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§ 1 �þ|��

1. ée��þ|, ò α1 *¿¤�þ|���4�Ã'|:

(1) α1 = (1,−1, 2, 4), α2 = (0, 3, 1, 2), α3=(3, 0, 7, 14), α4=(1,−1, 2, 0),

α5 = (2, 1, 5, 6);

(2) α1 = (1,−1, 0, 1, 1), α2 = (2, 1, 3,−1, 0), α3 = (3, 0, 3, 0, 1), α4 =

(1,−1, 1,−1, 1), α5 = (−1,−5,−6, 5, 3), α6 = (2, 1, 2, 1, 0).

): (1) α1, α2, α4.

(2) α1, α2, α4.

2. ��þ| α1, α2, · · · , αs ��� r, αi1 , αi2 , · · · , αir
´§���Ü©|.

y²: XJ α1, α2, · · · , αs �d αi1 , αi2 , · · · , αir
�5L«, K αi1 , αi2 , · · · , αir

´ α1, α2, · · · , αs ���4��5Ã'|.

y²: ���þ|�Ü©|, αi1 , · · · , αir
�,�±� α1, · · · , αs �5L

«. Ïdùü��þ|�d, lk�Ó�� r. u´d·K 1.9 ���þ|

αi1 , · · · , αir
�5Ã'. díØ 1.8 ��§´4��5Ã'|.

3. ®�ü��þ|k�Ó��, �Ù¥���±�,���5L«. y

²: ùü��þ|�d.

y²: ��þ| (I) ���þ| (II) �5L«, §�)¤��5f�m©

OP� L1, L2. K L1 ⊆ L2. qÏ§�k�Ó��, Ïd§�)¤��5f�m

k�Ó��ê, l L1 = L2, = (I) � (II) �d.

4. � α1, α2, · · · , αt � α1, α2, · · · , αt, αt+1, αt+2, · · · , αs k�Ó��. y

²: α1, α2, · · · , αt � α1, α2, · · · , αs �d.

y²: �âb�, k

L(α1, · · · , αt) ⊆ L(α1, · · · , αt, αt+1, · · · , αs),

qÏùü��þ|k�Ó��, Ïd§�Ü¤��5f�mk�Ó��ê, l

��. 2|^·K 1.1, ��ùü��þ|�5�d.
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5. y²:

rank{α1, · · · , αs, β1, · · · , βt} ≤ rank{α1, · · · , αs} + rank{β1, · · · , βt}.

y²: � αi1 , · · · , αir1
´ α1, · · · , αs ���4��5Ã'|, βj1 , · · · , βjr2

´ β1, · · · , βt ���4��5Ã'|, K

{α1, · · · , αs, β1, · · · , βt} �5�du {αi1 , · · · , αir1
, βj1 , · · · , βjr2

},

¤±

rank{α1, · · · , αs, β1, · · · , βt} = rank{αi1 , · · · , αir1
, βj1 , · · · , βjr2

}
≤ r1 + r2 = rank{α1, · · · , αs} + rank{β1, · · · , βt}.

6. ��þ| {α1, α2, · · · , αs}, {β1, β2, · · · , βt}, {α1, α2, · · · , αs, β1, β2,

· · · , βt} ��©O´ r1, r2, r3. y²:

max {r1, r2} ≤ r3 ≤ r1 + r2.

y²: du�þ| {α1, , · · · , αs}, {β1, · · · , βt}Ñ�d�þ| {α1, · · · , αs,

β1, · · · , βt} �5L«, �

r1 ≤ r3, r2 ≤ r3,

l

max{r1, r2} ≤ r3.

r3 ≤ r1 + r2 Ò´öS 5 �(Ø.

7. ��þ| {α1, α2, · · · , αs}, {β1, β2, · · · , βs}, {α1 + β1, α2 + β2, · · · ,
αs + βs} ��©O´ r1, r2, r3. y²: r3 ≤ r1 + r2.

y²: Ï� {α1 + β1, · · · , αs + βs} �d {α1, · · · , αs, β1, · · · , βs} �5L

«, Ïd§��

r3 ≤ rank{α1, · · · , αs, β1, · · · , βs}
≤ rank{α1, · · · , αs} + rank{β1, · · · , βs} = r1 + r2.

8. ��þ| α1, α2, · · · , αs ��� r, αi1 , αi2 , · · · , αim
�§���Ü©

|. y²:

rank{αi1 , αi2 , · · · , αim
} ≥ r +m− s.
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y²: � αi1 , · · · , αim
���u t, K§���4�Ã'| αj1 , · · · , αjt

´

α1, · · · , αs ��5Ã'|, §��*¿� α1, · · · , αs ���4��5Ã'|,

ù
*¿��þØ�U´ αi1 , · · · , αim
��þ, ÄK�4�Ã'|gñ. 

α1, · · · , αs ¥�k s−m �Øáu αi1 , · · · , αim
��þ, Ù¥ÀÑ r− t �ØÓ

��þV\� αj1 , · · · , αjt
±)¤ α1, · · · , αs ���4��5Ã'|, l

r − t ≤ s−m,

£��

rank{αi1 , · · · , αim
} = t ≥ r +m− s.

9. ��þ β �d�þ| α1, α2, · · · , αs �5L«, �ØUd α1, α2, · · · ,
αs−1 �5L«. y²: �þ| α1, α2, · · · , αs ��þ| α1, α2, · · · , αs−1, β �

d.

y²: db�, �3 a1, · · · , as ∈ K ¦�

β = a1α1 + a2α2 + · · · + asαs.

XJ as = 0, K β �±� α1, α2, · · · , αs−1 �5L«, �b�gñ, Ïd as 6= 0.

u´

αs =
1

as

β − a1

as

α1 − · · · − as−1

as

αs−1,

= αs �±d α1, α2, · · · , αs−1, β �5L«. l�þ| α1, α2, · · · , αs ��

α1, α2, · · · , αs−1, β �5L«. ,��¡, �âb�, �þ| α1, α2, · · · , αs−1, β

�±��þ| α1, α2, · · · , αs �5L«, Ïdùü��þ|�d.
∗
10. (O�½n) ��þ| α1, α2, · · · , αs �5Ã', ��d�þ| β1, β2,

· · · , βt �5L«. y²: �3 β1, β2, · · · , βt ����� βi1 , βi2 , · · · , βit
, ¦

�þ| α1, α2, · · · , αr, βir+1
, βir+2

, · · · , βit
��þ| β1, β2, · · · , βt �d (r =

1, · · · , s).
y²: Ï� α1, α2, · · · , αs �5Ã', ��d�þ| β1, β2, · · · , βt �5L

«, � s ≤ t.

e¡^8B{y²O�½n.

(i) � s = 1.

Ï� α1 �d β1, · · · , βt �5L«, ��3 ai ∈ K ¦� α1 =
t∑

i=1

aiβi. 

α1 �5Ã', = α1 6= 0, ¤± a1, · · · , at Ø��". 7k al 6= 0 (1 ≤ l ≤ t).

K

βl =
1

al

α1 −
t∑

i=1
i6=l

ai

al

βi,
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Ïd�þ| α1, β1, · · · , βl−1, βl+1, · · · , βt ��þ| β1, β2, · · · , βt �d.

- βi1 = βl, βi2 = β1, . . . , βil
= βl−1, βil+1

= βl+1, . . . , βit
= βt, =�(

Ø.

(ii) b½(Øé s− 1 ¤á. �	 s ��5Ã'��þ α1, α2, · · · , αs.

Ï α1, α2, · · · , αs−1 �5Ã', d8Bb�, �3 β1, · · · , βt �����

βj1 , · · · , βjt
, ¦

{α1, · · · , αr, βjr+1
, · · · , βjt

} ∼= {β1, · · · , βt} (r = 1, · · · , s− 1).

q αs �d β1, · · · , βt �5L«, ¤± αs �±d α1, · · · , αs−1, βjs
, · · · , βjt

�

5L«. ��3 ki, lk ∈ K, i = 1, · · · , s− 1, k = s, · · · , t, ¦�

αs =

s−1∑

i=1

kiαi +

t∑

k=s

lkβjk
.

du α1, · · · , αs �5Ã', � ls, · · · , lt Ø��". �1��Ø�"�´ lh, K

h ≥ s. l βjh
�±d α1, · · · , αs, βjh+1

, · · · , βjt
�5L«. - βis

= βjh
,

βi1 = βj1 , . . . , βis−1
= βjs−1

, βis+1
= βjs+1

, . . . , βit
= βjt

, K

{α1, · · · , αs, βis+1
, · · · , βit

} ∼= {β1, · · · , βt}.

d8B{�n��(Ø¤á.

§ 2 Ý
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1. ¦e�Ý
��:

(1)








1 4 10 0

3 2 4 2

4 1 1 3

2 3 7 1








(2)








2 1 11 2

1 0 4 −1

1 −1 1 −5

2 0 8 −2








(3)











1 0 0 1 1

0 1 0 −1 1

1 −1 1 3 1

0 0 1 1 1

1 1 1 2 3











(4)








2 0 3 1 −1

1 2 1 2 1

3 −2 5 0 −3

−1 1 0 2 3








): (1) 2; (2) 2; (3) 4; (4) 3.

2. ¦e��þ|���4��5Ã'|:
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(1) α1 = (3, 2,−1,−3,−2), α2 = (2,−1, 3, 1,−3), α3 = (1,−4, 7, 5, 4),

α4 = (1,−7, 11, 9, 5);

(2) α1 = (1,−1, 1, 1, 1), α2 = (1, 1,−1, 1, 1), α3 = (1, 1, 1,−1, 1), α4 =

(1, 1, 1, 1,−1), α5 = (1, 1, 1, 1.1);

(3) α1 = (2,−1, 3,−2, 4), α2 = (4,−2, 5, 1, 7), α3 = (2,−1, 1, 8, 2), α4 =

(2,−1, 2, 3, 3);

(4) α1 = (1, 3, 3, 5), α2 = (3, 2,−5, 1), α3 = (2, 3, 0, 4), α4=(5, 4,−7, 1),

α5 = (3, 5, 1, 7).

): (1) � 4, α1, α2, α3, α4.

(2) � 5, α1, α2, α3, α4, α5.

(3) � 2, α1, α2.

(4) � 3, α1, α2, α4.

3 ¦�þ| α1 = (−3, 1, 1, 1), α2 = (1,−3, 1, 1), α3 = (1, 1,−3, 1), α4 =

(1, 1, 1,−3) �¤k4��5Ã'|.

): ?¿ 3 ��þÑ�¤4��5Ã'|.

4. ¦e��þ|¤Ü¤�f�m�Ä��ê:

(1) α1=(4,−5, 2, 6), α2=(2, 1, 3, 2), α3=(2,−6,−1, 4), α4=(2, 13, 5,−6);

(2) α1 = (1, 0, 0, 1,−1), α2 = (0, 1, 0, 2, 1), α3 = (0, 0, 1,−1,−2), α4 =

(1, 1, 1, 2,−2).

): (1) �ê 3, Ä α1, α2, α4.

(2) �ê 3, Ä α1, α2, α3.

5. ¦e�Ý
��:

(1)








a1b1 a1b2 · · · a1bn

a2b1 a2b2 · · · a2bn

. . . . . . . . . . . . . . . . . . . . . .

anb1 anb2 · · · anbn








; (2)








1 a a · · · a a

a 1 a · · · a a

. . . . . . . . . . . . . . . . . . .

a a a · · · a 1








.

): (1) Ï�dÝ
�?¿ü1Ñ�5�', Ïd� ≤ 1. dÝ
�

��u 0 �¿©7�^�´¤k� aibj = 0. X (a1, · · · , an) 6= 0, K7

k (b1, · · · , bn) = 0, X (b1, · · · , bn) 6= 0, K7k (a1, · · · , an) = 0. Ïd�

(a1, · · · , an) = 0 ½ (b1, · · · , bn) = 0 �, �� 0, ÄK, �� 1.

(2) � a = 1 �, �� 1; � a =
1

1 − n
�, �� n − 1 (n > 1); Ù{�/,

�� n.

6. �

W = {(a1, · · · , ar, 0, · · · , 0) | ai ∈ K, i = 1, · · · , r} ⊆ Km
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y²: dimW = r.

y²: �α1 = (1, 0, · · · , 0, · · · , 0), . . . , αr = (0, 0, · · · , 1, 0, · · · , 0), K

α1, α2, · · · , αr �5Ã', �é?¿� α = (a1, · · · , ar, 0, · · · , 0) ∈ W , k

α = a1α1 + · · · + arαr, ¤± dimW = r.

7. � α1, α2, · · · , αr �5Ã', βj =
r∑

i=1

aijαi (j = 1, · · · , s), - A =

(aij). y²:

rank{β1, β2, · · · , βs} = rankA.

y²: (i) � βj1 , · · · , βjt
´ β1, · · · , βs ���4��5Ã'|. �	 A ���

þ| γ1, · · · , γs. K

(βj1 · · · βjt
) = (α1 · · · αr)(γj1 · · · γjt

).

XJ
t∑

i=1

kiγji
= 0, K

(βj1 · · · βjt
)







k1

...

kt







= (α1 · · · αr)(γj1 · · · γjt
)







k1

...

kt







= 0,

=
t∑

i=1

kiβji
= 0, du βj1 , · · · , βjt

�5Ã', Ïd k1 = · · · = kt = 0, =

γj1 , · · · , γjt
�5Ã'. ¤±

rank(A) ≥ t = rank{β1, · · · , βs}.

(ii) � γj1 , · · · , γjt
´ A ���þ|�4��5Ã'|, Kd

t∑

i=1

kiβji
= 0

��

(α1 · · · αr)(γj1 · · · γjt
)







k1

...

kt







= (βj1 · · · βjt
)







k1

...

kt







= 0,

du α1, · · · , αr �5Ã', 7Lk

(γj1 · · · γjt
)







k1

...

kt







= 0,
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d γj1 , · · · , γjt
��5Ã'5�� k1 = · · · = kt = 0, = βj1 , · · · , βjt

�5Ã',

Ï

rank{β1, · · · , βs} ≥ t = rank(A).

�ª��

rank{β1, · · · , βs} = rank(A).

8. � A ∈Mm,n(K). ®� A �1 i1, i2, · · · , ir 1|¤ A �1�þ|�4

��5Ã'|, A �1 j1, j2, · · · , jr �|¤ A ���þ|�4��5Ã'|.

y²:
∣
∣
∣
∣
∣
∣
∣
∣
∣

ai1,j1 ai1,j2 · · · ai1,jr

ai2,j1 ai2,j2 · · · ai2,jr

. . . . . . . . . . . . . . . . . . . . . . .

air ,j1 air ,j2 · · · air ,jr

∣
∣
∣
∣
∣
∣
∣
∣
∣

6= 0.

y²: ·���Ý
�1��, ��Ý
�c r 1�c r �©O�Ý
�

1�þ|���þ|�4��5Ã'|. lÝ
�²Ð�1C�z�

B =













a1,1 a1,2 · · · a1,n

. . . . . . . . . . . . . . . . . . .

ar,1 ar,2 · · · ar,n

0 0 · · · 0

. . . . . . . . . . . . . . . . . . .

0 0 · · · 0













,

ÏÝ
�Ð�1C�ØUCÝ
���þ��5'X, �Ý
 B �c r �E�

B ���þ|�4��5Ã'|. l B �²Ð��C�z�

C =













a1,1 a1,2 · · · a1,r 0 · · · 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ar,1 ar,2 · · · ar,r 0 · · · 0

0 0 · · · 0 0 · · · 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 · · · 0 0 · · · 0













.

Ï� rank(C) = rank(B) = r, ¤±

∣
∣
∣
∣
∣
∣
∣

a1,1 a1,2 · · · a1,r

. . . . . . . . . . . . . . . . . . .

ar,1 ar,2 · · · ar,r

∣
∣
∣
∣
∣
∣
∣

6= 0.
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§ 3 ^Ý
���ä�5�§|)��¹

1. λ �Û��, �§|







(λ+ 3)x1 + x2 + 2x3 = λ

λx1 + (λ− 1)x2 + x3 = 2λ

3(λ+ 1)x1 + λx2 + (λ+ 3)x3 = 3λ

k)? 3k)��¹e, ¦Ñ��).

): Xê1�ª�u λ2(λ− 1). � λ 6= 0, 1 �, �§|k��):







x1 =
λ− 3

λ− 1

x2 =
λ+ 3

λ− 1

x3 =
3 − λ

λ− 1
,

� λ = 0 �, ��)�: x1 = −x3, x2 = x3, x3 ´gd��þ;

� λ = 1 �, ��§|Ã).

2. a, b �Û��, �§|







ax1 + x2 + x3 = 4

x1 + bx2 + x3 = 3

x1 + 2bx2 + x3 = 4

k)? 3k)��¹e, ¦Ñ��).

): (a) � a 6= 1 � b 6= 0 �, �§|k��):







x1 =
2b− 1

b(a− 1)

x2 =
1

b

x3 =
2ab− 4b+ 1

b(a− 1)
;

(b) � b = 0 �, ½� a = 1, b 6= 1

2
�, ��§|Ã);

(c) � a = 1, b =
1

2
�, ��)�: x1 = 2 − x3, x2 = 2, x3 ´gd��þ.

3. ?Øe�¹ëþ�5�§|�)��¹, ¿¦).
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(1)







ax1 + bx2 + x3 = 1

x1 + abx2 + x3 = b

x1 + bx2 + ax3 = 1;

(2)







(λ+ 3)x1 + x2 + 2x3 = λ

λx1 + (λ− 1)x2 + x3 = 2λ

3(λ+ 1)x1 + λx2 + (λ+ 3)x3 = 5;

(3)







ax1 + bx2 + 2x3 = 1

ax1 + (2b− 1)x2 + 3x3 = 1

ax1 + bx2 + (b+ 3)x3 = 2b− 1.

): (1) � b(a− 1)(a+ 2) 6= 0 �k):

x1 =
a− b

(a− 1)(a + 2)
, x2 =

ab+ b− 2

b(a− 1)(a+ 2)
, x3 =

a− b

(a− 1)(a+ 2)
;

� a = b = −2 �, k) x1 = x3 = −1 − 2x2;

� a = b = 1 �, k) x1 = 1 − x2 − x3;

Ù{�/Ã);

(2) � λ 6= 0, λ 6= 1 �k): x1 =
λ2 + 4λ− 15

λ2
, x2 =

λ2 + λ+ 15

λ2
,

x3 =
−4λ2 + λ+ 15

λ2
;

� λ = 1 �k): x1 = 2 − x3, x2 = −7 + 2x3;

� λ = 0 �Ã);

(3) � a 6= 0, b 6= ±1 �k): x1 =
5 − b

a(b+ 1)
, x2 =

−2

b+ 1
, x3 =

2(b− 1)

b+ 1
;

� b = 1 �k): x2 = 1 − ax1, x3 = 0;

� a = 0, b = 5 �k): x2 = −1

3
, x3 =

4

3
, x1 �?¿ê;

Ù{�/Ã).

4. |^�5�§|�nØy²: XJ��

L1 :







A1x+B1y + C1z +D1 = 0

A2x+B2y + C2z +D2 = 0

���

L2 :







A3x+B3y + C3z +D3 = 0

A4x+B4y + C4z +D4 = 0
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��, @o
∣
∣
∣
∣
∣
∣
∣
∣
∣

A1 A2 A3 A4

B1 B2 B3 B4

C1 C2 C3 C4

D1 D2 D3 D4

∣
∣
∣
∣
∣
∣
∣
∣
∣

= 0.

): �â~ 3.3 �), XJ L1 � L2 ��, @o�5�§|







A1x+B1y + C1z = −D1

A2x+B2y + C2z = −D2

A3x+B3y + C3z = −D3

A4x+B4y + C4z = −D4

k��), l rank(A) = rank(Ã) = 3, ùp A � Ã ©O´þã�§|�X

êÝ
�O2Ý
. Ïd1�ª |Ã| = 0,

∣
∣
∣
∣
∣
∣
∣
∣
∣

A1 A2 A3 A4

B1 B2 B3 B4

C1 C2 C3 C4

D1 D2 D3 D4

∣
∣
∣
∣
∣
∣
∣
∣
∣

= −

∣
∣
∣
∣
∣
∣
∣
∣
∣

A1 B1 C1 −D1

A2 B2 C2 −D2

A3 B3 C3 −D3

A4 B4 C4 −D4

∣
∣
∣
∣
∣
∣
∣
∣
∣

= 0.

5. ¦n�²¡ Aix+Biy +Ciz +Di = 0 (i = 1, 2, 3) ©O÷ve�'X

�¿�^�.

(1) k��ú�:; (2) k�^ú���;

(3) n�²¡²1; (4) n�²¡�¤ncÎ.

): �	�àg�5�§|







A1x+B1y + C1z = −D1

A2x+B2y + C2z = −D2

A3x+B3y + C3z = −D3

(∗)

§�XêÝ
�O2Ý
©OP� A � Ã.

(1) n�²¡k��ú�: ⇐⇒ �§| (∗) k��) ⇐⇒ rank(A) =

rank(Ã) = 3 ⇐⇒ |A| 6= 0.

(2) n�²¡k�^ú��� ⇐⇒ �§| (∗) k), � (∗) ��Ñ�§

|�Ä:)X�¹���þ ⇐⇒ rank(A) = rank(Ã) = 2.

(3) n�²¡²1 ⇐⇒ Ai

Aj

=
Bi

Bj

=
Ci

Cj

6= Di

Dj

1 ≤ i < j ≤ 3.
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(4) n�²¡�¤ncÎ ⇐⇒ �§| (∗) Ã),  (∗) ��Ñ�§|�Ä

:)X¹���þ ⇐⇒ rank(A) = 2, rank(Ã) = 3, � A ¥?¿ü1ÑØ

¤'~.

§ 4 �5N�9ÙÝ


1. �Oe�=
N���5N�?

(1) 3�þ�m V ¥, A(ξ) = α, Ù¥ α ��½�þ;

(2) A : K2 −→ K3

(x, y) 7−→ (−1, 2, 3)

(3) A : K3 −→ K3

(x1, x2, x3) 7−→ (2x1+x2−x3,−x2+x3, x1+2x2−x3)

(4) A : K3 −→ K2

(x, y, z) 7−→ (x2 + y2 − z, xy)

(5) A(§ε∞ + †ε∈ + ‡ε∋) = (§ + †)ε∞ + (§ − † + ‡)ε∈ + († − ‡)ε∋, Ù¥

ε1, ε2, ε3 ��5�m V �Ä;

(6) AÛ�m R2 ¥, R �²¡U_����7�:^= 45◦ �C�.

): (1) X α = 0, ´; X α 6= 0, Ø´.

(2) Ø´.

(3) ´.

(4) Ø´.

(5) ´.

(6) ´.

2. éuþK¥��5N�, ¦Ñ§�3�AÄe�Ý
 (X��²Ä, K

�g,Ä).

): (1) α = 0 ��"Ý
.

(3)






2 1 −1

0 −1 1

1 2 −1




.

(5)






1 1 0

1 −1 1

0 1 −1




.

(6)

(

cos 45◦ − sin 45◦

sin 45◦ cos 45◦

)

.
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3. � A ��þ�m V1 ��þ�m V2 ��5N�, α1, α2, · · · , αm ∈
V1, A(α〉) = β〉, i = 1, 2, · · · ,m. y²: XJβ1, β2, · · · , βm �5Ã', K

α1, α2, · · · , αm ��5Ã'.

y²: � k1α1 + k2α2 + · · · + kmαm = 0, K

A (k1α1 + k2α2 + · · · + kmαm) = 0

⇒k1A (α1) + k2A (α2) + · · · + kmA (αm) = 0

⇒k1β1 + k2β2 + · · · + kmβm = 0,

du β1, β2, · · · , βm �5Ã', �� k1 = k2 = · · · = km = 0, l α1, α2, · · · ,
αm �5Ã'.

4. e¡ã¥� (1)–(7) Ñ´ã (0) ²L�XêÝ
��5C����.

ã (0) ¥IÑ
�: O 9Ä�þ η1, η2. ÁÏL(½Ä�þ3ã (1)–(7) ¥�

�±9§�'u η1, η2 ��I (þ��ê) ±�Ñ�A�5C��Ý
.

b

O
η1

η2

(0)

b

(1)

b

(2)

b

(3)

b

(4)

b

(5)

b

(6)

b

(7)

1 4 Kã

): (1)

(

−1 0

0 1

)

.

(2)

(

0 −1

1 0

)

.

(3)

(

1 0

0 −1

)

.
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(4)

(

−1 0

0 −1

)

.

(5)

(

1 −1

1 1

)

.

(6)

(

−1 1

2 −1

)

.

(7)

(

0 1

−2 −1

)

.

5. k��>�� 1 �á�N�z�L¡Ñbþ
�Ó�2Hê�²¡ã.

2w�O�û½æ^1nÙ §8 ¤ã���ÿÝKxÑ§�áNã (XNã).

¦uy��é�¡�ã/�ü��5C�ÒU��º¡Úý¡�ü�ã/ (�

�o?). XJrz�ý¡��e����:, ��Ñº¡Úmý¡�ã/éA

�C�Ý
.

1 5 Kã

): º¡:






1

√
2

4

0

√
2

4




, mý¡:






√
2

4
0

√
2

4
1




.

§ 5 �5N�9Ý
�$�

1. O�e�Ý
�$�(J:

(1) A =






1 1 3

2 1 2

2 3 1




, B =






1 −1 1

0 2 −1

1 2 0




;
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(2) A =






a b c

b c a

c a b




, B =






c b a

a c b

b a c




;

¦ AB, AB −BA, (A−B)2.

): (1) AB =






4 7 0

4 4 1

3 6 −1




, AB−BA =






3 4 −2

2 5 −2

−2 3 −8




, (A+B)2 =






6 0 8

1 8 4

3 2 6




.

(2) AB =






ac+ ba+ cb ac+ ba+ cb a2 + b2 + c2

ac+ ba+ cb a2 + b2 + c2 ac+ ba+ cb

a2 + b2 + c2 ac+ ba+ cb ac+ ba+ cb




,

AB −BA =






(b− c)(a − b) −(a− c)(a− b) (a− b)2

−(a− c)(a− b) (a− b)2 (b− c)(a− b)

(a− b)2 (b− c)(a− b) −(a− c)(a− b)




,

(A+B)2 =






(a− c)(a+ b− 2c) 0 −(a− c)(a + b− 2c)

−(a− b)(a+ b− 2c) 0 (a− b)(a+ b− 2c)

−(b− c)(a+ b− 2c) 0 (b− c)(a + b− 2c)




.

2. O�:

(1)






2 2 1

2 1 2

1 2 2






2

; (2)






1 −1 1

0 1 −1

−1 0 1






3

;

(3)

(

0 1

1 1

)5

(4)

(

cos θ − sin θ

sin θ cos θ

)n

;

(5)
(

a b c
)






a

b

c




; (6)






a

b

c






(

a b c
)

;

(7)






λ 1 0

0 λ 1

0 0 λ






n

;
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(8) (λEn +A)n, A =








1 1 · · · 1

1 1 · · · 1

. . . . . . . . . . . .

1 1 · · · 1








.

): (1)






9 8 8

8 9 8

8 8 9




.

(2)






−3 −2 5

3 0 −2

−2 3 −3




.

(3)

(

3 5

5 8

)

.

(4)

(

cosnθ − sinnθ

sinnθ cosnθ

)

.

(5) (a2 + b2 + c2).

(6)






a2 ab ac

ab b2 bc

ac bc c2




.

(7)







λn nλn−1 n(n− 1)

2
λn−2

0 λn nλn−1

0 0 λn







.

(8) λn

(

E − 1

n
A

)

+
1

n
(λ+ n)nA.

3. O�Ý
õ�ª, �

(1) f(λ) = λ3 − 3λ2 − 2, A =






3 1 1

3 1 2

1 −1 0




;

(2) f(λ) = λ3 − 2λ2 + λ− 1, A =






1 2 0

−1 −1 1

0 1 2




.

): (1)






12 2 4

11 3 3

−1 1 1




.
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(2)






1 2 0

−1 −1 1

0 1 2




.

4. XJ AB = BA, ¡Ý
 A � B ���. �

(1) A =

(

1 0

1 2

)

; (2) A =






1 1 0

1 1 0

1 1 1




;

(3) A =






1 1 1

0 1 1

0 0 1




.

¦¤k� A ����Ý
.

): (1)

(

a 0

b a+ b

)

.

(2)






a b 0

b a 0

c c a+ b− c




.

(3)






a b c

0 a b

0 0 a




.

5. �

A = diag(a1, a2, · · · , an), Ù¥ ai 6= aj, ∀i 6= j.

y²: � A ����Ý
�U´é�Ý
.

y²: � B = (bij) � A ���, K

aibij = bijaj, i, j = 1, · · · , n.

u´

(ai − aj)bij = 0, i, j = 1, · · · , n.

�� i 6= j �k ai 6= aj, ¤±éu i 6= j k bij = 0, =

B =









b11 0 · · · 0

0 b22 · · · 0
...

...
. . .

...

0 0 · · · bnn









.
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∗
6. y²: �¤kÝ
����Ý
�U´IþÝ
.

y²: w,IþÝ
�¤kÝ
���. � B �¤kÝ
���, Kdþ

K� B = diag(b1, · · · , bn). qé?¿� i 6= j k BEij = EijB, Ïdé i6=j k

bi = bj, = b1 = b2 = · · · = bn = b, ¤± B = bEn.
∗
7. y²: Ø�3Ý
 A, B, ¦ AB −BA = En.

y²: AB −BA �é�����Ú =
n∑

i=1

(
n∑

k=1

aikbki

)

−
n∑

i=1

(
n∑

k=1

bikaki

)

= 0,  En �é�����Ú = n, �� AB −BA 6= En.

8. � A = B + E. y²: A2 = 2A ��=� B2 = E.

y²: (⇒) B2 = (A−E)2 = A2 − 2A+ E = E.

(⇐) A2 = (B + E)2 = B2 + 2B + E = 2(B + E) = 2A.

9. ®�ê� K þ�ü��
 A � B ���. y²:

(1) (A+B)2 = A2 + 2AB +B2;

(2) (A+B)(A−B) = A2 −B2;

(3) (A+B)n =
n∑

k=0

Ck
nA

kBn−k.

y²: Ñ.

10. y²: þ (e) n�/Ý
�¦È�´þ (e) n�/Ý
.

y²: � A = (aij) � B = (bij) Ñ´þn�/Ý
, =é i > j k aij = 0

±9 bij = 0. u´� i > j �k

n∑

k=1

aikbkj =
i−1∑

k=1

aikbkj +
n∑

k=i

aikbkj

=
i−1∑

k=1

0 · bkj +
n∑

k=i

aik · 0 = 0,

Ïd AB ´þn�/Ý
. éuen�/Ý
��±aq/y².

11. ¦Ñ²��"�¤k���
.

): � A =

(

a11 a12

a21 a22

)

, A2 = 0. XJ b12 = 0, K

A2 =

(

a2
11 (a11 + a22)a12

0 a2
22

)

= 0,

u´ a11 = a22 = 0, A =

(

0 a

0 0

)

.
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2� a12 = b 6= 0, a11 = a, du 0 < rank(A) = 1 < 2, Kk A =
(

a ka

b kb

)

. u´

A2 =

(

a(a+ kb) ka(a+ kb)

b(a+ kb) kb(a+ kb)

)

= 0.

du b 6= 0, �� a+ kb = 0, k = −a
b
. ÏdÝ
 A ��U/ª´

(

0 a

0 0

)

½




a −a

2

b
b −a



 .

∗
12. � A � m× n Ý
, y²: �3 n × s �"Ý
 B, ¦ AB = 0 �¿

©7�^�´ rankA < n.

y²: (⇒) �k�"Ý
 B ¦� AB = 0, K B ���þÑ´àg�5�

§| AX = 0 �), �Ù¥k�"). Ïd rankA < n.

(⇐) � rankA < n, Kàg�5�§| AX = 0 k�")







b1
...

bn







6= 0.

-

B =







b1 0 · · · 0
...

...
. . .

...

bn 0 · · · 0







n×s

6= 0,

K AB = 0.
∗
13. � A, B ©O� m× n � n× s Ý
. y²: XJ AB = 0, K

rankA+ rankB ≤ n.

y²: B ���þÑ´àg�5�§| AX = 0 �), ù�àg�5�

§|�)�m�õ¹k n− rankA ��5Ã'��þ, l

rankB ≤ n− rankA,

£�� rankA+ rankB ≤ n.
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14. � A � n× r Ý
, B � r × s Ý
, rankB = r. y²:

(1) XJ AB = 0, K A = 0;

(2) XJ AB = B, K A = E.

y²: (1) dþK, rankA+ rankB ≤ r, d rankB = r �� rankA = 0,

l A = 0.

(2) Ï� (A− E)B = 0, d (1) � A− E = 0, A = E.

15. �A�m×nÝ
. y²: XJé¤k� n��þX=(x1 x2 · · · xn)T

Ñk AX = 0, K A = 0.

y²: db��ü Ý
���þ�´ AX = 0 �), Ïd A = AE = 0.

§ 6 Ý
¦È�1�ª�Ý
�_

1. O�e�Ý
�_Ý
:

(1)

(

1 2

4 3

)

; (2)

(

2 5

3 7

)

;

(3)






1 1 0

0 1 1

0 0 1




; (4)






2 0 1

−1 1 0

3 2 1




;

(5)






2 1 0

1 2 0

0 0 1




; (6)






4 2 1

1 0 3

2 1 2




.

): (1) −1

5

(

3 −2

−4 1

)

.

(2)

(

−7 5

3 −2

)

.

(3)






1 −1 1

0 1 −1

0 0 1




.

(4)
1

3






−1 −2 1

−1 1 1

5 4 −2




.

(5)
1

3






2 −1 0

−1 2 0

0 0 3




.
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(6)
1

3






3 3 −6

−4 −6 11

−1 0 2




.

2. ¦e�Ý
���Ý
:

(1)






2 3 1

1 2 3

3 2 1




; (2)






2 1 −2

−2 2 1

1 2 1




;

(3)






2 0 0

1 2 0

−1 2 −3




; (4)






−2 3 4

0 −1 2

3 −2 1




.

): (1)






−4 −1 7

8 −1 −5

−4 5 1




.

(2)






0 −5 5

3 4 2

−6 −3 6




.

(3)






−6 0 0

3 −6 0

4 −4 4




.

(4)






3 −11 10

6 −14 4

3 5 2




.

3. � A ∈Mn(K). y²: XJ�3~ê��"�õ�ª f(x), ¦ f(A) =

0, K A �_.

y²: � f(x) = a0x
m + a1x

m−1 + · · · + am−1x+ am, am 6= 0, ¦

f(A) = a0A
m + a1A

m−1 + · · · + am−1A+ amE = 0,

K

A

(

− a0

am

Am−1 − a1

am

Am−2 − · · · − am−1

am

E

)

= E,

Ïd A �_.

4. � B3 = 0. y²: E −B �_, ¿¦ E −B �_.

y²: Ï� (E − B)(E + B + B2) = E −B3 = E, ¤± E − B �_, �

(E −B)−1 = E +B +B2.

5. � A3 = 2E, B = A2 + 2A− E, ¦ B−1.
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y²: dÝ
�§|







B = A2 + 2A−E

AB = 2A2 −A+ 2E

A2B = −A2 + 2A+ 4E

ÏL\~��{¦�ªm>�¹ E, �� (5A2 + 4A− 3E)B = 31E, Ïd

B−1 =
1

31
(5A2 + 4A− 3E).

6. � A2 = A, y²: E +A �_, ¿¦ (E +A)−1.

y²: �B = E+A, KA = B−E, Ïd (B−E)2 = B−E, B2−3B =

−2E, B(3E−B) = 2E. ÏdB−1 =
1

2
(3E−B) =

1

2
(3E−E+A) = E− 1

2
A.

7. � A,B ∈Mn(K), y²: XJ AB = kEn (k 6= 0), K BA = kEn.

y²: d AB = kEn (k 6= 0) �� A−1 =
1

k
B, B = kA−1. Ïd BA =

kA−1A = kE.

8. y²: (1) þ (e) n�/Ý
���Ý
�´þ (e) n�/Ý
;

(2) �_�þ (e) n�/Ý
�_Ý
�´þ (e) n�/Ý
.

y²: (1) �

A =









a11 a12 · · · a1n

0 a22 · · · a2n

...
...

. . .
...

0 0 · · · ann









.

K� j > i �, aij �{fª Mij �´þn�/�, � Mij � (i, i) �� = A �

(i + 1, i) �� = 0, ¤± Mij = 0 (j > i). l� j > i �k Aij = 0. Ïd�

�Ý
 A∗ ´þn�/Ý
. aq�yen�/��/.

(2) X A �_, K A−1 =
1

|A|A
∗ E�n�/Ý
.

9. y²: é?Û n ��
 A, 7�3 λ0 ∈ K, ¦� λ0En −A ´�_
.

y²: Ï� |λE − A| ´Ä�Xê� 1 � n gõ�ª,  n gõ�ª3 K

þ�õk n ��, �7�3 λ0 ∈ K ¦� |λ0E −A| 6= 0. l λ0E −A �_.

10. � A =

(

1 0

2 1

)

. ¦õ�ª f(x), ¦ f(A) = A∗.

): A∗ =

(

1 0

−2 1

)

=

(

1 0

2 1

)

− 4

(

0 0

1 0

)

= A− 4

[
1

2
(A− E)

]

=

2E −A, ¤±f(x) = −x+ 2.
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11. y²: é¤k� A ∈M2(K), �3 f(λ) = aλ+ b, ¦ f(A) = A∗.

y²: �A =

(

a b

c d

)

, K A∗ =

(

d −b
−c a

)

, ¤± A+A∗ = (a+d)E,

A∗ = −A+ (a+ d)E. � f(λ) = −λ+ (a+ d).
∗
12. � A ∈Mn(K), y²:

rankA∗ =







n, rankA = n

1, rankA = n− 1

0, rankA < n− 1

y²: (i) � rankA = n �, A �_, |A| 6= 0.  AA∗ = |A|E, � A∗ �

�_, l rankA∗ = n.

(ii) � rankA < n − 1 �, A � n − 1 �fªÑ�u 0, Ïd Aij = 0,

A∗ = 0, ¤± rankA∗ = 0.

(iii) � rankA = n − 1 �, A ��k�� n − 1 �fªØ�u 0, ¤±

A∗ 6= 0. `² rankA∗ ≥ 1. ,��¡k AA∗ = |A|E = 0, ¤± rankA +

rankA∗ ≤ n. du rankA = n− 1, �� rankA∗ ≤ 1. Ïd rankA∗ = 1.
∗
13. � A ∈Mn(K) (n > 2), y²:

(1) (A∗)
∗

= |A|n−2A;

(2) |A∗| = |A|n−1.

y²: � rankA = n �, AA∗ = |A|E, ¤± |A||A∗| = |A|n, |A∗| =

|A|n−1. u´ A∗(A∗)∗ = |A∗|E = |A|n−1E. d A−1 =
1

|A|A
∗ �� A∗ =

|A|A−1, � (A∗)∗ = |A|n−1(A∗)−1 = |A|n−2A.

� rankA = n − 1 �, rankA∗ = 1, ¤± (A∗)∗ = 0 = |A|n−2A, |A∗| =

0 = |A|n−1.

� rankA < n− 1 �, A∗ = 0, þã�ª�¤á.

§ 7 Ý
�©¬

1. � A, B �ü�Ó�Ý
. y²:

rank(A+B) ≤ rank(A | B) ≤ rankA+ rankB.

y²: � A ���þ|� α1, · · · , αn, B ���þ|� β1, · · · , βn, K

A+B ���þ|� α1+β1, · · · , αn+βn, (A | B) ���þ|� α1, · · · , αn, β1,
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· · · , βn, ldSK 5–1.7,

rank(A+B) = rank{α1 + β1, · · · , αn + βn}
≤ rank{α1, · · · , αn, β1, · · · , βn} = rank(A | B)

≤ rank{α1, · · · , αn} + rank{β1, · · · , βn}
= rankA+ rankB.

2. �

A =








0 0 1 1

0 0 0 1

2 1 1 −3

3 2 1 2







,

¦ A−1.

): �

A−1 =

(

B11 B12

B21 B22

)

,

AA−1 =

(

0 A12

A21 A22

)(

B11 B12

B21 B22

)

=

(

A12B21 A12B22

A21B11 +A22B21 A21B12 +A22B22

)

=

(

E2 0

0 E2

)

.

¤±

B21 = A−1
12 =

(

1 −1

0 1

)

,

B22 = 0, (Ï A12 �_)

B12 = A−1
21 =

(

2 −1

−3 2

)

,

B11 = −A−1
21 A22B21 =

(

−1 9

1 −14

)

.
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Ïd

A−1 =








−1 9 2 −1

1 −14 −3 2

1 −1 0 0

0 1 0 0







.

3. � A ��_� n ��
,

D =

(

0 A

a 0

)

, a 6= 0,

¦ D−1.

): D−1 =

(

0 a−1

A−1 0

)

.

4. � Ai � ri ��_�
 (i = 1, 2, · · · , s),

A =








0 A1

A2

. .
.

As 0








¦ A−1.

): A−1 =








0 A−1
s

A−1
s−1

. .
.

A−1
1 0








.

5. � Ei � ri (i = 1, 2, · · · , s) �ü Ý
, 

A =









a1E1 0

a2E2

. . .

0 asEs









, ai 6= aj, i 6= j,

y²: � A ����Ý
�U´©¬é�Ý
.

y²: �©¬Ý
 B = (Bij) � A ���, � B �©¬�ª� A �Ó.

Kd AB = BA �

aiBij = Bijaj, i, j = 1, · · · , s.

u´

(ai − aj)Bij = 0, i, j = 1, · · · , s.
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�� i 6= j �k ai 6= aj, ¤±éu i 6= j k Bij = 0, =

B =









B11 0 · · · 0

0 B22 · · · 0
...

...
. . .

...

0 0 · · · Bss









.

6. �

A =











0 0 · · · 0 a0

a1 0 · · · 0 0

0 a2 · · · 0 0
...

...
. . .

...
...

0 0 · · · an 0











ai 6= 0, i = 0, 1, 2, · · · n,

¦ A−1.

): A−1 =











0 a−1
1 0 · · · 0

0 0 a−1
2 · · · 0

...
...

...
. . .

...

0 0 0 · · · a−1
n

a−1
0 0 0 · · · 0











.

7. �Ý
 Am×s, Bt×n ��©O� rA, rB, C �?¿� m× n Ý
, 

D =

(

A C

0 B

)

y²: Ý
 D �� rD ≥ rA + rB.

y²: � A �1�þ|�4��5Ã'|� αi1 , · · · , αirA
, B �1�þ|

�4��5Ã'|� βj1 , · · · , βjrB
. K

γ1 = (αi1 , ∗ · · · ∗︸ ︷︷ ︸

n

), γ2 = (αi2 , ∗ · · · ∗︸ ︷︷ ︸

n

), · · · , γrA
= (αirA

, ∗ · · · ∗
︸ ︷︷ ︸

n

)

�5Ã'.

δ1 = (0 · · · 0
︸ ︷︷ ︸

s

, βj1), δ2 = (0 · · · 0
︸ ︷︷ ︸

s

, βj2), · · · , δrB
= (0 · · · 0
︸ ︷︷ ︸

s

, βjrB
)

�5Ã'. w,

γ1, γ2, · · · , γrA
, δ1, δ2, · · · , δrB

,
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�5Ã', ¤±

rD ≥ {γ1, γ2, · · · , γrA
, δ1, δ2, · · · , δrB

} = rA + rB.

8. � A � m × n Ý
. y²: rankA = 1 �¿©7�^�´�3 m

��"�þ α = (a1, a2, · · · , am) � n ��"�þ β = (b1, b2, · · · , bn), ¦

A = αTβ.

y²: (⇒) � rank(A) = 1, K A 7k�1 (�� β = (b1, · · · , bn)) Ø�

u 0, Ù{�1Ñ´ù�1��ê, l

A =









a1b1 a1b2 · · · a1bn

a2b1 a2b2 · · · a2bn

...
...

. . .
...

amb1 amb2 · · · ambn









=









a1

a2

...

am









(b1 b2 · · · bn) = αTβ.

(⇐) � α, β ´ü��"�þ, K7k,� ai 6= 0, bj 6= 0, l aibj 6= 0,

¦� A = αTβ = (aibj) 6= 0. u´

1 ≤ rank(A) ≤ min{rank(α), rank(β)} = 1.

∗
9. � A ����
. y²: XJ Ak = 0, K A2 = 0.

y²: d Ak = 0 �� |A| = 0. � rankA ≤ 1. XJ rankA = 0, K

A = 0, (Øw,¤á. XJ rankA = 1, K

A =







a1

...

an







(b1 · · · bn), (SK 4–5.12)

A2 =







a1

...

an







(b1 · · · bn)







a1

...

an







(b1 · · · bn) =
n∑

i=1

aibiA,

Ak =

(
n∑

i=1

aibi

)k−1

A = 0.

du A 6= 0,
n∑

i=1

aibi = 0. ¤± A2 = 0.

∗
10. � A, B �ü� n ��
, y²: Ý
�§ AX = B k)�¿©7�

^�´ rankA = rank(A | B).
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y²: (⇒) �Ý
�§ AX = B k) X = C, K AC = B. l B ��

�þ|�d A ���þ|�5L«, ¤±

rank(A | B) = rankA.

(⇐) XJ rank(A | B) = rankA, K B ���þ|�d A ���þ|�

5L«, =�3(c1j , · · · , cnj)
T ¦�

A







c1j

...

cnj







=







b1j

...

bnj






, j = 1, · · · , n.

-

C =







c11 · · · c1n

...
. . .

...

cn1 · · · cnn






,

K AC = B.
∗
11. � A, B �ü� n ��
, y²: àg�5�§| AX = 0 �àg�

5�§| BAX = 0 Ó)�¿©7�^�´ rankA = rankBA.

y²: Äk, AX = 0 �)Ñ´ BAX = 0 �), l BAX = 0 �Ä:)

X��¹k n− rankA �). qÏ� rankA = rankBA, ¤± BAX = 0 �Ä

:)XT¹k n− rankA �). � AX = 0 �Ä:)X�´ BAX = 0 �Ä:

)X. Ïd AX = 0 � BAX = 0 Ó).

��, XJ AX = 0 � BAX = 0 Ó), K§��Ä:)X¹k�Ó�ê

�). Ïd n− rankA = n− rankBA, rankA = rankBA.

§ 8 Ð�Ý


1. ^Ð�C�¦e�Ý
�_Ý
:

(1)






1 −2 1

2 1 0

1 2 0




; (2)






2 3 −2

1 0 −1

1 −2 1




;

(3)








1 2 0 0

0 1 1 0

0 0 1 1

0 0 0 1








; (4)








−1 1 1 1

1 −1 1 1

1 1 −1 1

1 1 1 −1








.
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): (1)
1

3






0 2 −1

0 −1 2

3 −4 5




.

(2)
1

6






2 −1 3

2 −4 0

2 −7 3




.

(3)








1 −2 2 −2

0 1 −1 1

0 0 1 −1

0 0 0 1








.

(4)
1

4
A.

2. )e�Ý
�§:

(1)

(

2 −3

−2 4

)

X =

(

4 3

2 2

)

;

(2) X






1 1 1

−1 2 1

1 0 −1




 =






1 0 1

−1 1 2

1 −1 0




;

(3)











1 1 1 · · · 1 1

0 1 1 · · · 1 1

0 0 1 · · · 1 1
...

...
...

. . .
...

...

0 0 0 · · · 0 1











X =











2 1 0 · · · 0 0

1 2 1 · · · 0 0

0 1 2 · · · 0 0
...

...
...

. . .
...

...

0 0 0 · · · 1 2











.

): (1) X =

(

2 −3

−2 4

)−1(

4 3

2 2

)

=
1

2

(

4 3

2 2

)(

4 3

2 2

)

=

(

11 9

6 5

)

.

(2) X =






1 0 1

−1 1 2

1 −1 0











1 1 1

−1 2 1

1 0 −1






−1

=
1

4






4 −2 −2

2 1 −5

2 −3 −1




.
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½





















1 1 1

−1 2 1

1 0 −1

1 0 1

−1 1 2

1 −1 0





















→





















0 0 1

−2 1 1

2 1 −1

0 −1 1

−3 −1 2

1 −1 0





















→





















0 0 1

−1 0 0

1 2 0

0 −1 1

−3

2
−5

2

1

2
1

2
−1

2

1

2





















→





















0 0 1

1 0 0

0 1 0

−1

2
−1

2
1

1

4
−5

4

1

2

−3

4
−1

4

1

2





















.

(3) X =













1 −1 −1 0 · · · 0 0 0

1 1 −1 −1 · · · 0 0 0

0 1 1 −1 · · · 0 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 0 · · · 1 1 −1

0 0 0 0 · · · 0 1 2













.

3. ^õ«�{¦

A =








1 1 1 1

1 −1 1 −1

1 1 −1 −1

1 −1 −1 1








�_Ý
.

): =0�ü«){:

(i) Ï� AA = 4E, ¤± A−1 =
1

4
A.

(ii) ©¬: A1 =

(

1 1

1 −1

)

, A−1
1 =

1

2

(

1 1

1 −1

)

=
1

2
A1.

(

A1 A1 E 0

A1 −A1 0 E

)

→
(

A1 A1 E 0

0 −2A1 −E E

)

→




A1 0

1

2
E

1

2
E

0 −2A1 −E E



→






E 0
1

2
A−1

1

1

2
A−1

1

0 E
1

2
A−1

1 −1

2
A−1

1




 .
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A−1 =
1

2

(

A−1
1 A−1

1

A−1
1 −A−1

1

)

=
1

4

(

A1 A1

A1 −A1

)

=
1

4
A.

∗
4. � A,B,C,D ∈Mn(K), |A| 6= 0, AC = CA. y²:

∣
∣
∣
∣
∣

A B

C D

∣
∣
∣
∣
∣
= |AD −CB|.

y²: Ï |A| 6= 0, � A �_. 

(

E 0

−CA−1 E

)(

A B

C D

)

=

(

A B

0 D − CA−1B

)

,

¤±
∣
∣
∣
∣
∣

A B

C D

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣

A B

0 D − CA−1B

∣
∣
∣
∣
∣
= |A||D − CA−1B|

= |AD −ACA−1B| = |AD − CB|.

∗
5. � A,B ∈Mn(C), y²:

∣
∣
∣
∣
∣

A B

−B A

∣
∣
∣
∣
∣
= |A− iB||A+ iB|.

(Ù¥ i �Jêü , i2 = −1.)

y²: Ï�

(

E iE

0 E

)(

A B

−B A

)(

E −iE

0 E

)

=

(

A− iB 0

−B A+ iB

)

.

¤± ∣
∣
∣
∣
∣

A B

−B A

∣
∣
∣
∣
∣
= |A− iB||A+ iB|.

∗
6. � A ∈Mm,r(K). y²:

(1) A��÷�Ý
�¿©7�^�´�3�_Ý
 P ∈ Mm(K), ¦A =

P

(

Er

0

)

;

(2) A ��÷�Ý
�¿©7�^�´�31÷�Ý
 B ∈ Mr,m(K), ¦

BA = Er.
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y²: (1) Ï A�÷�, A�;�/�

(

Er

0

)

. l�3�_Ý
 P1, Q1,

¦

A = P1

(

Er

0

)

Q1.

-

P = P1

(

Q1 0

0 Em−r

)

,

K

A = P1

(

Er

0

)

Q1 = P1

(

Q1

0

)

= P1

(

Q1 0

0 Em−r

)(

Er

0

)

= P

(

Er

0

)

.

ùÒy²
7�5, ¿©5´w,�.

(2) ¿©5´w,�, 2y7�5.

d (1) �, �3�_Ý
 P , ¦ A = P

(

Er

0

)

. K

P−1A =

(

Er

0

)

,

-

P−1 =

(

B }r
B1

)

,

K B 1÷�, � BA = Er.
∗
7. éu1÷�Ý
, Qã¿y²aq�(Ø.

): (1) A�1÷�Ý
�¿©7�^�´�3�_Ý
 Q ∈ Mm(K),

¦A = (Er 0)Q.

(2) A �1÷�Ý
�¿©7�^�´�3�÷�Ý
 B ∈ Mm,r(K), ¦

AB = Er.

(y²Ñ)

8. � m× n Ý
 A ��� r. y²: �3�÷�Ý
 P Ú1÷�Ý
 Q,

¦ A = PQ.

y²: �3�_Ý
 P1, Q1, ¦

A = P1

(

Er 0

0 0

)

Q1.
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-

P = P1

(

Er

0

)

, Q = (Er 0)Q1,

K P �÷�, Q 1÷�, �

A = P1

(

Er 0

0 0

)

Q1 = P1

(

Er

0

)

(Er 0)Q1 = PQ.

∗
9. � A, B ©O� n×m � m× n (n ≥ m) Ý
, λ 6= 0. y²:

|λEn −AB| = λn−m|λEm −BA|.

y²: du

(

En −A
0 Em

)(

λEn A

B Em

)

=

(

λEn −AB 0

B Em

)

,

(

En 0

−B Em

)(

En A

B λEm

)

=

(

En A

0 λEm −BA

)

,

¤±

|λEn −AB| =

∣
∣
∣
∣
∣

λEn A

B Em

∣
∣
∣
∣
∣
,

|λEm −BA| =

∣
∣
∣
∣
∣

En A

B λEm

∣
∣
∣
∣
∣
.



λm|λEn −AB| = λm

∣
∣
∣
∣
∣

λEn A

B Em

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣

λEn A

λB λEm

∣
∣
∣
∣
∣

= λn

∣
∣
∣
∣
∣

En A

B λEm

∣
∣
∣
∣
∣
= λn|λEm −BA|.

Ïd

|λEn −AB| = λn−m|λEm −BA|.
∗
10. � A, B ©O� s× n � n×m Ý
, y²:

rank (AB) ≥ rank(A) + rank(B) − n.
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y²:

(

AB 0

0 En

)

→
(

AB −A
0 En

)

→
(

0 −A
B En

)

. ¤±

rank(AB) + n = rank

(

AB 0

0 En

)

= rank

(

0 −A
B En

)

= rank

(

0 A

B En

)

≥ rankA+ rankB, (4–7.7)

Ïd rank (AB) ≥ rank(A) + rank(B) − n.
∗
11. � A, B, C ©O� s× n, n×m � m× t Ý
, y²:

rank (ABC) ≥ rank (AB) + rank (BC) − rankB.

y²:

(

ABC 0

0 B

)

→
(

ABC AB

0 B

)

→
(

0 AB

−BC B

)

→
(

0 AB

BC B

)

.

¤±

rank (ABC) + rankB ≥ rank (AB) + rank (BC),

rank (ABC) ≥ rank (AB) + rank (BC) − rankB.

∗
12. � A ∈Mn(K), y²:

A2 = En ⇔ rank(A− En) + rank(A+ En) = n.

y²:

(

0 A+ En

A− En 0

)

→
(

A+ En A+ En

A− En 0

)

→
(

2En A+ En

A− En 0

)

→
(

2En A+En

0 1
2
(A2 − En)

)

,

¤±

rank(A− En) + rank(A+ En) = n+ rank(A2 − En).

rank(A−En)+ rank(A+En) = n ⇐⇒ rank(A2 −En) = 0 ⇐⇒ A2 = En.

∗
13. � A ∈Mn(K), y²:

A2 = A⇔ rank(A) + rank(A− En) = n.
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y²:

(

A 0

0 A− En

)

→
(

A −En

0 A− En

)

→
(

0 −En

A2 −A A−En

)

→
(

0 En

A2 −A 0

)

.

¤±

rankA+ rank(A− En) = n+ rank(A2 −A).

rank(A) + rank(A− En) = n⇔ A2 = A.

∗
14. � A ∈Mn(K) ´�_Ý
, X,Y � n ���þ, y²:

∣
∣
∣
∣
∣

A Y

XT 0

∣
∣
∣
∣
∣
= −XTA∗Y.

y²: (

A Y

XT 0

)

→
(

A Y

0 −XTA−1Y

)

,

∴

∣
∣
∣
∣
∣

A Y

XT 0

∣
∣
∣
∣
∣
= |A|| −XTA−1Y | = −XT|A|A−1Y = −XTA∗Y.

∗§ 9 �5N����m�Ø�m

1. � A ��þ�m V1 � V2 ��5N�, A 3g,Äe�Ý
´

A =








−1 0 2 1 3

2 −3 −1 1 −4

1 −3 1 2 −1

−1 1 1 0 2







.

(1) ¦ A �Ø����ê�Ä;

(2) ©Oò A �Ø���Ä*¿� V1 � V2 �Ä.

): (1) Ï� rankA = 3, Ïd��m��ê� 3. A ���þ|�4��

5Ã'|�¤��m�Ä:

A (ε1) = (−1, 2, 1,−1),A (ε2) = (0,−3,−3, 1),A (ε5) = (3,−4,−1, 2).

Ø��ê = 5 − 3 = 2, AX = 0 �Ä:)X�¤Ø�m�Ä:

ξ1 = (2, 1, 1, 0, 0), ξ2 = (1, 1, 0, 1, 0).
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(2) ξ1, ξ2 �*¿� V1 �Ä:

ξ1, ξ2, ε3, ε4, ε5.

A (ε1),A (ε2),A (ε5) �±*¿� V2 �Ä:

A (ε1),A (ε2),A (ε5), (1, 0, 0, 0).

2. � A � K3 ��5C�, ¦

A (x, y, z) = (x+ y − z, x+ y + z, x+ y − 2z).

(1) ¦ A �"zÝ��;

(2) ¦ A �Ø���m.

): (1) "zÝ = 1, � = 2.

(2) Ø = L((1,−1, 0)), � = L((1, 1, 1), (−1, 1,−2)).

3. � W1, W2 � V �ü�f�m, � dimW1 + dimW2 = n. y²: �3

�5C� A , ¦ KerA = W1, Im A = W2.

y²: � W1 �Ä� α1, · · · , αr, W2 �Ä� β1, · · · , βn−r. ò W1 �Ä*

¿� V �Ä: α1, · · · , αr, αr+1, · · · , αn. é?¿� α =
n∑

i=1

aiαi ∈ V , ½Â

A (α) =

n−r∑

i=1

ar+iβi,

K A ´ V ��5C�, � Ker A = W1, Im A = W2.

4. � A � n ��þ�m��5C�, V1, V2 � V ü��5f�m. y²:

XJ Ker A = V1∩V2, K�3�5C� A1, A2, ¦ V1 ⊆ Ker A1, V2 ⊆ Ker A2,

� A = A1 + A2.

y²: � γ1, · · · , γr� V1∩V2 �Ä, ò§*¿�V1�Ä: γ1, · · · , γr, α1, · · · ,
αt, *¿� V2 �Ä: γ1, · · · , γr, β1, · · · , βs. Kd�êúª� γ1, · · · , γr, α1, · · · ,
αt, β1, · · · , βs � V1 + V2 �Ä. 2r§*¿� V �Ä:

γ1, · · · , γr, α1, · · · , αt, β1, · · · , βs, η1, · · · , ηu, (r + t+ s+ u = n).

©O½Â�5C�Xe:

A1(γi) = 0, A1(αi) = 0, A1(βi) = A (βi), A1(ηi) = A (ηi),

A2(γi) = 0, A2(αi) = A (αi), A2(βi) = 0, A2(ηi) = 0.
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K´y V1 ⊆ Ker A1, V2 ⊆ Ker A2, � A = A1 + A2.

5. � A ,B � n ��þ�m V �ü��5C�, � A 2 = A , B 2 = B.

y²:

(1) ImA = Im B ⇔ A B = B,BA = A ;

(2) Ker A = KerB ⇔ A B = A ,BA = B.

y²: (1) (⇒) é?¿� α ∈ V �3 β ∈ V , ¦� A (α) = B(β). ¤±

A (α) = B(β) = B
2(β) = B(B(β)) = BA (α).

= A = BA . Ón�y B = A B.

(⇐) B(V ) = A B(V ) ⊆ A (V ), A (V ) = BA (V ) ⊆ B(V ), ¤±

Im A = Im B.

(2) (⇒) é?¿� α ∈ V , du

B[(B − E )(α)] = B
2(α) − B(α) = B(α) − B(α) = 0,

¤± A [(B − E )(α)] = 0. u´ A B(α) = A (α), A B = A . Ón�y

BA = B.

(⇐) é?¿� α ∈ Ker B k

A (α) = A B(α) = A (0) = 0,

¤± Ker B ⊆ Ker A . Ón�y Ker A ⊆ Ker B. Ïd Ker A = KerB.


