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§ 1 �5�m9ÙÓ�

1. UÏ~ê�\{�¦{, e�8Ü´Ä�¤¢ê� R þ��5�m?

(1) �ê8 Z; (2) knê8 Q; (3) ¢ê8 R; (4) Eê8 C.

): (1) � (2) ÑØ´¢ê� R þ��5�m, Ï�Iþ¦{Øµ4. (3)

Ú (4) Ñ´ R þ��5�m.

2. e K �Eê� C, ¯±¢ê������ n × n Ý
�8ÜéÝ
�

\{�Iþ¦{´Ä�¤ K þ��5�m? ��o?

): Ä, 'uIþ¦{Øµ4.

3. u�e�8Üéu¤��$�´Ä�¤¢ê�þ��5�m:

(1) �N¢é¡ (�¡, þn�/) Ý
, éuÝ
�\{�Iþ¦{;

(2) gê�u n (n ≥ 1) �¢Xêõ�ª�N, éuõ�ª�\{�¦{;

(3) ²¡þ�N�þ, éu�þ�\{�Xe½Â�Iþ¦{:

kα = α;

(4) �N�¢ê R+, \{ÚIþ¦{½Â�:

a⊕ b = ab, (6.1)

k ◦ a = ak. (6.2)

): (1) ´; (2) Ä, "õ�ªØ38Ü¥; (3) Ä, Ï� � α 6= 0 �, 0α 6= 0;

(4) ´.

4. O�þK¥¤Ñy��5�m��êÚÄ.

): (1) ¢é¡:
n(n+ 1)

2
�, Ä {Eij + Eji | i ≤ j};

�¡:
n(n− 1)

2
�, Ä {Eij − Eji | i < j};

þn�/:
n(n+ 1)

2
�, Ä {Eij | i ≤ j}.
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(4) 1 �, ?ÛØ�u 1 ��¢êÑ���Ä.

5. y²: �N±"�4��¢ê�

S =
{

{an} = (a1, a2, a3, · · · , an, · · · )
∣
∣
∣ ai ∈ R, lim

n→∞
an = 0

}

UXe½Â�\{�Iþ¦{:

{an} + {bn} = {an + bn};
k{an} = {kan}

�¤¢ê� R þ���Ã���5�m.

y²: �y�5�mÑ. �`²§´Ã���, é?¿���ê n, k��

Âñu 0 �ê�: αn = {0, · · · , 0, 1(1 n �),0, 0, · · · }. u´éu?¿�� n,

ok n ��þ α1, · · · , αn �5Ã'.

6. �

P =

{(

α β

−β α

)∣
∣
∣
∣
∣
α, β ∈ C

}

.

(1) y²: P UÝ
�\{�Iþ¦{�¤¢ê� R þ����5�m;

(2) ¦ P ��ê�Ä.

): (1) Ñ. (2) dimR P = 4, Ä�:

(

1 0

0 1

)

,

(

i 0

0 −i

)

,

(

0 1

−1 0

)

,

(

0 i

i 0

)

.

7. � R �¢ê�3§g�þ��5�m, R+ �1 3 K (4) ¥��þ�m.

�ÑÓ�N�±y²: R � R+ Ó�.

y²: -

ϕ : R −→ R+

r 7−→ 2r

K(a) ϕ ´N�;

(b) ϕ ´ü�: Ï� 2r1 = 2r2 ⇐⇒ r1 = r2;

(c) ϕ ´÷�: Ï�é?¿� a ∈ R+, a = 2log2 a. 
 log2 a ∈ R, u´

ϕ(log2 a) = 2log2 a = a;

(d) ϕ �±$�:

ϕ(r1 + r2) = 2r1+r2 = 2r12r2 = 2r1 ⊕ 2r2 = ϕ(r1) ⊕ ϕ(r2);

ϕ(kr1) = 2kr1 = (2r1)k = k ◦ 2r1 = k ◦ ϕ(r1).
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¤± ϕ ´Ó�.
∗
8. � F ��N/X

(x1, x2, x3, · · · , xn, · · · ), xn = xn−1 + xn−2, n ≥ 3

�¢ê�¤|¤�8Ü, Ù\{�Iþ¦{�½ÂX1 5 K.

(1) y²: F �¤ R þ������5�m;

(2) �Ñ F ���d�'ê�¤|¤�Ä;

(3) ¦ÜÅ@ê (Fibonacci) ê�

(0, 1, 1, 2, 3, 5, 8, · · · )

�Ï�úª.

y²: (1) F � R þ�5�m�y²Ñ. e¡¦ F ��ê.

�	ê� α1 = (0, 1, 1, 2, 3, 5, · · · ) �α2 = (1, 1, 2, 3, 5, · · · ), w,α1, α2 ∈
F .

(a) � k1α1 + k2α2 = 0, K (k2, k1 + k2, k1 + 2k2, 2k1 + 3k2, · · · ) = 0, ¤

± k2 = 0, l
 k1 = 0. ù`² α1, α2 �5Ã'.

(b) é?¿�

β = (a1, a2, a3, · · · , an, · · · ), an = an−1 + an−2, n ≥ 3

�	

γ = (a2 − a1)α1 + a1α2 − β ∈ F,

K γ = (0, 0, x3, x4, · · · ). Ï� γ ∈ F , ¤± x3 = 0 + 0 = 0, x4 = x3 + 0 = 0,

d8B{�� γ = 0. ùÒy²
 β = (a2 − a1)α1 + a1α2. Ïd α1, α2 �¤ F

�Ä, dimF = 2.

(2) �k�'ê�

(a, aq, aq2, · · · ) ∈ F,

Ké n ≥ 2 k aqn = aqn−1 + aqn−2, l
 q2 = q + 1, �� q =
1 ±

√
5

2
.

´�

η1 =



1,
1 +

√
5

2
,

(

1 +
√

5

2

)2

, · · ·



 ∈ F,

η2 =



1,
1 −

√
5

2
,

(

1 −
√

5

2

)2

, · · ·



 ∈ F.
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q η1, η2 �5Ã', 
 dimF = 2, ¤± η1, η2 �¤ F �Ä.

(3) ÜÅ@êê�

ϕ = (0, 1, 1, 2, 3, 5, 8, · · · ) ∈ F,

Ïd�3 c1, c2 ∈ R, ¦

ϕ = c1η1 + c2η2.

l







0 = c1 + c2

1 = c1
1 +

√
5

2
+ c2

1 −
√

5

2

)�

c1 =

√
5

5
, c2 = −

√
5

5
,

dd��ÜÅ@êê��Ï�úª´

Dn =

√
5

5





(

1 +
√

5

2

)n−1

−
(

1 −
√

5

2

)n−1


 .

∗
9. ¤¢ n � 
, ´�Ù�1��±9Ìé�Úgé����ÚÑ��

� n ��
, X





6 1 8

7 5 3

2 9 4






Ò´��n� 
.

(1) y²: ¢ê�þ�N n � 
�8Ü Mn UÝ
�\{�Iþ¦{�

¤ R þ����5�m;

(2) ¦ M3 ��ê.

): (2) 3 �, Ä�:






1 −1 0

−1 0 1

0 1 −1




 ,






0 1 −1

−1 0 1

1 −1 0




 ,






1 1 1

1 1 1

1 1 1




 .
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§ 2 �5f�m�Ú��Ú

1. � W1, W2 ´�5�m V �f�m, y²±en�Øä´�d�:

(1) W1 ⊆W2; (2) W1 ∩W2 = W1;

(3) W1 +W2 = W2.

y²: (1) ⇔ (2) ±9 (1) ⇒ (3) Ñ´w,�.

(3) ⇒ (1): W1 +W2 = W2 ⇒ W1 ⊆W1 +W2 = W2.

2. ¦d�þ αi )¤�f�mÚd�þ βi )¤�f�m���Ú�Ä�

�ê.

(1)







α1 = (1, 3, 1,−1)

α2 = (1, 0, 1, 2);







β1 = (3,−1,−3,−5)

β2 = (5,−2,−3,−4);

(2)







α1 = (1, 0, 1, 0)

α2 = (1, 1, 0, 1);







β1 = (0, 1, 0.1)

β2 = (0, 1, 1, 0);

(3)







α1 = (1, 0, 2, 0, )

α2 = (2, 0, 1, 1)

α3 = (1, 0,−1, 1);







β1 = (3, 3, 1,−2)

β2 = (1, 3, 0,−3).

): rd�þ αi )¤�f�mÚd � þ βi )¤�f�m©O P �

W1,W2.

(1) dim(W1 +W2) = 3, dimW1 ∩W2 = 1,

W1 +W2 �Ä: α1, α2, β1,

W1 ∩W2 �Ä: (3,−2, 3, 8)

(

=
1

3
(−2α1 + 11α2) = −4β1 + 3β2

)

;

(2) dim(W1 +W2) = 4, dimW1 ∩W2 = 0,

W1 +W2 �Ä: α1, α2, β1, β2;

(3) dim(W1 +W2) = 3, dimW1 ∩W2 = 1,

W1 +W2 �Ä: α1, α2, β1,

W1 ∩W2 �Ä: (2, 0, 1, 1)(= α2 = β1 − β2).

3. � W , W1, W2 Ñ´�þ�m V �f�m, �

W1 ⊆W2, W ∩W1 = W ∩W2, W +W1 = W +W2.

y²: W1 = W2.

y²: dimW + dimW1 = dim(W +W1) + dim(W ∩W1),

dimW + dimW2 = dim(W +W2) + dim(W ∩W2),
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¤±þªmà��. �� dimW1 = dimW2. qÏ W1 ⊆ W2, ¤±

W1 = W2.

4. � V1, V2 ´ n ��5�m V �ü�f�m, ¿�÷v

dim(V1 + V2) = dim(V1 ∩ V2) + 1,

y²: V1 ⊆ V2 ½ V2 ⊆ V1.

y²: Ï� dim(V1 ∩ V2) ≤ dimV1 ≤ dim(V1 + V2) = dim(V1 ∩ V2) + 1,

ü��Ò¥7k��¤á. XJ�>�Ò¤á, KÏ V1 ∩ V2 ⊆ V1, ��

V1 ∩ V2 = V1, l
 V1 ⊆ V2. XJm>�Ò¤á, KÏ V1 ⊆ V1 + V2, ��

V1 = V1 + V2, l
 V2 ⊆ V1.

5. � V = K4, α1 = (1, 2, 1, 2), α2 = (2, 1, 2, 1), W = L(α1, α2). ¦f

�m W 3 V ¥���Ö�m.

): � α3 = (0, 0, 1, 0), α4 = (0, 0, 0, 1), KÏ α1, α2, α3, α4 �5Ã', ¤

± L((0, 0, 1, 0), (0, 0, 0, 1)) ´ W 3 V ¥���Ö�m.

6. y²: z�� n ��5�mÑ´ n ���f�m��Ú.

y²: � V � n ��5�m, α1, · · · , αn ´ V �Ä. - Wi = L(αi), K

V = W1 +W2 + · · · +Wn. q, n = dimV =
∑n

i=1 dimWi, ¤±

V = W1 ⊕W2 ⊕ · · · ⊕Wn.

7. y²: n ��5�m V �z��ýf�mÑ´eZ� n − 1 �f�m

��.

y²: � W ´ V �ýf�m, K r = dimW < dimV = n. � W ���

Ä α1, · · · , αr, òÙ*¿¤ V �Ä α1, · · · , αn. �Xe� n − r � n − 1 ��

5f�m

Vj = L(α1, · · · , αj−1, αj+1, · · · , αn), j = r + 1, · · · , n.

KÏ

β =

n∑

i=1

aiαi ∈ Vj ⇐⇒ aj = 0,

β =
n∑

i=1

aiαi ∈
n⋂

j=r+1

Vj ⇐⇒ ar+1 = · · · = an = 0 ⇐⇒ β ∈W.

= W =
n⋂

j=r+1

Vj.
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8. � V1 � V2 ©O´àg�5�§|

x1 + x2 + · · · + xn = 0 � x1 = x2 = · · · = xn

�)�m.

y²: Kn = V1 ⊕ V2.

y²: (a) é?¿� α = (a1, · · · , an) ∈ Kn, -

β =

(

a1 −
1

n

n∑

i=1

ai, a2 −
1

n

n∑

i=1

ai, · · · , an − 1

n

n∑

i=1

ai

)

,

γ =

(

1

n

n∑

i=1

ai,
1

n

n∑

i=1

ai, · · · ,
1

n

n∑

i=1

ai

)

,

K β ∈ V1, γ ∈ V2, � α = β + γ. ¤± Kn = V1 + V2.

(b) XJ α = (a1, · · · , an) ∈ V1 ∩ V2, K

n∑

i=1

ai = 0, a1 = a2 = · · · = an

)� a1 = a2 = · · · = an = 0, = α = 0. ¤± V1 ∩ V2 = 0.

nþ�� Kn = V1 ⊕ V2.

9. � W1 = {A ∈Mn(K) | AT = A}, W2 = {A ∈Mn(K) | AT = −A}.
y²: Mn(K) = W1 ⊕W2.

y²: (a) é?¿� n �Ý
 A ∈Mn(K), k

A =
1

2
(A+AT) +

1

2
(A−AT),



1

2
(A+AT) ∈W1,

1

2
(A−AT) ∈W2, ¤± Mn(K) = W1 +W2.

(b) � A ∈W1 ∩W2, K

−A = AT = A,

d 2A = 0 �� A = 0. ¤± W1 ∩W2 = 0.

�ª�� Mn(K) = W1 ⊕W2.

10. � A ∈Mn(K) � A2 = A, -

V1 = {X ∈ Kn | AX = 0}, V2 = {X ∈ Kn | AX = X}.

y²: Kn = V1 ⊕ V2.
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y²: (a) � α ∈ Kn, K α = (α−Aα) +Aα. 


A(α−Aα) = Aα−A2α = Aα−Aα = 0, ¤± α−Aα ∈ V1,

A(Aα) = A2α = Aα, ¤± Aα ∈ V2,

l
 Kn = V1 + V2.

(b) � α ∈ V1 ∩ V2, KÏ α ∈ V1, k Aα = 0, d α ∈ V2, k Aα = α. u

´ α = 0, = V1 ∩ V2 = 0.

Ïd Kn = V1 ⊕ V2.
∗
11. � Kn = V1 ⊕ V2, Ù¥ V1, V2 � Kn �ü��²��f�m.

y²: �½�3�����Ý
 (= A2 = A �Ý
) A ∈Mn(K), ¦

V1 = {X ∈ Kn | AX = 0}, V2 = {X ∈ Kn | AX = X}.

y²: � V1 ���Ä α1, · · · , αr ±9 V2 ���Ä αr+1, · · · , αn. K

α1, · · · , αn ´ Kn �Ä. ½Â Kn þ��5C� A �:

A (αi) =







0, 1 ≤ i ≤ r

αi, r + 1 ≤ i ≤ n

r�5C� A 3 Kn �g,Äe�Ý
P� A. d A �½Â�� A 2 = A ,

�A/k A2 = A.

é?¿� X ∈ Kn, k X =
n∑

i=1

aiαi. K

AX = A

(
n∑

i=1

aiαi

)

=
n∑

i=1

aiA (αi) =
n∑

i=r+1

aiαi.

Ïd

AX = 0 ⇐⇒
n∑

i=r+1

aiαi = 0 ⇐⇒ ai = 0∀r + 1 ≤ i ≤ n ⇐⇒ X ∈ V1,

AX = X ⇐⇒
n∑

i=r+1

aiαi =

n∑

i=1

aiαi ⇐⇒ ai = 0∀1 ≤ i ≤ r ⇐⇒ X ∈ V2.

¤± A ´÷v^����Ý
.

2y��5: XJ B ∈Mn(K), ¦�

BX = 0 ∀X ∈ V1, BX = X ∀X ∈ V2,
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KÏ Kn = V1 ⊕ V2, ��

(A−B)X = 0, ∀X ∈ Kn.

¤± A−B = 0, l
 A = B.
∗
12. � A ∈Mn(K), E � n �ü �
. -

V1 = {X ∈ Kn | (A− E)X = 0}, V2 = {X ∈ Kn | (A+ E)X = 0}.

y²: Kn = V1 ⊕ V2 ⇐⇒ A2 = E.

y²: (⇒) Kn = V1 ⊕ V2 =⇒ n = dimV1 + dimV2 =⇒ n = (n −
rank(A−E))+(n−rank(A+E)) =⇒ n = rank(A−E)+rank(A+E) =⇒
A2 = E (SK 5–8.12).

(⇐) é?¿� α ∈ Kn,

α =
1

2
(A+ E)α− 1

2
(A− E)α.

Ï�

(A− E)

[
1

2
(A+ E)α

]

=
1

2
(A2 −E)α = 0,

¤±
1

2
(A+ E)α ∈ V1. qÏ

(A+ E)

[

−1

2
(A− E)α

]

= −1

2
(A2 − E)α = 0,

¤± −1

2
(A− E)α ∈ V2.

Ïd Kn = V1 + V2.

� α ∈ V1 ∩ V2 �qk

α =
1

2
(A+ E)α− 1

2
(A− E)α = 0 + 0 = 0,

Ïd V1 ∩ V2 = 0. l
 Kn = V1 ⊕ V2.

§ 3 îAp��m

1. 3�5�m R2 ¥, é?¿ü��þ α = (a1, a2), β = (b1, b2), ½Â

(α, β) = 5a1b1 + 2a1b2 + 2a2b1 + a2b2.
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�y3d½Âe R2 �¤��îAp��m.

y²: Ñ.

2. 3�5�m Mn(R) ¥, ½Â

f(A,B) = Tr(ATB) ∀A,B ∈Mn(R).

(`²: �
 A �, Tr(A) Ò´�
�é�����Ú) Á¯: f ´Ä Mn(R)

���SÈ?

): ´. � A = (aij), B = (bij), K

(a) f(A,B) = Tr(ATB) =
n∑

k=1

n∑

i=1

akibki =
n∑

k=1

n∑

i=1

bkiaki = f(B,A).

(b) f(A + B,C) = Tr((A + B)TC) = Tr(ATC + BTC) = Tr(ATC) +

Tr(BTC) = f(A,C) + f(B,C).

(c) f(kA,B) = Tr((kA)TB) = Tr(kATB) = kTr(ATB) = kf(A,B).

(d) f(A,A) = Tr(ATA) =
n∑

k=1

n∑

i=1

a2
ki ≥ 0, �

f(A,A) = 0 ⇐⇒ aki = 0, k, i = 1, · · · , n ⇐⇒ A = 0.

¤± f ´ Mn(R) ���SÈ.

3. �

A =









1 0 · · · 0

0 2 · · · 0
...

...
. . .

...

0 0 · · · n









.

5½

(X,Y ) = XTAY ∀X,Y ∈ Rn.

(1) y²: Rn 'ud½Â�¤��îAp��m;

(2) ¦�þ ε1=(1, 0, · · · , 0), ε2=(0, 1, 0, · · · , 0), · · · , εn=(0, 0, · · · , 0, 1)
�ÝþÝ
,

(3) äN�Ñù��m��Ü–Ùr�ÅdÄØ�ª.

): (1) Ñ.

(2) ÝþÝ
� A.

(3) � α = (a1, · · · , an), β = (b1, · · · , bn), K

∣
∣
∣
∣
∣

n∑

k=1

kakbk

∣
∣
∣
∣
∣
≤

√
√
√
√

n∑

k=1

ka2
k ×

√
√
√
√

n∑

k=1

kb2k.
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4. � C ´�� n �¢�_Ý
. 3 Rn ¥, é?¿ü���þ X, Y , 5

½

(X,Y ) = XTCTCY

y²: Rn 'ud½Â�¤��îAp��m.

y²: Ñ.

5. 3IOîAp��mSO��½�þ�SÈ, ¿¦§��m�Y�:

(1) α = (1, 1, 1, 1), β = (−1, 2, 4, 3);

(2) α =

(
1

2
,−1,

1

3
,
1

6

)

, β = (3,−1, 2, 2);

(3) α = (3,−1, 1,−1), β = (−2, 2,−2, 2);

(4) α = (−1, 1,−1, 2, 1), β = (3, 1,−1, 0, 1).

): (1) (α, β) = 8, 〈α, β〉 = arccos
2
√

30

15
.

(2) (α, β) =
7

2
, 〈α, β〉 = arccos

7

10
.

(3) (α, β) = −12, 〈α, β〉 =
5π

6
.

(4) (α, β) = 0, 〈α, β〉 =
π

2
.

6. � x2 + y2 + z2 = 1, (x, y, z ∈ R), Á|^�Ü–Ùr�ÅdÄØ�ª¦

x2

1 − x2
+

y2

1 − y2
+

z2

1 − z2

����.

): �ª = −3 +
1

1 − x2
+

1

1 − y2
+

1

1 − z2
. 
d�Ü–Ùr�ÅdÄØ

�ª,

√
(

1√
1 − x2

)2

+

(
1√

1 − y2

)2

+

(
1√

1 − z2

)2

·
√

(
√

1 − x2)2 + (
√

1 − y2)2 + (
√

1 − y2)2

≥
(

1√
1 − x2

,
1√

1 − y2
,

1√
1 − z2

)






√
1 − x2)√
1 − y2

√
1 − y2




 = 3,

=
√

1

1 − x2
+

1

1 − y2
+

1

1 − z2
·
√

2 ≥ 3,
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¤±
1

1 − x2
+

1

1 − y2
+

1

1 − z2
≥ 9

2
.

x2

1 − x2
+

y2

1 − y2
+

z2

1 − z2
≥ −3 +

9

2
=

3

2
.

q� x = y = z =

√
3

3
�þª��Ò. ��ª�����

3

2
.

7. � a, b, c, x, y, z ∈ R, e a2 + b2 + c2 = 25, x2 + y2 + z2 = 36, ax +

by + cz = 30. Á|^�Ü–Ùr�ÅdÄØ�ª¦
a+ b+ c

x+ y + z
��.

): d�Ü–Ùr�ÅdÄØ�ª,

30 = ax+ by + cz = (a b c)






x

y

z






≤
√
a2 + b2 + c2 ·

√

x2 + y2 + z2 = 30.

Ï�Ò¤á�, (a, b, c) � (x, y, z) ¤'~. � (a, b, c) = t(x, y, z), �\�

30 = t(x2 + y2 + z2) = 36t,

)Ñ t =
5

6
. l


a+ b+ c

x+ y + z
=

5

6
.

8. 3IOîAp��m R3 ¥, ¦Ä α1 = (1, 0, 1), α2 = (1, 1, 0), α3 =

(0, 1, 1) �ÝþÝ
.

): A =






2 1 1

1 2 1

1 1 2




.

9. � ε1, ε2, ε3 ´n�îAp��m V ���5���Ä.

y²: α1 =
1

3
(2ε1 +2ε2 − ε3), α2 =

1

3
(2ε1 − ε2 +2ε3), α3 =

1

3
(ε1 −2ε2 −

2ε3) �´ V ���5���Ä.

y²: ���y��, α1, α2, α3 Ñ´ü �þ, �üü��. �§�´ V

�ü ���þ|. qÏ dimV = 3, §��¤ V �5���Ä.

10. òIOîAp��m R4 �Äα1=(1, 1, 0, 0), α2=(1, 0, 1, 0), α3 =

(−1, 0, 0, 1), α4 = (1, 1, 1,−1) z�5���Ä.

):

√
2

2
(1, 1, 0, 0),

√
6

6
(1,−1, 2, 0),

√
3

6
(−1, 1, 1, 3),

1

2
(−1, 1, 1,−1).

11. ¦àg�5�§|
{

x1 − x2 + x3 + 3x4 − x5 = 0

x1 + 2x2 − x3 + 2x5 = 0
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�)�m (��IOîAp��m R5 �f�m) ���5���Ä.

): Tàg�5�§|���Ä:)X�

α1 =











−1

2

3

0

0











, α2 =











−2

1

0

1

0











, α3 =











0

−1

0

0

1











.

��z�:











−1

2

3

0

0











,














−12

7
3

7

−6

7
1

0














,















− 5

17

−23

34
6

17
3

34
1















.

ü z��5���Ä:
√

14

14
(−1, 2, 3, 0, 0),

√
238

238
(−12, 3,−6, 7, 0),

√
1938

1938
(−10,−23, 12, 3, 34).

12. y²: 3îAp��m V ¥, Ä ε1, ε2, · · · , εn ´5���Ä�¿©7

�^�´: é V �?¿�þ α = a1ε1 + a2ε2 + · · · + anεn, ok

(α, εi) = ai (i = 1, 2, · · · , n).

y²: (⇒) X ε1, · · · , εn ´5���Ä, Ké?¿� α =
∑
aiεi, k

(α, εi) =

(
n∑

j=1

ajεj, εi

)

=

n∑

j=1

aj(εj, εi) = ai.

(⇐) Xé?¿� α =
∑
aiεi, k

(α, εi) = ai,

K εj =
n∑

k=1

akεk, Ù¥ ak = δkj . Ïd

(εj , εi) = ai = δij .

l
 ε1, · · · , εn ´5���Ä.
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13. � α1, α2, · · · , αm ´îAp��m V � m ��þ, ¡Ý


G(α1, α2, · · · , αm) =








(α1, α1) (α1, α2) · · · (α1, αm)

(α2, α1) (α2, α2) · · · (α2, αm)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(αm, α1) (αm, α2) · · · (αm, αm)








��þ| α1, α2, · · · , αm ��.0 (Gram) Ý
.

y²: α1, α2, · · · , αm �5Ã'��=� |G(α1, α2, · · · , αm)| 6= 0.

y²: �k�5'Xª

x1α1 + x2α2 + · · · + xmαm = 0.

rù��ª©O� α1, · · · , αm �SÈ, �±��Cþ x1, · · · , xm ���àg

�5�§|:






(α1, α1)x1 + (α1, α2)x2 + · · · + (α1, αm)xm = 0

(α2, α1)x1 + (α2, α2)x2 + · · · + (α2, αm)xm = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(αm, α1)x1 + (αm, α2)x2 + · · · + (αm, αm)xm = 0

ÙXêÝ
Ò´�.0Ý
 G(α1, · · · , αm). 2|^àg�5�§|k�")

�¿©7�^���:

|G(α1, α2, · · · , αm)| 6= 0 ⇐⇒ àg�5�§|�k")x1 = · · · = xm = 0

⇐⇒ α1, · · · , αm�5Ã'.

14. ÏLéã¥²¡S��/±9AÛ�mSá�N�*	, 8BÑ§�

�º:�I�A�, l
í�Ñ n ��m�á�N�º:�êúª. 2O� 4

��m¥�á�Nkõ�� 3 ��ý¡, õ�� 2 ��ý¡� 1 ��c? ù�

4 �á�Nkõ�«ØÓ�Ý�é��? Á¦§���Ý±9�c�Y�. \

UÄrù
(Jí2� n ��m��/?

(0, 0) (1, 0)

(0, 1) (1, 1)

(0, 0, 0) (1, 0, 0)

(0, 0, 1)

(1, 1, 0)
(0,1,0)

(0, 1, 1)
(1, 1, 1)

(1,0,1)
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1 14 Kã

): n ��m�á�N¥, m �fá�Nk 2n−mCm
n �.

� m = 0 ��º:�ê = 2n;

� m = 1 ��cê = 2n−1n;

� m = 2 ��¡ê = 2n−3n(n− 1); . . .

ÙØÓ�Ý�é��k n− 1 «, �Ý©O�
√

2,
√

3, · · · ,√n.

�Ý�
√
k �é���c�Y��

π

2
½ arccos

1√
k
.

§ 4 îAp��m¥���Ö�m���ÝK

1. 3IOîAp��m R4 ¥, ¦�þ β 3d�þ α1, α2, α3 )¤�f�

m W þ���ÝK. �

(1) α1 = (2, 2,−3, 1), α2 = (−2, 1,−2, 3), α3 = (1, 2,−3, 2), β =

(1, 1,−2, 1);

(2) α1 = (−1, 2,−1, 1), α2 = (2,−1, 1, 0), α3 = (0, 1,−1, 2), β =

(1, 2,−1, 0).

): (1) � β = x1α1+x2α2+x3α3+β2, Ù¥ β2 = β−x1α1−x2α2−x3α3 ∈
W⊥. d�ª (β2, αi) = 0, i = 1, 2, 3, �±�Ñ±eàg�5�§|:







18x1 + 7x2 + 17x3 = 11

7x1 + 18x2 + 12x3 = 6

17x1 + 12x2 + 18x3 = 11

)� (x1, x2, x3) =

(
1

2
,

1

12
,

1

12

)

, Ïd β 3 W þ���ÝK�:

1

2
α1 +

1

12
α2 +

1

12
α3 =

(
11

12
,
5

4
,−23

12
,
11

12

)

.

(2)

(
1

2
, 2, 0,

1

2

)

.

2. � A ∈ Mn(R), B ∈ Rn. y²: ¢Xê�5�§| AX = B k)�¿

©7�^�´ B ��§| ATX = 0 �)�m��.

y²: (⇒) e AX = B k), Kk C = (c1 c2 · · · cn)T ¦� B = AC. u

´é ATX = 0 �?¿) D = (d1 d2 · · · dn)T, k

DTB = DTAC = (ATD)TC = 0,
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¤± B � ATX = 0 �)�m��.

(⇐) � ATX = 0 �)�m� W1, A ���þ|Ü¤�f�m� W2. K

W1 ⊥W2. qÏ dimW1 = n− rankA = n− dimW2, ¤± V = W1 ⊕W2. l


 W2 = W⊥
1 . ®� B ⊥ W1, �� B ∈ W2, = B �d A ���þ|�5L

«, u´�3 C ∈ Rn ¦� B = AC.

3. � V1, V2 ´îAp��m V �ü�f�m, � V1 ��ê�u V2 ��

ê. y²: V2 ¥7k��"�þ��u V1 ¥¤k�þ.

y²: d·K 6.2, V = V1 ⊕ V ⊥
1 , dimV ⊥

1 = n− dimV1.

dim(V2 ∩ V ⊥
1 ) = dimV2 + dimV ⊥

1 − dim(V2 + V ⊥
1 )

≥ n− dimV1 + dimV2 − n

= dimV2 − dimV1 ≥ 1.

¤± V2 ∩ V ⊥
1 6= 0, �3�"�þ α ∈ V2 ∩ V ⊥

1 , = α ∈ V2, α ⊥ V1.

4. � U � n �îAp��m V �f�m. y²:
(
U⊥
)⊥

= U .

y²: Ï� U ��þÑ� U⊥ ��, Ïd U ⊆ (U⊥)⊥. qÏ

dim(U⊥)⊥ = n− dimU⊥ = n− (n− dimU) = dimU,

Ïd U = (U⊥)⊥.

5. � V1, V2 � n �îAp��m V �ü�f�m, y²:

(1) (V1 + V2)
⊥ = V ⊥

1 ∩ V ⊥
2 ;

(2) (V1 ∩ V2)
⊥ = V ⊥

1 + V ⊥
2 .

y²: (1) e α ∈ (V1 + V2)
⊥, K α ⊥ V1 � α ⊥ V2, l
 α ∈ V ⊥

1 ∩ V ⊥
2 .

¤± (V1 + V2)
⊥ ⊆ V ⊥

1 ∩ V ⊥
2 .

XJ α ∈ V ⊥
1 ∩V ⊥

2 , Kα ⊥ V1 �α ⊥ V2, α ⊥ V1+V2, ¤±α ∈ (V1+V2)
⊥.

ù`² V ⊥
1 ∩ V ⊥

2 ⊆ (V1 + V2)
⊥.

nþ=k (V1 + V2)
⊥ = V ⊥

1 ∩ V ⊥
2 .

(2) (V1 ∩ V2)
⊥ =

[
(V ⊥

1 )⊥ ∩ (V ⊥
2 )⊥

]⊥
=
[(
V ⊥

1 + V ⊥
2

)⊥
]⊥

= V ⊥
1 + V ⊥

2 .
∗
6. � W �îAp��m V �f�m, α ´ V ����þ. ½Â α � W

�ål

d(α,W ) = |α− α′|,
Ù¥, α′ � α 3 W þ���ÝK.

y²: XJ α1, α2, · · · , αm � W �Ä, K

d(α,W ) =

√

|G(α1, α2, · · · , αm, α)|
|G(α1, α2, · · · , αm)| .
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ùp� G(· · · ) ´�þ|��.0Ý
 (�SK 6–3.13).

y²: � α′ =
m∑

i=1

xiαi. l

(α− α′, αj) =

(

α−
m∑

i=1

xiαi, αj

)

= 0, j = 1, · · · ,m,

�� 





(α,α1)
...

(α,αm)







= G(α1, · · · , αm)







x1

...

xm






,

du α1, · · · , αm �5Ã', ¤± G = G(α1, · · · , αm) �_ (ë�öS 5–3.10).

Ïd 





x1

...

xm







= G−1







(α,α1)
...

(α,αm)






.

α′ = (α1 · · · αm)







x1

...

xm







= (α1 · · · αm)G−1







(α,α1)
...

(α,αm)






.

¤±

d(α,W )2 = (α− α′, α− α′)

=






α− (α1 · · · αm)G−1







(α,α1)
...

(α,αm)






, α− (α1 · · · αm)G−1







(α,α1)
...

(α,αm)













= (α,α) − 2((α,α1) · · · (α,αm))G−1







(α,α1)
...

(α,αm)







+ ((α,α1) · · · (α,αm))G−TGG−1







(α,α1)
...

(α,αm)







= (α,α) − ((α,α1) · · · (α,αm))G−1







(α,α1)
...

(α,αm)






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=
1

|G|







(α,α)|G| − ((α,α1) · · · (α,αm))G∗







(α,α1)
...

(α,αm)













=
1

|G|

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(α1, α1) · · · (α1, αm) (α1, α)

(α2, α1) · · · (α2, αm) (α2, α)
...

. . .
...

...

(α,α1) · · · (α,αm) (α,α)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=
|G(α1, · · · , αm, α)|

|G| .

∴ d(α,W ) =

√

|G(α1, α2, · · · , αm, α)|
|G(α1, α2, · · · , αm)| .

7. � V1, V2 �îAp��m V �ü�f�m, x, y ∈ V . �56/L1 =

x+ V1, L2 = y + V2 �m�ål½Â�

d(L1, L2) = min |α− β|, ∀α ∈ L1, β ∈ L2.

y²: d(L1, L2) = d(x− y, V1 + V2).

y²: d V = (V1 + V2) ⊕ (V1 + V2)
⊥, �� x − y = β1 − α1 + δ, Ù¥

α1 ∈ V1, β1 ∈ V2, δ ∈ (V1 + V2)
⊥. u´

d(x− y, V1 + V2) = |δ| = |(x+ α1) − (y + β1)| ≥ d(L1, L2).

��, é?¿� α = x+ α1 ∈ L1, β = y + β1 ∈ L2, -

α− β = (x− y) + (α1 − β1) = γ + δ,

Ù¥ γ ∈ V1 + V2, δ ∈ (V1 + V2)
⊥. K

x− y = (γ − α1 + β1) + δ.

u´

|α− β|2 = |γ + δ|2 = |γ|2 + |δ|2 ≥ |δ|2 = d(x− y, V1 + V2)
2.

(Ù¥ |γ + δ|2 = |γ|2 + |δ|2 ´Ï� γ ⊥ δ.) ¤±

d(L1, L2) = min |α− β| ≥ d(x− y, V1 + V2).
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�ª�� d(L1, L2) = d(x− y, V1 + V2).

8. ¦ü�²¡ L1 = x+ L(α1, α2) � L2 = y + L(β1, β2) �m�ål, Ù

¥

α1 = (1,−2, 0,−3), α2 = (2,−2, 1, 2), x = (4, 5, 3, 2);

β1 = (1, 0, 1, 1), β2 = (1,−2, 0,−1), y = (1,−2, 1,−3).

): W = L(α1, α2) + L(β1, β2) = L(α1, α2, β1). ¤±

d(L1, L2) = d(x− y,W ) =

√

|G(α1, α2, β1, (x− y))|
|G(α1, α2, β1)|

=

√

324

36
= 3.

9. ¦e��§����¦):






3.4x− 1.6y = 1

3.3x− 1.7y = 1

3.2x− 1.5y = 1

2.6x− 1.1y = 1.

): A =








3.4 −1.6

3.3 −1.7

3.2 −1.5

2.6 −1.1








, B =








1

1

1

1








.

K���¦) (x, y) ��5�§ ATAX = ATB �). )ù��§, �






x ≈ 0.69

y ≈ 0.78

§ 5 ��C����Ý


1. 3AÛ�m¥���Ie [O;
−→
i ,

−→
j ,

−→
k ]. A ,B,C ©OL«�mUm

ÃX7 x!y!z ¶^= 45◦ ���C�.

(1) ±�I�/ª�Ñ A ,B,C �L�ª;

(2) ¦ A ,B,C 3Ä
−→
i ,

−→
j ,

−→
k e�Ý
;

(3) ¦ A B, BA , A BC , A + B, A 4B4 3Ä
−→
i ,

−→
j ,

−→
k e�Ý
;

(4) y²: A 8 = B8 = C 8 = E , ùp E L«ðÓN�.

): (1) A (x, y, z) =

(

x,

√
2

2
y −

√
2

2
z,

√
2

2
y +

√
2

2
z

)

,
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B(x, y, z) =

(√
2

2
x+

√
2

2
z, y,−

√
2

2
x+

√
2

2
z

)

,

C (x, y, z) =

(√
2

2
x−

√
2

2
y,

√
2

2
x+

√
2

2
y, z

)

.

(2) A =









1 0 0

0

√
2

2
−
√

2

2

0

√
2

2

√
2

2









,

B =









√
2

2
0

√
2

2
0 1 0

−
√

2

2
0

√
2

2









, C =









√
2

2
−
√

2

2
0

√
2

2

√
2

2
0

0 0 1









.

(3) AB =










√
2

2
0

√
2

2
1

2

√
2

2
−1

2

−1

2

√
2

2

1

2










, BA =










√
2

2

1

2

1

2

0

√
2

2
−
√

2

2

−
√

2

2

1

2

1

2










, ABC=










1

2
−1

2

√
2

2
1

2
+

√
2

4

1

2
−

√
2

4
−1

2
1

2
−

√
2

4

1

2
+

√
2

4

1

2










, A+B =










1 +

√
2

2
0

√
2

2

0 1 +

√
2

2
−
√

2

2

−
√

2

2

√
2

2

√
2










,

A4B4 =






−1 0 0

0 −1 0

0 0 1




.

(4) Ñ.

2. � A = (aij) ∈Mn(R) ���Ý
, � |A| = 1.

y²: aij = Aij, Ù¥ Aij � aij ��ê{fª.

y²: Ï� |A| = 1, ¤± AA∗ = E, l


A∗ = A−1 = AT,

ü>'����

aij = Aij , i, j = 1, · · · , n.
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3. � A ´îAp��m V ���C�.

y²: XJ A �±SÈØC, =é¤k� α, β ∈ V , (A α,A β) = (α, β),

@o§�½´�5�, Ï
´��C�.

y²: é?¿� α, β ∈ V , k

(A (α+ β) − A α− A β,A (α+ β) − A α− A β)

= (A (α+ β),A (α+ β)) − 2(A (α+ β),A α) − 2(A (α + β),A β)

+ (A α,A α) + 2(A α,A β) + (A β,A β)

= (α+ β, α+ β) − 2(α+ β, α) − 2(α+ β, β) + (α,α) + 2(α, β) + (β, β)

= ((α+ β) − α− β, (α + β) − α− β) = 0.

¤± A (α+ β) = A α+ A β.

aq/,

(A (kα) − kA α,A (kα) − kA α)

= (A (kα),A (kα)) − 2k(A (kα),A α) + k2(A α,A α)

= (kα, kα) − 2k(kα, α) + k2(α,α) = 0.

¤± A (kα) = kA α.

Ïd A ´�5C�.

4. � ε1, ε2, · · · , εn � α1, α2, · · · , αn ´îAp��m�ü�5���Ä.

y²: �3��C� A , ¦

A (εi) = αi (i = 1, 2, · · · , n).

y²: du ε1, ε2, · · · , εn ´�5�m�Ä, Ïd÷vK�^���5C

� A �½�3. éu?¿�ü��þ α =
n∑

i=1

aiεi, β =
n∑

i=1

biεi, k A (α) =

n∑

i=1

aiA (εi) =
n∑

i=1

aiαi, A (β) =
n∑

i=1

biαi, Ïd

(A (α),A (β)) =

(
n∑

i=1

aiαi,

n∑

i=1

biαi

)

=

n∑

i=1

aibi = (α, β).

¤± A ´��C�.

5. ¦e����
�î.�:
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(1)









1

2

√
3

2
0

−
√

3

2

1

2
0

0 0 1









; (2)






0 0 1

0 −1 0

1 0 0




;

(3)










√
2

4

√
6

4

√
2

2

−
√

2

4
−
√

6

4

√
2

2√
3

2
−1

2
0










.

): (1) θ = 0, φ+ ψ =
5π

3
;

(2) θ =
π

2
, φ =

π

2
, ψ =

π

2
;

(3) d r33 = cos θ = 0, θ ∈ [0, π], �� θ =
π

2
. 2d r31 = sinψ =

√
3

2

±9 r32 = cosψ = −1

2
�� ψ =

2π

3
. ��d r13 = sinφ =

√
2

2
±9

r23 = − cosφ =

√
2

2
�� φ =

3π

4
.

∗
6. �: P ��I� (1, 1, 0), ¦7¶

−−→
OP UmÃ��^=

π

6
���C�.

): ëw~ 7.5. ^=¶�ü �þ´ ξ =

(√
2

2
,

√
2

2
, 0

)

. - η = ξ−−→
k =

(√
2

2
,

√
2

2
,−1

)

. ÷ η ���º�P� S , du







S (
−→
i ) =

−→
i − 2

(
−→
i , η)

(η, η)
η =

1

2

−→
i − 1

2

−→
j +

√
2

2

−→
k

S (
−→
j ) =

−→
j − 2

(
−→
j , η)

(η, η)
η = −1

2

−→
i +

1

2

−→
j +

√
2

2

−→
k

S (
−→
k ) =

−→
k − 2

(
−→
k , η)

(η, η)
η =

√
2

2

−→
i +

√
2

2

−→
j

Ïd S 3Ä
−→
i ,

−→
j ,

−→
k e�Ý
�

S =










1

2
−1

2

√
2

2

−1

2

1

2

√
2

2√
2

2

√
2

2
0










.
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,��¡^= R−→
k ,−π

6
�Ý
´

R =









√
3

2

1

2
0

−1

2

√
3

2
0

0 0 1









.

����¤¦��C��Ý
�

SRS =










√
3

4
+

1

2
−
√

3

4
+

1

2

√
2

4

−
√

3

4
+

1

2

√
3

4
+

1

2
−
√

2

4

−
√

2

4

√
2

4

√
3

2










.

∗
7. ¦��C�

A (X) =










√
2

2

√
2

2
0

1

2
−1

2

√
2

2
1

2
−1

2
−
√

2

2










X

�^=¶�^=�.

): ¦^=¶��u¦ AX = X �)�þ X ∈ R3. )�^=¶��

��þ´ ξ = (
√

2 + 1, 1,
√

2 − 1). �¦^=�, ���� ξ ����þ

α = (1,−2,−1), K^=� θ = 〈α,A (α)〉.

cos θ =
(α,A (α))

|α|2 = −3

4
.

qÏ·ÜÈ

(ξ, α,A (α)) = −21

2
< 0,

¤±^=� θ = π + arccos
3

4
.


