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§ 1 ^��{)�5�§|

1. ^��{)e��5�§|:

(1)







2x1 − x2 + x3 + 3x4 =−4

x1 + 3x2 − x3 + 4x4 = 6

2x1 − 2x2 + 3x3 − x4 = 3

3x1 + 2x3 + 2x4 = 3

(2)







x1 − 2x2 + 3x3 − x4 =−6

x1 + x2 − x3 + x4 = 7

2x1 − x2 + x3 = 1

x2 + x3 + x4 = 3

): (1) x1 = −5, x2 = 5, x3 = 8, x4 = 1.

(2) x1 = 4, x2 = 7, x3 = 0, x4 = −4.

2. ©O^Ý
�Ð�1C�Ú�C�òe�Ý
z�1�FÝ
Ú��

FÝ
:

(1)








3 2 1 0 4

2 1 4 4 −3

2 0 3 1 −2

2 3 −1 2 5








; (2)











1 5 2 0 1

3 −5 4 2 7

1 −5 1 1 3

0 2 1 −1 2

1 −1 3 −1 7











.

): (1)










3 2 1 0 4

0 −1

3

10

3
4 −17

3
0 0 −11 −15 18

0 0 0
17

11
−16

11










�










3 0 0 0 0

2 4 0 0 0

2 1
3

2
0 0

2 2 −10

3
−17

18
0










.
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(2)











1 5 2 0 1

0 2 1 −1 2

0 0 4 −4 12

0 0 0 0 0

0 0 0 0 0











�











1 0 0 0 0

3 −2 0 0 0

1 −1 0 0 0

0 1 −8 0 0

1 1 −16 0 0











.

3. y²: �5�§|�1�a, 1naÐ�C�r�5�§|z¤�§Ó

)��5�§|.

y²: (Ñ)

4. y²íØ 1.4.

y²: éÝ
 AT A^íØ 1.3, K AT �±²L�X�Ð�1C�z¤{

z1�FÝ
. òþãC��1uÝ
 A ��þ, Òò A z¤{z��FÝ


.
∗
5. g�K:

(1) �5�§|�)8�±w�´�m���:8. @o, �5�m¥?

�:8´Ä�½´,��5�§|�)8ÜQ? XJ´ù�, @o, �8, ü:

8 {(0, 0, · · · , 0)} �ü:8 {(0, 0, · · · , 0), (1, 1, · · · , 1)} ©O´N���5�

§|�)8ÜQ? XJØ´ù�, @o, N��:8â´,��5�§|�)

8ÜQ?

(2) �5�§|�Ð�C�r�5�§|C¤Ó)��5�§|. @o, ü

�Ó)��5�§|´Ä�½�±ÏLÐ�C�pzQ?

): (1) Ø
�8�ü:8	, �5�§|�)8Ü�½´Ã�8. �8´

gñ�§|�)8, ü:8 {(0, 0, · · · , 0)} �±´±e�§|







x1 = 0

x2 = 0
...

xn = 0

�)8. �5�§|�)8Ü´���56/. )8Ü�5��ëw §2, §6, §7
�?Ø.

(2) 3#NV\½í�²��§ “0 = 0” �cJe, d(Ø´�(�.

§ 2 �5�§|�)��¹

1. ^��{)e��5�§|:
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(1)







x1 − 2x2 + 3x3 − x4 − x5 = 2

x1 + x2 − x3 + x4 − 2x5 = 1

2x1 − x2 + x3 − 2x5 = 2

2x1 + 2x2 − 5x3 + 2x4 − x5 = 5

(2)







x1 − 2x2 + 3x3 − x4 − x5 = 4

x1 + x2 − x3 + x4 − 2x5 = 1

2x1 − x2 + x3 − 2x5 = 3

2x1 + 2x2 − 5x3 + 2x4 − x5 =−4

(3)







x1 − 2x2 + x3 + x4 = 1

x1 − 2x2 + x3 − x4 =−1

x1 − 2x2 + x3 + 5x4 = 5

(4)







2x1 + x2 + x3 = 2

x1 + 2x2 + x3 = 3

x1 + x2 + 5x3 =−7

2x1 + 2x2 − 3x3 = 12

(5)







2x1 − 2x2 + x3 − x4 + x5 = 0

x1 − 4x2 + 2x3 − 2x4 + 3x5 = 0

4x1 − 10x2 + 5x3 − 5x4 + 7x5 = 0

x1 + 2x2 − x3 + x4 − 2x5 = 0

): (1) Ã).

(2) x3 = 1 − x1 + 2x2, x4 = −4x1 + 5x2, x5 = −1 − x1 + 2x2, x1, x2 �

gd��þ.

(3) x1 = 2x2 − x3, x4 = 1, x2, x3 �gd��þ.

(4) x1 = 1, x2 = 2, x3 = −2.

(5) x1 =
1

3
x5, x2 =

1

6
(3x3 − 3x4 + 5x5), x3, x4, x5 �gd��þ.

2. ÀJ λ, ¦�§|







2x1 − x2 + x3 + x4 = 1

x1 + 2x2 − x3 + 4x4 = 2

x1 + 7x2 − 4x3 + 11x4 = λ

k), ¿¦§���).
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): =� λ = 5 �kÃ¡õ), Ù��)� x1 =
1

5
(4 − x3 − 6x4),

x2 =
1

5
(3 + 3x3 − 7x4), x3, x4 �gd��þ.

3. a, b �Û��, �5�§|







x1 + x2 + x3 + x4 + x5 = 1

3x1 + 2x2 + x3 + x4 − 3x5 = a

x2 + 2x3 + 2x4 + 6x5 = 3

5x1 + 4x2 + 3x3 + 3x4 − x5 = b

k)? 3k)��¹e, ¦��).

): =� a = 0, b = 2 �k), Ù��)� x1 = −2 + x3 + x4 + 5x5,

x2 = 3 − 2x3 − 2x4 − 6x5, x3, x4, x5 �gd��þ.

4. y²�§|







x1 − x2 = a1

x2 − x3 = a2

x3 − x4 = a3

x4 − x5 = a4

x5 − x1 = a5

k)�¿©7�^�´

a1 + a2 + a3 + a4 + a5 = 0.

3k)��¹e, ¦§���).

y²: (⇒) X�5�§|k), � (c1, c2, c3, c4, c5) �Ù��), ò§�\

��§|, ¿ò�ª�\, =� a1 + a2 + a3 + a4 + a5 = 0.

(⇐) X a1 + a2 + a3 + a4 + a5 = 0, Kd�����§� x5 = x1 + a5,

�g�\c���§, � x4 = a4 + a5 + x1, x3 = a3 + a4 + a5 + x1, x2 =

a2 + a3 + a4 + a5 + x1, ò x2, x3, x4, x5 �\1���§, �

x1 − (a2 + a3 + a4 + a5 + x1) = −a2 − a3 − a4 − a5 = a1.
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¤±��§|���)�







x2 = a2 + a3 + a4 + a5 + x1

x3 = a3 + a4 + a5 + x1

x4 = a4 + a5 + x1

x5 = a5 + x1

x1 �gd��þ.

5. ¦�õ�ª f(x) = a0x
3+a1x

2+a2x+a3, ¦ f(1) = −3, f(−1) = −7,

f(2) = −1, f(−2) = −21.

): f(x) = x3 − 2x2 + x− 3.

6. �Ñ²¡þ 3 �: (x1, y1), (x2, y2), (x3, y3) ���¿©7�^�.

): e: (x1, y1), (x2, y2), (x3, y3) ��, Ø��d����§� Ax+By+

C = 0, K






Ax1 +By1 + C = 0

Ax2 +By2 + C = 0

Ax3 +By3 + C = 0

⇔ àg�5�§|







x1t1 + y1t2 + t3 = 0

x2t1 + y2t2 + t3 = 0

x3t1 + y3t2 + t3 = 0

k�") (A,B,C)

⇔ ÙXêÝ


A =






x1 y1 1

x2 y2 1

x3 y3 1




 = 0.

7. �Ñ²¡þ 3 ^Ø²1��

a1x+ b1y+ c1 = 0,

a2x+ b2y+ c2 = 0,

a3x+ b3y+ c3 = 0

�:�¿©7�^�.
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): d 3 ^��kú�: (x0, y0) �¿©7�^�´�A�àg�5�§

|

a1x+ b1y+ c1z= 0,

a2x+ b2y+ c2z= 0,

a3x+ b3y+ c3z= 0

k�") (x0, y0, 1), ��=�XêÝ
�u 0, =

∣
∣
∣
∣
∣
∣
∣

a1 b1 c1

a2 b2 c2

a3 b3 c3

∣
∣
∣
∣
∣
∣
∣

= 0.

§ 3 �þ|��5�'5

1. � α1 = (2, 5, 1, 3), α2 = (10, 1, 5, 10), α3 = (4, 1,−1, 1). ¦��þ α,

¦ 3(α1 − α) + 2(α2 + α) = 5(α3 + α).

): α = (1, 2, 3, 4).

2. ®� 3α+ 4β = (2, 1, 1, 2), 2α− 3β = (−1, 2, 3, 1). ¦ α � β.

): α =
1

17
(2, 11, 15, 10), β =

1

17
(7,−4,−7, 1).

3. r�þ β L¤�þ α1, α2, α3 ��5|Ü:

(1) α1 = (1, 1, 1), α2 = (1, 1,−1), α3 = (1,−1,−1), β = (1, 2, 1);

(2) α1 = (1, 3, 5), α2 = (6, 3,−2), α3 = (3, 1, 0), β = (5, 8, 8);

): (1) β = α1 +
1

2
α2 −

1

2
α3.

(2) β = 2α1 + α2 − α3.

4. �Oe��þ|´Ä�5�':

(1) α1 = (1, 1, 1), α2 = (1, 2, 3), α3 = (1, 3, 6);

(2) α1 = (3, 2,−5, 4), α2 = (2, 1,−3,−5), α3 = (3, 5,−13, 11), α4 =

(4, 5,−14,−3);

(3) α1 = (1,−1, 2, 4), α2 = (0, 3, 1, 2), α3 = (1, 7, 8, 9), α4 = (3, 2, 1, 2);

(4) α1 = (1, 2,−1, 4), α2 = (9, 1, 2,−3), α3 = (3, 5, 0, 2), α4=(3, 2, 2, 1),

α5 = (1, 3, 3, 2).

): (1) Ä; (2) ´; (3) Ä; (4) ´.

5. � a1, a2, · · · , an ´pØ�Ó�ê, -

α1 = (1, a1, a
2
1, · · · , an−1

1 ),
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α2 = (1, a2, a
2
2, · · · , an−1

2 ),

. . . . . . . . . . . . . . . . . . . . . . .

αn = (1, an, a
2
n, · · · , an−1

n ).

y²: ?� n ��þÑ�±d�þ| α1, α2, · · · , αn �5L«.

y²: �þ| α1, α2, · · · , αn �¤�1�ª

|A| =

∣
∣
∣
∣
∣
∣
∣
∣
∣

1 a1 · · · an−1
1

1 a2 · · · an−1
2

· · · · · · · · · · · ·
1 an · · · an−1

n

∣
∣
∣
∣
∣
∣
∣
∣
∣

=
∏

1≤j<i≤n

(ai − aj) 6= 0,

¤± α1, α2, · · · , αn �5Ã'.

qé?¿� n ��þ β, �þ| β, α1, · · · , αn �5�', l
�þ β �d

�þ| α1, α2, · · · , αn �5L«.

6. ��þ| α1, α2, α3 �5Ã'. y²:�þ| α1 +α2, α2 + α3, α3 +α1

��5Ã'.

y²: �

k1(α1 + α2) + k2(α2 + α3) + k3(α3 + α1) = 0,

K

(k1 + k3)α1 + (k1 + k2)α2 + (k2 + k3)α3 = 0.

Ï� α1, α2, α3 �5Ã', ¤±







k1 + k3 = 0

k1 + k2 = 0

k2 + k3 = 0

)� k1 = k2 = k3 = 0, ¤± α1 + α2, α2 + α3, α3 + α1 �5Ã'.

7. y²: α1, α2, · · · , αs (Ù¥ α1 6= 0) �5�'�¿�^�´��k�

� αi (1 < i 6 s) ��α1, α2, · · · , αi−1 �5L«.

y²: Ï� α1, α2, · · · , αs �5�', ¤±�3Ø��"�ê k1, · · · , ks,

¦

k1α1 + k2α2 + · · · + ksαs = 0.
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� k1, k2, · · · , ks ¥����Ø�"�� ki, K i 6= 1 (ÄK α1 = 0 �b�g

ñ), l
 i > 1. �

k1α1 + · · · + ki−1αi−1 = −kiαi,

αi = −k1

ki

α1 −
k2

ki

α2 − · · · − ki−1

ki

αi−1.

8. y²: XJ�þ|���ò�|�5�', Kd�þ|��5�'.

y²: ��þ| (II) � (I) �ò�|, X�þ| (I) �5Ã', Kd~ 3.9

�, (II) ��5Ã', �®�gñ, �d�þ|�5Ã'.

9. e�Øä´Ä¤á? é�, \±y²; ��, ÞÑ�~.

(1) e α1, α2, · · · , αs �5�', KÙ¥z��Ñ�dÙ{�þ�5L«;

(2) e�þ| α1, α2, · · · , αr �5Ã', �þ| β1, β2, · · · , βs �5Ã', K

�þ|α1, α2, · · · , αr, β1, β2, · · · , βs ��5Ã';

(3) e�þ| α1, α2, · · · , αs �5Ã', �þ| β1, β2, · · · , βs �5Ã', K

�þ| α1 + β1, α2 + β2, · · · , αs + βs ��5Ã';

(4) e�þ| α1, α2, · · · , αr �5�', K�½�3 r �Ø�u"�ê

k1, k2, · · · , kr, ¦

k1α1 + k2α2 + · · · + krαr = 0;

(5) e�þ| α1, α2, · · · , αr �5Ã', K§�?Û�5|ÜÑØ�u".

): (1) �. X α1 = (0, 0), α2 = (1, 1) �5�', � α2 Ø�d α1 �5L

«.

(2) �. X α1 = (1, 1), α2 = (1, 2) �5Ã', β1 = (2, 2), β2 = (0, 1) �5

Ã', � α1, α2, β1, β2 �5�'.

(3) �. X α1 = (1, 1), α2 = (0, 1), β1 = (1,−1), β2 = (1, 2) �5Ã', �

α1 + β1 = (0, 0), α2 + β2 = (1, 3) �5�'.

(4) �. X α1 = (0, 0), α2 = (0, 1) �5�', �é?¿� k1 6= 0, k2 6= 0

Ñk k1α1 + k2α2 6= 0.

(5) �. α1, α2, · · · , αr �"�5|ÜÒ�u".

§ 4 �5f�m

1. 3n�AÛ�m R3 ¥, e�8Ü W ´Ä�¤ R3 ��5f�m?

(1) W = {(a, b, c) ∈ R3 | (a, b, c) ⊥ (1, 1, 1)};
(2) W ´ª:3,��þ��N�þ¤�¤�8Ü;
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(3) W ´��m¥,�½�"�þ (x0, y0, z0) �Y��u½���N�

þ¤�¤�8Ü.

): (1) ´; (2) X��L�:, ´; ÄK, Ø´; (3) Y��u
π

2
, ´; ÄK,

Ø´.

2. � V �ê� K þ n ��þ�m, �ä V �e�f8 W ´Ä�¤ V

��5f�m.

(1) � α1, α2, · · · , αr � V ¥�½� r ��þ,

W = {β ∈ V | α1, α2, · · · , αr, β �5�'};

(2) � α1, α2, · · · , αr � V ¥�½� r ��þ, W´V¥ØUdα1, α2, · · · ,
αr �5L«��N�þ¤�¤�8Ü.

): (1) ´; (2) Ø´.

3. � α1, α2, · · · , αr � Kn ¥�½� r ��þ, y²:

W = {(c1, c2, · · · , cr) | c1α1 + c2α2 + · · · + crαr = 0}

|¤ Kr �f�m.

y²: w, W ⊆ Kr � (0, 0, · · · , 0) ∈W , l
 W ��.

é?¿� (a1, · · · , ar), (b1, · · · , br) ∈W ±9 k ∈ K, k

(a1+b1)α1+· · ·+(ar+br)αr = a1α1+· · ·+arαr+b1α1+· · ·+brαr = 0+0 = 0.

¤±

(a1, · · · , ar) + (b1, · · · , br) ∈W.

(ka1)α1 + (ka2)α2 + · · ·+ (kar)αr = k(a1α1 + a2α2 + · · ·+ arαr) = k · 0 = 0.

¤±

k(a1, · · · , ar) ∈W.

W ¤� Kr �f�m.

4. � α1 = (2, 1, 11, 2), α2 = (1, 0, 4,−1), α3 = (1, 4, 16, 15), β1 = (3, 1,

15, 1), β2 = (1, 1, 7, 3), γ = (1, 6, 22, λ).

(1) λ ��o��âU¦ γ ∈ L(α1, α2, α3);

(2) �y: L(α1, α2, α3) = L(β1, β2).
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): (1) γ ∈ L(α1, α2, α3) ⇐⇒ γ = k1α1 + k2α2 + k3α3. ��5�§|







2k1 + k2 + k3 = 1

k1 + 4k3 = 6

11k1 + 4k2 + 16k3 = 22

2k1 − k2 + 15k3 = λ.

��=� λ = 23 � (k1, k2, k3) k) (6,−11, 0). =��=� λ = 23 �

γ ∈ L(α1, α2, α3).

(2) Ï� β1 = α1 + α2, β2 = α1 − α2, ¤± L(β1, β2) ⊆ L(α1, α2, α3).

��, α1 =
1

2
(β1 + β2), α2 =

1

2
(β1 − β2), α3 =

1

2
(−3β1 + 11β2), ¤±

L(α1, α2, α3) ⊆ L(β1, β2).
∗
5. �W1,W2, · · · ,Ws �Kn � s��5f�m. W = W1∪W2∪· · ·∪Ws.

y²: W � Kn ��5f�m�¿©7�^�´, �3 i (1 ≤ i ≤ s), ¦

W = Wi.

y²: ¿©5´w,�. e¡y7�5. é s ^8B{. � s = 1 �(

Øw,¤á. b½(Øé s − 1 ¤á, �	 W = W1 ∪W2 ∪ · · · ∪Ws. XJ

W 6= Ws, K�� β ∈ W \Ws. éu?¿� α ∈ Ws, 7k β + kα ∈ W \Ws

(l β + kα ∈Ws ±9 α ∈Ws �±í� β ∈Ws, gñ). � k = 1, · · · , s �, s

��þ¥7kü��þáuÓ�� Wi (1 ≤ i ≤ s − 1). ùü��þ�~��

� α ∈Wi. Ïd Ws ⊆W1 ∪ · · · ∪Ws−1, u´ W = W1 ∪ · · · ∪Ws−1. |^8

Bb�, ���� i, 1 ≤ i ≤ s− 1 ¦� W = Wi. (Ø¤á.

§ 5 �5f�m�Ä��ê

1. � W = L(α1, α2, · · · , αs) ´���5f�m, Ù¥ α1, α2, · · · , αr �

5Ã', ¿�αr+1, · · · , αs �±d α1, α2, · · · , αr �5L«, y²α1, α2, · · · , αr

´ W �Ä.

y²: duW ¥�?¿�þÑ´ α1, α2, · · · , αs ��5|Ü, 
αr+1, · · · , αs

�±d α1, α2, · · · , αr �5L«, ÏdW ¥�?¿�þÑ�±d α1, α2, · · · , αr

�5L«. �â·K 5.1, α1, α2, · · · , αr ´ W �Ä.

2. |^öS 1 �y:

(1) e α1 = (2, 1, 11, 2), α2 = (1, 0, 4,−1), α3 = (1, 4, 16, 15), α4 =

(2,−1, 5,−6), α5 = (1, 6, 22, 23), K α1, α2 ´ L(α1, α2, α3, α4, α5) �Ä;
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(2) eα1 = (1,−4, 15, 5,−4), α2 = (0, 7, 29,−8, 7), α3 = (2,−1, 1, 1,−3),

α4 = (1,−4, 3, 5,−4), K α1, α2, α3, α4 ´ L(α1, α2, α3, α4) �Ä.

): (1) Ï� α1, α2 �5Ã'� α3 = 4α1 − 7α2, α4 = −α1 + 4α2,

α5 = 6α1 − 11α2.

(2) Ï� α1, α2, α3, α4 �5Ã'.

3. � W ��þ�m V �f�m, α1, α2, · · · , αr � W ���Ä, βi =
r∑

j=1

aijαj, i = 1, 2, · · · , r.

y²: β1, β2, · · · , βr �´ W �Ä�¿©7�^�´

∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 · · · a1r

a21 a22 · · · a2r

. . . . . . . . . . . . . . . . . .

ar1 ar2 · · · arr

∣
∣
∣
∣
∣
∣
∣
∣
∣

6= 0.

y²: (⇒) du α1, α2, · · · , αr �5Ã', Ïd

k1β1 + · · · + krβr =
r∑

j=1

(
r∑

i=1

kiaij

)

αj = 0

��=� k1, · · · , kr ´±eàg�5�§|�)

aj1k1 + aj2k2 + · · · + ajrkr = 0 j = 1, 2, · · · , r.

Ïd�¦ β1, β2, · · · , βr �´ W �Ä�¿©7�^�´ β1, β2, · · · , βr �5Ã

', ù�duþãàg�5�§|�k"), �Ò´§�Xê1�ªØ�u",

=
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a21 · · · ar1

a12 a22 · · · ar2

. . . . . . . . . . . . . . . . . .

a1r a2r · · · arr

∣
∣
∣
∣
∣
∣
∣
∣
∣

6= 0.

òþã1�ª=���
∣
∣
∣
∣
∣
∣
∣
∣
∣

a11 a12 · · · a1r

a21 a22 · · · a2r

. . . . . . . . . . . . . . . . . .

ar1 ar2 · · · arr

∣
∣
∣
∣
∣
∣
∣
∣
∣

6= 0.

∗
4. � V �ê� K þ� n ��þ�m. y²: é?Û�u n �g,ê m,

�½�3d V � m ��þ|¤��þ|, ¦Ù¥?Û n ��þÑ�5Ã'.
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y²: dSK 3–4.5 �(J�±��, V Ø�UL«¤§�k�õ�ý�

5f�m�¿8. é m ≥ n �1êÆ8B{. � m = n �(Ø¤á. b�®²

é�÷v^�� m− 1 ≥ n ��þ��þ| α1, · · · , αm−1. rÙ¥?¿ n− 1

��þ)¤��5f�mP� Wi (i = 1, · · · , s), KÏ V 6= ⋃
Wi, �3�þ

αm 6∈ ⋃Wi (i = 1, · · · , s). K�þ| α1, · · · , αm �÷v^�.

§ 6 àg�5�§|�)�(�

1. ¦e�àg�5�§|�Ä:)X:

(1)







x1 + x2 + x3 + x4 + x5 = 0

3x1 + 2x2 + x3 + x4 − x5 = 0

5x1 + 4x2 + 3x3 + 3x4 + x5 = 0

x2 + 2x3 + 2x4 + 4x5 = 0

(2)







3x1 + 2x2 − 5x3 + 4x4 = 0

3x1 − x2 + 3x3 − 3x4 = 0

3x1 + 5x2 − 13x3 + 11x4 = 0

(3)







x1 + x2 + x3 + x4 + x5 = 0

2x1 + 2x2 + x3 + x4 − 2x5 = 0

5x1 + 4x2 − 3x3 + 4x4 + x5 = 0

x2 + 6x3 − x4 − 4x5 = 0

(4)







x1 − 2x2 + 3x3 − 4x4 = 0

x2 − x3 + x4 = 0

x1 + 3x2 − 3x4 = 0

x1 − 4x2 + 3x3 − 2x4 = 0

): (1) (1,−2, 1, 0, 0), (1,−2, 0, 1, 0), (3,−4, 0, 0, 1).

(2) (−1, 24, 9, 0), (2,−21, 0, 9).

(3) (−7, 7,−1, 1, 0), (−25, 28,−4, 0, 1).

(4) (0, 1, 2, 1).
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2. y²: XJàg�5�§|






a11x1 + a12x2 + · · · + a1nxn = 0

a21x1 + a22x2 + · · · + a2nxn = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

an1x1 + an2x2 + · · · + annxn = 0

�XêÝ
 A �1�ª |A| = 0, �§|��´ n− 1, ¿�Ý
 A ¥ akl ��

ê{fª Akl 6= 0, @o (Ak1, Ak2, · · · , Akn) ´dàg�5�§|���Ä:

)X.

y²: du

ak1Ak1 + ak2Ak2 + · · · + aknAkn = |A| = 0,

ai1Ak1 + ai2Ak2 + · · · + ainAkn = 0, � i 6= k �,

Ïd (Ak1, Ak2, · · · , Akn) ´K�àg�5�§|�). qÏ Akl 6= 0, ù´�

��"). db����§|��´ n− 1, ¤±dàg�5�§|�Ä:)X

d���")�¤. Ïd (Ak1, Ak2, · · · , Akn) ´dàg�5�§|���Ä:

)X.

3. �àg�5�§|






a11x1 + a12x2 + · · · + a1nxn = 0

a21x1 + a22x2 + · · · + a2nxn = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

an−1,1x1 + an−1,2x2 + · · · + an−1,nxn = 0

�XêÝ
� A, Mi ´Ý
 A ¥y�1 i �¤�� (n − 1) × (n − 1) Ý
�

1�ª. y²:

(1) (M1,−M2, · · · , (−1)n−1Mn) ´�§|���);

(2) XJù��5�§|��� n− 1, ,� Mi 6= 0, y²�§|�)�´

(M1,−M2, · · · , (−1)(n−1)Mn) ��ê.

y²: (1) �àg�5�§|






a11x1 + a12x2 + · · · + a1nxn = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

an−1,1x1 + an−1,2x2 + · · · + an−1,nxn = 0

an1x1 + an2x2 + · · · + annxn = 0
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Ù¥ an1 = an2 = · · · = ann = 0, Kd�5�§|���§|Ó), �

XêÝ
�u 0. �dþK, ���1��ê{fª (An1, An2, · · · , Ann) �

��§|�). q Ani = (−1)n+iMi, ¤± (M1,−M2, · · · , (−1)n−1Mn) =

(−1)n+1(An1, An2, · · · , Ann) ���§|�).

(2) Ï��§|��� n− 1, �k�� Mi 6= 0. Ïd��§|�Ä:)X

d���")�þ�¤. l
�") (M1,−M2, · · · , (−1)n−1Mn) �¤��5

�§|���Ä:)X. ���§|�z��)Ñ´

(M1,−M2, · · · , (−1)n−1Mn)

��ê.

§ 7 �àg�5�§|�)�(�, �56/

1. ¦e��5�§|��Ü):

(1)







2x1 − x2 + 5x3 + 7x4 = 0

4x1 − 2x2 + 7x3 + 5x4 = 0

2x1 − x2 + x3 − 5x4 = 0

2x1 − x2 + 6x3 + 10x4 = 0

(2)







2x1 + x2 − x3 + x4 = 1

x1 + 2x2 + x3 − x4 = 2

x1 + x2 + 2x3 + x4 = 3

(3)







x1 + x2 − 3x4 − x5 = 2

x1 − x2 + 2x3 − x4 = 1

4x1 − 2x2 + 6x3 + 3x4 − 4x5 = 8

2x1 + 4x2 − 2x3 + 4x4 − 7x5 = 9

(4)







3x1 + 4x2 + 2x3 + x4 + 6x5 =−2

2x1 + 5x2 + 5x3 + 3x4 + x5 = 4

x1 − x2 − x3 − 2x4 + 5x5 =−6

x1 + 6x2 + 8x3 + 5x4 − 3x5 = 9

): (1) k1(4, 0,−3, 1) + k2(0, 8, 3,−1).

(2) (1, 0, 1, 0) + k(−3, 3,−1, 2).

(3) (1, 0, 0, 0,−1) + k1(−1, 1, 1, 0, 0) + k2(7, 5, 0, 2, 6).

(4) (1, 0, 0, 1,−1) + k(−1, 1, 0,−1, 0).
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2. � η1, η2, · · · , ηr ´�àg�5�§|







a11x1 + a12x2 + · · · + a1nxn = b1

a21x1 + a22x2 + · · · + a2nxn = b2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

am1x1 + am2x2 + · · · + amnxn = bm

(bi Ø�� 0)

�?¿ r�), η =
r∑

i=1

kiηi (ki ∈ K, i = 1, 2, · · · , r). y²: ��=�
r∑

i=1

ki = 1

�, η �´ù��àg�5�§|�).

y²: � ηi = (c1i, c2i, · · · , cni) (i = 1, · · · , r). K

aj1c1i + aj2c2i + · · · + ajncni = bj, j = 1, · · · ,m, i = 1, · · · , r.




η =

r∑

i=1

kiηi =

(
r∑

i=1

kic1i,

r∑

i=1

kic2i, · · · ,
r∑

i=1

kicni

)

,

�\�àg�5�§|��

aj1

r∑

i=1

kic1i + aj2

r∑

i=1

kic2i + · · · + ajn

r∑

i=1

kicni

=
r∑

i=1

ki(aj1c1i + aj2c2i + · · · + ajncni)

=

(
r∑

i=1

ki

)

bj, j = 1, · · · ,m.

du bj Ø�� 0, Ïd η ´ù��àg�5�§|�)�¿©7�^�´
r∑

i=1

ki = 1.

3. � γ0 ´�àg�5�§|







a11x1 + a12x2 + · · · + a1nxn = b1

a21x1 + a22x2 + · · · + a2nxn = b2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

am1x1 + am2x2 + · · · + amnxn = bm

(bi Ø�� 0)

���), η1, η2, · · · , ηr ´§��Ñ|�Ä:)X.
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y²: (1) γ0, η1, η2, · · · , ηr �5Ã';

(2) γ0, γ0 + η1, γ0 + η2, · · · , γ0 + ηr ��5Ã';

(3) X γ ´ù��àg�5�§|�?¿), K γ, γ0, γ0 + η1, · · · , γ0 + ηr

�5�';

(4) Kn ¥�þ γ ´ù��àg�5�§|�)�¿©7�^�´�3

r + 1 �ê ki (i = 0, 1, · · · , r),
r∑

i=0

ki = 1, ¦�

γ = k0γ0 + k1(γ0 + η1) + k2(γ0 + η2) + · · · + kr(γ0 + ηr).

y²: (1) �

α = k0γ0 + k1η1 + · · · + krηr = 0,

K

0 = Aα = k0Aγ0 +
r∑

i=1

kiAηi = k0B.

¤± k0 = 0, k1η1 + · · ·+ krηr = 0. du η1, · · · , ηr �5Ã', �� k1 = k2 =

· · · = kr = 0. Ïd γ0, η1, η2, · · · , ηr �5Ã'.

(2) �

k0γ0 + k1(γ0 + η1) + · · · + kr(γ0 + ηr) = 0,

K

(k0 + k1 + · · · + kr)γ0 + k1η1 + · · · + krηr = 0,

d (1), γ0, η1, η2, · · · , ηr �5Ã', ¤±

k1 = k2 = · · · = kr = 0, k0 + k1 + · · · + kr = 0,

?
 k0 = k1 = · · · = kr = 0. Ïd γ0, γ0 + η1, γ0 + η2, · · · , γ0 + ηr �5Ã'.

(3) X γ ´ù��àg�5�§|�), K γ − γ0 ´§��Ñ|�). ¤

±�3 ki ∈ K, ¦ γ − γ0 =
∑
kiηi. u´

γ = γ0 +
∑

kiηi =

(

1 −
r∑

i=1

ki

)

γ0 +

r∑

i=1

ki(γ0 + ηi),

l
 γ, γ0, γ0 + η1, · · · , γ0 + ηr �5�'.

(4) (⇒) γ ��àg�5�§|�), Kd (3) �y²��

γ =

(

1 −
r∑

i=1

ki

)

γ0 +

r∑

i=1

ki(γ0 + ηi),
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l
d�5L«ª�Xê�Ú�u

(

1 −
r∑

i=1

ki

)

+
r∑

i=1

ki = 1.

(⇐) X
r∑

i=0

ki = 1, KdþK�(Ø�� γ ´��).

∗
4. � Y1,Y2 ��þ�m V �ü��56/, e�8Ü´Ä�¤ V ��5

6/?

(1) Y1 ∩ Y2;

(2) Y1 ∪ Y2;

(3) Y1 + Y2 = {α1 + α2 | α1 ∈ Y1, α2 ∈ Y2}.
): (1) ´. � α ∈ Y1 ∩ Y2, K

Y1 = α+W1, Y2 = α+W2,

Ù¥ W1,W2 �f�m, u´

Y1 ∩ Y2 = α+ (W1 ∩W2),

�� Y1 ∩ Y2 �´�56/.

(2) Ø�½. X� α, β �5Ã', -

Y1 = L(α), Y2 = L(β),

K Y1, Y2 Ñ´�56/, � α+ β 6∈ Y1 ∪ Y2.

(3) ´. X

Y1 = α1 +W1, Y2 = α2 +W2,

Ù¥ W1,W2 �f�m, K

Y1 + Y2 = (α1 + α2) + (W1 +W2),

�� Y1 + Y2 �´�56/.
∗
5. � α0, α1, · · · , αr � V � r + 1 ��þ, y²:

Y =

{
r∑

i=0

kiαi

∣
∣
∣
∣
∣

r∑

i=0

ki = 1, ki ∈ K, i = 0, 1, · · · r
}

�¤ V ����56/.
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y²: �
r∑

i=0

kiαi ∈ Y,
r∑

i=0

ki = 1,

r∑

i=0

liαi ∈ Y,

r∑

i=0

li = 1,

Ké?¿� k, l ∈ K, k + l = 1, k

k

(
r∑

i=0

kiαi

)

+ l

(
r∑

i=0

liαi

)

=

r∑

i=0

(kki + lli)αi,



r∑

i=0

kki +
r∑

i=0

lli = k
r∑

i=0

ki + l
r∑

i=0

li = k + l = 1,

u´

k

(
r∑

i=0

kiαi

)

+ l

(
r∑

i=0

liαi

)

∈ Y,

l
 Y ´�56/.
∗
6. � Y ��þ�m V ����56/. y²: �3 Y ¥� r + 1 ��þ

α0, α1, · · · , αr, ¦

Y =

{
r∑

i=0

kiαi

∣
∣
∣
∣
∣

r∑

i=0

ki = 1, ki ∈ K, i = 0, 1, · · · r
}

.

y²: � Y = α0 +W , Ù¥ W ´f�m. � W �Ä� η1, · · · , ηr, -

α0 = α0, α1 = α0 + η1, · · · , αr = α0 + ηr,

K αi ∈ Y , �é?¿� ki ∈ K,
r∑

i=0

ki = 1, k

r∑

i=0

kiαi =

r∑

i=1

kiα0 +

r∑

i=0

kiηi ∈ α0 +W = Y.

��, é?¿� α = α0 + η ∈ Y = α0 +W , �3 ki, ¦ η =
r∑

i=1

kiηi, l


α =

(

1 −
r∑

i=1

ki

)

α0 +

r∑

i=1

ki(α0 + ηi),
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Ù¥ (

1 −
r∑

i=1

ki

)

+ k1 + k2 + · · · + kr = 1.

ùy²


Y =

{
r∑

i=0

kiαi

∣
∣
∣
∣
∣

r∑

i=0

ki = 1, ki ∈ K, i = 0, 1, · · · r
}

.


