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1. �	, 
����� ABCD−A1B1C1D1, E� F ���� BC� C1D1 ���. �
−→
AB = −→a ,

−→
AD =

−→
b ,
−−→
AA1 = −→c . ��−→a ,

−→
b , −→c ����� :

(1)
−−→
AC1; (2)

−−→
BD1; (3)

−→
AF ; (4)

−→
EF .

�: (1) !"
−→
BC =

−→
AD,

−−→
CC1 =

−−→
AA1,

−−→
AC1 =

−→
AB +

−→
BC +

−−→
CC1,

#$
−−→
AC1 = −→a +

−→
b +−→c .

(2) !"
−−→
BD1 =

−→
BD +

−−→
DD1, %
−→
BD =

−→
AD −−→AB =

−→
b −−→a ,

−−→
DD1 =

−−→
AA1.

#$
−−→
BD1 =

−→
b −−→a +−→c .

(3)
−→
AF =

−→
AD +

−−→
DD1 +

−−→
D1F , %
−−→
DD1 =

−−→
AA1,

−−→
D1F =

1
2
−−−→
D1C1 =

1
2
−→
AB,

#$
−→
AF =

1
2
−→a +

−→
b +−→c .

(4)
−→
EF =

−→
AF − −→AE =

−→
AF − (

−→
AB +

−→
BE) =

−→
AF − (

−→
AB +

−→
BE) =

−→
AF −

(−→
AB + 1

2
−→
BC

)
= 1

2
−→a +

−→
b +−→c −−→a − 1

2
−→
b = − 1

2
−→a + 1

2
−→
b +−→c .
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>� >� ?� >� �� 1� 1� 1�
1� 1� 1�
1� 1� 1�
1�?��?�>�?�>�?�>?� 6� 6� 6� 6� 6�

6� 6� n/ n/ n/ n/ o/ n/ n/ n/ o/ n/ n/ n/C� C� C� C� C� D� C� C� C� C� C� C� D� C� C�

P P P P P P P P �
A B

D
C

A1 B1

D1
C1

F

E

−→a

−→c−→
b

� 1��

onoonoonoonoonoon�uuuuuuuu((
((

((
((

((
((

((
((
((

((
((

D�?�/0

�;:	EF

gcvu
−→
b −−→a−→

b

−→a
� 3(1)��

2. &'��()*+, � −→a ,
−→
b ,-./012?

(1) |−→a +
−→
b | = |−→a |+ |−→b |;

(2) |−→a +
−→
b | = |−→a | − |−→b |;

(3) |−→a −−→b | = |−→a | − |−→b |;
(4) |−→a −−→b | = |−→a |+ |−→b |.
�: (1) 3�“456789:;<=48”>�: −→a //

−→
b . ?&' |−→a +

−→
b | = |−→a | + |−→b | @A: −→a

B
−→
b C�, D−→a ,

−→
b �EFGH" 0.

· 1 ·



(2) I−→c = −→a +
−→
b , J−→a = −→c −−→b , K)L": |−→c −−→b | = |−→c |+ |−→b |. #$−→

b //−→c ?M�. N

O>P: −→a //
−→
b , M�, ? |−→a | > |−→b |, D−→

b = 0.

(3) I−→c = −→a −−→b , J−→a =
−→
b +−→c , K)L": |−→b |+ |−→c | = |−→b +−→c |. N (1)�:

−→
b //−→c ?C�.

#$−→a //
−→
b ?C�. Q! |−→a −−→b | > 0, #$ |−→a | > |−→b |, D−→

b = 0.

(4) I−→c = −→a −−→b , J−→a =
−→
b +−→c , K)L": |−→b +−→c | = |−→c | − |−→b |. N (2)�: −→c //

−→
b ?M�,

D
−→
b = 0, CR, |−→c | > |−→b |. #$ −→a //

−→
b ?M�, D

−→
b = 0D−→a = 0.

3. ST��UV), WXTVY/0RZ*+.

(1) |−→b −−→a | > |−→a | − |−→b |;
(2) |−→a +

−→
b +−→c | 6 |−→a |+ |−→b |+ |−→c |.

��: (1) �	, 3�“456789[\<=48”>P]S�UV). V)*+�12>^_`

a 2(3): −→a //
−→
b , C�, ? |−→a | > |−→b |, D−→

b = 0.

(2)I
−→
d =

−→
b +−→c . J: |−→a +

−→
b +−→c | = |−→a +

−→
d | 6 |−→a |+ |−→d | = |−→a |+ |−→b +−→c | 6 |−→a |+ |−→b |+ |−→c |.

VY*+b?cb (i) −→a ,
−→
b , −→c de�?C�, D (ii) −→a ,

−→
b , −→c �EF7f" 0 (g>h* (i)�i

j).

4. kl86 ABCD�,
−→
AB = −→a + 2

−→
b ,

−→
BC = −4−→a − −→b ,

−→
CD = −5−→a − 3

−→
b (−→a ,

−→
b m�no

� ). STABCD"p6.

��: �
−→
AD =

−→
AB +

−→
BC +

−→
CD = −8−→a − 2

−→
b = 2

−→
BC, �

−→
AD//

−→
BC. q |−→AD| = 2|−→BC|, #$

ABCD�p6.

5. �ABCDEF "r�86, s
−→
AB +

−→
AC +

−→
AD +

−→
AE +

−→
AF .

�: �
−→
AD =

−→
AC +

−→
AF =

−→
AE +

−→
AB, �

−→
AB +

−→
AC +

−→
AD +

−→
AE +

−→
AF = 3

−→
AD.
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6. � L,M,N ���456ABC�48BC, CA, AB���. ST4�t� 
−→
AL,

−−→
BM ,

−−→
CN >

$u*Hf456.

��: !"
−→
AL,

−−→
BM,

−−→
CN >$u*Hf456, b?cbvw4f� 9:"o� . N

−→
AL =

1
2

(
−→
AB +

−→
AC),

−−→
BM =

1
2

(
−→
BA +

−→
BC),

−−→
CN =

1
2

(
−→
CA +

−→
CB),

>P:
−→
AL +

−−→
BM +

−−→
CN = 0.

7. k456ABC�sH�O, '
−→
OA +

−→
OB +

−→
OC = 0.

· 2 ·



�: �L�BC���,J
−→
AL = 1

2 (
−→
AB+

−→
AC). ktxALyzO�,'

−→
AO = 2

3
−→
AL = 1

3 (
−→
AB+

−→
AC),

JO�k4ABC�{|. }S:
−→
OA +

−→
OB +

−→
OC =

−→
OA + (

−→
OA +

−→
AB) + (

−→
OA +

−→
AC) = 3

−→
OA +

−→
AB +

−→
AC

= −(
−→
AB +

−→
AC) +

−→
AB +

−→
AC = 0.

8. �A,B, C, D�Hfl���lf~�, M, N ���8AB, CD���. ST:
−−→
MN =

1
2

(
−→
AD +

−→
BC).

��: �	,
−−→
CM =

1
2

(
−→
CA +

−→
CB),

−−→
CN =

1
2
−→
CD,

#$
−−→
MN =

−−→
CN −−−→CM =

1
2
−→
CD − 1

2
(
−→
CA +

−→
CB) =

1
2

(
−→
AD +

−→
BC).
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9. �M ��l86ABCD���, O���H�. ST:
−→
OA +

−→
OB +

−→
OC +

−→
OD = 4

−−→
OM.

��: �	, !"
−−→
OM =

1
2

(
−→
OA +

−→
OC),

−−→
OM =

1
2

(
−→
OB +

−→
OD),

#$
−→
OA +

−→
OB +

−→
OC +

−→
OD = 4

−−→
OM.

10. � ABCD��l86, P, Q���8 BC,CD���. ST AP, AQB�5t BDe�<

E, F , %vBD4V�.

��: �
−→
AB = −→a ,

−→
AD =

−→
b , J
−→
BD =

−→
AD −−→AB =

−→
b −−→a ,

−→
AP =

−→
AB +

1
2
−→
BC = −→a +

1
2
−→
b ,

−→
AQ =

−→
AD +

1
2
−→
DC =

−→
b +

1
2
−→a .

Q�
−→
AE = k

−→
AP (k > 0),

−→
AF = m

−→
AQ (m > 0),

J
−→
AE = k−→a +

k

2
−→
b ,

−→
AF = m

−→
b +

m

2
−→a .

q�
−→
AE =

−→
AB + t

−→
BD = −→a + t(

−→
b −−→a ) = (1− t)−→a + t

−→
b (t > 0).

· 3 ·



#$

k−→a +
k

2
−→
b = (1− t)−→a + t

−→
b ,

�:

(k + t− 1)−→a =
(

t− k

2

)−→
b ,

N<−→a B−→
b U�, #$ {

k + t− 1 = 0

t− k
2 = 0

�

{
k = 2

3
t = 1

3 .

C�, N
−→
AF =

−→
AB + s

−→
BD = (1− s)

−→
b + s

−→
b (s > 0),

>P: { m
2 + s− 1 = 0

s−m = 0,
�:

{
m = 2

3
s = 2

3 .

��P�:
−→
BF =

2
3
−→
BD,

−→
BE =

1
3
−→
BD,

XTE,F �txBD�4V��.

11. O"r	86A1A2 · · ·An���. ST:
−−→
OA1 +

−−→
OA2 + · · ·+−−→

OAn = 0.

��: 
�� n"���6. OR. ��G:
−−→
OA1 + · · ·+−−→

OAn = 0. �h n"����6: ���

�H�~�B1, · · · , Bn'K�r n86A1 · · ·An*": A1B1A2B2 · · ·An−1Bn−1AnBn, w�Hf 2n8

6. #$
−−→
OA1 +

−−→
OB1 +

−−→
OA2 +

−−→
OB2 + · · ·+−−→

OAn +
−−→
OBn = 0.

���
−−→
OBi�N

−−→
OAi��Hf�5 θ%P� (0 < θ < π), ��:

−→p =
−−→
OA1 + · · ·+−−→

OAn,

−→q =
−−→
OB1 + · · ·+−−→

OBn,

 0−→q �N−→p �� θ5%P�. N< 0 < θ < π, −→q B−→p U�, !−→p +−→q = 0b?cb−→p = −→q = 0.

12. O"r	86A1A2 · · ·An���, P ���H�. ST:
−−→
PA1 +

−−→
PA2 + · · ·+−−→

PAn = n
−→
PO.

��: !"
−→
PO =

−−→
PAi +

−−→
AiO (i = 1, 2, · · · , n),

#$

n
−→
PO =

−−→
PA1 + · · ·+−−→

PAn + (
−−→
A1O + · · ·+−−→

AnO) =
−−→
PA1 + · · ·+−−→

PAn

(3�= 11a�"#).

� � 1–2

1. 
��l86ABCD��5t"AC:BD. �
−→
AC = −→a ,

−→
BD =

−→
b . s

−→
AB,

−→
CD,

−→
DA.

�: �	,
−→
AB =

−→
AO +

−→
OB =

1
2
−→
AC +

1
2
−→
DB =

1
2

(−→a −−→b ),

· 4 ·



−→
CD = −−→AB = − 1

2
(−→a −−→b ),

−→
DA = −−→AD = −(

−→
AO +

−→
OD) = − 1

2
(−→a +

−→
b ).
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2. k456ABC�, �M, N �AB8y�4V��. �
−→
CA = −→a ,

−→
CB =

−→
b . s

−−→
CM ,

−−→
CN .

�: �	, !"
−−→
AM =

1
3
−→
AB,

−→
AN =

2
3
−→
AB,

#$
−−→
CM =

−→
CA +

−−→
AM =

−→
CA +

1
3
−→
AB =

−→
CA +

1
3

(
−→
CB −−→CA) =

1
3
−→
b +

2
3
−→a ,

−−→
CN =

−→
CA +

−→
AN =

−→
CA +

2
3
−→
AB =

−→
CA +

2
3

(
−→
CB −−→CA) =

2
3
−→
b +

1
3
−→a .

3. kl��O −ABC�, ��G�456ABC�$�. �
−→
OA,

−→
OB,

−→
OC���� 

−→
OG.

�: �	, N
−→
OG =

−→
OA +

−→
AG,

−→
AG =

2
3
−→
AD,

−→
AD =

1
2

(
−→
AB +

−→
AC),

>P
−→
AG = 1

3 (
−→
AB +

−→
AC). %

−→
AB =

−→
OB −−→OA,

−→
AC =

−→
OC −−→OA, #$

−→
AG =

1
3

(
−→
OB +

−→
OC − 2

−→
OA),

−→
OG =

1
3

(
−→
OA +

−→
OB +

−→
OC).
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4. �AT �456ABC�∠A���t (BBC�< T �), v
−→
AT �

−→
AB,

−→
AC��%.

�: �
−→
BT = k

−→
BC, J

−→
TC = (1 − k)

−→
BC. N5��t�&'>�, |−→AB| : |−→AC| = k : (1 − k), !O

k = |−→AB|
|−→AB|+ |−→AC| . <�

−→
AT =

−→
AB +

−→
BT =

−→
AB + k

−→
BC = (1− k)

−→
AB + k

−→
AC

=
1

|−→AB|+ |−→AC|
(|−→AC|−→AB + |−→AB|−→AC).

5. 
�−→a ,
−→
b U(t, J� −→c = 3−→a +

−→
b B

−→
d = 2−→a −−→b �)t&e*?

· 5 ·



�: �G k� m': k−→c + m
−→
d = 0, �

3k−→a + k
−→
b + 2m−→a −m

−→
b = 0,

+��"

(3k + 2m)−→a + (k −m)
−→
b = 0.

N<−→a ,
−→
b U(t, !−→a ,

−→
b t&,*, #${

3k + 2m = 0

k −m = 0
-P k = m = 0,

�−→c ,
−→
d t&,*.

6. ST4f� k1
−→a − k2

−→
b , k2

−→
b − k3

−→c , k3
−→c − k1

−→a (�.

��: NV)

(k1
−→a − k2

−→
b ) + (k2

−→
b − k3

−→c ) + (k3
−→c − k1

−→a ) = 0,

>�w 3f� t&e*, #$(�.

7. O�Hf��, ST: �<UkH.ty� 3f� A,B, C, �M /<�� ABC y�0�@&

12�1k2� k1, k2, k3, 'P
−−→
OM = k1

−→
OA + k2

−→
OB + k3

−→
OC, ? k1 + k2 + k3 = 1.

��: 
� A� B� C 4�U(t, !
−→
AB,

−→
AC t&,*. ��� M /<�� ABC yb?cb

−−→
AM,

−→
AB,

−→
AC(�, �:

−−→
AM,

−→
AB,

−→
ACt&e*, b?cb1kU3" 0�2� m1, m2, m3, '

m1
−−→
AM + m2

−→
AB + m3

−→
AC = 0,

b?cb�<��OG:

m1(
−−→
OM −−→OA) + m2(

−→
OB −−→OA) + m3(

−→
OC −−→OA) = 0,

b?cb

m1
−−→
OM = (m1 + m2 + m3)

−→
OA−m2

−→
OB −m3

−→
OC.

��m1 6= 0, U�B
−→
AB,

−→
ACt&,*45. !O��:

k1 =
1

m1
(m1 + m2 + m3), k2 = − m2

m1
,

k3 = − m3

m1
,

J
−−→
OM = k1

−→
OA + k2

−→
OB + k3

−→
OC,

? k1 + k2 + k3 = 1.

8. O �Hf��, ST: � M /< 4ABC y (678�8) �0�@&12�1kn92�

k1, k2, k3, 'P
−−→
OM = k1

−→
OA + k2

−→
OB + k3

−→
OC, ? k1 + k2 + k3 = 1.

��: :;AM , @>�BC<D�. !O
−−→
AM = l

−→
AD, <� 0 6 l 6 1. N<DktxBCy, =>

j 2.1, 1k2�m1,m2, 'P
−→
OD = m1

−→
OB + m2

−→
OC, m1 + m2 = 1,m1,m2 > 0.

<�
−−→
OM =

−→
OA +

−−→
AM = (1− l)

−→
OA + l

−→
OD = (1− l)

−→
OA + lm1

−→
OB + lm2

−→
OC.

· 6 ·



I k1 = 1− l, k2 = lm1, k3 = lm2, �P

−−→
OM = k1

−→
OA + k2

−→
OB + k3

−→
OC, k1 + k2 + k3 = 1, k1, k2, k3 > 0.

M9, U?� k1 6= 1, -@AB




1− l = k1

lm1 = k2

lm2 = k3

>P





l = 1− k1,

m1 = k2
1− k1

,

m2 = k3
1− k1

,

JG

m1 + m2 = 1, m1,m2 > 0, 0 < l 6 1.

I
−→
OD = m1

−→
OB + m2

−→
OC,

JD�ktxBCy. N
−−→
OM = (1− l)

−→
OA + l

−→
OD

>$P%
−−→
AM = l

−→
AD, !OM ktxADy, C%k4ABCy.

9. ST: ��UC�4�A, B,C(t�0�@&12�1kU3"o�2� k1, k2, k3, 'P

0 = k1
−→
OA + k2

−→
OB + k3

−→
OC, ? k1 + k2 + k3 = 0.

��: A� B� C(t, b?cb l
−→
AB + m

−→
AC = 0 (l,mmU"o), b?cb

l(
−→
OB −−→OA) + m(

−→
OC −−→OA) = 0,

b?cb

−(l + m)
−→
OA + l

−→
OB + m

−→
OC = 0.

I k1 = −(l + m), k2 = l, k3 = m, ��8�U3"o, ?:

k1
−→
OA + k2

−→
OB + k3

−→
OC = 0, k1 + k2 + k3 = 0.

10. ST: ��UC�l�A,B, C, D(��0�@&12�1klfU3"o�2�, 'P

0 = k1
−→
OA + k2

−→
OB + k3

−→
OC + k4

−→
OD, ? k1 + k2 + k3 + k4 = 0.

��: A� B� C� D(�b?cb
−→
AB,

−→
AC,

−→
ADt&e*, b?cbGU3"o�� l,m, n':

l
−→
AB + m

−→
AC + n

−→
AD = 0,

b?cb

l(
−→
OB −−→OA) + m(

−→
OC −−→OA) + n(

−→
OD −−→OA) = 0,

b?cb

−(l + m + n)
−→
OA + l

−→
OB + m

−→
OC + n

−→
OD = 0.

� k1 = −(l + m + n), k2 = l, k3 = m, k4 = n, ��8�U3"o, 'P

k1
−→
OA + k2

−→
OB + k3

−→
OC + k4

−→
OD = 0, k1 + k2 + k3 + k4 = 0.

· 7 ·
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5455
5455

5455
5455

5455
5455
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A F B

C

D
E

M

� 11��

∗11. �� �@DSTEF��: �456ABC�418AB, BC, CAGHI�J*AF : FB =

k1 : k2, BD : DC = k3 : k1, CE : EA = k2 : k3, <�, k1, k2.k3K"r�. J456ABC�~�B8�

8����Lt�<H�M , ?�<��H�OG
−−→
OM =

1
k1 + k2 + k3

(k2
−→
OA + k1

−→
OB + k3

−→
OC).

��: =>��DBE��M>P
−→
BD =

k3

k1 + k3

−→
BC,

−→
AE =

k3

k2 + k3

−→
AC.

<�
−→
AD =

−→
AB +

−→
BD =

−→
AB +

k3

k1 + k3

−→
BC =

−→
AB +

k3

k1 + k3
(
−→
AC −−→AB)

=
k1

k1 + k3

−→
AB +

k3

k1 + k3

−→
AC,

−→
BE =

−→
AE −−→AB =

k3

k2 + k3

−→
AC −−→AB.

�ADBBE�<M , JG
−−→
AM = l

−→
AD,

−−→
BM = m

−→
BE.

NO�P���P)QR$�V):
−−→
AM =

−→
AB +

−−→
BM , P�

l

(
k1

k1 + k3

−→
AB +

k3

k1 + k3

−→
AC

)
=
−→
AB + m

(
k3

k2 + k3

−→
AC −−→AB

)
.

N<
−→
ABB

−→
ACt&,*, NySV)P�@AB:




lk3
k1 + k3

= mk3
k2 + k3

lk1
k1 + k3

= 1−m
-P





l = k1 + k3
k1 + k2 + k3

m = k2 + k3
k1 + k2 + k3

.

�
−−→
AM =

k1 + k3

k1 + k2 + k3

−→
AD.

Q�ADBCF e�<M ′, C�>P
−−→
AM ′ =

k1 + k3

k1 + k2 + k3

−→
AD,

�M BM ′$T, !OAD, BE,CF �<CH�M .

����O, G
−−→
OM =

−→
OA +

−−→
AM =

−→
OA +

k1 + k3

k1 + k2 + k3

(
k2

k1 + k3

−→
AB +

k3

k1 + k3

−→
AC

)

=
−→
OA +

k1

k1 + k2 + k3
(
−→
OB −−→OA) +

k3

k1 + k2 + k3
(
−→
OC −−→OA)

=
1

k1 + k2 + k3
(k2
−→
OA + k1

−→
OB + k3

−→
OC).

· 8 ·



� � 1–3

1. � P , Q7�kUV [O;−→e1 ,−→e2 ,−→e3 ]��WU��� (2, 2, 1), (−1,−1, 3). �X% P,Q��/Y.

�: _Z	.

../
...

��u@

.lxxxxx
�

�

&C�55
�;:	EF

rr~~�

��.../..uur
.lxxxxx

G� G� G� G� ���  P P P.l.l.l.l.l.l.l.l.l.l.l

O

−→e1

−→e2

−→e3

P (2, 2, 1)

Q(−1,−1, 3)

� 1��

010
010

010
100

100
100

100
101

001
001

00

�7����
��
��
��
��
��
�

� Puuuuuu��
��
��
��
��
��
��
�7�uuuuuuP �'^\]\\\\\]\\\\\]\\\

A

C

B

D

O

� 2��

2. �<�l86ABCD, sA,D,
−→
AD,

−→
DBkUV[C;

−→
AC,

−→
BD]��WU.

�:
−→
CA = −−→AC = (−1)

−→
AC + 0

−→
BD, �AWU" (−1, 0);

−→
CD =

1
2
−→
CA +

1
2
−→
BD = − 1

2
−→
AC +

1
2
−→
BD,

�DWU"
(
− 1

2 , 1
2

)
;

−→
AD =

1
2
−→
AC +

1
2
−→
BD,

−→
ADWU"

(
1
2 , 1

2

)
;

−→
DB = −−→BD = 0

−→
AC + (−1)

−→
BD,

−→
DBWU" (0,−1).

3. �−→a ,
−→
b , −→c �WU��� (1, 5, 2), (0,−3, 4), (−2, 3,−1). s� 2−→a +−→c , −3−→a + 2

−→
b + 4−→c

�WU.

�: 2−→a +−→c = 2(1, 5, 2) + (−2, 3,−1) = (2, 10, 4) + (−2, 3,−1) = (0, 13, 3).

−3−→a + 2
−→
b + 4−→c = −3(1, 5, 2) + 2(0,−3, 4) + 4(−2, 3,−1)

= (−3,−15,−6) + (0,−6, 8) + (−8, 12,−4) = (−11,−9,−2).

4. ST456�41�t�<H� ($�).

��: �D,E, F ���8BC, CA, ABy���. ADBBE�<G, ADBCF �<G′. J
−→
AG = k

−→
AD = k

(
1
2
−→
AB +

1
2
−→
AC

)
=

k

2
−→
AB +

k

2
−→
AC.

�[+\]UV [A;
−→
AB,

−→
AC], J�GWU"

(
k
2 , k

2

)
. Q

−→
BG = m

−→
BE = m

(
1
2
−→
BA +

1
2
−→
BC

)
= m

[
− 1

2
−→
AB +

1
2

(
−→
AC −−→AB)

]

=
m

2
−→
AC −m

−→
AB,

#$
−→
BGWU"

(
−m, m

2

)
. q

−→
AG =

−→
AB +

−→
BG, #$,

(
k

2
,

k

2

)
= (1, 0) +

(
−m,

m

2

)
,

· 9 ·



-@AB { k
2 = 1−m

k
2 = m

2
P k = m = 2

3 . #$G�WU"
(

1
3 , 1

3

)
. C�, >$^PG′�WU"

(
1
3 , 1

3

)
. SPG = G′.

�

�
�

�
�

��onoonoonoonoonoon�uuuuuuuu((
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66666
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66667

66666
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� 4��
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A F B

C
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E

M
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5. ST456�415��t�<H�.

��: �4ABC�415��t��"AD, BE:CF . ?�ADBBE�< T �. I
−→
AT = k

−→
AD =

k

|−→AB|+ |−→AC|
(|−→AC|−→AB + |−→AB|−→AC).

[+\]UV [A;
−→
AB,

−→
AC], ?I

−→
AB = −→a ,

−→
AC =

−→
b . J T �WU

(
k|−→b |

|−→a |+ |−→b |
,

k|−→a |
|−→a |+ |−→b |

)
. ��_

�`
−→
BE =

1

|−→BA|+ |−→BC|
(|−→BC|−→BA + |−→BA|−→BC),

#$
−→
BT = m

−→
BE =

m

|−→a |+ |−→b −−→a |
(−|−→b −−→a |−→a + |−→a |(−→b −−→a ))

= −m−→a +
m|−→a |

|−→a |+ |−→b −−→a |
−→
b .

N<
−→
AT =

−→
AB +

−→
BT , #$(

k|−→b |
|−→a |+ |−→b |

,
k|−→a |

|−→a |+ |−→b |

)
= (1, 0) +

(
−m,

m|−→a |
|−→a |+ |−→b −−→a |

)
,

�: 



k|−→b |
|−→a |+ |−→b |

= 1−m

k|−→a |
|−→a |+ |−→b |

= m|−→a |
|−→a |+ |−→b −−→a |

-P:

k =
|−→a |+ |−→b |

|−→a |+ |−→b |+ |−→b −−→a |
.

Q�ADBCF �< T ′�,

−−→
AT ′ = s

−→
AD =

s|−→b |
|−→a |+ |−→b |

−→a +
s|−→a |

|−→a |+ |−→b |
−→
b .

P T ′��WU"

(
s|−→b |

|−→a |+ |−→b |
,

s|−→a |
|−→a |+ |−→b |

)
.

−−→
CT ′ = t

−→
CF =

t

|−→CA|+ |−→CB|
(|−→CB|−→CA + |−→CA|−→CB) =

t|−→b |
|−→b |+ |−→a −−→b |

−→a − t
−→
b ,

· 10 ·



N
−−→
AT ′ =

−→
AC +

−−→
CT ′, P:(

s|−→b |
|−→a |+ |−→b |

,
s|−→a |

|−→a |+ |−→b |

)
= (0, 1) +

(
t|−→b |

|−→b |+ |−→a −−→b |
,−t

)
,

�: 



s|−→b |
|−→a |+ |−→b |

= t|−→b |
|−→b |+ |−→a −−→b |

s|−→a |
|−→a |+ |−→b |

= 1− t

-P:

s =
|−→a |+ |−→b |

|−→a |+ |−→b |+ |−→a −−→b |
.

NO>_ s = k, � T = T ′.

6. 
�txABI�C(2, 0, 2):D(5,−2, 0)4V�, �s%wtx�7fa�A, B�WU.

�: U?� A,B, C,D l��	#�. � A,B 7��WU��" (xA, yA, zA)B (xB , yB , zB), J
−→
AC =

−→
CD,

−→
CD =

−→
DB. #$

(xC − xA, yC − yA, zC − zA) = (xD − xC , yD − yC , zD − zC),

�: 



xA = 2xC − xD = −1

yA = 2yC − yD = 2

zA = 2zC − zD = 4.
C�, 




xB = 2xD − xC = 8

yB = 2yD − yC = −4

zB = 2zD − zC = −2.
!OA,B7��WU��" (−1, 2, 4)B (8,−4,−2) (7b>c).

7. 
�A� B7��WU��" (1,−2, 3), (4, 1, 2).

(1) �d�� P �WU, '� P �txAB*�e 3 : 2;

(2) �d�� P �WU, '� P �txBA*�e−2 : 3.

�: (1) N |−→AP | : |−→PB| = 3 : 2>P
−→
AP = 3

2
−→
PB. 3�j 3.1��e��f), z k = 3

2 , >P P �

WU
(

14
5 ,− 1

5 , 12
5

)
.

(2) N
�12>P
−→
BP = − 2

3
−→
PA, ��e��f)gP P �WU (10, 7, 0).uuuuuuuu� � � �

A C BD

� 6��

uuuuuuuur@P�� � � � � �

A C BD E F

� 9��

8. ABCD"�l86. 
� A, B h�5t���WU��" (−3, 1, 5), (2,−3, 4), (1,−1, 2).

�d��C, D�WU.

�: ��5t��"M , C, D�WU��" (xC , yC , zC), (xD, yD, zD). N<M �A,C���, !

O 



1
2 (−3 + xC) = 1

1
2 (1 + yC) = −1

1
2 (5 + zC) = 2,

-PC�WU" (5,−3,−1). N<M g�B, D���, C�>PD�WU" (0, 1, 0).

· 11 ·



9. � A, B7��WU��" (−6, 5,−8), (4, 0, 7), �d�� C, D, E, F , ' C,D, E, F vtx AB

iV�.

�: U?�A,B, C, D, E, F �	. #$
−→
AC =

1
4
−→
CB,

−→
AD =

2
3
−→
DB,

−→
AE =

3
2
−→
EB,

−→
AF = 4

−→
FB.

3��e��f)gP C �WU" (−4, 4,−5), D�WU" (−2, 3,−2), E�WU" (0, 2, 1), F �WU

" (2, 1, 4).

10. �	, 
�����OABC −O1A1B1C1�, �P k�AA1y, ? |AP | = 2|PA1|, �Sk�

CC1y, ? |CS| = 1
2 |SC1|, �Q,R����O1C1, AB���. sS: .t PQB.tRS�.

��: [+WUj [O;
−→
OA,

−→
OC,

−−→
OO1]. !" |−→AP | = 2|−−→PA1|, #$

−→
AP = 2

−−→
PA1 =

2
3
−−→
AA1,

−→
OP =

−→
OA +

−→
AP =

−→
OA +

2
3
−−→
AA1 =

−→
OA +

2
3
−−→
OO1,

−→
OQ =

−−→
OO1 +

−−→
O1Q =

−−→
OO1 +

1
2
−→
OC,

C%
−→
PQ =

−→
OQ−−→OP = −−→OA +

2
3
−−→
OO1 +

1
2
−→
OC.

klm,
−→
OR =

−→
OA +

−→
AR =

−→
AB +

1
2
−→
OC,

−→
OS =

−→
OC +

−→
CS =

−→
OC +

2
3
−−→
OO1,

#$
−→
RS =

−→
OS −−→OR = −−→OA +

2
3
−−→
OO1 +

1
2
−→
OC.

wnoG
−→
PQ =

−→
RS, <�

−→
PQ//

−→
RS.

�pt
t
t

uuuuuuuPqqq @t
t
t
p�Puuuuuuu

@ qqq
uuuuuuuPqqq @

t
t
t
p�
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� �

� �

A

DB

C

E F

H G

� 11��

11. 
�pql86 ABCD, v AB,AD, CDh CB$eCe�9, STwlf��u*Hf�

l86.

��: �	. ���"E, F,G, H. �
−→
AE = k

−→
EB =

1
1 + k

−→
AB,

−→
AF = k

−→
FD =

1
1 + k

−→
AD,

J
−→
EF =

−→
AF −−→AE =

1
1 + k

−→
BD.

klm, N
−−→
CH = k

−→
CB$h

−→
CG = k

−→
CD>$P�

−−→
HG = 1

2
−→
BD. !O

−→
EF =

−−→
HG, STr EFGH ��

l86.
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12. ST:l���l1�t�<H� (�l���$�), ?O��vsH1�t�*�e" 3 : 1

(N~�gt)�7|�. (�: l����t�l���~��<���$��Lt)

��: [+\]WUj [V ;
−→
V A,

−→
V B,

−→
V C]. G�"4ABC�$�, G1"4V BC�$�, N`a 1–2

�= 3a�:
−→
V G =

1
3

(
−→
V A +

−→
V B +

−→
V C) =

(
1
3

,
1
3

,
1
3

)
,

−−→
AG1 =

1
3

(
−→
AB +

−→
AC +

−→
AV ) =

1
3

(
−→
V B −−→V A +

−→
V C −−→V A−−→V A)

=
1
3

(−3
−→
V A +

−→
V B +

−→
V C) =

(
−1,

1
3

,
1
3

)
.

zN�t V G�* 3 : 1���M , �
−−→
V M =

3
4
−→
V G =

(
1
4

,
1
4

,
1
4

)
,

CR,
−→
V A +

3
4
−−→
AG1 =

(
1
4

,
1
4

,
1
4

)
=
−−→
V M.

#$M k V GBAG1y. C�, >SP: ��G2, G3���4V AB:4V AC�$�. J CG2BBG3

g@�<�M ′, ?
−−→
V M ′ =

(
1
4 , 1

4 , 1
4

)
, !OM ′ = M , ?���sH�t*�e 3 : 1.
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13. l���Ue��71�u"��, sH�������Ltu"l���v�t. ST: l

���41v�t�<8�$�, ?O$�NsH1v�t�*;weV�7|�.

��: Cya[+\]WUj [V ;
−→
V A,

−→
V B,

−→
V C], �M �l���$�, J

−−→
V M =

(
1
4 , 1

4 , 1
4

)
. �

D, E��"AB, V C���. J
−→
AD =

1
2
−→
AB =

1
2
−→
V B − 1

2
−→
V A,

−→
V D =

1
2
−→
V A +

1
2
−→
V B =

(
1
2

,
1
2

, 0
)

.

−→
V E =

1
2
−→
V C =

(
0, 0,

1
2

)
,

#$
−→
ED =

−→
V D −−→V E =

(
1
2

,
1
2

,− 1
2

)
.

N<
−→
V E +

1
2
−→
ED =

(
1
4

,
1
4

,
1
4

)
=
−−→
V M,

XT$�M kEDy?V�ED. C�>S<8.

� � 1–4
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1. xg�� 2yB 3y�):

�: (1)
∣∣∣∣
−1 1
2 3

∣∣∣∣ = −5. (2)
∣∣∣∣
cos θ − sin θ

sin θ cos θ

∣∣∣∣ = 1.

(3)

∣∣∣∣∣∣

1 2 2
0 −1 0
0 0 −1

∣∣∣∣∣∣
= 1. (4)

∣∣∣∣∣∣

1 1 1
2 3 4
4 9 16

∣∣∣∣∣∣
= 2.

(5)

∣∣∣∣∣∣

2 1 1
1 1 5
2 3 −3

∣∣∣∣∣∣
= −22. (6)

∣∣∣∣∣∣

x y z

z x y

y z x

∣∣∣∣∣∣
= x3 + y3 + z3 − 3xyz.

2. 3� 2yD 3y�)-t&@AB:

(1)

{
2x− 3y = 5,

3x + 2y = 1;
(2)





2x− y + 3z = 9,

3x− 5y + z = −3,

x + 3y − 2z = −6.

�: (1) x =

∣∣∣∣
5 −3
1 2

∣∣∣∣∣∣∣∣
2 −3
3 2

∣∣∣∣
= 13

13 = 1, y =

∣∣∣∣
2 5
3 1

∣∣∣∣∣∣∣∣
2 −3
3 2

∣∣∣∣
= −13

13 = −1.

(2) x =

∣∣∣∣∣∣

9 −1 3
−3 −5 1
−6 3 −2

∣∣∣∣∣∣
∣∣∣∣∣∣

2 −1 3
3 −5 1
1 3 −2

∣∣∣∣∣∣

= −42
49 = − 6

7 , y =

∣∣∣∣∣∣

2 9 3
3 −3 1
1 −6 −2

∣∣∣∣∣∣
∣∣∣∣∣∣

2 −1 3
3 −5 1
1 3 −2

∣∣∣∣∣∣

= 42
49 = 6

7 , z =

∣∣∣∣∣∣

2 −1 9
3 −5 −3
1 3 −6

∣∣∣∣∣∣
∣∣∣∣∣∣

2 −1 3
3 −5 1
1 3 −2

∣∣∣∣∣∣

=

189
49 = 27

7 .

3. �−→e1 , −→e2 , −→e3 "z.

(1) ST: � −→a = −→e1 + 3−→e2 −−→e3 ,
−→
b = 2−→e1 − 3−→e2 − 10−→e3 , −→c = −−→e1 + 2−→e2 + 6−→e3 t&,*;

(2) s� 
−→
d = 3−→a − 2

−→
b +−→c kz−→e1 , −→e2 , −→e3 ��WU;

(3) s� 
−→
f , '−−→a + 2

−→
b − 3−→c + 3

−→
f = 0.

�: (1) �G2� x1, x2, x3-.t&*j) x1
−→a + x2

−→
b + x3

−→c = 0, �P*WU6)o�




x1 + 2x2 − x3 = 0

3x1 − 3x2 + 2x3 = 0

−x1 − 10x2 + 6x3 = 0,

8�j��)� ∣∣∣∣∣∣

1 2 −1
3 −3 2
−1 −10 6

∣∣∣∣∣∣
= −5 6= 0,

!Owf@AB{Go-, �−→a ,
−→
b ,−→c t&,*.

(2)
−→
d = 3−→a − 2

−→
b + −→c = 3(−→e1 + 3−→e2 − −→e3 ) − 2(2−→e1 − 3−→e2 − 10−→e3 ) + (−−→e1 + 2−→e2 + 6−→e3 ) =

−2−→e1 + 17−→e2 + 23−→e3 , !
−→
d �WU� (−2, 17, 23).

(3)
−→
f = 1

3 (−→a − 2
−→
b + 3−→c ) = 1

3 (−6−→e1 + 15−→e2 + 37−→e3 ) = −2−→e1 + 5−→e2 + 37
3
−→e3 .

4. |}��sB�4f� −→a ,
−→
b ,−→c �)(�? c)v−→c ��*<87f� �t&BT? �

c, ~%�����)�.

(1) −→a (5, 2, 1),
−→
b (−1, 4, 2), −→c (−1,−1, 5);

(2) −→a (3, 3, 2),
−→
b (6, 6, 4), −→c (1,−1, 0);

· 14 ·



(3) −→a (1, 2,−3),
−→
b (−2,−4, 6), −→c (1, 0, 5).

�: �a�""s- x1
−→a + x2

−→
b + x3

−→c = 0.

(1) �Ht&@AB 



5x1 − x2 − x3 = 0

2x1 + 4x2 − x3 = 0

x1 + 2x2 + 5x3 = 0,

<j��) ∣∣∣∣∣∣

5 −1 −1
2 4 −1
1 2 5

∣∣∣∣∣∣
= 121 6= 0,

@A{Go-, !K� BU(�.

(2) �Ht&@AB 



3x1 + 6x2 + x3 = 0

3x1 + 6x2 − x3 = 0

2x1 + 4x2 = 0,

<j��) ∣∣∣∣∣∣

3 6 1
3 6 −1
2 4 0

∣∣∣∣∣∣
= 0,

@ABGno-, !K� B(�. "v−→c ��*−→a ,
−→
b �t&BT, >z x3 = −1QR, P�@AB





3x1 + 6x2 = 1

3x1 + 6x2 = 1

2x1 + 4x2 = 0,

w�45@AB, !O−→c Uc��*−→a ,
−→
b �t&BT.

(3) �Ht&@AB 



x1 − 2x2 + x3 = 0

2x1 − 4x2 = 0

−3x1 + 6x2 + 5x3 = 0,

<j��) ∣∣∣∣∣∣

1 −2 1
2 −4 0
−3 6 5

∣∣∣∣∣∣
= 0,

@ABGno-, !K� B(�. "v−→c ��*−→a ,
−→
b �t&BT, >z x3 = −1QR, P�@AB





x1 − 2x2 = −1

2x1 − 4x2 = 0

−3x1 + 6x2 = −5,

w�45@AB, !O−→c Uc��*−→a ,
−→
b �t&BT.

5. �� −→a ,
−→
b ,−→c �WU��� (1,−1, 2), (2, k, 1), (1, 1− k, k). �: b kz/0�R, −→a ,

−→
b ,−→c

(�? i�m, kz/0�R, −→a ,−→c (t?

�: w 3f� (��0�@&12�<WU��)V< 0, �
∣∣∣∣∣∣

1 −1 2
2 k 1
1 1− k k

∣∣∣∣∣∣
= k2 − 3k + 2 = 0.

· 15 ·



!Obk = 1D2Rw3f� (�. &'−→a ,−→c (t@A'8��e,WU*ej,� 1
1 = 1− k

−1 = k
2 ,

-P k = 2. !Ob k = 2R−→a ,−→c (t.

6. �−→e1 , −→e2 , −→e3 "z. �� −→v c)�"� −→a ,
−→
b ,−→c �t&BT? �c, J~%�P).

(1) −→a = −→e1 + 2−→e2 + 4−→e3 ,
−→
b = −→e1 −−→e2 +−→e3 , −→c = −→e1 +−→e2 + 3−→e3 , −→v = 6−→e1 + 3−→e2 + 15−→e3 ;

(2) −→a = −→e1 − 2−→e2 + 3−→e3 ,
−→
b = −→e1 + 2−→e2 + 2−→e3 , −→c = −−→e1 + 6−→e2 + 5−→e3 , −→v = 2−→e1 +−→e2 .

�: �−→v = x1
−→a + x2

−→
b + x3

−→c , �a�""-t&@AB.

(1) @AB" 



x1 + x2 + x3 = 6

2x1 − x2 + x3 = 3

4x1 + x2 + 3x3 = 15,

j��)

∣∣∣∣∣∣

1 1 1
2 −1 1
4 1 3

∣∣∣∣∣∣
= 0, Uc}�@AB�)G-. �����D-P

{
x1 = 3− 2

3 x3

x2 = 3− 1
3 x3,

I

x3 = 3k>$P�t&��)−→v = (3− 2k)−→a + (3− k)
−→
b + 3k−→c , <� k"���.

(2) @AB"





x1 + x2 − x3 = 2

−2x1 + 2x2 + 6x3 = 1

3x1 + 2x2 + 5x3 = 0,

j��)

∣∣∣∣∣∣

1 1 −1
−2 2 6
3 2 5

∣∣∣∣∣∣
= 36,

@ABG-:

x1 =

∣∣∣∣∣∣

2 1 −1
1 2 6
0 2 5

∣∣∣∣∣∣
36

= − 11
36

, x2 =

∣∣∣∣∣∣

1 2 −1
−2 1 6
3 0 5

∣∣∣∣∣∣
36

=
16
9

, x3 =

∣∣∣∣∣∣

1 1 2
−2 2 1
3 2 0

∣∣∣∣∣∣
36

= − 19
36

.

t&��)"−→v = − 11
36
−→a + 16

9
−→
b − 19

36
−→c .

7. b a"��R, ��l�(�:

M1(1, a, a2), M2(1,−1, 1), M3(2, 1,−2), M4(−1, 2, 2).

�: =>^# 4.5, O 4�(��0�@&12�
∣∣∣∣∣∣

1− 1 2− 1 −1− 1
−1− a 1− a 2− a

1− a2 −2− a2 2− a2

∣∣∣∣∣∣
= −7a2 − 5a + 2 = 0,

-P a = −1D 2
7 .

� � 1–5

1. => nF� ��MST: ��� nF� α, G

(1) 0α = 0;

(2) (−1)α = −α;

(3) k0 = 0 (��� k);

(4) C kα = 0^% k = 0D α = 0.

��: ���� α = (a1, · · · , an), J:

· 16 ·



(1) 0α = (0a1, · · · , 0an) = (0, · · · , 0) = 0.

(2) (−1)α = ((−1)a1, · · · , (−1)an) = (−a1, · · · ,−an) = −α.

(3) k0 = (k0, · · · , k0) = (0, · · · , 0) = 0.

(4) kα = (ka1, · · · , kan) = (0, · · · , 0). � α 6= 0, J1k ai 6= 0, N kai = 0>P k = 0.

2. ST: �H�	m6
G��	.

��: �K "Hf�	, J 1 ∈ K. #$����r+� nG n = 1 + · · ·+ 1︸ ︷︷ ︸
n

∈ K, W? n�9�

−n ∈ K. !OK
G3|+�. Q!����+� n 6= 0, n ∈ K, 1
n
" n���, J 1

n
∈ K, #$��

��G�� m
n

(<�m, n�+�), G m
n

= m× n ∈ K, !G��	Q ⊆ K.

3. ST: 3�6�

a + b
√

2, a, b ∈ Q
��B*�Tu*Hf�	.

��: NwfT�"K, � a1 + b1

√
2, a2 + b2

√
2 ∈ K, J

(a1 + b1

√
2)± (a2 + b2

√
2) = (a1 ± a2) + (b1 ± b2)

√
2 ∈ K

(!"G���:B[��G��);

(a1 + b1

√
2)(a2 + b2

√
2) = (a1a2 + 2b1b2) + (a1b2 + a2b1)

√
2 ∈ K

(!"G���:� [B����G��); b a2 + b2

√
2 6= 0R,

a1 + b1

√
2

a2 + b2

√
2

=
(a1 + b1

√
2)(a2 − b2

√
2)

a2
2 − 2b2

2

=
a1a2 − 2b1b2

a2
2 − 2b2

2

+
a2b1 − a1b2

a2
2 − 2b2

2

∈ K

(G��*<�Dg����). !OTK*<����Dm��, *"Hf�	.

4. �K"�	, V "Ky� nF� pq. ST: �#G� k ∈ K, α, β ∈ V , G

(1) k(α− β) = kα− kβ;

(2) α + α + · · ·+ α︸ ︷︷ ︸
n�

= nα;

(3) � α + β = α + γ, J β = γ.

��: � α = (a1, · · · , an), β = (b1, · · · , bn) (ai, bi ∈ K). J���� k ∈ K,

(1) k(α−β) = k(a1− b1, · · · , an− bn) = (k(a1− b1), · · · , k(an− bn)) = (ka1−kb1, · · · , kan−kbn) =

k(a1, · · · , an)− k(b1, · · · , bn) = kα− kβ.

(2) α + · · ·+ α︸ ︷︷ ︸
n

= (a1 + · · · a1︸ ︷︷ ︸
n

, a2 + · · ·+ a2︸ ︷︷ ︸
n

, · · · , an + · · ·+ an︸ ︷︷ ︸
n

) = (na1, · · · , nan) = nα.

(3) �� γ = (c1, · · · , cn), ? α + β = α + γ, �: (a1 + b1, · · · , an + bn) = (a1 + c1, · · · , an + cn), J

G ai + bi = ai + ci, � bi = ci, #$ β = γ.

� � 1–6

1. v��� �/L:

(1) −→a = 5
−→
i − 6

−→
j + 3

−→
k ;

(2)
−→
b = 1

2
−→
i − 1

3
−→
k .

�: (1)
−→
a0 =

−→a
|−→a | =

√
70

70 (5
−→
i − 6

−→
j + 3

−→
k ).

· 17 ·



(2)
−→
b0 =

−→
b

|−→b |
=
√

13
13 (3

−→
i − 2

−→
k ).

2. xg��� ��5:

(1) −→a = (1,−2, 3),
−→
b = (2, 1,−2);

(2) −→a = (−2, 1,−1),
−→
b = (1,−1, 4).

�: (1) |−→a | = √
14, |−→b | = 3, −→a · −→b = −6, #$

cos〈−→a ,
−→
b 〉 =

−6√
14 · 3 = −

√
14
7

, 〈−→a ,
−→
b 〉 = π − arc cos

√
14
7

.

(2) |−→a | = √
6, |−→b | = 3

√
2, −→a · −→b = −7, #$

cos〈−→a ,
−→
b 〉 =

−7
6
√

3
= − 7

√
3

18
, 〈−→a ,

−→
b 〉 = π − arc cos

7
√

3
18

.

3. s� −→a k−→
e0 y���:

(1) −→a = (1,−1, 2), −→e = (1, 1, 1);

(2) −→a = (−2, 1, 3), −→e = (1, 2, 0).

�: (1)
−→
e0 =

−→e
|−→e | =

√
3

3 (1, 1, 1), J

pr−→
e0
−→a = (Π−→

e0
−→a )

−→
e0 = (−→a · −→e0 )

−→
e0 =

2
√

3
3

−→
e0 =

2
√

3
3

·
√

3
3

(1, 1, 1) =
2
3

(1, 1, 1).

(2) !−→a · −→e = 0, #$ pr−→
e0
−→a = 0.

4. ST: $A(3,−1, 2), B(0,−4, 2), C(−3, 2, 1)"~��456�V�456.

��:
−→
AB = (−3,−3, 0),

−→
AC = (−6, 3,−1),

−→
BC = (−3, 6,−1), |−→AB| = 3

√
2, |−→AC| = |−→BC| = √

46 6=
|−→AB|, #$4ABC�V�456.

5. ST: $A(3,−2, 1), B(7, 6, 9), C(9, 1,−5)"~��456�.5456.

��:
−→
AB = (4, 8, 8),

−→
AC = (6, 3,−6),

−→
AB · −→AC = 12(2 + 2− 4) = 0, #$4ABC�.5456.

6. �� (−→a −→b )−→c = −→a (
−→
b −→c )H�*+�? ��%�� V)*+�12.

�: V)�a�B −→c (t�� , �a�B −→a (t�� . ��7amUV< 0, J −→a B −→c (
t, �1k k 6= 0, '−→a = k−→c . M9�−→a = k−→c , �8= k(−→c · −→b )−→c = (k−→c )(

−→
b · −→c ) =�8.

�V)78mV<0,JD −→a ,
−→
b ,−→c �EFGHfo� ;D 4f� mUV<0,q−→a ·−→b =

−→
b · −→c = 0, �

−→
b B−→a ,−→c Kr�.

7. s-� @A−→a −→x =
−→
b −→x .

�: !" (−→a −−→b )−→x = 0, �7b�!: (a) �−→a −−→b 6= 0, J-−→x "��B−→a −−→b ".�� ;

(b) �−→a −−→b = 0, J��� −→x m�-� .

8. �G4f� −→a ,
−→
b ,−→c 77u* 60◦5, ?� |−→a | = 4, |−→b | = 2, |−→c | = 6. s−→a +

−→
b +−→c �

;w.

�: |−→a +
−→
b +−→c |2 = (−→a +

−→
b +−→c ) ·(−→a +

−→
b +−→c ) = −→a 2+

−→
b 2+−→c 2+2−→a ·−→b +2−→a ·−→c +2

−→
b ·−→c =

16 + 4 + 36 + 2(8 + 24 + 12) cos 60◦ = 100. #$ |−→a +
−→
b +−→c | = 10.

9. 
� |−→a | = 3, |−→b | = 2, 〈−→a ,
−→
b 〉 = π

6 . �s 3−→a + 2
−→
b B 2−→a − 5

−→
b �{�.

�: (3−→a +2
−→
b ) · (2−→a − 5

−→
b ) = 6−→a 2− 10

−→
b 2− 11−→a ·−→b = 54− 40− 11× 3× 2×

√
3

2 = 14− 33
√

3.
∗10. �Hfl86(89;��� a, b, c, d, ?<�5tde".. sS(89;g� a, b, c, d�

�Hl86�71�5tged"..
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��: �	, G
−→
AC =

−→
AB +

−→
BC =

−→
AD +

−→
DC,

−→
BD =

−→
BC +

−→
CD =

−→
BA +

−→
AD.

��$�{�:
−→
AC · −→BD = (

−→
AB +

−→
BC) · (−→BC +

−→
CD) =

−→
BC2 +

−→
AB · −→BC +

−→
AB · −→CD +

−→
BC · −→CD;

−→
AC · −→BD = (

−→
AB +

−→
BC) · (−→BA +

−→
AD) = −−→AB2 +

−→
AB · −→AD −−→AB · −→BC +

−→
AD · −→BC;

−→
AC · −→BD = (

−→
AD +

−→
DC) · (−→BC +

−→
CD) = −−→CD2 +

−→
AD · −→BC +

−→
AD · −→CD −−→BC · −→CD;

−→
AC · −→BD = (

−→
AD +

−→
DC) · (−→BA +

−→
AD) =

−→
AD2 −−→AB · −→AD +

−→
AB · −→CD −−→AD · −→CD.

vyS 4)e�, >P:

4
−→
AC · −→BD =

−→
AD2 +

−→
BC2 −−→AB2 −−→CD2 + 2

−→
AB · −→CD + 2

−→
AD · −→BC.

N
−→
AB +

−→
BC +

−→
CD +

−→
DA = 0

>P
−→
AB +

−→
CD =

−→
AD −−→BC.

N

(
−→
AB +

−→
CD)2 = (

−→
AD −−→BC)2

+�P
−→
AD2 +

−→
BC2 −−→AB2 −−→CD2 = 2(

−→
AB · −→CD +

−→
AD · −→BC).

QRy)P

4
−→
AC · −→BD = 2(

−→
AD2 +

−→
BC2 −−→AB2 −−→CD2) = 2(b2 + d2 − a2 − c2).

wXT�5t".�0�@&12� a2 + c2 = b2 + d2, {Bl86�8;G*.
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11. 456ABC�, 
�BC8y�#"AH. ��
−→
AB,

−→
AC��

−→
AH.

�: v
−→
AH =

−→
AB + k

−→
BCQR

−→
AH · −→BC = 0, P

−→
AB · −→BC + k

−→
BC2 = 0. !O

k =
−−→AB · −→BC
−→
BC2

,

P
−→
AH =

−→
AB − (

−→
AB · −→BC)

−→
BC

−→
BC2

.

��
−→
BC =

−→
AC −−→ABQR, +��P

−→
AH =

1

(
−→
AC −−→AB)2

[(
−→
AC · (−→AC −−→AB))

−→
AB − (

−→
AB · (−→AC −−→AB))

−→
AC].
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12. k.5WUj�, −→a ,
−→
b ,−→c �WU��� (3, 5, 7), (0, 4, 3), (−1, 2,−4). s 3−→a + 4

−→
b − 5−→c B

2
−→
b +−→c ��5.

�: �
−→p = 3−→a + 4

−→
b − 5−→c = (14, 21, 53), −→q = 2

−→
b +−→c = (−1, 10, 2),

J
−→p 2 = 3446, −→q 2 = 105, −→p · −→q = 302.

#$

cos〈−→p ,−→q 〉 =
151

√
361830

180915
.

13. s��� �@�$%:

(1) −→a = (2,−3,−6); (2)
−→
b = (2, 3,−10).

�: (1) cos α = 2
7 , cos β = −3

7 , cos γ = −6
7 .

(2) cos α = 2
√

113
113 , cos β = 3

√
113

113 , cos γ = − 10
√

113
113 .

14. xgr@���5tB8��Hf���5t9q��5.

�: [+.5WUj [A;
−→
AB,

−→
AD,

−−→
AA1], $�5tAC1�xgOa.

−−→
AC1 =

−→
AB +

−→
BC +

−−→
CC1 =

−→
AB +

−→
AD +

−−→
AA1 = (1, 1, 1).

(a)
−−→
AB1 =

−→
AB +

−−→
BB1 =

−→
AB +

−−→
AA1 = (1, 0, 1), #$ cos〈−−→AC1,

−−→
AB1〉 = 2√

3 · √2
=
√

6
3 . N�u&,

−−→
AC1B

−−−→
A1C1,

−−→
AD1,

−−→
BC1,

−−→
DC1,

−→
AC��5$%g"

√
6

3 .

(b)
−→
BD =

−→
AD − −→AB = (−1, 0, 1), #$ cos〈−−→AC1,

−→
BD〉 = 0√

3 · √2
= 0, � 〈−−→AC1,

−→
BD〉 = π

2 . C�.
−−→
AC1B

−−→
B1D,

−−→
DA1,

−−→
CB1,

−−→
BA1,

−−→
CD1��5g" π

2 .
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A B

C

C1

A1

O1

B1

P

M

N

� 15��

15. �	, 
�;@�OABC–O1A1B1C1�, |OA| = 8, |OC| = 6, |OO1| = 1. P ��OCy��,

? |PC| = 2|OP |, M��ABy��, ? |AM | = 2|MB|, N��B1C1���. s.tA1P B.tMN

#*�5.

�: N� 
−→
OA,

−→
OC,

−−→
OO1��/� �"

−→
i ,
−→
j ,
−→
k , [+.5WUj [O;

−→
i ,
−→
j ,
−→
k ]. J

−−→
OA1 = 8

−→
i +

−→
k = (8, 0, 1);

−→
OP =

1
3
−→
OC = 2

−→
j = (0, 2, 0);

−−→
OM = 8

−→
i +

2
3
−→
OC = 8

−→
i + 4

−→
j = (8, 4, 0);

−−→
ON =

1
2
−→
OA + 6

−→
j +

−→
k = (4, 6, 1);

!O
−−→
A1P =

−→
OP −−−→OA1 = (−8, 2,−1);
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−−→
MN =

−−→
ON −−−→OM = (−4, 2, 1).

#$

cos〈−−→A1P ,
−−→
MN〉 =

35√
69
√

21
=

5
√

161
69

.

16. �� −→a ,
−→
b ,−→c U(�, %?−→a −→x = 0,

−→
b −→x = 0, −→c −→x = 0. J−→x = 0. �S9.

��: !"−→a ,
−→
b ,−→c U(�,#$8�t&,*,?−→x >N8�t&��,�: −→x = k1

−→a +k2
−→
b +

k3
−→c . <�−→x 2 = k1(−→a · −→x ) + k2(

−→
b · −→x ) + k3(−→c · −→x ) = 0, �: −→x = 0.

17. ST4f� −→a ,
−→
b ,−→c (��0�@&12�∣∣∣∣∣∣

−→a −→a −→a −→b −→a −→c−→
b −→a −→

b
−→
b

−→
b −→c

−→c −→a −→c −→b −→c −→c

∣∣∣∣∣∣
= 0.

��: −→a ,
−→
b ,−→c (�b?cbGU3"o�2� k1, k2, k3': k1

−→a + k2
−→
b + k3

−→c = 0. C%



k1
−→a 2 + k2(−→a · −→b ) + k3(−→a · −→c ) = 0

k1(
−→
b · −→a ) + k2

−→
b 2 + k3(

−→
b · −→c ) = 0

k1(−→c · −→a ) + k2(−→c · −→b ) + k3
−→c 2 = 0,

g��Ht&@AB 



x−→a 2 + y(−→a · −→b ) + z(−→a · −→c ) = 0

x(
−→
b · −→a ) + y

−→
b 2 + z(

−→
b · −→c ) = 0

x(−→c · −→a ) + y(−→c · −→b ) + z−→c 2 = 0

(∗)

Gno- x = k1, y = k2, z = k3. =>&� 4.1, j��)∣∣∣∣∣∣

−→a 2 −→a · −→b −→a · −→c−→
b · −→a −→

b 2 −→
b · −→c

−→c · −→a −→c · −→b −→c 2

∣∣∣∣∣∣
= 0.

M9, � ∣∣∣∣∣∣

−→a 2 −→a · −→b −→a · −→c−→
b · −→a −→

b 2 −→
b · −→c

−→c · −→a −→c · −→b −→c 2

∣∣∣∣∣∣
= 0,

J (∗)@Gno-, �" x = k1, y = k2, z = k3, I−→p = k1
−→a + k2

−→
b + k3

−→c ,  0. C (∗)�:

−→p 2 = k1
−→p · −→a + k2

−→p · −→b + k3
−→p · −→c = 0,

�−→p = 0, −→a ,
−→
b ,−→c t&,*, @�(�.

� � 1–7

1. k.5WUj�,
�−→a ,
−→
b ,−→c �WU���(1,0,1), (1,−2,0), (−1,2,1),s (3−→a +

−→
b )×(

−→
b −−→c )

�WU.

�: 3−→a +
−→
b = (4,−2, 3),

−→
b −−→c = (2,−4,−1), #$

(3−→a +
−→
b )× (

−→
b −−→c ) =

(∣∣∣∣
−2 3
−4 −1

∣∣∣∣ ,−
∣∣∣∣
4 3
2 −1

∣∣∣∣ ,

∣∣∣∣
4 −2
2 −4

∣∣∣∣
)

= (14, 10,−12).

2. ST (−→a ×−→b )2 6 −→a 2−→b 2. WXTV)�R*+.

��: (−→a ×−→b )2 = |−→a ×−→b |2 = |−→a |2|−→b |2 sin2〈−→a ,
−→
b 〉 6 |−→a |2|−→b |2, VY*+b?cb sin〈−→a ,

−→
b 〉

= 0. �: −→a //
−→
b .

3. 
�−→a ,
−→
b �7fdU��� , sS (−→a −−→b )× (−→a +

−→
b ) = 2(−→a ×−→b ), WXT8�'�

�M.
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��: (−→a −−→b )× (−→a +
−→
b ) = −→a ×−→a +−→a ×−→b −−→b ×−→a −−→b ×−→b = 2(−→a ×−→b ). '��M: �

$−→a ,
−→
b u*Hf�l86�e(78, J−→a −−→b , −→a +

−→
b "O�l86�7�5t. y)XT:

$�5tu*��l86��"K�l86�� 2�.

4. s� −→c , '−→c ⊥ −→a , −→c ⊥ −→
b , <�,

(1) −→a =
−→
i − 2

−→
j + 3

−→
k ,

−→
b = 4

−→
j − 5

−→
k ;

(2) −→a = 3
−→
i −−→j +

−→
k ,

−→
b = −−→i + 2

−→
j −−→k .

�: I−→c = −→a ×−→b . J−→c ⊥ −→a , −→c ⊥ −→
b . xgP:

(1) −→c = −→a ×−→b = −2
−→
i + 5

−→
j + 4

−→
k .

(2) −→c = −→a ×−→b = −−→i + 2
−→
j + 5

−→
k . ()a*+U,H)

5. �−→u = 2
−→
i +3

−→
j −−→k , −→v = −8

−→
i −5

−→
j +3

−→
k . s−→v1 , −→v2 ,' −→v = −→v1 +−→v2 , −→v1 ⊥ −→u , −→v2//−→u .

�: I
−→
n0 =

−→u
|−→u | = 1√

14
(2, 3,−1), pr−→

u0
−→v = (−→v · −→u0)

−→
u0 = −17

7 (2, 3,−1). I

−→v2 =
−17
7

(2
−→
i + 3

−→
j −−→k ), −→v1 = −→v −−→v2 =

2
7

(−11
−→
i + 8

−→
j + 2

−→
k ),

J: −→v2//−→u , ?−→v1 · −→u = 0.

6. �−→u "���no� , −→v "�H� .

(1) ST: −→v >,H�-"−→v = −→v1 +−→v2 , <�, −→v1 ⊥ −→u , −→v2//−→u ;

(2) ��~%−→v1 , −→v2 ��P).

��: (1) �−→v G7b�-D: −→v = −→v1 +−→v2 =
−→
v′1 +

−→
v′2 , <�. −→v1 ⊥ −→u ,

−→
v′1 ⊥ −→u , −→v2//−→u ,

−→
v′2//−→u ,

J−→v1 −
−→
v′1 =

−→
v′2 −−→v2 . q (−→v1 −

−→
v′1 ) · −→u = 0, (

−→
v′2 −−→v2 )×−→u = 0, #$−→v1 −

−→
v′1 ⊥ −→u , −→v1 −

−→
v′1//−→u , −→u 6= 0,

^%: −→v1 −
−→
v′1 = 0,

−→
v′2 −−→v2 = 0, �−→v1 =

−→
v′1 , −→v2 =

−→
v′2 .

(2) I −→v2 = pr−→
u0
−→v = (−→v · −→u0)

−→
u0 = (−→v · −→u )

|−→u |2
−→u , −→v1 = −→v − −→v2 . J −→v2//−→u , −→v1 · −→u = −→v · −→u −

(−→v · −→u )
|−→u |2

−→u 2 = 0, � −→v1 ⊥ −→u . ?�: −→v = −→v1 +−→v2 , N (1)�wb�-�,H�, !�P)"
{ −→v2 =

−→v · −→u
|−→u |2

−→u
−→v1 = −→v −−→v2 .
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C1

A1
D1

B1

P
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� 7��

7. �	, 
� ABCD−A1B1C1D1��/r@�, P ��DD1y��Hf�. tx C1C2���

�B1. �-%��(f� �#d��� :

(1)
−−→
A1P ×−−→A1A; (2)

−→
PC ×−−→A1A; (3)

−−→
A1C ×−−→A1A.

�: [+.5UV [A1;
−−−→
A1B1,

−−−→
A1D1,

−−→
A1A]. � P "DD1y�H�. J:

−−→
A1P =

−−−→
A1D1 +

−−→
D1P =

−−−→
A1D1 + k

−−→
D1D =

−−−→
A1D1 + k

−−→
A1A = (0, 1, k),

−−→
A1C = (1, 1, 1).

(1)
−−→
A1P ×−−→A1A = (0, 1, k)× (0, 0, 1) = (1, 0, 0) =

−−−→
A1B1.
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(2)
−→
PC =

−−→
A1C −−−→A1P = (1, 0, 1− k),

−→
PC ×−−→A1A = (1, 0, 1− k)× (0, 0, 1) = (0,−1, 0) = −−−−→A1D1 =

−−−→
D1A1.

(3)
−−→
A1C ×−−→A1A = (1, 1, 1)× (0, 0, 1) = (1,−1, 0) =

−−−→
A1B1 −−−−→A1D1 =

−−−→
A1C2.

8. xgN� −→a ,
−→
b #.*��l86���:

(1) −→a = 3
−→
i + 4

−→
j + 2

−→
k ,

−→
b = 2

−→
i +

−→
j +

−→
k ;

(2) −→a = −−→i + 2
−→
j +

−→
k ,

−→
b = 2

−→
i − 2

−→
j .

�: (1) −→a ×−→b = 2
−→
i +

−→
j − 5

−→
k , |−→a ×−→b | = √

30. #$−→a ,
−→
b .*��l86��"

√
30.

(2) −→a ×−→b = 2
−→
i + 2

−→
j − 2

−→
k , |−→a ×−→b | = 2

√
3, #$−→a ,

−→
b .*��l86��" 2

√
3.

9. �−→a ,
−→
b ,−→c "77U(t�� . ST: −→a +

−→
b +−→c = 0b?cb−→a ×−→b =

−→
b ×−→c = −→c ×−→a .

��: � −→a +
−→
b + −→c = 0, JO)B

−→
b : −→c /0��>P −→a × −→

b + −→c × −→
b = 0 $h

−→a ×−→c +
−→
b ×−→c = 0, �−→a ×−→b =

−→
b ×−→c = −→c ×−→a .

M9, � −→p = −→a +
−→
b + −→c . NySV)>P −→p × −→b = −→a × −→b + −→c × −→b = 0$h −→p × −→c =

−→a ×−→c +
−→
b ×−→c = 0. ��−→p 6= 0, JN−→p ,

−→
b (t$h−→p ,

−→
b (t>P

−→
b B−→c (t, B1�45.

10. �−→a ,
−→
b "7U(t�� ,

−→
AB = −→a +

−→
b ,
−→
BC = 2−→a +8

−→
b ,
−→
CD = 3(−→a −−→b ). ST: A,B, D

4�(t.

��: &SA,B, D4�(t, {AST:
−→
AB ×−→BD = 0�>. N

−→
BD =

−→
BC +

−→
CD = 5−→a + 5

−→
b = 5(−→a +

−→
b ) = 5

−→
AB,

>P
−→
AB ×−→BD = 0, �: A,B, D4�(t.

11. 4f� 
−→
OA,

−→
OB,

−→
OC-.
−→
OB ×−→OC +

−→
OC ×−→OA +

−→
OA×−→OB = 0.

sS: (1)
−→
OA,

−→
OB,

−→
OC(�;

(2) 4�A,B, C(t.

��: (1)&S:
−→
OA,

−→
DB,

−→
OC(�{AST:1kno� −→p ,': −→p ·−→OA = −→p ·−→OB = −→p ·−→OC = 0

�>. I−→p =
−→
OB ×−→OC, J−→p · −→OB = −→p · −→OC = 0, Q!

−→
OB ×−→OC +

−→
OC ×−→OA +

−→
OA×−→OB = 0,

>P
−→p ×−→OA = −(

−→
OC ×−→OA) · −→OA− (

−→
OA×−→OB) · −→OA = 0.

�−→p 6= 0, J
−→
OA,

−→
OB,

−→
OC(�; ��−→p = 0, J

−→
OBB

−→
OC(t, gG

−→
OA,

−→
OB,

−→
OC(�.

(2) &SA,B, C(t{AST:
−→
AB ×−→AC = 0. !

−→
AB =

−→
OB −−→OA,

−→
AC =

−→
OC −−→OA,

#$
−→
AB ×−→AC = (

−→
OB −−→OA)× (

−→
OC −−→OA) =

−→
OB ×−→OC +

−→
OA×−→OB +

−→
OC ×−→OA = 0,

!A,B, C4�(t.

12. ��−→a = −→p ×−→n ,
−→
b = −→q ×−→n , −→c = −→r ×−→n , J−→a ,

−→
b ,−→c (�. �ST9.

��: N< −→n · −→a = −→n · −→b = −→n · −→c = 0, � −→n 6= 0, J −→a ,
−→
b ,−→c (�; )J, N −→n = 0>P

−→a =
−→
b = −→c = 0, g(�.

� � 1–8
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1. |}��� B�)(�:

(1) −→a = 3
−→
i − 2

−→
j −−→k ,

−→
b = 5

−→
i + 4

−→
j − 3

−→
k , −→c = 11

−→
i −−→k ;

(2) −→a = −2
−→
i + 3

−→
j −−→k ,

−→
b =

−→
i − 4

−→
j − 2

−→
k , −→c =

−→
i − 5

−→
j + 2

−→
k ;

(3) −→a =
−→
i + 2

−→
j + 3

−→
k ,

−→
b = 4

−→
i − 5

−→
j +

−→
k , −→c = 7

−→
i − 5

−→
j + 8

−→
k ;

(4) −→a = −−→j + 3
−→
k ,

−→
b = 2

−→
i − 2

−→
j , −→c = −−→i + 2

−→
j − 3

−→
k .

�: (1) (−→a ,
−→
b ,−→c ) =

∣∣∣∣∣∣

3 −2 −1
5 4 −3
11 0 −1

∣∣∣∣∣∣
= 88 6= 0, #$−→a ,

−→
b ,−→c U(�.

(2) (−→a ,
−→
b ,−→c =

∣∣∣∣∣∣

−2 3 −1
1 −4 −2
1 −5 2

∣∣∣∣∣∣
= 25 6= 0, #$−→a ,

−→
b ,−→c U(�.

(3) (−→a ,
−→
b ,−→c ) =

∣∣∣∣∣∣

1 2 3
4 −51
7 −5 8

∣∣∣∣∣∣
= −40 6= 0, #$−→a ,

−→
b ,−→c U(�.

(4) (−→a ,
−→
b ,−→c ) =

∣∣∣∣∣∣

0 −1 3
2 −2 0
−1 2 −3

∣∣∣∣∣∣
= 0, #$−→a ,

−→
b ,−→c (�.

2. xgN� −→a ,
−→
b , −→c #.*��������:

(1) −→a = −−→i +
−→
j + 2

−→
k ,

−→
b =

−→
i −−→j + 3

−→
k , −→c = 2

−→
i +

−→
j +

−→
k ;

(2) −→a = 3
−→
i +

−→
k ,

−→
b = 2

−→
i −−→j +

−→
k , −→c =

−→
i + 5

−→
j −−→k ;

(3) −→a =
−→
i −−→j −−→k ,

−→
b = −3

−→
i − 2

−→
j +

−→
k , −→c =

−→
i +

−→
j ;

(4) −→a =
−→
i ,
−→
b =

−→
i +

−→
j ; −→c =

−→
i +

−→
j +

−→
k .

�: (1) V = |(−→a ,
−→
b ,−→c )| =

∣∣∣∣∣∣

∣∣∣∣∣∣

−1 1 2
1 −1 3
2 1 1

∣∣∣∣∣∣

∣∣∣∣∣∣
= 15.

(2) V = |(−→a ,
−→
b ,−→c )| =

∣∣∣∣∣∣

∣∣∣∣∣∣

3 0 1
2 −1 1
1 5 −1

∣∣∣∣∣∣

∣∣∣∣∣∣
= | − 1| = 1.

(3) V = |(−→a ,
−→
b ,−→c )| =

∣∣∣∣∣∣

∣∣∣∣∣∣

1 −1 −1
−3 −2 1
1 1 0

∣∣∣∣∣∣

∣∣∣∣∣∣
= | − 1| = 1.

(4) V = |(−→a ,
−→
b ,−→c )| =

∣∣∣∣∣∣

∣∣∣∣∣∣

1 0 0
1 1 0
1 1 1

∣∣∣∣∣∣

∣∣∣∣∣∣
= 1.

3. d���l��)(�:

(1) A(1, 2,−1), B(0, 1, 5), C(−1, 2, 1), D(2, 1, 3);

(2) A(3,−2, 1), B(2, 0,−1), C(−1,−4, 5), D(3,−2, 4);

(3) A(1, 2,−3), B(3, 5,−1), C(0,−2, 7), D(2, 1, 3);

(4) A(1, 0, 1), B(0,−1, 2), C(1, 2,−2), D(2, 0,−21).

�: &d� A,B,C, D l��)(�, {Ad�
−→
AB,

−→
AC,

−→
AD w4f� �)(�. #${Ah

(
−→
AB,

−→
AC,

−→
AD)�)"o.
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(1)
−→
AB = (−1,−1, 6),

−→
AC = (−2, 0, 2),

−→
AD = (1,−1, 4),

(
−→
AB,

−→
AC,

−→
AD) =

∣∣∣∣∣∣

−1 −1 6
−2 0 2
1 −1 4

∣∣∣∣∣∣
= 0, (�.

(2)
−→
AB = (−1, 2,−2),

−→
AC = (−4,−2, 4),

−→
AD = (0, 0, 3),

(
−→
AB,

−→
AC,

−→
AD) =

∣∣∣∣∣∣

−1 2 −2
−4 −2 4
0 0 3

∣∣∣∣∣∣
= 30 6= 0, U(�.

(3)
−→
AB = (2, 3, 2),

−→
AC = (−1,−4, 10),

−→
AD = (1,−1, 6),

(
−→
AB,

−→
AC,

−→
AD) =

∣∣∣∣∣∣

2 3 2
−1 −4 10
1 −1 6

∣∣∣∣∣∣
= 30 6= 0, U(�.

(4)
−→
AB = (−1,−1, 1),

−→
AC = (0, 2,−3),

−→
AD = (1, 0,−22),

(
−→
AB,

−→
AC,

−→
AD) =

∣∣∣∣∣∣

−1 −1 1
0 2 −3
1 0 −22

∣∣∣∣∣∣
= 45 6= 0, U(�.

4. d�$A, B, C, D"~��l�����:

(1) A(−1, 0, 1), B(−2, 1, 4), C(1, 3,−3), D(−2,−1, 3);

(2) A(2,−1, 1), B(5, 4, 4), C(2, 3,−1), D(4, 1, 2);

(3) A(1, 0, 2), B(1,−1, 0), C(2, 2,−1), D(3, 1, 0);

(4) A(2, 2,−1), B(1, 2,−2), C(2,−2, 1), D(1, 1, 1).

�: (1)
−→
AB = (−1, 1, 3),

−→
AC = (2, 3,−4),

−→
AD = (−1,−1, 2),

V =
1
6
|(−→AB,

−→
AC,

−→
AD)| = 1

6
×

∣∣∣∣∣∣

∣∣∣∣∣∣

−1 1 3
2 3 −4
−1 −1 2

∣∣∣∣∣∣

∣∣∣∣∣∣
=

1
6

.

(2)
−→
AB = (3, 5, 3).

−→
AC = (0, 4,−2),

−→
AD = (2, 2, 1),

V =
1
6
|(−→AB,

−→
AC,

−→
AD)| = 1

6
×

∣∣∣∣∣∣

∣∣∣∣∣∣

3 5 3
0 4 −2
2 2 1

∣∣∣∣∣∣

∣∣∣∣∣∣
=
| − 20|

6
=

10
3

.

(3)
−→
AB = (0,−1,−2),

−→
AC = (1, 2,−3),

−→
AD = (2, 1,−2),

V =
1
6
|(−→AB,

−→
AC,

−→
AD)| = 1

6
×

∣∣∣∣∣∣

∣∣∣∣∣∣

0 −1 −2
1 2 −3
2 1 −2

∣∣∣∣∣∣

∣∣∣∣∣∣
=

10
6

=
5
3

.

(4)
−→
AB = (−1, 0,−1),

−→
AC = (0,−4, 2),

−→
AD = (−1,−1, 2),

V =
1
6
|(−→AB,

−→
AC,

−→
AD)| = 1

6
×

∣∣∣∣∣∣

∣∣∣∣∣∣

−1 0 −1
0 −4 2
−1 −1 2

∣∣∣∣∣∣

∣∣∣∣∣∣
=

5
3

.
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D1
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5. �	, 
�;@�ABCD–A1B1C1D1, |AB| = 4, |AD| = |AA1| = 2. s

(1) �A1���C1BD�23;

(2) .tAD1B��C1BD�23.

�: �
−→
DA,

−→
DC,

−−→
DD1��/� �

−→
i ,
−→
j ,
−→
k , [+.5WUj [D;

−→
i ,
−→
j ,
−→
k ]. J

−−→
DA1 = (2, 0, 2),

−→
DB = (2, 4, 0),

−−→
DC1 = (0, 4, 2).

(1) �A1���C1BD�23

d =
|(−−→DA1,

−→
DB,

−−→
DC1)|

|−→DB ×−−→DC1|
=

∣∣∣∣∣∣

∣∣∣∣∣∣

2 0 2
2 4 0
0 4 2

∣∣∣∣∣∣

∣∣∣∣∣∣
|(8,−4, 8)| =

32
12

=
8
3

.

(2) !" AD1//BC1, #$ AD1//�� C1BD. ! AD1y�H���� C1BD�23�" AD1�

��C1BD�23.

d =
|(−→DA,

−→
DB,

−−→
DC1)|

|−→DB ×−−→DC1|
=

∣∣∣∣∣∣

∣∣∣∣∣∣

2 0 0
2 4 0
0 4 2

∣∣∣∣∣∣

∣∣∣∣∣∣
12

=
16
12

=
4
3

.

6. �−→a = a1
−→e1 + b1

−→e2 + c1
−→e3 ,

−→
b = a2

−→e1 + b2
−→e2 + c2

−→e3 , −→c = a3
−→e1 + b3

−→e2 + c3
−→e3 . sS

(−→a ,
−→
b ,−→c ) =

∣∣∣∣∣∣

a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣
(−→e1 ,−→e2 ,−→e3 ).

��: −→a ×−→b = (a1
−→e1 +b1

−→e2 +c1
−→e3 )×(a2

−→e1 +b2
−→e2 +c2

−→e3 ) = a1b2
−→e1×−→e2 +a1c2

−→e1×−→e3 +b1a2
−→e2×−→e1 +

b1c2
−→e2×−→e3 +c1a2

−→e3×−→e1 +c1b2
−→e3×−→e2 = (a1b2−b1a2)−→e1×−→e2 +(a1c2−c1a2)−→e1×−→e3 +(b1c2−c1b2)−→e2×−→e3 ,

(−→a ,
−→
b ,−→c ) = (−→a ×−→b )·−→c = [(a1b2−b1a2)−→e1×−→e2+(a1c2−c1a2)−→e1×−→e3+(b1c2−c1b2)−→e2×−→e3 ]·(a3

−→e1+

b3
−→e2 +c3

−→e3 ) = [(a1b2−b1a2)c3](−→e1 ,−→e2 ,−→e3 )− [(a1c2−c1a2)b3](−→e1 ,−→e2 ,−→e3 )+[(b1c2−c1b2)a3](−→e1 ,−→e2 ,−→e3 ) =∣∣∣∣∣∣

a1 b1 c1

a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣
(−→e1 ,−→e2 ,−→e3 ). ({&3�4y�)��M4>xgP).

7. sS: |(−→a ,
−→
b ,−→c )| 6 |−→a ||−→b ||−→c |.

��: |(−→a ,
−→
b ,−→c )| = |(−→a × −→

b ) · −→c | =
∣∣∣ |−→a ×−→b ||−→c | cos〈−→a ×−→b ,−→c 〉

∣∣∣ 6 |−→a × −→
b ||−→c | =

|−→a ||−→b ||−→c | sin〈−→a ,
−→
b 〉 6 |−→a ||−→b ||−→c |.

8. ST5>e6V):

−→a × (
−→
b ×−→c ) +

−→
b × (−→c ×−→a ) +−→c × (−→a ×−→b ) = 0.

��: N7a 7.7�:

−→a × (
−→
b ×−→c ) = (−→a · −→c )

−→
b − (−→a · −→b )−→c ,
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−→
b × (−→c ×−→a ) = (−→a · −→b )−→c − (

−→
b · −→c ) · −→a ,

−→c × (−→a ×−→b ) = (
−→
b · −→c )−→a − (−→a · −→c )

−→
b ,

e��P"#.

9. ST: pq�l� A, B, C, P (��0�@&12�, 8�#�,�/Y� −→a ,
−→
b , −→c , −→p

-.

(−→p ,
−→
b ,−→c ) + (−→a ,−→p ,−→c ) + (−→a ,

−→
b ,−→p )− (−→a ,

−→
b ,−→c ) = 0.

��: A, B,C, P (�b?cb
−→
PA,

−→
PB,

−→
PC(�. 
�

−→a =
−→
OA,

−→
b =

−→
OB, −→c =

−→
OC, −→p =

−→
OP,

!
−→
PA = −→a −−→p ,

−→
PB =

−→
b −−→p ,

−→
PC = −→c −−→p .

!O
−→
PA,

−→
PB,

−→
PC(�b?cb (

−→
PA,

−→
PB,

−→
PC) = 0, b?cb

(−→a −−→p ,
−→
b −−→p ,−→c −−→p ) = 0,

b?cb

(−→a ,
−→
b −−→p ,−→c −−→p )− (−→p ,

−→
b −−→p ,−→c −−→p ) = 0,

b?cb

(−→a ,
−→
b ,−→c )− (−→a ,

−→
b ,−→p )− (−→a ,−→p ,−→c )− (−→p ,

−→
b ,−→c ) = 0,

b?cb

(−→p ,
−→
b ,−→c ) + (−→a ,−→p ,−→c ) + (−→a ,

−→
b ,−→p )− (−→a ,

−→
b ,−→c ) = 0.

10. ST

(1) (−→a ×−→b )× (−→c ×−→d ) = (−→a ,
−→
b ,
−→
d )−→c − (−→a ,

−→
b ,−→c )

−→
d ;

(2) (−→a ×−→b )× (−→c ×−→d ) = (−→a ,−→c ,
−→
d )
−→
b − (

−→
b ,−→c ,

−→
d )−→a .

��: (1) (−→a ×−→b )× (−→c ×−→d ) = −(−→c ×−→d )× (−→a ×−→b ) = −[−→c · (−→a ×−→b )
−→
d −−→d · (−→a ×−→b )−→c ] =

(−→a ,
−→
b ,
−→
d )−→c − (−→a ,

−→
b ,−→c )

−→
d .

(2) (−→a ×−→b )× (−→c ×−→d ) = [−→a · (−→c ×−→d )]
−→
b − [

−→
b · (−→c ×−→d )]−→a = (−→a ,−→c ,

−→
d )
−→
b − (

−→
b ,−→c ,

−→
d )−→a .

11. ST���lf� −→a ,
−→
b ,−→c ,

−→
d 8G

(
−→
b ,−→c ,

−→
d )−→a + (−→c ,−→a ,

−→
d )
−→
b + (−→a ,

−→
b ,
−→
d )−→c + (

−→
b ,−→a ,−→c )

−→
d = 0.

��: N= 10a"#>P

(−→a ,
−→
b ,
−→
d )−→c − (−→a ,

−→
b ,−→c )

−→
d = (−→a ,−→c ,

−→
d )
−→
b − (

−→
b ,−→c ,

−→
d )−→a ,

9:��;b<=>T��� H?�>SP.

12. ST��� 6V):

(1) (−→a ×−→b ,
−→
b ×−→c ,−→c ×−→a ) = (−→a ,

−→
b ,−→c )2;

(2) (
−→
b ×−→c )× (−→a ×−→d ) + (−→c ×−→a )× (

−→
b ×−→d ) + (−→a ×−→b )× (−→c ×−→d ) = −2(−→a ,

−→
b ,−→c )

−→
d ;

(3) (−→a −−→d ) · (−→b −−→c ) + (
−→
b −−→d ) · (−→c −−→a ) + (−→c −−→d ) · (−→a −−→b ) = 0;

(4) (−→a −−→d )×(
−→
b −−→c )+(

−→
b −−→d )×(−→c −−→a )+(−→c −−→d )×(−→a −−→b ) = 2(−→a ×−→b +

−→
b ×−→c +−→c ×−→a ).

��: (1) (−→a × −→b ,
−→
b × −→c ,−→c × −→a ) = [(−→a × −→b ) × (

−→
b × −→c )] · (−→c × −→a ) = [(−→a ,

−→
b ,−→c )

−→
b −

(
−→
b ,−→c ,

−→
b )−→a ] · (−→c ×−→a ) = (−→a ,

−→
b ,−→c ) · (−→c ,−→a ,

−→
b ) = (−→a ,

−→
b ,−→c )2.
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(2) (
−→
b × −→c ) × (−→a × −→d ) = −(−→a × −→d ) × (

−→
b × −→c ) = −(

−→
b ,−→c ,−→a )

−→
d + (

−→
b ,−→c ,

−→
d )−→a , (−→c ×

−→a )× (
−→
b ×−→d ) = −(

−→
b ×−→d )× (−→c ×−→a ) = −(−→c ,−→a ,

−→
b )
−→
d + (−→c ,−→a ,

−→
d )
−→
b , (−→a ×−→b )× (−→c ×−→d ) =

(−→c ,
−→
d ,−→a )

−→
b − (−→c ,

−→
d ,
−→
b )−→a , #$

(
−→
b ×−→c )× (−→a ×−→d ) + (−→c ×−→a )× (

−→
b ×−→d ) + (−→a ×−→b )× (−→c ×−→d ) = −2(−→a ,

−→
b ,−→c )

−→
d .

(3) (−→a −−→d ) · (−→b −−→c ) = −→a · −→b −−→a · −→c −−→b · −→d +−→c · −→d ,

(
−→
b −−→d ) · (−→c −−→a ) =

−→
b · −→c −−→a · −→b −−→c · −→d +−→a · −→d ,

(−→c −−→d ) · (−→a −−→b ) = −→a · −→c −−→b · −→c −−→a · −→d +
−→
b · −→d ,

vySV)�� �7a��e�J:

(−→a −−→d ) · (−→b −−→c ) + (
−→
b −−→d ) · (−→c −−→a ) + (−→c −−→d ) · (−→a −−→b ) = 0.

(4) (−→a −−→d )× (
−→
b −−→c ) = −→a ×−→b −−→a ×−→c +

−→
b ×−→d −−→c ×−→d ,

(
−→
b −−→d )× (−→c −−→a ) =

−→
b ×−→c +−→a ×−→b +−→c ×−→d −−→a ×−→d ,

(−→c −−→d )× (−→a −−→b ) = −−→a ×−→c +
−→
b ×−→c +−→a ×−→d −−→b ×−→d ,

vySV)�� �7a��e�P:

(−→a −−→d )× (
−→
b −−→c ) + (

−→
b −−→d )× (−→c −−→a )(−→c −−→d )× (−→a −−→b ) = 2(−→a ×−→b +

−→
b ×−→c +−→c ×−→a ).

13. ST�<��� ri (i = 1, 2, 3, 4), �)*+:

(−→r1 ×−→r2 )(−→r3 ×−→r4 ) + (−→r1 ×−→r3 )(−→r4 ×−→r2 ) + (−→r1 ×−→r4 )(−→r2 ×−→r3 ) = 0.

��: =>�� 8.7, (−→r1 ×−→r2 ) · (−→r3 ×−→r4 ) = (−→r1 · −→r3 )(−→r2 · −→r4 )− (−→r1 · −→r4 )(−→r2 · −→r3 ),

(−→r1 ×−→r3 ) · (−→r4 ×−→r2 ) = (−→r1 · −→r4 )(−→r2 · −→r3 )− (−→r1 · −→r2 )(−→r3 · −→r4 ),

(−→r1 ×−→r4 ) · (−→r2 ×−→r3 ) = (−→r1 · −→r2 )(−→r3 · −→r4 )− (−→r1 · −→r3 )(−→r2 · −→r4 ),

vySV)��� �7a��e��P�"#.

14. ST−→a ,
−→
b ,−→c (��0�@&12�−→

b ×−→c , −→c ×−→a , −→a ×−→b (�.

��: !"
−→
b × −→c , −→c × −→a , −→a × −→b (�b?cb (−→a × −→b ,

−→
b × −→c ,−→c × −→a ) = 0, qN 12a

� (1)�: (−→a × −→b ,
−→
b × −→c ,−→c × −→a ) = (−→a ,

−→
b ,−→c )2, #$ −→a .

−→
b .−→c (�b?cb −→a × −→b ,

−→
b × −→c ,

−→c ×−→a (�.

� � 1–9

1. 456 ABC @8�7fa�" B(−3, 0), C(3, 0). ~� Ak.t 7x − 5y − 35 = 0y9A, s

456$��BC.

�: �$��WU" (x, y), J
{

x = xA + xB + xC
3 = xA

3
y = yA + yB + yC

3 = yA

3 ,
�

{
xA = 3x

yA = 3y.

% (xA, yA)-.@A 7x− 5y − 35 = 0, QR�P 21x− 15y − 35 = 0.
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2. k;" l�txAByGHA�P . kAB�CD, $AP , PB"8��/V8456AMP :

BNP . sMN ���Q�BC.

�: $AB���O"K�, $AB" xE, [+.5WUj [O;
−→
i .
−→
j ]. <�

A

(
− l

2
, 0

)
, B

(
l

2
, 0

)
, P (t, 0),

(
− l

2
< t <

l

2

)
.

J

M


 t− l

2
2

,

√
3

2

(
t +

l

2

)
 , N


 t + l

2
2

,

√
3

2

(
l

2
− t

)
 .

#$MN ���Q�WU":



xQ = t
2

(
− l

2 < t < l
2

)

yQ =
√

3
4 l.

�Q��BC@A": y =
√

3
4 l

(
− l

4 < x < l
4

)
.
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