f(x), g(x))
.

% & 10–4

1. 
 (f(x),m(x)) = 1, ^_: �4L�I~� g(x), 2DqI~� h(x), N

h(x)f(x) ≡ g(x) (mod m(x)).

'(: �0
, Dq u(x), v(x) ∈ K[x], N

u(x)f(x) + v(x)m(x) = 1.

��

g(x)u(x)f(x) + g(x)v(x)m(x) = g(x).

�!

g(x)u(x)f(x) ≡ g(x) (mod m(x)).

· 6 ·



S h(x) = g(x)u(x), �

h(x)f(x) ≡ g(x) (mod m(x)).
∗2. 
m1(x), · · · ,ms(x).f]@@���I~�, ^_: �4L�I~� f1(x), · · · , fs(x), 2Dq

I~� F (x), N

F (x) ≡ fi(x) (mod mi(x)), i = 1, · · · , s.

'(: SM(x) = m1(x)m2(x) · · ·ms(x), Ri(x) = M(x)
mi(x) . � (Ri(x),mi(x)) = 1, mj(x) | Ri(x),

i 6= j. Dq hi(x)N (NO 1)

hi(x)Ri(x) ≡ fi(x) (mod mi(x))

S

F (x) =
s∑

i=1

hi(x)Ri(x),

�

F (x) ≡
s∑

i=1

hi(x)Ri(x) (mod mk(x))

≡ hk(x)Rk(x) (mod mk(x))

≡ fk(x) (mod mk(x)).

∗3. 
m(x).�syI~�, Fm(0) 6= 0. ^_: Dq�syI~� f(x), N

f2(x) ≡ x (mod m(x)).

'(: (a) !{^_�45� a 6= 0, am�

f2(x) ≡ x (mod (x− a)m)

$�. 

√

a! a�45fv/>x, �

(x− a)m = ((
√

x−√a)(
√

x +
√

a))m = (
√

x−√a)m(
√

x +
√

a)m

= (h(x)
√

x− g(x))(h(x)
√

x + g(x)) = h2(x)x− g2(x).

�!

g2(x) ≡ h2(x)x (mod (x− a)m)

J h(a)
√

a + g(a) = (
√

a +
√

a)m 6= 0, J h(a)
√

a − g(a) = (
√

a − √a)m = 0, �l g(a)h(a) 6= 0, IJ

(h(x), (x− a)m) = 1, Dq h1(x) ∈ K[x]N h1(x)h(x) ≡ 1 (mod (x− a)m). �!

(h1(x)g(x))2 ≡ x (mod (x− a)m)

Q f(x) = h1(x)g(x), �$

f2(x) ≡ x (mod (x− a)m).

(b) 
m(x) = (x− a1)m1(x− a2)m2 · · · (x− as)ms , ai 6= aj � i 6= j. � (x− a1)m1 , · · · , (x− as)ms

@@��. � (a), Dq fi(x) ∈ K[x], N

f2
i (x) ≡ x (mod (x− ai)mi).

�NO 2, Dq f(x)N

f(x) ≡ fi(x) (mod (x− ai)mi)

�!

f2(x) ≡ x (mod (x− ai)mi)

· 7 ·



� (x− a1)m1 , · · · , (x− as)ms @@��@O

f2(x) ≡ x (mod m(x)).

% & 10–5

1. ^_: gm(x) | fm(x) ⇐⇒ g(x) | f(x).

'(: 


f(x) = apl1
1 (x)pl2

2 (x) · · · pls
s (x),

g(x) = bpk1
1 (x)pk2

2 (x) · · · pks
s (x),

-* a, b ∈ K, p1(x), · · · , ps(x)!@@���`@�I~�, F li, ki > 0, i = 1, · · · , s. �

g(x) | f(x) ⇐⇒ ki 6 li, i = 1, · · · , s

⇐⇒ mki 6 mli, i = 1, · · · , s

⇐⇒ gm(x) | fm(x).

2. 
 f(x), g(x) ∈ K[x], F$���

f(x) = apr1
1 (x)pr2

2 (x) · · · prs
s (x), ri > 0, i = 1, · · · , s;

g(x) = bpt1
1 (x)pt2

2 (x) · · · pts
s (x), ti > 0, i = 1, · · · , s,

-* p1(x), · · · , ps(x)!`a�!f`@�I~�. ^_:

[f(x), g(x)] = p
max(r1,t1)
1 (x)pmax(r2,t2)

2 (x) · · · pmax(rs,ts)
s (x).

'(: Smi = max(ri, ti), i = 1, · · · , s.

m(x) = pm1
1 (x)pm2

2 (x) · · · pms
s (x),

�� ri 6 mi, ti 6 mi, �l

f(x) | m(x), g(x) | m(x) =⇒ [f(x), g(x)] | m(x).


 s(x) ∈ K[x]! f(x), g(x)����, �$

s(x) = pl1
1 (x)pl2

2 (x) · · · pls
s (x)h(x), li 6 ri, li 6 ti, (h(x), pi(x)) = 1, i = 1, · · · , s.

�!

li > max(ri, ti), i = 1, · · · , s, =⇒ m(x) | s(x).

�l

[f(x), g(x)] = pm1
1 (x)pm2

2 (x) · · · pms
s (x).

3. 
 f(x), g(x) ∈ K[x]2!!fI~�, ^_:

[f(x), g(x)] =
f(x)g(x)

(f(x), g(x))
.

'(: 


f(x) = pr1
1 (x)pr2

2 (x) · · · prs
s (x), ri > 0, i = 1, · · · , s;

g(x) = pt1
1 (x)pt2

2 (x) · · · pts
s (x), ti > 0, i = 1, · · · , s,

-* p1(x), · · · , ps(x)!`a�!f`@�I~�. S

mi = max(ri, ti), li = min(ri, ti), i = 1, · · · , s.

· 8 ·



�

f(x)g(x) = pr1+t1
1 (x)pr2+t2

2 (x) · · · prs+ts
s (x),

(f(x), g(x)) = pl1
1 (x)pl2

2 (x) · · · pls
s (x),

�� ri + ti − li = mi, i = 1, · · · , s. �l
f(x)g(x)

(f(x), g(x))
= pm1

1 (x)pm2
2 (x) · · · pms

s (x) = [f(x), g(x)].

4. L�,I~��^"���:

(1) f(x) = x4 − 4x3 + 1, g(x) = x3 − 3x2 + 1;

(2) f(x) = x4 − x− 1 + i. g(x) = x2 + 1.

): (1) �� (f(x), g(x)) = 1, [f(x), g(x)] = f(x)g(x) = x7 − 7x6 + 12x5 + x4 − 3x3 − 3x2 + 1.

(2) �� (f(x), g(x)) = x− i, [f(x), g(x)] = f(x)(x + i) = x5 + ix4 − x2 − x− (1 + i).

5. 
 p(x)!�y|�{�I~�. ^_: 45��4LI~� f(x), g(x), � p(x) | f(x)g(x)@�

1� p(x) | f(x)k2 p(x) | g(x), � p(x)!`@�I~�.

'(: � p(x) @�, �Dq�y"� p(x) �z`yI~� f(x), g(x) N p(x) = f(x)g(x). IJ

p(x) | f(x)g(x). A�

deg f(x) < deg p(x), deg g(x) < deg p(x),

p(x) - f(x), p(x) - g(x), �0
��, �l p(x)`@�.
∗6. ^_: �y|� 0�!fI~� f(x)!3f`@�I~��>'�C�DEFG!, �45�

I~� g(x)D$ (f(x), g(x)) = 1, k2�3fW	ym, f(x) | gm(x).

'(: (⇒) 
 f(x) = pm(x), -* p(x)`@�, �� g(x) ∈ K[x]�� p(x) | g(x), $

f(x) = pm(x) | gm(x).

4 p(x) - g(x), � (p(x), g(x)) = 1, IJ (pm(x), g(x)) = 1, K (f(x), g(x)) = 1.

(⇐) 
 p(x)! f(x)�fv!f`@�� , � (p(x), f(x)) = p(x), IJDq3vW	y m, N

f(x) | pm(x), k�_ p(x)! f(x)�4f`@�� . �� f(x) = cpr(x). C� f(x), p(x)�!~sy2

! 1, 3 c = 1. IJ f(x) = pr(x).
∗7. ^_: �y|� 0�!fI~� f(x)!3f`@�I~��>'�C�DEFG!, �45�

I~� g(x), h(x), � f(x) | g(x)h(x)@�1� f(x) | g(x), k2�3fW	ym, f(x) | hm(x).

'(: (⇒) 
 f(x) = pm(x), -* p(x) !!f`@�I~�, �� f(x) | g(x)h(x), @O p(x) |
g(x)h(x), IJ p(x) | g(x)k p(x) | h(x). �! f(x) = pm(x) | gm(x)k f(x) = pm(x) | hm(x).

(⇐) 
 p(x) ! f(x) �fv!f`@�� , � f(x) = p(x)f1(x). IJ f(x) | p(x)f1(x). J

f(x) - f1(x), IJDq3vW	y m, N f(x) | pm(x), k�_ p(x)! f(x)�4f`@�� . ��

f(x) = cpr(x). C� f(x), p(x)�!~sy2! 1, 3 c = 1. IJ f(x) = pr(x).

% & 10–6

1. �}�,$�syI~�$
w��, �$, �L�w��:

(1) f(x) = x5 − 10x3 − 20x2 − 15x− 4;

(2) f(x) = x4 − 4x3 + 16x− 16;

(3) f(x) = x5 − 6x4 + 16x3 − 24x2 + 20x− 8;

(4) f(x) = x6 − 15x4 + 8x3 + 51x2 − 72x + 27.

· 9 ·



): (1) x + 1, 4w.

(2) x− 2, 3w.

(3) x2 − 2x + 2, 2w.

(4) x + 3, 2w, x− 1, 3w.

2. a, b5��"#FG, �,I~�$w��?

(1) f(x) = x3 + 3ax + b; (2) f(x) = x4 + 4ax + b.

): (1) P a = b = 0$ 3w�� x, P 4a3 = −b2F a 6= 0, $ 2w�� 2ax + b.

(2) P a = b = 0$ 4w�� x, P 27a4 = b3F a 6= 0, $ 2w�� 3ax + b.

3. 
 p(x)! f ′(x)� kw��, U�� p(x)! f(x)� k + 1w��, ."#?

): `U. �.C@U f ′(x)4fw��2`! f(x)���. ?4 f(x) = x4 − 1, f ′(x) = 4x3.

4. ^_: 45 (f ′(x), f ′′(x)) = 1, [#, f(x)�w��2! f(x)��w��.

'(: �� (f ′(x), f ′′(x)) = 1, f ′(x)�4f��2`! f ′′(x)���. 
 p(x)! f(x)�w��, �

p(x) | f ′(x), �! p(x) - f ′′(x), �_ p(x)! f ′(x)����, 3 p(x)! f(x)��w��.

5. ^_: K[x]*`@�I~� p(x)! f(x) ∈ K[x]� k (k > 1) w���C�DEFG! p(x)!

f(x), f ′(x), · · · , f (k−1)(x)���, A`! f (k)(x)���.

'(: (⇒) � kX67q. P k = 1S898�:;. 9
89� k − 1:;. 
 p(x)! f(x)� k

w��, � f(x) = pk(x)g(x), -* (p(x), g(x)) = 1. �

f ′(x) = kpk−1(x)g(x) + pk(x)g′(x) = pk−1(x)(kg(x) + p(x)g′(x)).

� (p(x), g(x)) = 1@O (p(x), kg(x) + p(x)g′(x)) = 1, �l p(x)! f ′(x)� k − 1w��. x-670
,

p(x)! f ′(x), · · · , f (k−1)(x)���, A`! f (k)(x)���. J p(x)! f(x)���!tu�.

(⇐) 4 p(x)! f(x), f ′(x), · · · , f (k−1)(x)���, A`! f (k)(x)���, � p(x)! f (k−1)(x)�f

w��, :J, p(x)! f (k−2)(x)��w��, ;�<1, @u p(x)! f(x)� kw��.

6. <LI~� x1999 + 1"� (x− 1)2�Om�.

): 
 x1999 + 1 = (x− 1)2q(x) + ax + b, �@RL=�O

1999x1998 = 2(x− 1)q(x) + (x− 1)2q(x) + a.

� x = 1b
�@�, O

a = 1999, b = −1997.

3�Lm�. 1999x− 1997.

% & 10–7

1. L�,I~����x:

(1) f(x) = x4 + 2x2 + 9, g(x) = x4 − 4x3 + 4x2 − 9;

(2) f(x) = x3 + 2x2 + 2x + 1, g(x) = x4 + x3 + 2x2 + x + 1.

): (1) 1 +
√

2i, 1−√2i.

(2) −1 +
√

3i
2 , −1−√3i

2 .

2. 45 (x− 1)2 | Ax4 + Bx2 + 1, LA,B.

): A = 1, B = −2.

3. tu x4 − 3x3 + 6x2 + ax + bU) x2 − 1	", L a, b.

· 10 ·



): a = 3, b = −7.

4. ^_: 45 f(x) | f(xn), [# f(x)�xlU!{k��x.

'(: 
 a! f(x)�fvx, � f(a) = 0, �! f(an) = 0, C@O> f((an)n) = f(an2
) = 0, . . . ,

f(ann

) = 0. �J a, an, an2
, · · · , ann

2! f(x)�x. A f(x)�`axa$$?Iv, 3D$ k < lN

ank

= anl

, K

ank

(anl−nk − 1) = 0.

�! a = 0k anl−nk

= 1, 3 a. 0k��x.

5. ^_: sin x`!I~�.

'(: sin x$
?Iv`a�x kπ, k ∈ Z, JI~�l$$?Ivx. �l sin x`!I~�.

6. tuI~� f(x) = x5 − 10x2 + 15x− 6$wx, <L���$x0fXx�wy.

): −3 +
√

15i
2 , −3−√15i

2 , 1,1,1.

7. L t�R, N f(x) = x3 − 3x2 + tx− 1$wx.

): t = 3S, 1. 3wx; t = − 15
4 S, − 1

2 . 2wx.

8. LI~� f(x) = x3 + px + q$wx�FG.

): 4p3 + 27q2 = 0.

9. ^_: �,I~�w$wx:

(1) f(x) = 1 + x + x2

2! + · · ·+ xn

n! ;
∗(2) f(x) = 1 + 2x + 3x2 + · · ·+ (n + 1)xn.

'(: (1)

(f(x), f ′(x)) =
(

1 + x +
x2

2!
+ · · ·+ xn

n!
, 1 + x +

x2

2!
+ · · ·+ xn−1

(n− 1)!

)

=
(

xn

n!
, 1 + x +

x2

2!
+ · · ·+ xn−1

(n− 1)!

)
= 1.

�� f(x)
wx.

(2) 


g(x) = (1− x)2(1 + 2x + 3x2 + · · ·+ (n + 1)xn) = 1− (n + 2)xn+1 + (n + 1)xn+2,

g′(x) = (n + 2)(n + 1)xn+1 − (n + 2)(n + 1)xn,

(g(x), g′(x)) = x− 1.

�� g(x)a$�wx! x = 1. C f(x)�wx8�2! g(x)�wx, J x = 1`! f(x)�x, 3 f(x)


wx.

10. ^_: f(x) = xn + axn−m + b (n > 2, n > m > 0)`U$z{�wy|� 2�x.

'(: f ′(x) = xn−m−1[nxm + (n−m)a].

(a) P a 6= 0S, nxm + (n−m)a�x2!�x, �� f(x)�wy|� 2�xl@U! x = 0.

(b) P a = 0S, f ′(x)�a$�wx. x = 0, 3 f(x)�wy|� 2�xl@U! x = 0.

11. 45 a! f ′′′(x)�fv kwx, ^_: a!

g(x) =
x− a

2
[f ′(x) + f ′(a)]− f(x) + f(a)

�fv k + 3wx.

· 11 ·



'(:

g(x) =
x− a

2
[f ′(x) + f ′(a)]− f(x) + f(a),

g′(x) =
1
2

[f ′(a)− f ′(x)] +
x− a

2
f ′′(x),

g′′(x) =
x− a

2
f ′′′(x),

8� a! g(x), g′(x), g′′(x)�x, C a! f ′′′(x)� kwx, �l a! g′′(x)� k + 1wx, ! g(x)� k + 3w

x.

12. ^_: x0 ! f(x) � k wx�C�DEFG! f(x0) = f ′(x0) = · · · = f (k−1)(x0) = 0 J

f (k)(x0) 6= 0.

'(: x0! f(x)� kwx ⇐⇒ x− x0! f(x)� kw��

⇐⇒ x− x0! f(x), f ′(x), · · · , f (k−1)(x)���, A`! f (k)(x)���

⇐⇒ f(x0) = f ′(x0) = · · · = f (k−1)(x) = 0, f (k)(x0) 6= 0.

13. ^_: 45 f ′(x) | f(x), � f(x)$ nwx, -* n = deg f(x).

'(: �0
, f(x)
(f(x), f ′(x)) = c(x − a). IJ x − a. f(x)a$�`@��� (19 6.4), ��

f(x) = c(x− a)n, f(x)$ nwx.

14. <@�r�A�yR, L�y^B�I~�:

x 1 2 3 4

y 2 1 4 3

): f(x) = − 4
3 x3 + 10x2 − 65

3 x + 15.
∗15. 5XCDEq�=�DFGHIR��.

'(: 
�LI~�.

f(x) = c0 + c1x + · · ·+ cn−1x
n−1,

-* ciJX. ( ai, bib
��@R, O c0, c1, · · · , cn−1�i(>j]:




c0 + c1a1 + · · ·+ cn−1a
n−1
1 = b1

c0 + c1a2 + · · ·+ cn−1a
n−1
2 = b2

. . . . . . . . . . . . . . . . . . . . . . . . .

c0 + c1an + · · ·+ cn−1a
n−1
n = bn

li(>j]�syK?A!�KLKK?:

A =




1 a1 a2
1 · · · an−1

1

1 a2 a2
2 · · · an−1

2
...

...
...

. . .
...

1 an a2
n · · · an−1

n


 ,

|A| =
∏

16i<j6n

(aj − ai).

�� ai�`�a, 3 |A| 6= 0, ��i(>j]$4f�.



c0
...

cn−1


 = A−1




b1
...

bn


 .

· 12 ·



3�L�4f�y`MN n− 1�I~�

f(x) = (1 x · · · xn−1)




c0
...

cn−1




= (1 x · · · xn−1)A−1




b1
...

bn




=
1
|A| (1 x · · · xn−1)A∗




b1
...

bn




=
1
|A|

n∑

k=1

(−1)n+kbk

∣∣∣∣∣∣∣∣∣∣∣∣

1 · · · 1 1 · · · 1 1
a1 · · · ak−1 ak+1 · · · an x

a2
1 · · · a2

k−1 a2
k+1 · · · a2

n x2

...
. . .

...
...

. . .
...

...
an−1
1 · · · an−1

k−1 an−1
k+1 · · · an−1

n xn−1

∣∣∣∣∣∣∣∣∣∣∣∣

=
1
|A|

n∑

k=1

(−1)n+kbk

n∏

i=1
i 6=k

(x− ai)
∏

16i<j6n
i,j 6=k

(aj − ai)

=
n∑

k=1

(−1)n+k bkF (x)
(x− ak)(an − ak) · · · (ak+1 − ak)(ak − ak−1) · · · (ak − a1)

=
n∑

k=1

bkF (x)
(x− ak)F ′(ak)

.

kO F (x) = (x− a1)(x− a2) · · · (x− an).

∗16. 
 a1, a2, · · · , an.�`�a�y, F (x) = (x− a1)(x− a2) · · · (x− an).

^_: 4LI~� f(x)X F (x)"�O�m�.
n∑

i=1

f(ai)F (x)
(x− ai)F ′(ai)

.

'(: 67
1

F (x)
=

A1

x− a1
+

A2

x− a2
+ · · ·+ An

x− an
.

@Ra�� x− ai, PS x = ai, @O

Ai =
1

F ′(ai)
.

�l@OQ��
1

F (x)
=

1
(x− a1)F ′(a1)

+
1

(x− a2)F ′(a2)
+ · · ·+ 1

(x− an)F ′(an)
.

IJ

1 =
n∑

i=1

F (x)
(x− ai)F ′(ai)

.

S

f(x) = (x− ai)fi(x) + f(ai),

· 13 ·



�

f(x) =
n∑

i=1

[(x− ai)fi(x) + f(ai)]
F (x)

(x− ai)F ′(ai)

=
n∑

i=1

fi(x)F (x)
F ′(ai)

+
n∑

i=1

f(ai)F (x)
(x− ai)F ′(ai)

= F (x)

(
n∑

i=1

fi(x)
F ′(ai)

)
+

n∑

i=1

f(ai)F (x)
(x− ai)F ′(ai)

.

��
n∑

i=1

f(ai)F (x)
(x− ai)F ′(ai)

∈ K[x], F deg
n∑

i=1

f(ai)F (x)
(x− ai)F ′(ai)

6 n − 1, ��X F (x)" f(x)�O�m�.
n∑

i=1

f(ai)F (x)
(x− ai)F ′(ai)

.

∗17. tu a1, · · · , an; b1, · · · , bn.�`�a�y, L��,>j]:





1
b1 − a1

x1 + 1
b1 − a2

x2 + · · ·+ 1
b1 − an

xn = −1,

1
b2 − a1

x1 + 1
b2 − a2

x2 + · · ·+ 1
b2 − an

xn = −1,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1
bn − a1

x1 + 1
bn − a2

x2 + · · ·+ 1
bn − an

xn = −1.

): 
 x1, · · · , xn!l>j]�4f�, 67$���

F (x) = 1 +
x1

x− a1
+

x2

x− a2
+ · · ·+ xn

x− an
, (*)

� F (bi) = 0, i = 1, · · · , n.

S F (x) = g(x)
(x− a1)(x− a2) · · · (x− an) , � deg g(x) = n, F g(x)�!~. xn. �� F (bi) = 0, 3

g(bi) = 0, i = 1, · · · , n, ��

g(x) = (x− b1)(x− b2) · · · (x− bn).

F (x) =
(x− b1)(x− b2) · · · (x− bn)
(x− a1)(x− a2) · · · (x− an)

.

S

f(x) = (x− a1)(x− a2) · · · (x− an).

67 h(x) = g(x)− f(x), � deg h(x) 6 n− 1.

�� h(ai) = g(ai), �DFGH��,

h(x) =
n∑

i=1

g(ai)f(x)
(x− ai)f ′(ai)

,

g(x) = f(x) +
n∑

i=1

g(ai)f(x)
(x− ai)f ′(ai)

,

F (x) =
g(x)
f(x)

= 1 +
n∑

i=1

1
(x− ai)

· g(ai)
f ′(ai)

,

� (*)PQ, KO

x1 =
g(a1)
f ′(a1)

, x2 =
g(a2)
f ′(a2)

, · · · , xn =
g(an)
f ′(an)

.

% & 10–8

1. �}LI~� f(x) = x5 − 3x4 + 4x3 − 4x2 + 3x− 1q�y�u�y���o����.
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): f(x) = (x2 + 1)(x− 1)3 = (x + i)(x− i)(x− 1)3.

2. �}LI~� f(x) = xn − 1q�y�u�y���o����.

): q�y������:

f(x) =
n−1∏

k=0

(
x− cos

2kπ

n
− i sin

2kπ

n

)
;

q�y������:

f(x) =





(x− 1)
n−1

2∏
k=1

(
x2 − 2 cos 2kπ

n
x + 1

)
, n.�y;

(x− 1)(x + 1)
n−2

2∏
k=1

(
x2 − 2 cos 2kπ

n
x + 1

)
, n.�y.

3. tum,n, p.zz	y, ^_: x3m + x3n+1 + x3p+2U) x2 + x + 1	".

'(: �.

x3m + x3n+1 + x3p+2 = x3m − 1 + x3n+1 − x + x3p+2 − x2 + x2 + x + 1

= (x3m − 1) + x(x3n − 1) + x2(x3p − 1) + x2 + x + 1.

�� x3 − 1 | x3m − 1, x3 − 1 | x3n − 1, x3 − 1 | x3p − 1, �� x2 + x + 1 | x3m − 1 + x(x3n − 1) + x2(x3p −
1) + (x2 + x + 1).

R':
 ε1, ε2.x2 +x+1�x,� ε3
1 = ε3

2 = 1. �� f(ε1) = ε3m
1 +ε3n+1

1 +ε3p+2
1 = 1+ε1 +ε2

1 = 0.

a� f(ε2) = 0. �� x2 + x + 1 | (x).

4. ^_: 45 x2 + x + 1 | f1(x3) + xf2(x3), [# f1(1) = f2(1) = 0.

'(: 
 ε = −1 +
√

3i
2 , � ε, ε2! x2 + x + 1�x. �� x2 + x + 1 | f1(x3) + xf2(x3), ��

f1(1) + εf2(1) = 0, f1(1) + εf2(1) = 0.

�lO f1(1) = f2(1) = 0.

5. ^_: 45 x− 1 | f(xn), [# xn − 1 | f(xn).

'(: �� x− 1 | f(xn), �� f(1) = 0. IJ�45� n���x ε,

f(εn) = f(1) = 0,

�� xn − 1 | f(xn).

6. tuI~� f(x) = x3 + ix2 + (1− i)x− 10− 2i$�x, <L f(x)�y�x.

): 2, −1 + −1 +
√

17
2 i, −1 + −1−√17

2 i.
∗7. ^_: �syI~� f(x)@r.@v�syI~��/>u�C�DEFG!�4L��y

a, 2$ f(a) > 0.

'(: DE(8�. �^C�(.




f(x) = c(x− a1)l1(x− a2)l2 · · · (x− at)lt(x2 + p1x + q1)k1 · · · (x2 + psx + qs)ks ,

kO a1 < a2 < · · · < at, p2
i − 4qi < 0, li > 0, ki > 0. �FGu, c > 0. 4Q b, cN ar−1 < b < ar,

ar < c < ar+1, � f(b)�S�. (−1)lr+···+lt , f(c)�S�. (−1)lr+1+···+lt . C� f(b) > 0, f(c) > 0, 3

(−1)lr > 0, lr!�y, r = 1, · · · , t. IJ

f(x) = g2(x)(x2 + p1x + q1)k1 · · · (x2 + psx + qs)ks .
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x2 + pix + qi = (x− αi)(x− αi), αi ∈ C,

�

(x− α1)(x− α2) · · · (x− αs) = u(x) + iv(x), u(x), v(x) ∈ R[x],

(x− α1)(x− α2) · · · (x− αs) = u(x)− iv(x).

IJ

(x2 + p1x + q1)k1 · · · (x2 + psx + qs)ks = u2(x) + v2(x).

f(x) = g2(x)(u2(x) + v2(x)) = (g(x)u(x))2 + (g(x)v(x))2.
∗8. <XT3UX�VW�,I~���x:
(1) x3 − 3x− 1; (2) x3 + x2 − 2x− 1;

(3) x4 + x− 1; (4) x4 + 4x3 − 12x + 9.
): (1) T3U,.: x3 − 3x− 1, 2 − 1, 2 + 1, 1. [�y4�r:

−∞ −2 −1 0 1 2 +∞
f0(x) − − + − − + +
f1(x) + + 0 − 0 + +
f2(x) − − − + + + +
f3(x) + + + + + + +
V (x) 3 3 2 1 1 0 0

�lu, f(x)$ 3v�x, �x�x! (−2,−1), (−1, 0), (1, 2).

(2) T3U,.: x3 + x2 − 2x− 1, 3x2 + 2x− 2, 2x + 1, 1.

�xy. 3, �x�x! (−2,−1), (−1, 0), (1, 2).

(3) T3U,.: x4 + x− 1, 4x3 + 1, −3x− 4, −1.

�xy. 2, �x�x! (−2,−1), (0, 1).

(4) T3U,.: x4 + 4x3 − 12x + 9, x3 + 3x2 − 3, x2 + 3x− 4, −4x− 3, 1. 
�x.

% & 10–9

1. <L�,I~��$�x:

(1) x5 − 7x3 − 12x2 + 6x + 36; (2) 6x4 + 19x3 − 7x2 − 26x + 12;

(3) 10x4 − 13x3 + 15x2 − 18x− 15;

(4) x6 − 6x5 + 11x4 − x3 − 18x2 + 20x− 8.

): (1) 3, −2.

(2) −3, 1
2 .

(3) − 1
2 .

(4) 2, 2, 2.

2. ^_�,I~�q$�y��`@�:

(1) x4 − 8x3 + 12x2 − 6x + 2; (2) x5 − 12x3 + 36x− 12;

(3) x4 − x3 + 2x + 1; (4) x4 + 4kx + 1, k.	y

(5) xp + px + 1, p.��y; (6) x4 + 5x3 − 3x2 − 5x + 1.

'(: (1) Q p = 2, �XYZ[��}qu, f(x)`@�.

(2) Q p = 3, �XYZ[��}qu, f(x)`@�.

· 16 ·



(3) f(y + 1) = y4 + 3y3 + 3y2 + 3y + 3, Q p = 3, �XYZ[��}qu, f(y + 1)`@�, 3 f(x)

`@�.

(4) f(y + 1) = y4 + 4y3 + 6y2 + 4(k + 1)y + 2(2k + 1), Q p = 2, �XYZ[��}qu, f(y + 1)

`@�, 3 f(x)`@�.

(5)

f(y − 1) = (y − 1)p + p(y − 1) + 1 =
p∑

k=0

Ck
p (−1)kyp−k + p(y − 1) + 1

=
p−1∑

k=0

Ck
p (−1)kyp−k + py − p

= yp − pyp−1 +
p(p− 1)

2
yp−2 + · · ·+ p(p− 1)

2
y2 + 2py − p.

�XYZ[��}qu, f(y − 1)`@�, 3 f(x)`@�.

(6) �. f(x)
$�x, 3� f(x)@�, �D$

f(x) = (x2 + ax + 1)(x2 + bx + 1) k f(x) = (x2 + ax− 1)(x2 + bx− 1).

����, op- 3�~. 1�~sy, O a + b = 5, a + b = −5, `@U.

���, S x = 1, O ab = −1, C a + b = 5, ;`@U.

3 f(x)`@�.

3. <(�,����\$�B:

(1) 1
1 + 3

√
2 + 2 3

√
4

; (2) 1
1− 4

√
2 +

√
2

;

(3) 1
1 +

√
2−√3

;

(4) a2 − 3a− 1
a2 + 2a + 1

, -*, a.>j x3 + x2 + 3x + 4 = 0�x.

): (1) 67 f(x) = 2x2 + x + 1. g(x) = x3 − 2. vu (f(x), g(x)) = 1. ]opu

(2x2 + x + 1)
x2 + 7x− 3

23
− (x3 − 2)

−2x + 13
23

= 1.

��
1

1 + 3
√

2 + 2 3
√

4
=

1
23

(−3 + 7 3
√

2− 3
√

4).

(2) 1
1− 4

√
2 +

√
2

= 1
7 (1 + 3 4

√
2 + 2

√
2− 4

√
8).

(3) 1
1 +

√
2−√3

= 1
4 (2 +

√
2 +

√
6).

(4) a2 − 3a− 1
a2 + 2a + 1

= 17a2 − 3a + 55.

4. 
 f(x)!fv	syI~�. ^_: 45 f(0)u f(1)2!�y, � f(x)
	yx.

'(: >^. 4 f(x)$	yx a, � f(x) = (x− a)g(x), -* g(x).	syI~�. � 0− a� 1− a

*^_$fv!�y, IJ f(0), f(1)*^_$fv.�y, ��.

5. 
 f(x) = x3 + bx2 + cx + d!fv	syI~�. ^_: 45 bd + cd.�y, � f(x)q$�y

��`@�.

'(: �O
, d� b + c2!�y, IJ f(0) = d�. f(1) = 1 + b + c + d`.�y, 3 f(x)
	

yx. C� f(x)�!~sy. 1, F deg f(x) = 3, �� f(x)`@�.

6. tu	syI~� f(x) = a0x
n + a1x

n−1 + · · ·+ an
$�x. ^_: 45$�y p, N
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(1) p - a0;

(2) p | ai, i = 2, 3, · · · , an;

(3) p2 - an

� f(x)qQ�`@�.

'(: 4 p | a1, ��XYZ[��}qu f(x)qQ�`@�.

��
p - a1. 
 f(x) = g(x)h(x), g(x), h(x) ∈ Z[x]. �� f(x)
$�x,�l2 6 deg g(x) 6 n−2,

2 6 deg h(x) 6 n− 2. 


g(x) = b0x
k + b1x

k−1 + · · ·+ bk, k > 2,m > 2,

h(x) = c0x
m + c1x

m−1 + · · ·+ cm, k + m = n.

�� bkcm = an, p | an, p2 - an, @
 p | bk, p - cm. C� p - b0, 
 bl!Iabc^{fv`U) p	"

�sy, �

p - am+l = cmbl + cm−1bl+1 + · · ·
A�m + l > 2, p | am+l, ��. �l f(x)qQ�`@�.

∗7. <fX�$�	ym, N x5 + mx− 1q$�y��@�.

'(: (a) 4m = 0, � x5 − 18�@�.

(b) 4 f(x)$f���, � 1 + m− 1 = 0k−1−m− 1 = 0, IJm = 0k−2.

(c) � f(x)`df���, A@�, �@


x5 + mx− 1 = (x2 + ax± 1)(x3 + bx2 + cx∓ 1).

PQ@Rsy, O

a + b = 0, ab + c± 1 = 0, ac± b∓ 1 = 0, ∓(a− c) = m.

3 b = −a, 



−a2 + c = ∓1

ac∓ a = ±1

m = ∓(a− c)
qeff}p�, c = 0, a = −1, m = 1; qe�f}p�, c = 2, a(c + 2) = −1, `@U. ��m�@U

QR. 0, 1, −2. ql 3f}g� x5 + mx− 12@�.
∗8. 
 a1, a2, · · · , an.�`�a�	y, ^_: I~�

f(x) = (x− a1)(x− a2) · · · (x− an)− 1

qQ�`@�.

'(: 
 f(x) = g(x)h(x), g(x), h(x) ∈ Z[x], deg g(x), deg h(x) < deg f(x). � f(ai) = g(ai)h(ai) =

−1, 3 g(ai) = −h(ai) = ±1. IJ g(ai) + h(ai) = 0. �!I~�

F (x) = g(x) + h(x)

$ nv`a�x, A deg F (x) < n, lU F (x) = 0, g(x) = −h(x), f(x) = −g2(x). JP xC�|S, $

f(x) > 0, −g2(x) 6 0, ��. �l
∗9. 
 a1, a2, · · · , an.�`�a�	y, ^_: I~�

f(x) = (x− a1)2(x− a2)2 · · · (x− an)2 + 1

qQ�`@�.
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'(: 
 f(x) = g(x)h(x), g(x), h(x) ∈ Z[x], F

0 < deg g(x) < 2n, 0 < deg h(x) < 2n.

C� deg g(x) + deg h(x) = 2n, 3 g(x), h(x) *^_$fv��y 6 n, `h
 deg h(x) 6 n. C


g(x), h(x)`.!fI~�.

�� f(x)q�y�ijQWR, �l f(x)
�x, g(x), h(x)k
�x. �! g(x), h(x)q�y�

ijQWR. C� f(ai) = 1, 3 h(ai) = g(ai) = 1. h(x)− 1$ nv`a�x a1, · · · , an, ��

h(x) = (x− a1) · · · (x− an) + 1.

IJ deg g(x) = n, :J

g(x) = (x− a1) · · · (x− an) + 1.

�!

g(x)h(x) = [(x− a1) · · · (x− an) + 1]2

= (x− a1)2 · · · (x− an)2 + 2(x− a1) · · · (x− an) + 1 6= f(x),

��. �l f(x)`@�.
∗10. 
~rI~� f(x)q$�y��`@�. ^_: f(x2)q$�y��@��C�DEFG!

Dq	y c 6= 0.	syI~� g(x), h(x), N

cf(x) = g2(x)− xh2(x).

'(: C�(8�, ��^DE(.


 g(x). f(x2)�4f`@���, �� g(x) | f(x2)@O g(−x) | f(x2), 8� g(−x);`@�.

g(x)� g(−x)�)sa$�� 3f@U:

(a) g(x) = g(−x); (b) g(x) = −g(−x); (3) (g(x), g(−x)) = 1.

(a) 4 g(x) = g(−x), � g(x) = h(x2), � h(x2) | f(x2) O h(x) | f(x), J f(x) `@�, ��

h(x) = cf(x), g(x) = cf(x2), � f(x2)@���. �l g(x) 6= g(−x).

(b)4g(x) = −g(−x),�g(x) = −xh(x2), xh(x2) | f(x2),3x | f(x),�!±f(x) = −x = 02−x·12,

89:;.

(c) 4 (g(x), g(−x)) = 1, � g(x)g(−x) | f(x2). 
 g(x) = u(x2) + xv(x2), �

g(x)g(−x) = u2(x2)− x2v2(x2).

J u2(x2)− x2v2(x2) | f(x2), �l

u2(x)− xv2(x) | f(x).

3Dq c 6= 0N cf(x) = u2(x)− xv2(x), ^l.
∗11. ^_: ��$�W	y n, f(x) = x2n − x2n−1

+ 1q$�y��`@�. (mn: o npqrs

tupv� 10)

'(: !{EwNO 10�89<x.: P f(x)!~rI~�S, @Q c = 1. .^kf89, 67

f(x2) = c−1(g2(x2)− x2h2(x2)) = c−1(g(x2) + xh(x2))(g(x2)− xh(x2)),

y5>� g(x2)+xh(x2) = r(g1(x2)+xh1(x2)), -* g1(x2)+xh1(x2)!~rI~�, � g1(x2)−xh1(x2)

;!~rI~�, �!

f(x2) = c−1r2(g1(x2) + xh1(x2))(g1(x2)− xh1(x2)) = c−1r2(g2
1(x2)− x2h2

1(x
2)),
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x-zZ{�, c−1r2 = 1, �! f(x) = g2
1(x)− xh2

1(x).

� nX67q, 05X<x|�NO 10.

P n = 1S, vu x2 − x + 1q$�y��`@�.

9
 x2n − x2n−1
+ 1q$�y��`@�, J x2n+1 − x2n

+ 1q$�y��@�, �x-<x�N

O 10, Dq g(x), h(x) ∈ Z[x], N

x2n − x2n−1
+ 1 = g2(x)− xh2(x),

@RL=O

2nx2n−1 − 2n−1x2n−1−1 = 2g(x)g′(x)− h2(x)− 2xh(x)h′(x).

� 2 | h2(x), 2 | h(x), ��

x2n − x2n−1
+ 1 = g2(x) + 4p(x).

S

g(x) = x2n−1 − x2n−2
+ 1 + k(x) + 2l(x),

-* k(x)��~sy2! 0k 1. �

x2n − x2n−1
+ 1 = x2n − x2n−1

+ 1 + 4x2n−1 − 2x2n−2 − 2x3·2n−2
+ k2(x) + 4p2(x).

�l 2 | k(x), 4 | k2(x), :J

x2n − x2n−1
+ 1 = x2n − x2n−1

+ 1− 2x2n−2 − 2x3·2n−2
+ 4p3(x),

4p3(x) = 2(x2n−2
+ x3·2n−2

,

k`@U, IJu x2n+1 − x2n

+ 1q$�y��`@�.
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