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§ 1 �5¼ê�V�5¼ê

1. � V ´«m [−1, 1] þ�NëY¢¼ê¤|¤��5�m. y²:

ψ : V −→ R

f(x) 7−→
∫ 1

−1
f(x)dx

´ V þ����5¼ê.

y²: w, ψ ´ V � R ���N�. �é?¿� f(x), g(x) ∈ V , k ∈ R,

k

ψ(f(x) + g(x)) =

∫ 1

−1

(f(x) + g(x))dx =

∫ 1

−1

f(x)dx+

∫ 1

−1

g(x)dx

= ψ(f(x)) + ψ(g(x)),

ψ(kf(x)) =

∫ 1

−1

kf(x)dx = k

∫ 1

−1

f(x)dx = kψ(f(x)).

¤± ψ ´ V þ����5¼ê.

2. � V ´ê� K þ��� 3 ��5�m, η1, η2, η3 ´§���Ä, f ´

V þ����5¼ê, �

f(η1 − 2η2 + η3) = 2, f(η1 + η3) = 2, f(−η1 + η2 + η3) = −1.

¦ f(x1η1 + x2η2 + x3η3).

): -






α1 = η1 − 2η2 + η3

α2 = η1 + η3

α3 = −η1 + η2 + η3
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K (α1, α2, α3) = (η1, η2, η3)A, Ù¥

A =






1 1 −1

−2 0 1

1 1 1




 .

K (η1, η2, η3) = (α1, α2, α3)A
−1, ¤±

f(x1η1 + x2η2 + x3η3) = (f(η1), f(η2), f(η3))






x1

x2

x3






= (f(α1), f(α2), f(α3))A
−1






x1

x2

x3






= (2, 2,−1) · 1

4






−1 −2 1

3 2 1

−2 0 2











x1

x2

x3




 =

3

2
x1 +

1

2
x3.

3. V 9 η1, η2, η3 ÓþK. Á¦��5¼ê g, ¦

g(3η1 + η2) = 2, g(η2 − η3) = 1, g(2η1 + η3) = 2.

): �

g(η1) = a, g(η2) = b, g(η3) = c,

Kd®��






3a+ b = 2

b− c = 1

2a+ c = 2.

)� a = −1, b = 5, c = 4. l¤¦��5¼ê�

g(x1η1 + x2η2 + x3η3) = −x1 + 5x2 + 4x3.

4. � V ´ê� K þ� n ��5�m, η1, · · · , ηn ´§���Ä, a1, · · · ,
an ´ K ¥?¿ n �ê. y²: �3 V þ����5¼ê f , ¦

f(ηi) = ai, i = 1, · · · , n.
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y²: (�35) � α = x1η1 + x2η2 + · · · + xnηn ∈ V . -

f : V −→ K

α 7−→ f(α) =
n∑

i=1

aixi

N´y² f ´ V þ�5¼ê, �÷v¤I^�.

(��5) � g � V ��5¼ê, ¦

g(ηi) = ai, i = 1, · · · , n.

Ké?¿� α = x1η1 + x2η2 + · · · + xnηn ∈ V k

g(α) =

n∑

i=1

xig(ηi) =

n∑

i=1

xiai = f(α).

ùÒy²
��5.

5. � V = K3, α = (x1, x2, x3), β = (y1, y2, y3), �äe���¼ê f ´

Ä� V þ�V�5¼ê:

(1) f(α, β) = 2x1y1 + x1y2 − 3x2y1 + x2y2;

(2) f(α, β) = (x1 − y2)
2 + x2y1;

(3) f(α, β) = c, c ∈ K;

(4) f(α, β) = (2x1 + x2 − 3x3)(y1 − y2 + y3).

): (1) ´.

(2) Ä.

(3) � c 6= 0 �, Ä; � c = 0 �, ´.

(4) ´.

6. � f � n ��5�m V þ�V�5¼ê, -

W1 = {α ∈ V | f(α, β) = 0,∀β ∈ V },
W2 = {α ∈ V | f(β, α) = 0,∀β ∈ V }.

y²: W1 � W2 Ñ´ V ��5f�m, � dimW1 = dimW2.

y²: (1) dué?¿� β ∈ V k f(0, β) = 0, Ïd 0 ∈W1, W1 ��. q

é?¿� α1, α2 ∈W1, k ∈ K ±9?¿� β ∈ V k

f(α1 + α2, β) = f(α1, β) + f(α2, β) = 0,

f(kα1, β) = kf(α1, β) = 0,
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Ïd

α1 + α2 ∈W1, kα1 ∈W1.

¤± W1 ´ V ��5f�m. Ón�y W2 �´ V ��5f�m.

(2) � η1, · · · , ηn � V �Ä, f 3Ä η1, · · · , ηn e�ÝþÝ
� B. Ké

?¿��þ

α = (x1 · · · xn)







η1

...

ηn






, β = (y1 · · · yn)







η1

...

ηn






,

f(α, β) = (x1 · · · xn)B







y1

...

yn






.

l

α =
n∑

i=1

xiηi ∈ W1 ⇐⇒ (x1 · · · xn)B







y1

...

yn







= 0 ∀(y1, · · · , yn) ∈

Kn ⇐⇒ (x1 · · · xn)B = 0 ⇐⇒ (x1 · · · xn) �àg�5�§| XB = 0 �

).

¤± dimW1 = àg�5�§| XB = 0 �)�m��ê = n− rankB.

Ón�y dimW2 = n− rankB, ¤± dimW1 = dimW2.

7. � f � Kn þ�����¼ê, y²: f � Kn þ�V�5¼ê�¿©

7�^�´�3Ý
 A ∈Mn(K), ¦

f(X,Y ) = XTAY, X, Y ∈ Kn.

y²: (⇒) � f �Kn þV�5¼ê, � f �ÝþÝ
 A, KA ∈Mn(K),

�

f(X,Y ) = XTAY, ∀X,Y ∈ Kn.

(⇐) X��¼ê÷v

f(X,Y ) = XTAY, ∀X,Y ∈ Kn,

K f w,´ Kn þV�5¼ê.

8. éu1 5 K¥�V�5¼ê, Á¦�A�ÝþÝ
.
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): (1)






2 1 0

−3 1 0

0 0 0




.

(3) � c = 0 �, ÝþÝ
 = 0.

(4)






2 −2 2

1 −1 1

−3 3 −3




.

9. � V = K4, Xe½Â V ���¼ê f :

f(α, β) = x1y1 + x2y2 − x3y3 − x4y4,

Ù¥

α = (x1, x2, x3, x4), β = (y1, y2, y3, y4).

(1) y²: f ´ V þ���V�5¼ê;

(2) ¦ f 3Ä

η1 = (2, 1,−1, 1), η2 = (0, 2, 1, 0),

η3 = (1, 1,−2, 1), η4 = (0, 0, 1, 2)

e�ÝþÝ
;

(3) éÑ��÷v f(α,α) = 0��þ α 6= 0.

): (1) �\�y=�. yÑ.

(2) ·�k

(η1 η2 η3 η4) = (ε1 ε2 ε3 ε4)








2 0 1 0

1 2 1 0

−1 1 −2 1

1 0 1 2








 f 3Ä ε1, ε2, ε3, ε4 e�ÝþÝ
�








1

1

−1

−1







,



§ 1 �5¼ê�V�5¼ê · 65 ·

Ïd f 3Ä η1, η2, η3, η4 e�ÝþÝ
�








2 1 −1 1

0 2 1 0

1 1 −2 1

0 0 1 2















1

1

−1

−1















2 0 1 0

1 2 1 0

−1 1 −2 1

1 0 1 2








=








3 3 0 −1

3 3 4 −1

0 4 −3 0

−1 −1 0 −5







.

(3) � α = (1, 1, 1, 1), w,k f(α,α) = 0.

10. � V = K4, α = (x1, x2, x3, x4), β = (y1, y2, y3, y4),

f(α, β) = 3x1y2 − 5x2y1 + x3y4 − 4x4y3.

(1) ¦ f 3Ä

η1 = (2, 1,−1, 1), η2 = (1, 2, 1,−1),

η3 = (−1, 1, 2, 1), η4 = (1,−1, 1, 2)

e�ÝþÝ
;

(2) ,� V �Ä ε1, ε2, ε3, ε4:

(ε1, ε2, ε3, ε4) = (η1, η2, η3, η4)T,

Ù¥

T =








1 1 1 1

1 1 −1 −1

1 −1 1 −1

1 −1 −1 1







,

¦ f 3 ε1, ε2, ε3, ε4 e�ÝþÝ
.

): (1) r f 3g,Äe�ÝþÝ
P� B, rdg,Ä�Ä η1, η2, η3, η4

�LÞÝ
P� A, K

B =








0 3 0 0

−5 0 0 0

0 0 0 1

0 0 −4 0







, A =








2 1 −1 1

1 2 1 −1

−1 −1 2 1

1 −1 1 2







,
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u´ f 3Ä η1, η2, η3, η4 e�ÝþÝ
�

C = ATBA =








−1 4 2 −17

−20 −1 22 −7

−7 −17 −4 −2

22 2 −17 −4







.

(2) f 3Ä ε1, ε2, ε3, ε4 e�ÝþÝ
�

D = TTCT =








−45 9 39 −27

9 −45 9 −117

−39 −9 5 3

27 117 3 45







.

11. � f ´ n ��5�m V þ�V�5¼ê, y²: f �òz�¿©7�

^�´: l

f(α, β) = 0, é¤k�α ∈ V,

�±íÑ β = 0.

y²: (⇒) -

W1 = {α ∈ V | f(α, β) = 0,∀β ∈ V },

W2 = {α ∈ V | f(β, α) = 0,∀β ∈ V }.

X f �òz, Kd½Â 1.3 9 W1 �½Â� W1 = 0, ldSK 6 � W2 = 0.

Ïdd f(α, β) = 0∀α ∈ V �±íÑ α = 0.

(⇐) X f(α, β) = 0 ∀α ∈ V �±íÑ α = 0, K W2 = 0, Ón��

W1 = 0, Kd½Â 1.3 9 W1 �½Â� f �òz.

12. � A ∈Mm(K), V = Mm,n(K). ½Â V þ���¼ê f Xe:

f(X,Y ) = Tr(XTAY ), X, Y ∈ V.

(1) y²: f ´ V þ���V�5¼ê;

(2) ¦ f 3Ä E11, E12, · · · , E1n, · · · , Em1, · · · , Emn e�ÝþÝ
;

(3) 3�o^�e, f ´�òz�.

): (1) � X = (xij)m×n, Y = (yij)m×n, A = (aij)m, K

f(X,Y ) =

n∑

i=1

m∑

l=1

m∑

k=1

xlialkyki,
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l� f ´V�5�.

(2) du f(Est, Euv) = δtvasu, Ïd f 3Ä E11, E12, · · · , E1n, · · · , Em1,

· · · , Emn e�ÝþÝ
�

B =







a11E · · · a1mE
...

. . .
...

am1E · · · ammE






,

Ù¥ E ´ n �ü �
.

(3) du |B| = |A|n, ¤± f �òz ⇐⇒ |B| 6= 0 ⇐⇒ |A| 6= 0. = f �

òz�¿©7�^�´ A ´�_Ý
.

13. y²: Mn(K) þ�V�5¼ê

f(A,B) = TrAB, A,B ∈Mn(K)

´�òz�.

y²: � A = (aij) ∈Mn(K). XJ

f(A,B) = TrAB = 0 ∀B ∈Mn(K)

K f(A,Eij) = 0 ∀i, j = 1, · · · , n. 

f(A,Eij) = TrAEij = aji,

¤± aji = 0 é i, j = 1, · · · , n, = A = 0. Ïd f �òz.

,y: Ï�

f(A,B) = TrAB = Tr((AT)TB) = Tr((AT)TEB),

dSK 12(3) �� f �òz.

§ 2 é¡V�5¼ê

1. � f ´�5�m V þ�V�5¼ê, W ´ V �ýf�m.

y²: é ξ /∈ W , 7k�"�þ η ∈ W + L(ξ), ¦é¤k� α ∈ W , Ñk

f(η, α) = 0.
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y²: X W = 0, K(Øw,¤á. y� W 6= 0. � α1, · · · , αs � W �

Ä, KÏ ξ /∈W , ξ, α1, · · · , αs �5Ã'. �	�5�§|







x0f(ξ, α1) + x1f(α1, α1) + · · · + xsf(αs, α1) = 0

x0f(ξ, α2) + x1f(α1, α2) + · · · + xsf(αs, α2) = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

x0f(ξ, αs) + x1f(α1, αs) + · · · + xsf(αs, αs) = 0

(∗)

dàg�5�§|��§�ê s �u��þ�ê s + 1, � (*) k�")

(a0, a1, · · · , as). -

η = a0ξ + a1α1 + · · · + asαs,

K η ∈ W + L(ξ), � η 6= 0 (Ï ξ, α1, · · · , αs �5Ã', � a0, a1, · · · , as Ø�

�"). �d (*) �

f(η, αi) = 0, i = 1, 2, · · · , s.

qÏ α1, · · · , αs � W �Ä, �é?¿� α ∈W Ñk f(η, α) = 0.

2. V � f ÓþK, W ´ V ��5f�m, -

W⊥ = {α ∈ V | f(α, β) = 0,∀β ∈W}.

y²: (1) W⊥ ´ V ��5f�m;

(2) XJ W ∩W⊥ = {0}, K V = W ⊕W⊥.

y²: (1) d f(0, β) = 0 ∀β ∈W , �� 0 ∈W⊥, Ïd W⊥ ��.

é?¿� α1, α2 ∈W⊥, k ∈ K, K ∀β ∈W , k

f(α1 + α2, β) = f(α1, β) + f(α2, β) = 0,

f(kα1, β) = kf(α1, β) = 0,

Ïd α1 + α2 ∈W⊥, kα1 ∈W⊥, � W⊥ ´ V ��5f�m.

(2) é?¿� ξ /∈ W , dþK¤y, �3 η 6= 0 ∈ W + L(ξ), ¦�

f(η, α) = 0 ∀α ∈ W , = η ∈ W⊥. P η = α + aξ, KÏ W ∩W⊥ = 0, 7k

a 6= 0. ¤±

ξ = a−1η − a−1α ∈W⊥ +W.

y� V ⊆W⊥ +W .

3. ¦�_Ý
 T , ¦ TTAT �é�/. Ù¥ A �e�Ý
:
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(1)






1 1 0

1 2 2

0 2 5




; (2)






1 −2 1

−2 4 2

1 2 1




;

(3)






0 1 1

1 0 1

1 1 0




; (4)






1 1 1

1 1 1

1 1 1




;

): (1) � T =






1 −1 2

0 1 −2

0 0 1




, K TTAT =






1 0 0

0 1 0

0 0 1




.

(2) � T =








1 0 −1

0
1

4
−1

4

0
1

2

1

2








, K TTAT =






1 0 0

0 1 0

0 0 −1




.

(3) � T =






1 −1 1

0 1 0

1 −1 −1




, K TTAT =






2 0 0

0 −2 0

0 0 −2




.

(4) � T =






1 −1 −1

0 1 0

0 0 1




, K TTAT =






1 0 0

0 0 0

0 0 0




.

4. y²:









λ1

λ2

. . .

λn









�









λi1

λi2

. . .

λin









�Ü, Ù¥ i1, · · · , in ´ 1, · · · , n ���ü�.

y²: �	 n ��5�m V . � f � V þ�é¡V�5¼ê, §3Ä

η1, · · · , ηn e�ÝþÝ
�









λ1

λ2

. . .

λn









,
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´� ηi1 , · · · , ηin
E´ V �Ä, � f 3 ηi1 , · · · , ηin

e�ÝþÝ
�









λi1

λi2

. . .

λin









,

Ïdùü�Ý
�Ü.

5. y²: ��u r �é¡Ý
�±L� r ���u 1 �é¡Ý
�Ú.

y²: � A ´�� r �é¡Ý
, K�3�_Ý
 T , ¦�

TTAT =














a1

. . .

ar

0
. . .

0














, ai 6= 0.

-

Ai = T−T














0
. . .

ai

0
. . .

0














T−1,

K Ai �´é¡Ý
, rankAi = 1 � A = A1 +A2 + · · · +Ar.

6. � A �¢Ý
, y²: ATA � A ����.

y²: ´�, ATA ´¢é¡Ý
. �	¢ê�þ�àg�5�§|

ATAX = 0 (1)

�

AX = 0. (2)

w, (2) �)Ñ´ (1) �).
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� X ∈ Rn � (1) ���). -

Y = AX =







y1

...

yn






.

K

Y TY = XTATAX = 0,

l

y2
1 + y2

2 + · · · + y2
n = 0.

du yi þ�¢ê, Ïd y1 = y2 = · · · = yn = 0, Y = 0, =

AX = 0.

l (1) �)�Ñ´ (2) �). (1) � (2) Ó). dàg�5�§|)�5��

rankATA = rankA.

7. � A ��½Ý
, y²: A−1 � A∗ Ñ´�½Ý
.

y²: ´� A−1 � A∗ Ñ´¢é¡Ý
. � A∗ = |A| ·A−1. Ï A �½, �

3�_¢Ý
 C ¦ CTC = A. l A−1 = C−TC−1 ��½. d |A| > 0 ��

A∗ = |A| ·A−1 ��½.

8. y²?¿���
Ñ���L���é¡Ý
Ú���¡Ý
�Ú.

y²: � A ´���
, K B =
1

2
(A + AT) ´��é¡Ý
, C =

1

2
(A− AT) ´���¡Ý
, � A = B + C. ùÒy²
©)��35. 2

y��5. XJ�k©) A = B1 + C1, Ù¥ B1 ´é¡Ý
, C1 ´�¡Ý
.

�cª�~��� B −B1 = C1 − C. �ª�>´é¡Ý
, m>´�¡Ý
,

Ï´"Ý
, = B = B1, C = C1.

9. y²: ?¿��V�5¼êÑ���L���é¡V�5¼êÚ��

�¡V�5¼ê�Ú.

y²: (1) � f(α, β) ´��V�5¼ê, ´�

g(α, β) =
1

2
[f(α, β) + f(β, α)]

´é¡V�5¼ê,

h(α, β) =
1

2
[f(α, β) − f(β, α)]
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��¡V�5¼ê, �

f(α, β) = g(α, β) + h(α, β).

(2) q�

f(α, β) = g′(α, β) + h′(α, β),

Ù¥ g′(α, β) ´é¡V�5¼ê, h′(α, β) ´�¡V�5¼ê, K

f(β, α) = g′(β, α) + h′(β, α) = g′(α, β) − h′(α, β).

l

g′(α, β) =
1

2
[f(α, β) + f(β, α)] = g(α, β),

h′(α, β) =
1

2
[f(α, β) − f(β, α)] = h(α, β).

10. � A �¢é¡Ý
, y²:

(1) �¢ê λ ¿©���, λE +A ´�½�;

(2) A ��½��=�é?Û� λ > 0, λE +A Ñ�½.

y²: (1) �	 A(λ) = λE +A, §� r �^SÌfª

Dr(λ) = |λEr +Ar| = λr + a1λ
r−1 + · · · + ar.

¤±� λ ¿©��, k Dr(λ) > 0, r = 1, · · · , n. l� λ ¿©��, λE +A

�½.

(2) (⇒) e A ��½, Ké?¿� X 6= 0 ∈ Rn, XTAX ≥ 0. lé?¿

� λ > 0 k

XT(λE +A)X = λXTX +XTAX > 0.

� λE +A �½.

(⇐) é?¿� λ > 0 9 X 6= 0 ∈ Rn, k

XT(λE +A)X = λXTX +XTAX > 0,

l XTAX ≥ 0. � A ��½.
∗11. y²: V�5¼ê f äk��é¡5�¿©7�^�´ f �é¡½�

¡V�5¼ê.

y²: ¿©5´w,�. e¡y7�5.

(1) Xé?¿� α ∈ V Ñk f(α,α) = 0, Ké?¿� α, β ∈ V ,

0 = f(α+β, α+β) = f(α,α)+f(α, β)+f(β, β)+f(β, β) = f(α, β)+f(β, α).
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Ïd f(α, β) = −f(β, α), f ´�¡V�5¼ê.

(2) XJ�3 γ ∈ V ¦ f(γ, γ) 6= 0. Ké?¿� α ∈ V , du

f

(

α− f(α, γ)

f(γ, γ)
γ, γ

)

= f(α, γ) − f(α, γ) = 0,

¤± f

(

γ, α − f(α, γ)

f(γ, γ)
γ

)

= 0. Ïd

f(α, γ) = f(γ, α). (∗)

éu?¿� α, β ∈ V , ±e2©ü«�¹?Ø:

(a) XJ f(α, γ) 6= 0, K

f

(

α, β − f(α, β)

f(α, γ)
γ

)

= f(α, β) − f(α, β) = 0,

Ïd f

(

β − f(α, β)

f(α, γ)
γ, α

)

= 0, l

0 = f(β, α) − f(α, β)

f(α, γ)
f(γ, α)

= f(β, α) − f(α, β)

f(α, γ)
f(α, γ) d (*)

= f(β, α) − f(α, β),

= f(α, β) = f(β, α).

(b) XJ f(α, γ) = 0, K

f

(

α+ γ, β − f(α, β) + f(γ, β)

f(γ, γ)
γ

)

=f(α, β)+f(γ, β)−f(α, β)−f(γ, β) = 0,

Ïd f

(

β − f(α, β) + f(γ, β)

f(γ, γ)
γ, α+ γ

)

= 0. l

f(β, α) + f(β, γ) − f(α, β) − f(γ, β) = 0.

d (*) � f(β, γ) = f(γ, β), Ïd f(α, β) = f(β, α).

d (a) Ú (b) �� f �é¡V�5¼ê.
∗12. � V ´Eê�þ��5�m, Ù�ê n > 2, f ´ V þ���é¡V

�5¼ê. y²:

(1) V ¥k�"�þ ξ, ¦ f(ξ, ξ) = 0;
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(2) � f ´�òz�, 7k�5Ã'��þ ξ, η, ÷v:

f(ξ, η) = 1,

f(ξ, ξ) = f(η, η) = 0.

y²: (1) du dimV ≥ 2. ?� V �ü��5Ã'��þ α, β. XJ

f(α,α) = 0, K ξ = α =�¤¦. y� f(α,α) 6= 0. K 2 g�§

t2f(α,α) + 2tf(α, β) + f(β, β) = 0 (∗)

3Eê��Sk). � t0 ∈ C ´ t ���). -

ξ = t0α+ β,

K ξ 6= 0 (Ï α, β �5Ã'), �

f(ξ, ξ) = t20f(α,α) + 2t0f(α, β) + f(β, β) = 0.

l ξ = t0α+ β =�¤¦.

(2) d (1) ¤y, �3 ξ 6= 0 ∈ V ¦ f(ξ, ξ) = 0. qÏ f �òz, ��3

α ∈ V ¦ f(ξ, α) 6= 0.

(a) X f(α,α) = 0, K- η =
1

f(ξ, α)
α, =k

f(ξ, ξ) = f(η, η) = 0, f(ξ, η) = 1.

(b) X f(α,α) 6= 0, K�

η =
1

f(α, ξ)
α− f(α,α)

2(f(α, ξ))2
ξ,

���y�� f(η, η) = 0, f(ξ, η) = 1,  ξ, η ��5Ã'5´w,�. � ξ, η

=�¤¦.
∗13. y²: XJ�5�m V þ�é¡V�5¼ê f U©)�ü��5¼

ê�È:

f(α, β) = f1(α)f2(β), ∀α, β ∈ V,

K�3�"ê λ 9�5¼ê g, ¦

f(α, β) = λg(α)g(β).
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y²: XJ f = 0, K(Ø�,¤á. y� f 6= 0. Ïd�3 α0, β0 ∈ V , ¦

� f(α0, β0) 6= 0. ½Â

g : V −→ K

γ 7−→ f(α0, γ)

K g � V þ�5¼ê, � g 6= 0. é?¿� β ∈ V ,

g(β) = f(α0, β) = f1(α0)f2(β)

g(β) = f(α0, β) = f(β, α0) = f1(β)f2(α0)

w, f1(α0) 6= 0, f2(α0) 6= 0 (ÄK g 6= 0). dd�,

f1(β) =
1

f2(α0)
g(β)

f2(β) =
1

f1(α0)
g(β)

∀β ∈ V.

- λ =
1

f1(α0)f2(α0)
, K

f(α, β) = f1(α)f2(β) =
1

f2(α0)
g(α) · 1

f1(α0)
g(β) = λg(α)g(β).

∗14. � A ���½Ý
, y²: A∗ �´��½Ý
.

y²: XJ rankA = n, K A ´�½Ý
, SK 7 ®y²
 A∗ �½. XJ

rankA ≤ n − 2, K A∗ = 0, l A∗ ��½. ���Ä rankA = n − 1 ��

/. d� rankA∗ = 1, l A∗ ��ê ≥ 2 �ÌfªÑ´ 0,  A∗ � 1 �Ìf

ª = Aii (i = 1, · · · , n) = A � aii ��ê{fª (i = 1, · · · , n) = A � aii �

{fª (i = 1, · · · , n) = A � n − 1 �Ìfª ≥ 0 (Ï A ��½). ¤± A∗ �

�½.
∗15. y²½n 2.12.

y²: (1) ⇒ (2) � A ��½, K�3�_¢Ý
 T , ¦

TTAT =














a1

. . .

ar

0
. . .

0














, ai 6= 0.
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du A ��½, TTAT ���½, � ai > 0. ¤± A ��.5�ê p = r =

rankA;

(2) ⇒ (3) db�, �3�_¢Ý
 T1, ¦

TT
1 AT1 =














a1

. . .

ar

0
. . .

0














, ai > 0.

-

T2 =

















1√
A1

. . .
1√
Ar

1
. . .

1

















, T = T1T2,

K

TTAT =














1
. . .

1

0
. . .

0














=

(

Er 0

0 0

)

.

(3) ⇒ (4) db�, �3�_¢Ý
 T , ¦

TTAT =

(

Er 0

0 0

)

.

-

S =

(

Er 0

0 0

)

T,
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K

A = STS.

(4) ⇒ (1) é?¿� X 6= 0 ∈ Rn, - Y = SX, K Y ∈ Rn. ¤±

XTAX = XTSTSX = Y TY ≥ 0,

A ��½.

(1) ⇒ (5) � Bk = A(i1, · · · , ik; i1, · · · , ik) ´ A ���Ìfª. Ké?¿

�

Xk =







x1

...

xk







∈ Rk,

�±�����þ X ∈ Rn, ¦�§�1 ij �����u xj, Ù{��þ�

u 0. K

0 ≤ XTAX = XT
k BkXk,

Ïd Br ´��½�. �â (4), ����½Ý
�1�ª�K, = |Bk| ≥ 0.

(5) ⇒ (1) éu?¿��¢ê λ > 0, �	 λE+A� k �Ìf
 λEk +Ak.

ù�fÝ
�1�ª�

fk(λ) = |λEk +Ak| = λk + a1λ
k−1 + · · · + ak.

K�âSK 7–3.8, (−1)iai �u −Ak ��Ü i �Ìfª�Ú.  −Ak �z� i

�Ìfª�u Ak ��A i �Ìfª� (−1)i �. Ïd ai �u Ak �¤k i �

Ìfª�Ú, db�, ai ≥ 0. l

fk(λ) > 0 ∀λ > 0, i = 1, · · · , k.

�â½n 2.11, λE +A (λ > 0) ´�½Ý
.

?� X 6= 0 ∈ Rn, â�½5, λ ��gª

g(λ) = XT(λE +A)X = λXTX +XTAX > 0, ∀λ > 0.

Ïd XTAX ≥ 0 (ÄK� λ ¿©��¬k g(λ) < 0), l A ��½.
∗16. Ìé��þ�´ 1 �þn�/Ý
¡��Nþn�/Ý
.

(1) � A ´��é¡Ý
, T ��Nþn�/Ý
, y²: TTAT � A �

éA^SÌfªk�Ó��;
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(2) XJé¡Ý
�^SÌfª�Ø�", K�3��Nþn�/Ý
 T ,

¦ TTAT �é�/.

y²: (1) � Ar � A � r �^SÌfª (1 ≤ r ≤ n),

A =

(

Ar ∗
∗ ∗

)

.

� T ��Nþn�/Ý
,

T =

(

T11 ∗
0 T22

)

, Ù¥T11 =







1 ∗
. . .

0 1







r

,

K

TTAT =

(

TT
11 0

∗ TT
22

)(

Ar ∗
∗ ∗

)(

T11 ∗
0 T22

)

=

(

TT
11ArT11 ∗

∗ ∗

)

.

l TTAT � r �^SÌfª�u (5¿� |T11| = 1)

|TT
11AT11| = |TT

11||A||T11| = |Ar|.

(2) é A ��ê^8B{. �

T1 =

(

En−1 −A−1
n−1B

0 1

)

, An−1 = A(1, · · · , n− 1; 1, · · · , n − 1),

B =







a1n

...

an−1,n






.

ù´�Nþn�/Ý
. K

TT
1 AT1 =

(

E 0

−BTA−1
n−1 1

)(

An−1 B

BT ann

)(

E −A−1
n−1B

0 1

)

=

(

An−1 0

0 bn

)

,

Ù¥ bn = ann −BTAn−1B. du A �^SÌfª�Ø� 0, � An−1 �^SÌ

fª�Ø� 0, d8Bb�, �3 n− 1 ��Nþn�/Ý
 T2 ¦

TT
2 An−1T2 =







b1
. . .

bn−1






.
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-

T = T1

(

T2 0

0 1

)

,

K T ��Nþn�/Ý
, �

TTAT =







b1
. . .

bn






.

§ 3 �g.

1. ^�òz�5O�ze��g.�²�Ú:

(1) x2
1 + 5x2

2 − 4x2
3 + 2x1x2 − 4x1x3;

(2) 4x2
1 + x2

2 + x2
3 − 4x1x2 + 4x1x3 − 3x2x3;

(3) x1x2 + x1x3 + x2x3;

(4) 2x2
1 + 18x2

2 + 8x2
3 − 12x1x2 + 8x1x3 − 27x2x3;

(5) x2
1 − 2x1x2 + 2x1x3 − 2x1x4 + x2

2 + 2x2x3 − 4x2x4 + x2
3 − 2x2

4;

(6) x2
1 + x1x2 + x2x4.

): (1) x2
1 +5x2

2−4x2
3 +2x1x2−4x1x3 = (x1 +x2−2x3)

2 +(2x2 +x3)
2−

(3x3)
2. -







y1 = x1 + x2 − 2x3

y2 = 2x2 + x3

y3 = 3x3

=







x1 = y1 −
1

2
y2 +

5

6
y3

x2 =
1

2
y2 −

1

6
y3

x3 =
1

3
y3

k

f(x1, x2, x3) = y2
1 + y2

2 − y2
3.

(2) �ª = (2x1 − x2 + x3)
2 +

(
x2 − x3

2

)2

−
(
x2 + x3

2

)2

. -







y1 = 2x1 − x2 + x3

y2 =
x2 − x3

2

y3 =
x2 + x3

2

=







x1 =
1

2
y1 + y2

x2 = y2 + y3

x3 = −y2 + y3
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K

f(x1, x2, x3) = y2
1 + y2

2 − y2
3.

(3) -






x1 = y1 − y2 − y3

x2 = y1 + y2 − y3

x3 = y3

k

f(x1, x2, x3) = y2
1 − y2

2 − y2
3.

(4) �ª = 2(x1 − 3x2 + 2x3)
2 +

(
3x2 − x3

2

)2

−
(

3x2 + x3

2

)2

. -







y1 = x1 − 3x2 + 2x3

y2 =
3x2 − x3

2

y3 =
3x2 + x3

2

=







x1 = y1 + 3y2 − y3

x2 =
1

3
y2 +

1

3
y3

x3 = −y2 + y3

K

f(x1, x2, x3) = 2y2
1 + y2

2 − y2
3 .

(5) -






x1 = y1 − y3 − y4

x2 =
1

2
y2 −

1

2
y3 −

1

2
y4

x3 =
1

2
y2 +

1

2
y3 +

3

2
y4

x4 = y4

Kk

f(x1, x2, x3, x4) = y2
1 + y2

2 − y2
3.

(6) �ª = x2
1 +

(
x2 + x1 + x4

2

)2

−
(
x2 − x1 − x4

2

)2

. -







y1 = x1

y2 =
x2 + x1 + x4

2

y3 =
x2 − x1 − x4

2
y4 = x3

=







x1 = y1

x2 = y2 + y3

x3 = y4

x4 = −y1 + y2 − y3
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K

f(x1, x2, x3, x4) = y2
1 + y2

2 − y2
3.

2. λ �Û��, e��g.´�½�:

(1) 5x2
1 + x2

2 + λx2
3 + 4x1x2 − 2x1x3 − 2x2x3;

(2) 2x2
1 + x2

2 + 3x2
3 + 2λx1x2 + 2x1x3;

(3) 2x2
1 + 2x2

2 + x2
3 + 2λx1x2 + 6x1x3 + 2x2x3.

): (1) A =






5 2 −1

2 1 −1

−1 −1 λ




, §�^SÌfª D1 = 5 > 0, D2 = 1 >

0, D3 = λ− 2. ¤±� λ > 2 ���g.�½.

(2) �g.Ý
�^SÌfª D1 = 2 > 0, D2 = 2 − λ2, D3 = 5 − 3λ2.

d D2 > 0, � |λ| <
√

2;

d D3 > 0, � |λ| <
√

5

3
.

¤±� −
√

15

3
< λ <

√
15

3
���g.�½.

(3) �g.Ý
�^SÌfª D1 = 2, D2 = 4−λ2, D3 = −λ2+6λ−16 =

−(λ− 3)2 − 7 < 0, �ØØ λ �Û¢êÑØU¦d�g.�½.

3. e��g.´Ä�½½��½:

(1)
n∑

i=1

x2
i +

∑

16i<j6n

xixj; (2)
n∑

i=1

x2
i +

n−1∑

i=1

xixi+1;

(3) n
n∑

i=1

x2
i −

(
n∑

i=1

xi

)2

.

): (1) �g.Ý
 A =












1
1

2
· · · 1

2
1

2
1 · · · 1

2
...

...
. . .

...
1

2

1

2
· · · 1












, §�^SÌfª

Dr = |Ar| =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1
1

2
· · · 1

2
1

2
1 · · · 1

2
...

...
. . .

...
1

2

1

2
· · · 1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
r

=
1

2r
(r + 1) > 0, r = 1, · · · , n.

���g.�½.
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(2) �ª f =
1

2
x2

1+
1

2
(x1+x2)

2+
1

2
(x2+x3)

2+· · ·+1

2
(xn−1+xn)2+

1

2
x2

n ≥
0. Ïd f = 0 ⇐⇒ x1 = 0, x1 + x2 = 0, x2 + x3 = 0, · · · , xn−1 + xn =

0, xn = 0 ⇐⇒ x1 = x2 = · · · = xn = 0. ���g.�½.

(3) �ª = (−1)
n∑

i=1

x2
i − 2

∑

1≤i,j≤n

xixj =
∑

1≤i,j≤n

(xi − xj)
2 ≥ 0. � x1 =

x2 = · · · = xn 6= 0 �¦d�g.�"�. Ïd��g.��½.

4. � A, B, C �n�/�n�S�, y²: é?¿¢ê x, y, z k

x2 + y2 + z2 > 2xy cosA+ 2xz cosB + 2yz cosC.

y²: �	�g. f(x, y, z) = x2 + y2 + z2 − 2xy cosA − 2xz cosB −
2yz cosC.

f(x, y, z)

= (x−y cosA−z cosB)2+y2 sin2A+z2 sin2B−2yz cosA cosB−2yz cosC

= (x− y cosA− z cosB)2 + y2 sin2A+ z2 sin2B − 2yz sinA sinB

= (x− y cosA− z cosB)2 + (y sinA− z sinB)2.

l f ��½, dd�(Ø¤á.

5. y²: e
n∑

i=1

n∑

j=1

aijxixj (aij = aji) ´�½�g., K

f(y1, y2, · · · , yn) =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 · · · a1n y1

a21 a22 · · · a2n y2

. . . . . . . . . . . . . . . . . . . . . . .

an1 an2 · · · ann yn

y1 y2 · · · yn 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

´K½�g..

y²: ®�

(

E 0

−Y TA−1 1

)(

A Y

Y T 0

)

=

(

A Y

0 −Y TA−1Y

)

. ¤±

f(y1, · · · , yn) =

∣
∣
∣
∣
∣

A Y

Y T 0

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣

A Y

0 −Y TA−1Y

∣
∣
∣
∣
∣

= |A|(−Y TA−1Y ) = Y T(−A∗)Y.

d A �½�� A∗ �½, u´ −A∗ K½. Ïd f(y1, · · · , yn) = Y T(−A∗)Y ´

K½�g..
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∗6. �k¢Xê�g¼ê

f(x1, x2, · · · , xn) =

n∑

i=1

n∑

j=1

aijxixj +

n∑

i=1

2bixi + c, aij = aji.

-

A =








a11 a12 · · · a1n

a21 a22 · · · a2n

. . . . . . . . . . . . . . . . . . .

an1 an2 · · · ann







, D =











a11 a12 · · · a1n b1

a21 a22 · · · a2n b2

. . . . . . . . . . . . . . . . . . . . . . .

an1 an2 · · · ann bn

b1 b2 · · · bn c











.

(1) y²: � A K½�, f k���, � fmax =
|D|
|A| ;

(2) � A K½, Á(½� x1, · · · , xn �Û��, f �����.

): (1) �

T =

(

En −A−1B

0 1

)

, B =







b1
...

bn






,

-








y1

...

yn

yn+1









= T−1









x1

...

xn

1









, (∗)

´� yn+1 = 1. K

f(x1, · · · , xn) = (x1 · · · xn 1)D









x1

...

xn

1









= (y1 · · · yn 1)TTDT









y1

...

yn

1
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= (y1 · · · yn 1)

(

A 0

0 d

)









y1

...

yn

1









= Y TAY + d.

du A K½, �é?¿� Y ∈ Rn k Y TAY ≤ 0, ¤± f ≤ d. �� f k4�

� d, �� Y = 0 � f �4��. ùp

d =
|A|d
|A| =

|TTDT |
|A| =

|D|
|A| .

(2) d (*),









x1

...

xn

1









= T









y1

...

yn

1









=

(

En −A−1B

0 1

)









y1

...

yn

1









,

� X = Y −A−1B. � Y = 0 � X = −A−1B, =�







x1

...

xn







= −A−1







b1
...

bn







�, f ����.

7. ,ó�)� A «�¬ x (z) �Ú B «�¬ y (z) ��o¤�¼ê�:

C(x, y) = x2 + 2xy + y2 + 100 (��).

`¯ü«�¬�I¦¼ê�:

x = 26 − pA, y = 10 − 1

4
pB,

Ù¥ pA, pB ��¬�A�Èd (��/z�). ¦|d����¬�êþÚ|d.

): âK¿, |d¼ê�

p(x, y) = xpa + ypb − C(x, y)

= x(26 − x) + y(40 − 4y) − C(x, y)
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= −2x2 − 2xy − 5y2 + 26x+ 40y − 100.

�KÒ´¦�g¼ê����. �

A =

(

−2 −1

−1 −5

)

, D =






−2 −1 13

−1 −5 20

13 20 −100




 , B =

(

13

20

)

.

ùp A ´K½Ý
. �âSK 7, �

(

x

y

)

= −A−1B = −A−1

(

13

20

)

= −1

9

(

−5 1

1 −2

)(

13

20

)

=

(

5

3

)

�, |d��, ���|d�

pmax =
|D|
|A| = 25 ��.

��ü«�¬©OÈÑ 500 �� 300 ��, �¼��|d 25 ��.

§ 4 é¡C�9Ù;�/

1. ¦��Ý
 T , ¦ T−1AT �é�/, � A �e�Ý
:

(1)






2 −2 0

−2 1 −2

0 −2 0




; (2)






2 2 −2

2 5 −4

−2 −4 5




;

(3)








2 −2 0 1

−2 2 1 0

0 1 2 −2

1 0 −2 2








; (4)








1 −1 3 −2

−1 1 −2 3

3 −2 1 −1

−2 3 −1 1








;

(5)








−1 −3 3 −3

−3 −1 −3 3

3 −3 −1 −3

−3 3 −3 −1








; (6)








1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1








.

): (1) T =
1

3






2 2 1

1 −2 2

−2 1 2




, T−1AT =






1 0 0

0 4 0

0 0 −2




.
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(2) T =
1

3






−2 2 1

2 1 2

1 2 −2




, T−1AT =






1 0 0

0 1 0

0 0 10




.

(3) T =
1

2








1 1 1 1

1 1 −1 −1

1 −1 1 −1

1 −1 −1 1








, T−1AT =








1 0 0 0

0 −1 0 0

0 0 3 0

0 0 0 5








.

(4) T =
1

2








1 1 1 1

1 1 −1 −1

1 −1 −1 1

1 −1 1 −1








, T−1AT =








1 0 0 0

0 −1 0 0

0 0 −3 0

0 0 0 7








.

(5) T =
1

2








1 1 1 1

1 −1 1 −1

1 −1 −1 1

1 1 −1 −1








, T−1AT =








−4 0 0 0

0 −4 0 0

0 0 −4 0

0 0 0 8








.

(6) T =
1

2








1 1 1 1

1 −1 1 −1

1 −1 −1 1

1 1 −1 −1








, T−1AT =








4 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0








.

2. � A ��� n �¢Ý
, � |A| 6= 0. y²: A �©)¤

A = QT,

Ù¥ Q ´��Ý
, T ´þn�/Ý
.

y²: � n �îAp��m V , � η1, · · · , ηn ´§���5���Ä. -

(α1, · · · , αn) = (η1, · · · , ηn)A (∗)

du |A| 6= 0, A �_, Ïd α1, · · · , αn ´ V �Ä. A^�.0–��A��z

�{, �� V ���5���Ä β1, · · · , βn. -

(α1, · · · , αn) = (β1, · · · , βn)T,

d18Ù½n 3.4 �y²��, T �þn�/Ý
. -

(β1, · · · , βn) = (η1, · · · , ηn)Q,

K Q ���Ý
. �

(α1, · · · , αn) = (β1, · · · , βn)T = (η1, · · · , ηn)QT,
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� (*) '�, � A = QT .

3. � A ��� n ��½Ý
, y²: �3þn�/Ý
 T , ¦

A = TTT.

y²: d A �½���3�_¢Ý
 B ¦� A = BTB. dþK, �3�

�Ý
 Q �þn�/Ý
 T , ¦�

B = QT.

l

A = BTB = TTQTQT = TTT.

4. � A �¢é¡Ý
, y²: A �½ (��½) �¿©7�^�´ A �A

����u (�u�u) ".

y²: �3��Ý
 T , ¦�

T−1AT = TTAT =









λ1

λ2

. . .

λn









,

Ù¥ λ1, λ2, · · · , λn � A ��ÜA��. u´ A �½ (��½) ⇐⇒ TTAT �

½ (��½) ⇐⇒ λi > 0 (λi ≥ 0), i = 1, · · · , n.

5. y²: ü�¢é¡Ý
�q�¿©7�^�´§�k�Ó�A�õ�

ª.

y²: 7�5w,. ey¿©5. �¢é¡Ý
 A,B k�Ó�A�õ�

ª, l§�k�Ó�A�� λ1, λ2, · · · , λn. u´�3��Ý
 T � Q, ¦�

T−1AT = TTAT =









λ1

λ2

. . .

λn









,

Q−1BQ = QTBQ =









λ1

λ2

. . .

λn









.
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w, A � B �q.

6. � A � n �¢Ý
, y²: �3��Ý
 T , ¦ T−1AT �n�/Ý


�¿©7�^�´ A �A���´¢ê.

y²: (⇒) �k��Ý
 T ¦

T−1AT =









λ1 ∗
λ2

. . .

0 λn









,

K λ1, · · · , λn T� A � n �A��. du A,T þ�¢Ý
, T−1AT �´¢Ý


, �A�� λ1, · · · , λn Ñ´¢ê.

(⇐) é n ^8B{. n = 1 �(Øw,¤á. y3b�(Øé n− 1 �÷

v^��¢Ý
¤á. �	 n �¢Ý
 A.

� V � n �îAp��m, η1, · · · , ηn � V �5���Ä. - A ∈
End(V ), ¦�

(A η1, · · · ,A ηn) = (η1, · · · , ηn)A.

� λ1 ∈ R � A �?¿A��, K λ1 �´ A �A��. - α1 � A �áuA

�� λ1 �ü A��þ, K α1 �*¿� V �5���Ä α1, α2, · · · , αn. -

(A α1, · · · ,A αn) = (α1, · · · , αn)









λ1 ∗
0
... A1

0









,

(α1, · · · , αn) = (η1, · · · , ηn)T1,

K T1 ���Ý
, �
(

λ1 ∗
0 A1

)

= T−1
1 AT1.

´� A1 � n− 1 �¢Ý
, �ÙA���´ A �A��, l�Ñ´¢ê. d

8Bb�, �3��Ý
 T2, ¦

T−1
2 A1T2 =







λ2 ∗
. . .

0 λn






,
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-

T = T1

(

1 0

0 T2

)

,

K T ���Ý
, �

T−1AT =









λ1 ∗
λ2

. . .

0 λn









,

d8B{�n�(Ø¤á.

7. y²: A���´¢ê���
7´é¡Ý
.

y²: � A �A���´¢ê���
, dþK, �3��Ý
 T , ¦

TTAT = T−1AT = D

�þn�/
. qÏ� D ´��
, � D−1 = DT �´þn�/Ý
, �§q

´en�/
, � D ´é�
. l D �é¡Ý
. �

A = TDTT

��é¡Ý
.
∗8. � A,B ´ü� n �¢é¡Ý
, � B �½, y²: �3�_Ý
 T , ¦

TTAT �TTBT

Ó��é�/.

y²: du B �½, Ïd�3�_Ý
 S ¦�

STBS = E.

 STAS E�¢é¡Ý
, ��3��Ý
 Q ¦ D = QT(STAS)Q �é�
.

- T = SQ, K T �_, �

TTAT = D, TTBT = E,

þ�é�
.
∗9. � A ��½Ý
, y²: �3�½Ý
 B, ¦ B2 = A.
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y²: �3��
 T , ¦

A = T−1









λ1

λ2

. . .

λn









T = TT









λ1

λ2

. . .

λn









T.

Ï� A �½, � λi > 0. -

B = TT









√
λ1 √

λ2

. . .
√
λn









T,

K B �½, �

B2 = A.

∗10. � A = (aij) � B = (bij) Ñ´ n ��½ (��½) Ý
, - C =

(aijbij), y²: C �´�½ (��½) Ý
.

y²: �3¢Ý
 P , ¦

PTP = B.

P P = (pij), K

bij =

n∑

k=1

pkipkj.

u´é?¿� X = (xi) ∈ Rn,

XTCX =
n∑

i=1

n∑

j=1

aijbijxixj

=
n∑

i=1

n∑

j=1

aij

(
n∑

k=1

pkipkj

)

xixj

=

n∑

k=1

(
n∑

i=1

n∑

j=1

aij(pkixi)(pkjxj)

)

.

du A �½ (��½), ¤±

n∑

i=1

n∑

j=1

aij(pkixi)(pkjxj) ≥ 0,
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l XTCX ≥ 0, � C ��½. qe A � B ��½, K P �_. - XTCX ≥
0, K

n∑

i=1

n∑

j=1

aij(pkixi)(pkjxj) = 0,

 A �½, �

pk1x1 = pk2x2 = · · · = pknxn = 0, k = 1, 2, · · · , n.

qÏ P �_, P �?Û��þ���Ø�U��". e

pijj 6= 0, j = 1, 2, · · · , n,

K xj = 0, j = 1, 2, · · · , n. �d XTCX = 0 �íÑ X = 0, l C �½.

∗§ 5 �¡V�5¼ê

1. y²: ¢�¡Ý
�A���´"½XJê.

y²: � A �¢�¡Ý
, λ ´ A ���A��. ´� −λ2 ´ −A2 ��

�A��.  −A2 = ATA, � −A2 ��½, �� −λ2 ≤ 0 (SK 9–4.4), l

λ �"½XJê.

2. y²: XJ A ´��¢�¡Ý
, K B = (E −A)(E +A)−1 ´���

�Ý
.

y²: dþK�, E +A �_, l

BTB = [(E −A)(E +A)−1]T[(E −A)(E +A)−1]

= (E −A)−1(E +A)(E −A)(E +A)−1

= (E −A)−1(E −A)(E +A)(E +A)−1 = E,

� B ´��Ý
.
∗3. � f ´ n �îAp��m V ��"�¡V�5¼ê. y²: �3�"

�þ α, β ∈ V 9 a > 0, ¦�é?¿� ξ ∈ V k

f(α, ξ) = a(β, ξ), f(β, ξ) = −a(α, ξ).

y²: � η1, · · · , ηn ´ V ���5���Ä, f 3dÄe�ÝþÝ
� A,

K A �¢�¡Ý
, �é?¿� ξ =
n∑

i=1

xiηi, η =
n∑

i=1

yiηi, k

f(ξ, η) = XTAY.
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Ï A ´¢�¡Ý
, � ATA ���½Ý
.  f 6= 0, � A 6= 0, l

ATA 6= 0, ¤± ATA k�"A��. ?� ATA ����"A�� λ, K λ > 0.

- a =
√
λ. � 





a1

...

an







� ATA �áuA�� λ �A��þ, �







b1
...

bn







= −1

a
A







a1

...

an






.

-

α =

n∑

i=1

aiηi, β =

n∑

i=1

biηi,

K α 6= 0.ey α, β, a ÷v�¦.

é?¿� ξ =
n∑

i=1

xiηi, k

f(α, ξ) = (a1 · · · an)A







x1

...

xn







= −






A







a1

...

an













T





x1

...

xn







= a(b1 · · · bn)







x1

...

xn







= a(β, ξ),

f(β, ξ) = (b1 · · · bn)A







x1

...

xn







= −1

a
(a1 · · · an)ATA







x1

...

xn







= −1

a






ATA







a1

...

an













T





x1

...

xn







= −a(a1 · · · an)







x1

...

xn







= −a(α, ξ),
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q f(β, α) = −a(α,α) 6= 0, ¤± β 6= 0.
∗4. � f ´ n �î¼�m V þ��¡V�5¼ê.

y²: �35���Äη1 , ξ1, η2, ξ2, · · · , ηr, ξr, ζ1, · · · , ζn−2r, ¦ f 'uù

�Ä�ÝþÝ
äkXe©¬Ý
�/ª:

diag

((

0 a1

−a1 0

)

, · · · ,
(

0 ar

−ar 0

)

, 0, · · · , 0
)

, ai > 0.

y²: é V ��ê n ^êÆ8B{. � n = 1 �, f = 0, (Øw,¤á.

yb�(Øé m < n Ñ¤á, y²� dimV = n �¤á.

X f = 0, (Øw,¤á. X f 6= 0, dSK 3, �3�"�þ η1, ξ1 9ê

a1 > 0, ¦é?¿� ξ ∈ V k

f(η1, ξ) = a1(ξ1, ξ), f(ξ1, ξ) = −a1(η1, ξ).

du η1, ξ1 �?��ê kη1, kξ1 �÷vþã�ª, ��� η1, ξ1 Ñ´ V ¥ü 

�þ.

q, 0 = f(ξ1, ξ1) = −a(η1, ξ1), � η1, ξ1 ��, l η1, ξ1 � V �5��

��þ|.

-

L = L(η1, ξ1), W = L⊥,

K V = L ⊥ W , dimL = 2, dimW = n − 2. f �w�´ W þ��¡V�5

¼ê. d8Bb�, �3 W �5���Ä

η2, ξ2, · · · , ηr, ξr, ζ1, · · · , ζn−2r

9 ai > 0, i = 2, · · · , r, ¦ f |W 'uù�Ä�ÝþÝ
�©¬é�
:

diag

((

0 a2

−a2 0

)

, · · · ,
(

0 ar

−ar 0

)

, 0, · · · , 0
)

.

´� η1, ξ1, · · · , ηr, ξr, ζ1, · · · , ζn−2r �¤ V �5���Ä. du� i ≥ 2 �k

f(η1, ξi) = a(ξ1, ξi) = 0, f(η1, ηi) = a(ξ1, ηi) = 0,

f(ξ1, ξi) = −a(η1, ξi) = 0, f(ξ1, ηi) = −a(η1, ηi) = 0,

Ï f 3Ä η1, ξ1, · · · , ηr, ξr, ζ1, · · · , ζn−2r e�ÝþÝ
�

diag

((

0 a1

−a1 0

)

, · · · ,
(

0 ar

−ar 0

)

, 0, · · · , 0
)

.

ldêÆ8B{�n�(Ø¤á.
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∗§ 6 j�m

1. �jÝ


A =
1

9






4 + 3i 4i −6 − 2i

−4i 4 − 3i −2 − 6i

6 + 2i −2 − 6i 1




 ,

¦é�Ý
 B 9jÝ
 U , ¦

B = U−1AU.

): A �A��� λ1 = 1, λ2 = i, λ3 = −i. �A�A��þ�







i

1

−1

2






,







i

−1

2
1






,







−1

2
i

1

1






.

§�p���. ü z��

α1 =
1

3






2i

2

−1




 , α2 =

1

3






2i

−1

2




 , α3 =

1

3






−i

2

2




 .

-

U =
1

3






2i 2i −i

2 −1 2

−1 2 2




 ,

K U �jÝ
, �

B = U−1AU =






1 0 0

0 i 0

0 0 −i




 .

2. �D��AÝ


A =






3 −i 0

i 3 0

0 0 4




 ,
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¦é�Ý
 B 9jÝ
 U , ¦

B = U−1AU.

): A �A��� λ1 = 2, λ2 = λ3 = 4. áuA�� 2 �A��þ�

α1 =






i

1

0




 ,

áuA�� 4 �A��þ�

α2 =






−i

1

0




 , α3 =






0

0

1




 .

§�p���. ü z��

η1 =
1√
2






i

1

0




 , η2 =

1√
2






−i

1

0




 , η3 =






0

0

1




 .

-

U =









√
2

2
i −

√
2

2
i 0

√
2

2

√
2

2
0

0 0 1









,

K U �jÝ
, �

B = U−1AU =






2 0 0

0 4 0

0 0 4




 .

3. y²: þn�/�jÝ
7�é�Ý
, �é����� 1.

y²: � A ´þn�/�jÝ
, Kk A−1 = A
T
. þn�/Ý
�_

Ý
E´þn�/Ý
, �§�=�Ý
K´en�/Ý
. Ïd A 7L´é

�Ý
. � A = diag(a1, · · · , an), d A
T
A = diag(|a1|2, · · · , |an|2) = E ��

|ai| = 1, i = 1, · · · , n.

4. y²: jÝ
�A����� 1.
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y²: � λ0 �jÝ
 A ?�A��,

α =







a1

...

an







∈ Cn

� A �áuA�� λ0 �A��þ. K

Aα = λ0α.

l

αTα = αT(A
T
A)α = (Aα)T(Aα) = λ0α

T · λ0α = λ0λ0α
Tα,

du α 6= 0, αTα > 0, � λ0λ0 = 1.

5. � A ����_EÝ
, y²: A �©)�

A = UT,

Ù¥, U ´jÝ
, T ´��é��þ�����¢ê�þn�/Ý
. ¿y

²ù�©)´���.

y²: (a) Äk^8B{y²:

X B �� n× r �÷�Ý
, K�3é��þ������ r �þn�/


 T , ¦ C = BT ���þ|� Cn ¥ü ���þ|.

é r ^8B{. � r = 1 �(Øw,¤á. yb½(Øé�ê < r ��÷

�Ý
¤á. �	 n× r �÷�Ý
.

� B ��� α1, · · · , αr, K α1, · · · , αr �5Ã'. - a1 =
1

|α1|
, a1i =

−(αi, α1)

|α1|
, i = 2, · · · , r,

T1 =









a1 a12 · · · a1r

1 0
. . .

0 1









,

C1 = BT1 = (β1, β2, · · · , βr),

K C1 E��÷�, �

|β1| = 1, (β1, βi) = 0, i = 2, · · · , r.
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-

B1 = (β2, · · · , βr).

K B1 � n× (r− 1) ��÷�Ý
, d8B{b�, �3 r− 1 �þn�/Ý


T2 =







a2 ∗
. . .

0 ar






, ai > 0, i ≥ 2,

¦ B1T2 ���þ�ü ���þ|. -

T = T1

(

1 0

0 T2

)

,

K

T =









a1 ∗
a2

. . .

0 an









�þn�/�, � ai > 0. - C = BT = (β1 | B1T1), K C ���Ñ´ü �

þ, qÏ β1 � B1 �����,  B1T ���� B1 ��5|Ü, � C ���

þ|�ü ���þ|.

(b) � A � n ��_EÝ
, Kd (a) �, �3é��þ������þ

n�/Ý
 S, ¦ AS ���þ|�ü ���þ|. l

U = AS

�jÝ
. - T = S−1, K T �þn�/Ý
, qÏ S �é��þ����,

� T �é��þ����, �

A = UT.

(c) �,kjÝ
 U1 9é��þ�����þn�/Ý
 T1, ¦ A =

U1T1. K

UT = U1T1,

l

TT−1
1 = U−1U1.
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þª�>´þn�/
, m>���
, l U−1U1 �é�
. qÏdÝ
�

é��þ����, � U−1U1 = E. u´

U = U1, T = T1.

��5�y.

6. y²: é?�EÝ
 A, 7�3jÝ
 U , ¦ U−1AU �þn�/Ý
.

y²: é A ��ê n ^8B{. n = 1 �(Øw,¤á. yb½(Øé�

ê�u n �Ý
¤á. �	 n �Ý
 A.

� λ1 � A �?�A��, α1 ∈ Cn � A �áuA�� λ1 �ü A��

þ. ò α1 *¿�j�m Cn �5���Ä α1, · · · , αn. -

U1 = (α1, α2, · · · , αn),

K U1 �jÝ
, �

AU1 = U1

(

λ1 ∗
0 A1

)

,

K

U−1
1 AU1 =

(

λ1 ∗
0 A1

)

.

d8Bb�, �3 n− 1 �jÝ
 U2, ¦

U−1
2 A1U2 =







λ2 ∗
. . .

0 λn






.

-

U = U1

(

1 0

0 U2

)

,

K U �jÝ
, �

U−1AU =









λ1 ∗
λ2

. . .

0 λn









.

7. y²: é?�jÝ
 A, 7kjÝ
 U , ¦ U−1AU �é�
.
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y²: dþK, �3jÝ
 U ¦

U−1AU = B

�þn�/Ý
. Ïþª�>�jÝ
, � B �jÝ
. u´ B Q´jÝ
q

´þn�/Ý
, 7�é�
.

8. y²: D��AÝ
�A���´¢ê, �§�áuØÓA���A�

�þ�p��.

y²: (a) � λ �D��AÝ
 H ���A��, α ∈ Cn � H �áuA

�� λ �A��þ. K

λαTα = αTAα = αTA
T
α = Aα

T
α = λαTα.

du αTα > 0, ¤± λ = λ, λ ∈ R.

(b) � α, β ©O� H �áuØÓA�� λ1, λ2 �A��þ, K

λ2α
Tβ = αTAβ = αTA

T
β = Aα

T
β = λ1α

Tβ.

(5¿: λ1 ∈ R) u´ (λ1 − λ2)α
Tβ = 0. d λ1 6= λ2 �� αTβ = 0, = α ⊥ β.

9. y²: é?�D��AÝ
 H, 7kjÝ
 U , ¦ U−1HU �é�/.

y²: dSK 6, �3jÝ
 U , ¦ T = U−1HU ´þn�/Ý
. q

T
T

= (U−1HU)
T

= U
T
HU

T

= U
T
HU = U−1HU = T.

Ïd T ´é�
.
∗10. � A �EÝ
, XJ A

T
A = AA

T
, K¡ A �5��
. y²: é?

�5��
, 7kjÝ
 U , ¦ U−1AU �é�/.

y²: dSK 6, �3jÝ
 U , ¦ T = U−1AU ´þn�/Ý
. q

T
T
T = (U−1AU)

T · U−1AU = U
T
AU

T

· UT
AU

= U
T
A

T
AU = U

T
AA

T
U

= U−1AU · (U−1AU)
T

= TT
T
.

Ïd T �´5��
. dÝ
�¦{N´y²: þn�/�5��
7�é�


, Ïd(Ø¤á.

∗§ 7 éó�m

1. 3 K3 ¥, ¦Ä (1, 0, 2), (1, 2, 1), (0, 2, 1) �éóÄ.
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): �K3 �g,Ä� ε1 = (1, 0, 0), ε2 = (0, 1, 0), ε3 = (0, 0, 1), f1, f2, f3

� ε1, ε2, ε3 �éóÄ, g1, g2, g3 � α1 = (1, 0, 2), α2 = (1, 2, 1), α3 = (0, 2, 1)

�éóÄ, - (α1, α2, α3) = (ε1, ε2, ε3)A, K

A =






1 1 0

0 2 2

2 1 1




 .

d·K 7.1 �,

(g1, g2, g3) = (f1, f2, f3)A
−T,

ùp

A−T =
1

4






0 4 −4

−1 1 1

2 −2 2




 .

Ïdé?¿� α = (x, y, z) ∈ K3, k

g1(x, y, z) =
1

4
(−f2 + 2f3)(x, y, z) = −1

2
y +

1

2
z,

g2(x, y, z) =
1

4
(4f1 + f2 − 2f3)(x, y, z) = x+

1

4
y − 1

2
z,

g3(x, y, z) =
1

4
(−4f1 + f2 + 2f3)(x, y, z) = −x+

1

4
y +

1

2
z.

2. � η1, η2, η3 ´�5�m V ���Ä, f1, f2, f3 ´§�éóÄ,

α1 = η1 + 2η2 + 3η2, α2 = η1 + η2 − η3, α3 = η1 + η2.

Áy α1, α2, α3 ´§���Ä¿¦ÙéóÄ (^ f1, f2, f3 LÑ).

): �

(α1, α2, α3) = (η1, η2, η3)A,

K

A =






1 1 1

2 1 1

3 −1 0




 .

´� A �_, �

A−1 =






−1 1 0

−3 3 −1

5 −4 1




 .
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Ïd α1, α2, α3 ´ V ���Ä. � f ′
1, f

′
2, f

′
3 ´ α1, α2, α3 �éóÄ, -

(f ′
1, f

′
2, f

′
3) = (f1, f2, f3)S,

Kd·K 7.1 �

S = A−T =






−1 −3 5

1 3 −4

0 −1 1




 ,

(f ′
1, f

′
2, f

′
3) = (f1, f2, f3)






−1 −3 5

1 3 −4

0 −1 1




 .

3. � V ´ê� K þ����5�m, f1, · · · , fs ´ V � s ��5¼ê.

8Ü

W = {α ∈ V | fi(α) = 0, i = 1, · · · , s}.

y²: (1) W ´ V ����5f�m (¡��5¼ê f1, · · · , fs �"zf

�m);

(2) V �?¿�5f�mÑ´,
�5¼ê�"zf�m.

y²: (1) d fi(0) = 0, i = 1, · · · , s, � 0 ∈ W , W ��. � α, β ∈ W ,

k ∈ K, Ké i = 1, · · · , s,

fi(α+ β) = fi(α) + fi(β) = 0,

fi(kα) = kfi(α) = 0,

¤± α+ β ∈W , kα ∈W , W ´ V ��5f�m.

(2) � W � V ����5f�m. � α1, · · · , αr ´ W �Ä, ò§*¿�

V �Ä α1, · · · , αn. é?¿�

α = x1α1 + · · · + xrαr + xr+1αr+1 + · · · + xnαn,

½Â

f1(α) = xr+1, f2(α) = xr+2, · · · fn−r(α) = xr+n,

K´� f1, · · · , fn−r Ñ´ V ��5¼ê. w,é?¿� α ∈ W k fi(α) = 0,

i = 1, · · · , n− r. qe α =
n∑

i=1

xiαi ÷v

fi(α) = 0, i = 1, · · · , n− r,
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Kk xr+1 = · · · = xn = 0, l

α = x1α1 + · · · + xrαr ∈W.

Ïd W ´ f1, · · · , fn−r �"zf�m.

4. � f � n ��5�m V þ��"�5¼ê, y²: �3 V �Ä

η1, · · · , ηn, ¦

∀α =
n∑

i=1

xiηi, Ñkf(α) = x1.

y²: du f �", ��3 γ ∈ V ¦�

f(γ) = c 6= 0 ∈ K.

- α =
γ

c
, K α 6= 0, � f(α) = 1. ò α *¿� V �Ä α1 = α,α2, · · · , αn. -

η1 = α1, η2 = α2 − f(α2)α1, · · · , ηi = αi − f(αi)α1, · · · , ηn = αn − f(αn)α1,

K η1, · · · , ηn �´ V �Ä, �

f(η1) = 1, f(ηi) = 0, i = 2, · · · , n.

lé?¿� α =
n∑

i=1

xiηi, k

f(α) =
n∑

i=1

xif(ηi) = x1.

5. � A �ê� K þ n ��5�m V ��5C�, η1, · · · , ηn � V �Ä.

f1, · · · , fn � η1, · · · , ηn �éóÄ.

(1) y²: é V �?��5¼ê f , fA E´ V ��5¼ê;

(2) ½Â V ∗ �g��N� A ∗ �:

A
∗ : f 7−→ fA

y²: A ∗ ´ V ∗ ��5C�;

(3) X A 3Ä η1, · · · , ηn e�Ý
´ A, Á¦ A ∗ 3Ä f1, · · · , fn e�Ý


.

y²: (1) w, fA ´ V � K �N�. é?¿� α, β ∈ V , k ∈ K, k

(fA )(α+ β) = f(A (α+ β)) = f(A α+ A β) = f(A α) + f(A β)
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= (fA )(α) + (fA )(β),

(fA )(kα) = f(A (kα)) = f(kA α) = kf(A α) = k(fA )(α),

¤± fA ´ V þ��5¼ê.

(2) d (1) �, A ∗ ´ V ∗ ���C�. é?¿� f, g ∈ V ∗, k ∈ K, α ∈ V ,

k

(A ∗(f + g))(α) = (f + g)(A α) = f(A α) + g(A α)

= (fA )(α) + (gA )(α) = (A ∗f)(α) + (A ∗g)(α),

d α �?¿5��

A
∗(f + g) = A

∗f + A
∗g.

qd

(A ∗(kf))(α) = (kf)(A α) = k(fA )(α) = k(A ∗f)(α),

d α �?¿5��

A
∗(kf) = kA ∗f.

Ïd A ∗ ´ V ∗ ��5C�.

(3) d®�,

(A η1, · · · ,A ηn) = (η1, · · · , ηn)A,

�

(A ∗f1, · · · ,A ∗fn) = (f1, · · · , fn)S,

K

A
∗fj =

n∑

k=1

skjfk, j = 1, · · · , n.

l

(A ∗fj)(ηi) =
n∑

k=1

skjfk(ηi) = sij, i, j = 1, · · · , n.

,��¡,

(A ∗fj)(ηi) = fj(A ηi) = fj

(
n∑

l=1

aljηl

)

=
n∑

l=1

aljfj(ηl) = aji, i, j = 1, · · · , n.
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u´

aji = sij, i, j = 1, · · · , n.

dd�

S = AT.

6. � V ´ê� K þ����5�m, f1, · · · , fs ´ V � s ��"�5¼

ê, y²: �3�þ α ∈ V , ¦

fi(α) 6= 0, i = 1, · · · , s.

y²: �

Wi = {α ∈ V | f(α) = 0}, i = 1, 2, · · · , s.

K Wi ´ V �f�m, qÏ� fi 6= 0, Wi 6= V . -

W = W1 ∪W2 ∪ · · · ∪Ws,

K W Ø´ V ��5f�m (1nÙSK 3–4.5). Ïd W 6= V . q W ⊂ V , 7

k α ∈ V , α 6∈W , u´é¤k� i = 1, · · · , s k α 6∈Wi, = fi(α) 6= 0.

7. � α1, · · · , αs ´�5�m V ¥� s ��"�þ, y²: �3 V þ��

5¼ê f , ¦

f(αi) 6= 0, i = 1, · · · , s.

y²: �	éó�m V ∗, K α1, · · · , αs �w� V ∗ þ� s ��5¼ê, �

dþK, �3 f ∈ V ∗, ¦

α∗
i (f) = f(αi) 6= 0, i = 1, · · · , s.


