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§ 1 áNã�ÝK

1. Á©O^��ÿÝK9���ÿÝKxÑ>��u 2, 3, 4 ���N±

9�o¡N.

):

§ 2 �m¡����§

1. ©OÒe�^�¦¥¡�§:

(1) ��»�üà:� A(2,−3, 5) Ú B(4, 1,−3);

(2) ¥%3��
x− 4

2
=
y + 8

−4
=
z − 2

1
þ, �L: (2,−3, 6) Ú (6, 3,−2);

(3) L: (−1, 2, 5), �� 3 ��I²¡��;

(4) L: (
√

2,
√

2, 2), ��¹�:







x2 + y2 = 4,

z = 0.
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): (1) ¥%�I C

(
2 + 4

2
,
−3 + 1

2
,
5 − 3

2

)

= (3,−1, 1), �»

R =
√

(3 − 2)2 + (−1 + 3)2 + (1 − 5)2 =
√

21,

¤±¥¡�§� (x− 3)2 + (y + 1)2 + (z − 1)2 = 21.

(2) Ï¥%3®���þ, �§��IA� (4 + 2t,−8− 4t, 2 + t). qÏ:

(2,−3, 6) Ú (6, 3,−2) 3¥¡þ, ¤±§��¥%�ål��, =

(4+2t−2)2+(−8−4t+3)2+(2+t−6)2 = (4+2t−6)2+(−8−4t−3)2+(2+t+2)2,

)� t = −2, l¥%�I´ (0, 0, 0), ��»�u 7. ¥¡�§� x2 + y2 +

z2 = 49.

(3) ¥%�: (−1, 2, 5) 3Ó�%�S, Ïd��§��I� (−a, a, a), K

¥¡�§�

(x+ a)2 + (y − a)2 + (z − a)2 = a2.

ò (−1, 2, 5) ��I�\, � a2 − 8a+ 15 = 0, )� a = 5 ½ 3. =¥¡�§�

(x+ 5)2 + (y− 5)2 + (z− 5)2 = 25 ±9 (x+ 3)2 + (y− 3)2 + (z− 3)2 = 9.

(4) ®�� u�I²¡ xOy þ, �%´�:, Ïd¥%�½3 z ¶þ. �

¥%�I� (0, 0, t), K 4 + t2 = 2 + 2 + (2 − t)2, )� t = 1. ¤±¥¡�§�

x2 + y2 + (z − 1)2 = 5.

2. ¦e����%9�»:

(1)







x2 + y2 + z2 = 4,

x+ y + z − 3 = 0;

(2)







x2 + y2 + z2 = 5,

x2 + y2 + z2 + x+ 2y + 3z − 7 = 0.

): (1) ¤����±w¤´1���§¤(½�¥¡�1���§(½

�²¡���, ¥%´�:, ¤±�%A3�:�ù�²¡¤��R��R

vþ. dR�����þ´ (1, 1, 1), �R��§�







x = t,

y = t,

z = t.

R��²¡�

�:´ (1, 1, 1), d=¥%. �â��½n, ¥��»�
√

4 − 3 = 1.
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(2) 1���§~�1���§��� x+ 2y+ 3z− 2 = 0. |^� (1) a

q��{, ���%Ò´d�§¤(½�²¡���







x = t,

y = 2t,

z = 3t

��:. )

��%�I�

(
1

7
,
2

7
,
3

7

)

. �»

√

5 − 2

7
=

√
231

7
.

3. ¦y:






x = a cos2 t,

y = a sin2 t,

z = a
√

2 sin t cos t,

0 ≤ t < π (a > 0)

L«��. ¦d���%Ú�».

): d�þ�?¿�: (x, y, z) ÷v�§ x2 + y2 + z2 = a2 ±9

x+ y − a = 0. ��´¥¡�²¡��� (�):






x2 + y2 + z2 = a2,

x+ y − a = 0,

½Ù�Ü©. �yd�(´�, � (x, y, z) ´�þ?¿�:, u´ y = a− x,

x2 + (a − x)2 + z2 = a2. �ª�z� 2
(

x− a

2

)2

+ z2 =
a2

2
. Ïd�3

0 ≤ θ < 2π ¦�






x =
a

2
+
a

2
cos θ = a cos2 θ

2
,

z =

√
2a

2
sin θ =

√
2a sin

θ

2
cos

θ

2
,

l y = a− x = a sin2 θ

2
. - t =

θ

2
, ÒU��K��ëê�§, `²÷v��

§�:Ñ´K��þ�:, Ïd®��(´�.

Ù�%A´��







x = t,

y = t,

z = 0

�²¡ x + y − a = 0 ��:, =
(a

2
,
a

2
, 0
)

,

�»K�

√

a2 − a2

4
− a2

4
=

√
2

2
a.

4. ¦y: ü�¥¡

Si : x2 + y2 + z2 +Aix+Biy + Ciz +Di = 0, (i = 1, 2),
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���¤3²¡�

(A1 −A2)x+ (B1 −B2)y + (C1 − C2)z + (D1 −D2) = 0.

y²: ?�ü�¥¡����þ� 3 �ØÓ: Mj(aj , bj, cj) (j = 1, 2, 3).

K






a2
j + b2j + c2j +A1aj +B1bj + C1cj +D1 = 0,

a2
j + b2j + c2j +A2aj +B2bj + C2cj +D2 = 0,

(j = 1, 2, 3).

òüª�~�

(A1 −A2)aj + (B1 −B2)bj + (C1 −C2)cj + (D1 −D2) = 0, (j = 1, 2, 3).

ù`²�þ� 3 �: M1,M2,M3 Ñ3²¡

(A1 −A2)x+ (B1 −B2)y + (C1 − C2)z + (D1 −D2) = 0

þ, Ïd����3d²¡þ.
∗5. ®�ü¥¡:

Si : x2 + y2 + z2 + 2Uix+ 2Viy + 2Wiz + di = 0, (i = 1, 2)

¦yùü¥¡�� (3�:?��²¡R�) �^�´:

2(U1U2 + V1V2 +W1W2) = d1 + d2.

y²: �: M(x0, y0, z0) �ü�¥¡�?¿���:, KL M :��²

¡�{�þÒ´Lù�:�¥�». ^��{ØJwÑùü�¥¡�¥%´

(−Ui,−Vi,−Wi) (i = 1, 2). Ïd¥�»����þ´ (x0+Ui, y0+Vi, z0+Wi)

(i = 1, 2). ùü�¥¡���duùü�¥�»��, =

(x0 + U1)(x0 + U2) + (y0 + V1)(y0 + V2) + (z0 +W1)(z0 +W2) = 0,

Ðm�

x2
0+y

2
0+z

2
0+(U1+U2)x0+(V1+V2)y0+(W1+W2)z0+U1U2+V1V2+W1W2 = 0.

du M 3¥¡���þ, Ïd§��IÓ�÷vü�¥¡��§, òdü��

§�\�Ø± 2 ��

x2
0 + y2

0 + z2
0 + (U1 + U2)x0 + (V1 + V2)y0 + (W1 +W2)z0 +

d1 + d2

2
= 0.
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�\c¡�ª�=�

2(U1U2 + V1V2 +W1W2) = d1 + d2.

ù�^�´¿©�7��.
∗6. ¦yü�

S1 :







x2 + y2 = 4,

z = 0
�S2 :







x2 + y2 + z2 − 2x− 2y − 2 = 0,

x+ y + z = 1

3Ó�¥¡þ.

y²: ÏL S1 �¥¡�¥%�½3 z ¶þ (ë�SK 1(4)), ÏdÙ�I

� (0, 0, a). 2¦ S2 ��%. §´��







x = 1 + t,

y = 1 + t,

z = t

�²¡ x+ y+ z = 1 �

�:

(
2

3
,
2

3
,−1

3

)

. ¥%��%�ë�AT�²¡ x+ y + z = 1 �{�þ²

1, =
2

3
:

2

3
:

(

−1

3
− a

)

= 1 : 1 : 1, ¤± a = −1, =¥%� (0, 0,−1). qÏ

(2, 0, 0) 3 S1 þ, l3¥¡þ, ¦�¥�»�u
√

22 + 12 =
√

5. Ïd S1 3

¥¡

x2 + y2 + (z + 1)2 = 5

þ. d�§~��§ x+ y + z = 1 � 2 ����

x2 + y2 + z2 − 2x− 2y − 2 = 0,

`²d¥¡�²¡ x+ y + z = 1 ���Ò´ S2. Ïd S1 � S2 3Ó��¥¡

þ.
∗7. y²: L�:







S = x2 + y2 + z2 + 2ux+ 2vy + 2wz + d = 0, (u2 + v2 + w2 − d > 0),

E = Ax+By + Cz +D = 0, (A2 +B2 + C2 6= 0)

�¥¡x�§�L«�: S + 2λE = 0 (λ �ëê).

y ²: é u ë ê λ, e � § S + 2λE = 0 ( ¢ L « � � ¥ ¡, K �





S = 0,

E = 0
�½3d¥¡þ.
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é?¿��L�







S = 0,

E = 0
�¥¡

x2 + y2 + z2 + 2px+ 2qy + 2tz + r = 0,

®��A3ü�¥���






x2 + y2 + z2 + 2ux+ 2vy + 2wz + d = 0,

x2 + y2 + z2 + 2px+ 2qy + 2tz + r = 0

þ. d1 4 K�, d�A3²¡

(p− u)x+ (q − v)y + (t− w)z +
r − d

2
= 0

þ. � E = 0 �Ld�, Ïdü�²¡Ü, =�3¢ê λ ¦�

p− u = λA, q − v = λB, t− w = λC,
r − d

2
= λD.

)Ñ p, q, t, r, �\¥¡�§=�

x2 + y2 + z2 + 2ux+ 2vy + 2wz + d+ 2λ(Ax+By + Cz +D) = 0.

§ 3 ^=¡

1. ¦e�^=¡��§:

(1) ��
x

2
=
y

1
=
z − 1

0
7�� x = y = z ^=;

(2) ��
x− 1

1
=

y

−3
=
z

3
7 z ¶^=;

(3) �Ô�







y2 = 2px,

z = 0
7§�O�^=;

(4) �







x2 = y,

x+ z = 0
7��

x

1
=
y

2
=
z

1
^=.

): (1) w,�: O 3^=¶þ, �¶����þ´ ξ = (1, 1, 1). ëì

(3.1), �±���§|






(x− x′) + (y − y′) + (z − z′) = 0,

x2 + y2 + z2 = x′2 + y′2 + z′2,
x′

2
=
y′

1
=
z′ − 1

0
,
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3�§|¥��ëê x′, y′, z′ ���

x2 + y2 + z2 − 1 =
5

9
(x+ y + z − 1)2,

Ïd¤¦^=¡��§�

2(x2 + y2 + z2) − 5(xy + xz + yz) + 5(x+ y + z) − 7 = 0.

(2) w,�: O 3^=¶þ, �¶����þ´ ξ = (0, 0, 1). ÓþK, �

±���§| 





z − z′ = 0,

x2 + y2 + z2 = x′2 + y′2 + z′2,
x′ − 1

1
=

y′

−3
=
z′

3
,

Ïd z′ = z, y′ = −z, x′ = 1 +
z

3
, �\�§|��ëê x′, y′, z′ ���

x2 + y2 + z2 =
(

1 +
z

3

)2

+ z2 + z2,

Ïd¤¦^=¡��§�

9x2 + 9y2 − 10z2 − 6z − 9 = 0.

(3) �Ô��O�����§�







x = −p
2
,

z = 0,
KÙIO�§�

x+
p

2
0

=
y

1
=
z

0
.

�¶þ��: (x0, y0, z0) =
(

−p
2
, 0, 0

)

, Ò��Ñ±e�§|







y − y′ = 0,
(

x+
p

2

)2

+ y2 + z2 =
(

x′ +
p

2

)2

+ y′2 + z′2,

y′2 = 2px′,

z′ = 0.

l�§|��ëê x′, y′, z′, ÒU��^=¡��§

y4 − 4p2x2 + 2p2y2 − 4p2z2 − 4p3x = 0.
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(4) w,�: O 3^=¶þ, Ïd���§|:






(x− x′) + 2(y − y′) + (z − z′) = 0,

x2 + y2 + z2 = x′2 + y′2 + z′2,

x′2 = y′,

x′ + z′ = 0.

l�§|��ëê x′, y′, z′, ÒU��^=¡��§

3x2 + 3z2 − 4xy − 2xz − 4yz − 4x− 8y − 4z = 0.

2. �â k, l �ØÓ�� ("½�") ?Ø��

L :
x

1
=
y

k
=
z − l

0

7 x ¶^=¤¤¡ S ´Û«¡.

): ©±eA«�/?Ø.

(i) k = l = 0 �, L ��§¤�
x

1
=
y

0
=
z

0
, L Ò´ x ¶, Ïd7 x ¶^

=E,´ x ¶��;

(ii) k = 0, l 6= 0 �, L ��§�







z = l,

y = 0,
L ´�I²¡ xOz þ��,

�â~ 3.1 �?Ø, xOz �I²¡þ��7 x ¶^=���^=¡��§

�±^
√
y2 + z2 ���§¥� z ��, Ïd^=���§� y2 + z2 = l2,

´���Î¡;

(iii) k 6= 0, l = 0 �, L ��§´







y = kx,

z = 0,
L ´�I²¡ xOy þ�

�, Ón, ^=¡��§�±^
√
y2 + z2 ���§¥� y ��, =�

y2 + z2 = k2x2, ù´�I¡;

(iv) k 6= 0, l 6= 0 �, Ï�:3^=¶þ, ��±e�§|






x− x′ = 0,

x2 + y2 + z2 = x′2 + y′2 + z′2,
x′

1
=
y′

k
=
z′ − l

0
,

��ëê���¡�§

y2 + z2

l2
− k2x2

l2
= 1,
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ù´ü�V¡.

3. y²: �½��9½��þ�½:�ål²�Ú´~ê�Ä:;,´

�^=¡.

y²: �½��� z ¶, ½:��: O. � P (x, y, z) ´÷v^��:, K

P ��I÷v±e�§:

(x2 + y2) + (x2 + y2 + z2) = k2,

w,ù´�






2x2 + z2 − k2 = 0,

y = 0

7 z ¶^=��^=¡�§.

4. ¦y:






x = a(cos u+ cos v),

y = a(sinu+ sin v),

z = b(u− v)

´^=¡, ùp a, b 6= 0 � a, b ´~ê.

y²: Ï�

x2 + y2 = a2 + 2a2(cos u cos v + sinu sin v) = a2 + 2a2 cos(u− v)

= a2 + 2a2 cos
z

b
,

w,§´�






x2 = a2 + 2a2 cos
z

b
,

y = 0

7 z ¶^=�.

5. ¦�







x = z2,

x2 + y2 = 1
7��







x = 2t,

y = 0,

z = 3t

^=)¤�^=¡��

§.
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): ^=¶ÏL�: O, Ïd���§|







2(x− x′) + 3(z − z′) = 0,

x2 + y2 + z2 = x′2 + y′2 + z′2,

x′ = z′2,

x′2 + y′2 = 1.

��ëê���^=¡�§

2x+ 3z + 2 − 2x2 − 2y2 − 2z2 = ±3
√

x2 + y2 + z2 − 1.

6. y²¡ F (x, y, z) = (x2 + y2 + z2)2 − 16(x2 + z2) = 0 ´��^=

¡.

y²: ù´� 





(x2 + y2)2 − 16x2 = 0,

z = 0

7 y ¶^=���¡.
∗7. ¦y: yz + zx+ xy = a2 ´^=¡, �¦^=¶.

y²: Ï�

(x2 + y2 + z2) + 2(yz + zx+ xy) − (x2 + y2 + z2) = 2a2,

��

(x+ y + z)2 − (x2 + y2 + z2) = 2a2.

é?¿¢ê p (|p| >
√

2|a|), �







x2 + y2 + z2 = p2 − 2a2,

x+ y + z − p = 0

´���, �%3�� x = y = z þ, Ïdù´��^=¡, ^=¶´

x = y = z.

��±¦� 





yz + zx+ xy = a2,

2x− y − z = 0

7�� x = y = z ^=��¡ yz + zx+ xy = a2.
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§ 4 Î¡�Î¡�I

1. ®�Î¡O��§�






x2 + y2 + z2 = 4,

x2 + (y − 3)2 + z2 = 4,

1���� 1 : 1 : (−1), Á¦Ù�§.

): ?�: M(x′, y′, z′) 3O�þ, P (x, y, z) �Î¡L M �1�þ�:,

Kk






x = x′ + u,

y = y′ + u,

z = z′ − u,

x′2 + y′2 + z′2 = 4,

x′2 + (y′ − 3)2 + z′2 = 4,

)� 





x′ = x− y + y′,

z′ = z + y − y′,

y′ =
3

2
,

íÑÎ¡�§

(2x− 2y + 3)2 + (2z + 2y − 3)2 = 7.

2. ®�Î¡O��§�






y = x2 + z2,

y = 2z,

1�R�uO�¤3²¡, Á¦dÎ¡�§.

): Ï�1�R�uO�¤3²¡ y− 2z = 0, ¤±1���� (0, 1,−2).

�þKaq, ���§|






x = x′,

y = y′ + u,

z = z′ − 2u,

y′ = x′2 + z′2,

y′ = 2z′,
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)�






x′ = x,

y′ =
2

5
(2y + z),

z′ =
1

5
(2y + z),

íÑÎ¡�§
2

5
(2y + z) = x2 +

1

25
(2y + z)2,

Ðm��

25x2 + 4y2 + z2 + 4yz − 20y − 10z = 0.

3. ¦� 





x2 + 2y2 + z2 = 1,

x2 + z2 = y

é xOy ²¡��KÎ¡�§.

): 1�����þ´ (0, 0, 1). ���§|







x = x′,

y = y′,

z = z′ + u,

x′2 + 2y′2 + z′2 = 1,

x′2 + z′2 = y′,

)�






x′ = x,

y′ = y,

2y′2 + y′ − 1 = 0,

du y = −1 ØÜK¿, ÏdÎ¡�§�

y =
1

2
,

(

−
√

2

2
≤ x ≤

√
2

2

)

.

,): ò��§|�1���§~�1���§, �� 2y2 − y − 1 = 0.

ù´1�� z ¶²1�Î¡, �ÏL®��, =�¤¦��KÎ¡.

4. Á`²e��§¤L«�¡´Î¡:

(1) (x+ y)(y + z) = a2; (2) (x+ y)(y + z) = x+ 2y + z;
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(3) y2 + 2yz + z2 = 1 − x2; (4) (x+ y + z)2 = (x− y − z)2.

): (1) Ï���







x+ y = a,

y + z = a
3d¡þ, §���� 1 : (−1) : 1. �

:
(a

2
,
a

2
,
a

2

)

3d��þ. ²¡ x−y+z− a

2
= 0 �¡ (x+y)(y+z) = a2

���� 





(x+ y)(y + z) = a2,

x− y + z =
a

2
.

·�±ù^��O�, ± 1 : (−1) : 1 �1���, �¦��§|







x = x′ + u,

y = y′ − u,

z = z′ + u,

(x′ + y′)(y′ + z′) = a2,

x′ − y′ + z′ =
a

2
,

��ëê�, ��Î¡�§ (x+ y)(y + z) = a2, ¤±�5�¡´Î¡.

(5: ±eA��K·�òk(½1���, ,�y²ÏL¡þ?¿�:

��1���²1���Ñ3¡þ, ^ù���{5y²¡´Î¡.)

(2) Ï� (x+ y)(y + z) = (x+ y) + (y + z), ¤±��







x+ y = 0,

y + z = 0
3

d¡þ, Ù���þ´ (1,−1, 1).

� M(x′, y′, z′) ´¡þ�?¿:, P (x, y, z) ´L M ���

x− x′

1
=
y − y′

−1
=
z − z′

1

þ��:, ·���y P 3¡þ. �d, )�






x+ y = x′ + y′,

y + z = y′ + z′,

Ïd

(x+y)(y+z) = (x′+y′)(y′+z′) = x′+2y′+z′) = (x+y)+(y+z) = x+2y+z,

= P :��I÷v¡�§, `²�^��Ñ3¡þ, Ïd¡´Î¡.
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(3) �§ y2 + 2yz + z2 = 1 − x2 �±z� x2 + (y + z)2 = 1, ¤±��






x = 1,

y + z = 0
3d¡þ, §����þ´ (0,−1, 1).

� M(x′, y′, z′) ´¡þ�?¿:, P (x, y, z) ´L M ���

x− x′

0
=
y − y′

−1
=
z − z′

1

þ��:, ·���y P 3¡þ. �d, )�







x = x′,

y + z = y′ + z′,

Ïd

x2 + (y + z)2 = x′2 + (y′ + z′)2 = 1,

= P :��I÷v¡�§, `²�^��Ñ3¡þ, Ïd¡´Î¡.

(4) w,��







x+ y + z = 0,

x− y − z = 0
3d¡þ, §����þ´ (0, 1,−1).

� M(x′, y′, z′) ´¡þ�?¿:, P (x, y, z) ´L M ���

x− x′

0
=
y − y′

1
=
z − z′

−1

þ��:, ·���y P 3¡þ. �d, )�







x = x′,

y + z = y′ + z′,

Ïd

(x+ y + z)2 − (x− y − z)2 = (x′ + y′ + z′)2 − (x′ − y′ − z′)2 = 0,

= P :��I÷v¡�§, `²�^��Ñ3¡þ, Ïd¡´Î¡.

5. ®��Î¡�¶�§�:

x

1
=
y − 1

−2
=
z + 1

−2
,

: (1,−2, 1) 3d�Î¡þ, ¦d�Î¡��§.
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): Ï�: (1,−2, 1) �¶
x

1
=
y − 1

−2
=
z + 1

−2
�ål=�����»,

¤±d�»�

r =
|(1,−3, 2) × (1,−2,−2)|√

1 + 4 + 4
=

√
117

3
.

?�d�Î¡þ��: P (x, y, z), P �¶�ål�� r, Ïdk

|(x, y − 1, z + 1) × (1,−2,−2)|
3

=

√
117

3
,

�n����Î¡�§

8x2 + 5y2 + 5z2 + 4xy + 4xz − 8yz − 18y + 18z − 99 = 0.

(5: dK��^L (1,−2, 1) :��1�7¶^=��d¡�§, �

�±^¦Ñ�����O�5¦ÑdÎ¡�§.)

6. �Î¡�O��







x = y2 + z2,

x = 2z,
1�R�uO�¤3�²¡, ¦ù

Î¡��§.

): Ï�O�3²¡ x = 2z þ, ¤±1�����þ´ (1, 0,−2). dd�

��§|






x = x′ + u,

y = y′,

z = z′ − 2u,

x′ = y′2 + z′2,

x′ = 2z′,

��ëê���Î¡�§:

4x2 + 25y2 + z2 + 4xz − 20x− 10z = 0.

7. ¦�»� 4, ¶��§´ x = 2y = −z ��Î¡�§.

): ¤¦�Î¡Ò´�¶��ål�u 4 �:�;,. Ïd�Î¡þ�:

P (x, y, z) ÷v±e�§

∣
∣
∣
∣
(x, y, z) ×

(

1,
1

2
,−1

)∣
∣
∣
∣

√

2 +
1

4

= 4,
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z{��

5x2 + 8y2 + 5z2 + 8xz + 4yz − 4xy = 144.

8. ¦� x ¶9²¡ y = k �ål�:�;,�§.

): �Ä:� P (x, y, z), Kd^��

y2 + z2 = (y − k)2,

=�

z2 + 2ky − k2 = 0.

§ 5 I¡

1. ¦I¡�§:

(1) O�:







ax2 + by2 = 1,

z = 0,
º: (x0, y0, z0);

(2) O�:







f(x, y) = 0,

z = k (6= 0),
º: (0, 0, 0);

(3) O�:







x2 + y2 + (z − 5)2 = 9,

y = 2,
º: (0, 0, 0).

): (1) éuO�þ�: M(x′, y′, z′), � P (x, y, z) ´L M ��1�þ�

:, Kk±e�§|






x′ = x0 + (x− x0)u,

y′ = y0 + (y − y0)u,

z′ = z0 + (z − z0)u,

ax′2 + by′2 = 1,

z′ = 0,

��ëê x′, y′, z′, u ���I¡�§:

a(z0x− x0z)
2 + b(z0y − y0z)

2 − (z − z0)
2 = 0.
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(2) aq/k±e�§|







x′ = xu,

y′ = yu,

z′ = zu,

f(x′, y′) = 0,

z′ = k,

��ëê���I¡�§:

f
(

k
x

z
, k
y

z

)

= 0.

(3) k±e�§|







x′ = xu,

y′ = yu,

z′ = zu,

x′2 + y′2 + (z′ − 5)2 = 0,

y′ = 2,

��ëê���I¡�§:

x2 + 5y2 + z2 − 5yz = 0.

2. ¦±: P (5, 0, 0) �º:, ±�







x2 + 2y2 = 1,

x+ 2y − z = 0
�O��I¡�

§.

): k±e�§|






x′ = 5 + (x− 5)u,

y′ = yu,

z′ = zu,

x′2 + 2y′2 = 1,

x′ + 2y′ − z′ = 0,

��ëê���I¡�§:

x2 − 146y2 − 24z2 + 4xy − 2xz + 96yz − 10x− 20y + 10z + 25 = 0.
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3. ¦±�:�º:, ±







x2 − 2z + 1 = 0,

y − z + 1 = 0
�O��I¡�§.

): k±e�§|






x′ = xu,

y′ = yu,

z′ = zu,

x′2 − 2z′ + 1 = 0,

y′ − z′ + 1 = 0,

��ëê���I¡�§:

x2 + y2 − z2 = 0.

4. ®��I¡�º:� (1, 2, 3), ¶R�u²¡ 2x + 2y − z + 1 = 0, 1

��¶�Y�� 30◦, ¦T�I¡��§.

): � P (x, y, z) ´I¡þ���:, @oL P :�1�����þ´

ξ = (x− 1, y − 2, z − 3).

�I�¶����þÒ´²¡�{�þ

ν = (2, 2,−1).

�âK¿k
(ξ, ν)

|ξ||ν| = ± cos 30◦,

=

2(x− 1) + 2(y − 2) − (z − 3)
√

(x− 1)2 + (y − 2)2 + (z − 3)2
√

4 + 4 + 1
= ±

√
3

2
.

z{�n�=�¤¦�I¡��§�

11(x− 1)2 + 11(y − 2)2 + 23(z − 3)2 − 32(x− 1)(y − 2) + 16(x− 1)(z − 3)

+ 16(y − 2)(z − 3) = 0,

½

11x2 + 11y2 + 23z2 − 32xy + 16xz + 16yz − 6x− 60y − 186z + 342 = 0.
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5. L x ¶Ú y ¶©O�Ä²¡, ¦§��±½�� α. Á¦§�����

)�¡�§, ¿�Ñ´�o¡.

): �L x¶�Ä²¡� A1y+B1z = 0, L y ¶�Ä²¡� A2x+B2z =

0. §��±½� α, K

B1B2
√

A2
1 +B2

1

√

A2
2 +B2

2

= cosα.

§����L�: O, �������þ

ξ = (0, A1, B1) × (A2, 0, B2) = (A1B2, A2B1,−A1A2),

Ïd��þ�: P (x, y, z) ÷v







x = tA1B2,

y = tA2B1,

z = −tA1A2,

)� 





A2
1 +B2

1 =
1

t2A2
2

y2 + z2,

A2
2 +B2

2 =
1

t2A2
1

x2 + z2,

(B1B2)
2 =

x2y2

t2z2
.

d cos2 α(A2
1 +B2

1)(A
2
2 +B2

2) = (B1B2)
2 �íÑ¡�§cos2 α(x2y2 +x2z2 +

y2z2 + z4) = x2y2, ´��I¡.

6. ¦º:� (5, 0, 0) ��¥¡ x2 + y2 + z2 = 9 ����I¡�§.

): d���5���d�I¡��º� θ ÷v cos θ =
4

5
, x ¶´�I¡

�¶, Ïd¶����þ´ (1, 0, 0). ¤±d�I¡��§�

|(x− 5, y, z) · (1, 0, 0)|
√

(x− 5)2 + y2 + z2
=

4

5
,

z{�

9(x− 5)2 − 16(y2 + z2) = 0.

7. y²: L�:��u¥¡

x2 + y2 + z2 + 2ax+ 2by + 2cz + d = 0, (0 < d < a2 + b2 + c2)
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���¤)¤��I¡�§�

d(x2 + y2 + z2) = (ax+ by + cz)2.

y²: ®�¥¡�¥%� (−a,−b,−c), ¤±�I¡�¶����þ´

(a, b, c). l¥%��:�ål´
√
a2 + b2 + c2, ¥�»�u

√
a2 + b2 + c2 − d,

ÏdL�:������u
√
d, dd�� cos θ =

√
d

a2 + b2 + c2
, Ù¥ θ ´

�I¡��º�. ¤±¤¦�I¡��§�

|ax+ by + cz|√
x2 + y2 + z2

√
a2 + b2 + c2

=

√

d

a2 + b2 + c2
,

z{��

d(x2 + y2 + z2) = (ax+ by + cz)2.

∗8. y² ayz + bzx + cxy = 0 L«I¡. e²¡ x+ y + z = 0 �TI¡

�u�é��, �Ù��� θ, � a+ b+ c = 0, K θ =
π

2
.

y²: Ï�¡ ayz+ bzx+ cxy = 0 ´'u x, y, z ��gàg�§, ¤±

´±�: O �º:�I¡. ²¡ x+ y+ z = 0 �L�:, ¤±ü��þá3

¡ ayz+b(−y−z)z+c(−y−z)y = 0 Ú a(−x−z)z+bxz+c(−x−z)x = 0

þ, �L�:.

d1���§z{�

cy2 − (a− b− c)yz + bz2 = 0 (∗)

d1���§z{�

cx2 − (b− a− c)xz + az2 = 0 (∗∗)

©O3ü����þ���: (x′, y′, z′) Ú (x′′, y′′, z′′), Kdü:��I�,

�÷v (*) Ú (**). l§�÷v (*) ��:

cy′2 − (a− b− c)y′z′ + bz′2 = 0 � cy′′2 − (a− b− c)y′′z′′ + bz′′2 = 0

|^��Xê'X, �� y′y′′ =
b

c
z′z′′. Ón, du§��÷v (**), ��

x′x′′ =
a

c
z′z′′.

Ïdü���Y� θ ÷v

cos θ =
x′x′′ + y′y′′ + z′z′′√

x′2 + y′2 + z′2
√
x′′2 + y′′2 + z′′2
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=
a+ b+ c

c
√
x′2 + y′2 + z′2

√
x′′2 + y′′2 + z′′2

= 0,

= θ =
π

2
.

∗9. y²:
√
x+

√
y −√

z = 0 L«���º� θ � arccos

√
6

3
��I¡.

y²: ��§�Cþ����A÷v x ≥ 0, y ≥ 0, z ≥ 0. ��§² 2 g

²��¤�

2(x2 + y2 + z2) − (x+ y + z)2 = 0,

w,´�I¡, �§���§3 x ≥ 0, y ≥ 0, z ≥ 0 ù�«�S´Ó)�.

Ïd�¡´I¡ (�,±�:�º:, ��k����).

�ÄL�:� 2 ^��:

L :
x

1
=
y

1
=
z

1
, L′ :

x

m
=
y

n
=
z

s
,

�� L′ 7�� L ^=���I¡��§�







x′ = mt,

y′ = nt,

z′ = st,

(x− x′) + (y − y′) + (z − z′) = 0,

x2 + y2 + z2 = x′2 + y′2 + z′2,

��ëê x′, y′, z′, t ���

x2 + y2 + z2 =
m2 + n2 + s2

(m+ n+ s)2
(x+ y + z)2.

�
m2 + n2 + s2

(m+ n+ s)2
=

1

2
�, ù��I¡��§�®�I¡��§Ó). �I¡

��º� θ Ò´ L′ � L �Y�, =

cos θ =
(1, 1, 1) · (m,n, s)√
m2 + n2 + s2

√
3

=

√
2√
3

=

√
6

3
.

§ 6 �g¡

1. ®�ý¥¡�é¡¶��I¶Ü, �ÏLý�
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x2

4
+
y2

9
= 1

z = 0

Ú: A(1, 2,−
√

11), ¦ý¥¡�§.

): w,dý¥¡��§�

x2

4
+
y2

9
+
z2

c2
= 1,

±: A ��I�\, )� c = 6, ¤±ý¥¡��§�

x2

4
+
y2

9
+
z2

36
= 1.

2. ®�º:��:, é¡¡� xOy ¡Ú zOx ¡, �L: A

(
1

2
,−1, 2

)

Ú

B

(
5

2
, 3,−2

)

. ¦ý��Ô¡��§.

): dý��Ô¡��§A�

y2

b2
+
z2

c2
= 2x,

2± A,B :��I�\, )� b =
√

2, c = 2
√

2, Ïd¤¦ý��Ô¡��§

�
y2

2
+
z2

8
= 2x.

3. ¦���g¡��§, ¦ù��g¡ÏLü^�Ô�






x2 − 6y = 0

z = 0
Ú







z2 + 4y = 0

x = 0.

): ù��g¡�U´ý��Ô¡½V�Ô¡, �â®�^�, §�

�§äk±e/ª:
x2

a
+
z2

b
= 2y,

± z = 0 �\, ¦� a = 3, ± x = 0 �\, ¦� b = −2, Ïdù´V�¡,

Ù�§�
x2

3
− z2

2
= 2y.

4. � k ��«¢ê��, �§

(k − 3)x2 + y2 = (k + 3)z
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L«�o¡?

): � k < −3 ½ −3 < x < 3 �, �§L«V�Ô¡; � k = −3 �, �

§L«ü���²¡; � k = 3 �, �§L«�ÔÎ¡; � k > 3 �, �§L«

ý��Ô¡.

5. ®�ý��Ô¡ Ax2 +By2 = 2z ÏL�






x2 + y2 + z2 = 2x+ 2z,

x = z,

Á¦Ù�§.

): ��§�±Ó)C/�






2x2 + y2 = 4z,

x = z,

�¡�²¡ x = z ����´






Ax2 +By2 = 2z,

x = z.

'��=� A = 1, B =
1

2
, Ïdý��Ô¡��§�

x2 +
y2

2
= 2z.

6. ®�ý��Ô¡ x2 +
y2

2
= 2z Ú²¡ x = kz ���´���. Á¦

d���».

): d����L«�






(

x− 1

k

)2

+
y2

2
=

1

k2
,

x = kz.

ùp1���§´��� xOy ²¡�ÝKÎ¡, §´��ý�Î¡, Ùé¡¶

´��







x =
1

k
,

y = 0.
ù^���²¡ x = kz ��:

(
1

k
, 0,

1

k2

)

Ò´����

�%. y3·�q�ò����§Ó)C/�






(

x− 1

k

)2

+ y2 + k2

(

z − 1

k2

)2

=
2

k2
,

x = kz.
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lù��§|�±wÑ, �¦��¤���±

(
1

k
, 0,

1

k2

)

��%��, 7L�

�L k2 = 1, ù����»�u
√

2.

7. Á�yý��Ô¡�V�Ô¡�ëê�§�©O��






x = a(u+ v),

y = b(u− v),

z = u2 + v2

�







x = a(u+ v),

y = b(u− v),

z = 2uv,

(u, v �ëê).

y²: ý��Ô¡��§´
x2

a2
+
y2

b2
= 2z, �CþO�







x = a(u+ v),

y = b(u− v),

ØJwÑù�C�´�_�, �\�§��� z = u2 + v2. du¡þ�:�

x, y ����(½, Ïd�� u, v ��(½. `²ù(´¡�ëê�§. aq

/�±��V�Ô¡�ëê�§.

8. ®���Ô�







x2 = 2z,

y = 0
²1£Ä, �º:3�Ô�







y2 = −4z,

x = 0

þ, Á¦Ù;,�§.

): Ï��Ô�







y2 = −4z,

x = 0
3 yOz ²¡þ, ��Ô�







x2 = 2z,

y = 0

²1£Ä��×Ñ�¡� S. ?�Ùþ�: (X,Y,Z), K²¡ y = Y �¡

S ���A��Ô�







x2 = 2z,

y = 0
�q, �´º:3

(

0, Y,−Y
2

4

)

?. Ïd

: (X,Y,Z) AT÷v�§

X2 = 2

(

Z −
(

−Y
2

4

))

,

= X2 − Y 2

2
= 2Z, ¤±;,�§� x2 − y2

2
= 2z, ´V�Ô¡.

9. y²ý��Ô¡þÃ���3.

y²: �k��






x = x0 + lt,

y = y0 +mt,

z = z0 + nt,
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§�á3ý��Ô¡
x2

a2
+
y2

b2
= 2z þ��=�

(x0 + lt)2

a2
+

(y0 +mt)2

b2
= 2(z0 + nt) (∗)

é?¿� t ¤á, �þª´'u t ��g�§, � t2 �Xê´
l2

a2
+
m2

b2
, e§Ø

�u 0, K (*) ªØ�Ué?¿� t ¤á, ��k l = m = 0, ù� t ��g�X

ê� n, ��U´ 0, Ø�U.

§ 7 �«¡

1. ¦V�Ô¡ x2 − y2 = z þL: (1,−1, 0) �ü^�1��§±9§

���� α.

): �Ùüx�1��






x+ y = µ,

µx− µy = z
Ú







x− y = ν,

νx+ νy = z,

§�ÏL: (1,−1, 0), ¤± µ = 0, ν = 2, í��1��§�

x

1
=

y

−1
=
z

0
Ú

x− 1

1
=
y + 1

1
=
z

4
,

��÷v cosα = 0, = α =
π

2
.

2. y²: V�Ô¡
x2

a2
− y2

b2
= 2z (a 6= b) þ�p�����1���

:�;,´�^V�.

y²: duÓx�?¿ü^�1�o´É¡��, vk�:, Ïd�I�

ÄÉx��1�. Ø��






x

a
+
y

b
= 2µ,

µ
(x

a
− y

b

)

= z
�







x

a
− y

b
= 2ν,

ν
(x

a
+
y

b

)

= z

�pR�, ü������þ©O�

(

−1

b
,
1

a
,−2µ

ab

)

Ú

(
1

b
,
1

a
,
2ν

ab

)

, Ï§�

R�, ¤± 4µν = a2 − b2.

� µ 6= ν �, N´)��:÷v






x2

a2
− y2

b2
= 4µν = a2 − b2,

z = 2µν =
a2 − b2

2
,
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� µ = ν �, �:÷v






x = 2aµ,

z = 2µ2,

y = 0.

ØØ=�«�/, Ñ`²�:3V�






x2

a2
− y2

b2
= a2 − b2,

z =
a2 − b2

2
,

�







x2 = 2a2z,

z = 0,

þ.

3. Áy:

2x2 + y2 − z2 + 3xy + xz − 6z = 0

´�«¡, ¿¦ÑÙþL: M(1, 1, 1) ��1��§.

): ��§�z�

(x+ y + z)(2x + y − z) = 6z,

KÙ�1��§�






λ(x+ y + z) = 6z,

2x+ y − z = λ
½







µ(2x+ y − z) = 6z,

x+ y + z = µ,

Ù¥ λ, µ �ëê. qÏØØ λ, µ �Û�, ok

rank

(

λ λ λ− 6

2 1 −1

)

= 2, rank

(

2µ µ 6 − µ

1 1 1

)

= 2,

`²§�(¢L«ü���x. ¤±¡´�«¡.

�ÄL: (1, 1, 1) ��1�. ò�I�\1��§, �� λ = 2, µ = 3. Ï

dü^�1��






x+ y − 2z = 0,

2x+ y − z − 2 = 0
Ú







2x+ y − 3z = 0,

x+ y + z − 3 = 0.

4. ¦�n��

L1 :







y − 1 = 0,

x+ 2z = 0,
L2 :







y − z = 0,

x− 2 = 0,
L3 :

x

2
=
y + 1

0
=
z

1
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���Ä���)�¡�§.

): �Ä��� L1, L3 ��:� (−2u, 1, u) � (2v,−1, v) (Ù¥ u, v �ë

ê), ¤±Ä����§�

x+ 2u

2(u+ v)
=
y − 1

−2
=
z − u

v − u
. (∗)

§A��� L2 ��. du: (2, 0, 0) 3 L2 þ, � L2 ����þ� (0, 1, 1), Ï

d�â�����^�, 7L
∣
∣
∣
∣
∣
∣
∣

0 2(u+ v) −2(1 + u)

1 −2 1

1 v − u u

∣
∣
∣
∣
∣
∣
∣

= 0,

)� uv = −1. l (*) ª�±��






u =
2z − x

2(1 + y)
,

v =
−x− 2z

2(y − 1)
.

ÏdÄ��¤×L�¡�§�

x2

4
+ y2 − z2 = 1.

5. y²·K 7.3.

y²: �ü�V¡��§�
x2

a2
+
y2

b2
− z2

c2
= 1. §�ü^Éx�1��







µ0

(x

a
+
z

c

)

+ ν0

(

1 +
y

b

)

= 0,

µ0

(

1 − y

b

)

+ ν0

(x

a
− z

c

)

= 0
9







µ1

(x

a
+
z

c

)

+ ν1

(

1 − y

b

)

= 0,

µ1

(

1 +
y

b

)

+ ν1

(x

a
− z

c

)

= 0.

U�¤���§






µ0

a
x+

ν0

b
y +

µ0

c
z + ν0 = 0,

ν0

a
x− µ0

b
y − ν0

c
z + µ0 = 0

9







µ1

a
x− ν1

b
y +

µ1

c
z + ν1 = 0,

ν1

a
x+

µ1

b
y − ν1

c
z + µ1 = 0.

|^1oÙ §3 ��'u^���§L«�ü^����' ��(Ø, du

þãéá�5�§|�O2Ý
�1�ª
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

µ0

a

ν0

b

µ0

c
−ν0

ν0

a
−µ0

b
−ν0

c
−µ0

µ1

a
−ν1

b

µ1

c
−ν1

ν1

a

µ1

b
−ν1

c
−µ1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= 0,



· 28 · 1ÔÙ AÛ�m�~�¡

`²O2Ý
�� < 4, Ïdùü^�1��½�¡.

�V�Ô¡��§�
x2

a2
− y2

b2
= 2z. §�ü^Éx�1��







(x

a
+
y

b

)

+ 2µ = 0,

µ
(x

a
− y

b

)

+ z = 0
9







ν
(x

a
+
y

b

)

+ z = 0,
(x

a
− y

b

)

+ 2ν = 0.

dþã 4 ��§éá����5�§|�O2Ý
�

Ã =













1

a

1

b
0 −2µ

µ

a
−µ
b

1 0

ν

a

ν

b
1 0

1

a
−1

b
0 −2ν













,

O�� |Ã| = 0, `² rank Ã < 4. ,��¡ØJwÑ rankA = 3 = rank Ã,

`²ùü^�1���.

6. y²·K 7.4.

y²: �ü�V¡��§�
x2

a2
+
y2

b2
− z2

c2
= 1. §�ü^Óx�1��







µ0

(x

a
+
z

c

)

+ ν0

(

1 +
y

b

)

= 0,

µ0

(

1 − y

b

)

+ ν0

(x

a
− z

c

)

= 0
9







µ1

(x

a
+
z

c

)

+ ν1

(

1 +
y

b

)

= 0,

µ1

(

1 − y

b

)

+ ν1

(x

a
− z

c

)

= 0.

dþã 4 ��§éá����5�§|�O2Ý
�1�ª�
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

µ0

a

ν0

b

µ0

c
−ν0

ν0

a
−µ0

b
−ν0

c
−µ0

µ1

a

ν1

b

µ1

c
−ν1

ν1

a
−µ1

b
−ν1

c
−µ1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=
4(µ0ν1 − ν0µ1)

2

abc
.

�ùü^�1�ØÜ�, �½k µ0 : ν0 6= µ1 : ν1, ÏdO2Ý
���u 4,

ùü^��É¡.

�V�Ô¡��§�
x2

a2
− y2

b2
= 2z. §�ü^Óx�1��







(x

a
+
y

b

)

+ 2µ0 = 0,

µ0

(x

a
− y

b

)

+ z = 0
9







(x

a
+
y

b

)

+ 2µ1 = 0,

µ1

(x

a
− y

b

)

+ z = 0,
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dþã 4 ��§éá����5�§|�O2Ý
�1�ª�

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1

a

1

b
0 −2µ0

µ0

a
−µ0

b
1 0

1

a

1

b
0 −2µ1

µ1

a
−µ1

b
1 0

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=
4(µ0 − µ1)

2

ab
.

� µ0 6= µ1 �, O2Ý
�1�ªØ�u , Ïd§���u 4. `²ùü^�1

�É¡.

éuV�Ô¡��x�1�







(x

a
+
y

b

)

+ 2µ = 0,

µ
(x

a
− y

b

)

+ z = 0,

§����þ�

(
1

a
,
1

b
, 0

)

×
(µ

a
,−µ

b
, 1
)

=

(
1

b
,−1

a
,−2µ

ab

)

, ¤±ùx��Ñ

²1u²¡ bx+ ay = 0.

Ón��, ,�x�1�







ν
(x

a
+
y

b

)

+ z = 0,
(x

a
− y

b

)

+ 2ν = 0

Ñ²1u²¡ bx− ay = 0.

∗7. ¦ü�V¡
x2

a2
+
y2

b2
− z2

c2
= 1 (c2 < a2 + b2) þ�p�R���1

���:;,.

): w,, �pR���1�7ØÓx. ��







ω
(x

a
+
z

c

)

= µ
(

1 +
y

b

)

,

µ
(x

a
− z

c

)

= ω
(

1 − y

b

) Ú







θ
(x

a
+
z

c

)

= ν
(

1 − y

b

)

,

ν
(x

a
− z

c

)

= θ
(

1 +
y

b

)

,

Ù ¥, ω, µ Ø Ó � � ", θ, ν � Ø Ó � � ". ù ü ^ � � � � � © O �(
µ2 − ω2

bc
,
2µω

ac
,
µ2 + ω2

ab

)

Ú

(
θ2 − ν2

bc
,
2νθ

ac
,−ν

2 + θ2

ab

)

. Ï§�R�, Ò

k
(µ2 − ω2)(θ2 − ν2)

b2c2
+

4µωνθ

a2c2
− (µ2 + ω2)(ν2 + θ2)

a2b2
= 0.
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z{��

a2(ωθ + µν)2 + b2(µθ − ων)2 + c2(µν − ωθ)2 = (a2 + b2 − c2)(µθ + ων)2.

2l�§|)��:� 





x =
µν + ωθ

µθ + ων
a,

y =
ων − µθ

µθ + ων
b,

z =
µν − ωθ

µθ + ων
c.

�� x2 + y2 + z2 = a2 + b2 − c2. ��:;,�







x2

a2
+
y2

b2
− z2

c2
= 1,

x2 + y2 + z2 = a2 + b2 − c2.

§ 8 ¡����¡�¤�«�

1. �Ñ¥¡ x2 + y2 + z2 = R2 �

(1) Î¡ x2 + y2 = a2 (R > a > 0);

(2) I¡ x2 + y2 = z2 tan2 θ (0 < θ < π)

���ëê�§.

): (1)







x = a cos θ,

y = a sin θ,

z =
√
R2 − a2,

(0 ≤ θ < 2π) Ú







x = a cos θ,

y = a sin θ,

z = −
√
R2 − a2,

(0 ≤

θ < 2π);

(2)







x = R sin θ cosϕ,

y = R sin θ sinϕ,

z = R cos θ,

(0 ≤ ϕ < 2π) Ú







x = R sin θ cosϕ,

y = R sin θ sinϕ,

z = −R cos θ,

(0 ≤

ϕ < 2π).

2. Á(½ m�Û��²¡ x+mz−1 = 0 �ü�V¡ x2 +y2−z2 = 1

��¤: (1) ý�; (2) V�.

): � m = 0 ���´�é����






y2 − z2 = 0,

x = 1.
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Ïd� m 6= 0, d����






x2 + y2 − 1

m2
(1 − x)2 = 1,

x+mz = 1,

�z{� 





x2

m4

(m2 − 1)2

+
y2

m2

m2 − 1

= 1,

x+mz = 1.

Ïd, � |m| > 1 �, ��´ý�; � |m| < 1 � m 6= 0 �, ��´V�.

3. xÑe�¡¤�¤��mN�ã/:

(1) x = 0, y = 0, z = 0, x+ 2y + z = 1;

): ù´��o¡N.

O

x

y

z

(1, 0, 0)

(0, 1

2
, 0)

(0, 0, 1)

1 3 K (1)

O

x

y

z

(6, 0, 0)

(0, 6, 0)

(0, 0, 6)

1 3 K (2)

(2) y = 0, z = 0, 3x+ y = 6, 3x+ 2y = 12, x+ y + z = 6;

): o¡N���Î¡���áN.

(3) z = xy, x+ y = 1, z = 0;

): ncÎ�V�Ô¡���áN.

O

x

y

z

(1, 0, 0)

(0, 1, 0)

1 3 K (3)

O

x

y

z

1 3 K (4)
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(4) x = 0, y = 0, x+ y = 1, y2 + z2 = 1;

): ncÎ��Îî���áN.

(5) z = x2 + y2, z =
√
x2 + y2;

): ^=�Ô¡��I����mN.

x
y

z

O

1 3 K (5)

O

x

y

z

1 3 K (6)

(6) x2 + y2 = az, z = 2a−
√
x2 + y2 (a > 0).

): e¡��´^=�Ô¡, þ¡��´�I¡.

4. xÑe��mN�ã/:

(1) Ω = {(x, y, z) | 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 − x, 0 ≤ z ≤ x+ y};
): ±�:�º:���ocI.

O

x

y

z

(1, 0, 0)

(0, 1, 0)

1 4 K (1)

O

x

y

z

1 4 K (2)

(2) Ω = {(x, y, z) | 0 ≤ x ≤ y ≤
√

3x, 0 ≤ z ≤ 1 − x2 − y2};
): ^=�Ô¡31�%�S�ü���²¡�Ñ�áN.

(3) Ω = {(x, y, z) | x2 + y2 + (z − a)2 ≤ a2, x2 + y2 ≤ z2};
): e¡��´�I¡, þ¡��´¥¡.



§ 8 ¡����¡�¤�«� · 33 ·

O

x

y

z

1 4 K (3)

O

x

y

z

(1, 0, 0)

(0, 1, 0)

1 4 K (4)

(4) Ω = {(x, y, z) | 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, 0 ≤ z ≤ x2 + y2};

): ocÎ�V�Ô¡���áN.

(5) Ω = {(x, y, z) | 0 ≤ x, 0 ≤ y,
x2

a2
+
y2

b2
≤ 1, 0 ≤ z ≤ xy};

): ý�Î¡31�%�S�V�Ô¡���áN.

O

x

y

z

(a, 0, 0)

(0, b, 0)

1 4 K (5)

O
x y

z

1 4 K (6)

(6) Ω = {(x, y, z) | x2 + y2 + z2 ≤ r2, x2 + y2 + z2 ≤ 2rz};

): ü�k�Ó�»�¥¡����áN.

(7) Ω = {(x, y, z) | 0 ≤ x ≤ 1, 0 ≤ y ≤
√

1 − x2,
√
x2 + y2 ≤ z ≤√

2 − x2 − y2};

): o©���I�¥¡���áN.
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O

x

y

z

1 4 K (7)

O

x

y

z

1 5 K (1)

5. ¦e���mN3 3 ��I²¡þ�ÝK>.��§:

(1) Ω d x = 1, x = 2, z = 0, y = x 9 z = y ¤�¤;

): Ω ´±�:�º:�nc�. Ω 3 xOy ²¡þ�ÝK>.d 4 ^�ã

�¤: {

x = 1

z = 0,
(0 ≤ y ≤ 1),

{

x = 2

z = 0,
(0 ≤ y ≤ 2),

{

y = 0

z = 0,
(1 ≤ x ≤ 2),

{

x = y

z = 0,
(1 ≤ x ≤ 2).

Ω 3 xOz ²¡þ�ÝK>.d 4 ^�ã�¤:
{

x = 1

y = 0,
(0 ≤ z ≤ 1),

{

x = 2

y = 0,
(0 ≤ z ≤ 2),

{

z = 0

y = 0,
(1 ≤ x ≤ 2),

{

x = z

y = 0,
(1 ≤ x ≤ 2).

Ω 3 yOz ²¡þ�ÝK>.d 3 ^�ã�¤:
{

z = 0

x = 0,
(0 ≤ y ≤ 2),

{

y = 2

x = 0,
(0 ≤ z ≤ 2),

{

z = y

x = 0,
(1 ≤ z ≤ 2).

(2) Ω d y =
√
x, y = 0, z = 0, x+ z =

π

2
¤�¤;

): Ω ´�ÔÎ¡�ncÎî��. Ω 3 xOy ²¡þ�ÝK>.d 2 ^

��ãÚ�^�Ô�ã�¤:

{

y = 0

z = 0,

{

x =
π

2
z = 0,

{

x = y2

z = 0,

0 ≤ x ≤ π

2
,

0 ≤ y ≤
√

2π

2
.
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Ω 3 xOz ²¡þ�ÝK>.d 3 ^�ã�¤:

{

x = 0

y = 0,

{

z = 0

y = 0,

{

x+ z =
π

2
y = 0,

0 ≤ x ≤ π

2
,

0 ≤ z ≤ π

2
.

Ω 3 yOz ²¡þ�ÝK>.d 2 ^��ãÚ�^�Ô�ã�¤:

{

y = 0

x = 0,

{

z = 0

x = 0,







y =

√
π

2
− z

x = 0,

0 ≤ z ≤ π

2
,

0 ≤ y ≤
√

2π

2
.

O

x

y

z

1 5 K (2)

O

x

y

z

1 5 K (3)

(3) Ω d x2 + y2 − 2z = 0, x2 + y2 − 2x = 0 Ú z = 0 ¤�¤;

): Ω ´d^=�Ô¡!�Î¡±9�I²¡ z = 0 ¤�¤�.

Ω 3 xOy ²¡þ�ÝK>.´���:






(x− 1)2 + y2 = 1,

z = 0.

Ω 3 xOz ²¡þ�ÝK>.d 3 ^��ã�¤:
{

z = 0

y = 0,

{

x = 2

y = 0,

{

x = z

y = 0,

0 ≤ x ≤ 2,

0 ≤ z ≤ 2.

Ω 3 yOz ²¡þ�ÝK>.d 3 ^��ãÚ�����¤:
{

y = −1

x = 0,
(0 ≤ z ≤ 1),

{

y = 1

x = 0,
(0 ≤ z ≤ 1),
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{

z = 0

x = 0,
(−1 ≤ y ≤ 1),

{

z = 1 +
√

1 − y2

x = 0,
(−1 ≤ y ≤ 1).

(4) Ω = {(x, y, z) | 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 − x, 0 ≤ z ≤ 4xy};
): Ω ´ncÎ�V�Ô¡���. Ω 3 xOy ²¡þ�ÝK>.d 3

^��ã�¤:
{

y = 0

z = 0,

{

x = 0

z = 0,

{

x+ y = 1

z = 0,

0 ≤ x ≤ 1,

0 ≤ y ≤ 1.

Ω 3 xOz ²¡þ�ÝK>.d 1 ^��ã�^�Ô�ã�¤:
{

z = 0

y = 0,

{

z = 4x(1 − x)

y = 0,
0 ≤ x ≤ 1.

Ω 3 yOz ²¡þ�ÝK>.�d 1 ^��ã�^�Ô�ã�¤:
{

z = 0

x = 0,

{

z = 4y(1 − y)

x = 0,
0 ≤ y ≤ 1.

O

x

y

z

1 5 K (4)

O
x y

z

1 5 K (5)

(5) Ω = {(x, y, z) | 0 ≤ x ≤ 4, 0 ≤ y ≤ 4 − x, 0 ≤ z ≤ 1

4
(x2 + y2 + 1)};

): Ω ´ncÎ�V�Ô¡���. Ω 3 xOy ²¡þ�ÝK>.d 3

^��ã�¤:
{

y = 0

z = 0,

{

x = 0

z = 0,

{

x+ y = 4

z = 0,

0 ≤ x ≤ 4,

0 ≤ y ≤ 4.

Ω 3 xOz ²¡þ�ÝK>.d 3 ^��ã�^�Ô�ã�¤:
{

x = 0

y = 0,

(

0 ≤ z ≤ 17

4

)

,

{

x = 4

y = 0,

(

0 ≤ z ≤ 17

4

)

,



§ 8 ¡����¡�¤�«� · 37 ·

{

z = 0

y = 0,
(0 ≤ x ≤ 4),

{

4z = 2x2 − 8x+ 17

y = 0,
(0 ≤ x ≤ 4).

Ω 3 yOz ²¡þ�ÝK>.d 3 ^��ã�^�Ô�ã�¤:
{

y = 0

x = 0,

(

0 ≤ z ≤ 17

4

)

,

{

y = 4

x = 0,

(

0 ≤ z ≤ 17

4

)

,

{

z = 0

x = 0,
(0 ≤ y ≤ 4),

{

4z = 2y2 − 8y + 17

x = 0,
(0 ≤ y ≤ 4).


