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§ 1 e��;�/�AÛ¿Â

1. ée�Ý
 A, ¦C�Ý
 T , ¦ T−1AT �e��;�/:

(1)






1 −3 4

4 −7 8

6 −7 7




; (2)






3 −2 1

2 −2 2

3 −6 5




;

(3)








3 −4 0 2

4 −5 −2 4

0 0 3 −2

0 0 2 −1








; (4)








1 −3 0 3

−2 −6 0 13

0 −3 1 3

−1 −4 0 8








.

): (1) )� (Ð�C�{):

k�Ð�C�rA�Ý
 λE −A z�é�/:

(

λE −A

E

)

=













1 0 0

0 4λ+ 4 λ2 − 2λ− 3

0 3λ+ 7 λ2 − λ− 6

0 0 1

1 4 λ− 1

1 3 λ− 1













−→













1 0 0

0 λ− 3 0

0 0 (λ+ 1)2

0 1 1

1 λ− 1 λ+ 3

1 λ− 1 λ+ 2













.

Ïd A �Ð�Ïf´ (λ− 3), (λ + 1)2. A �e��;�/´

J =






3 0 0

0 −1 1

0 0 −1




 ,

Q1(λ) =






0 1 1

1 λ− 1 λ+ 3

1 λ− 1 λ+ 2




 .
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2�Ð�C�rA�Ý
 λE − J z��þ¡�Ó�é�/:

(

λE − J

E

)

−→













λ− 3 0 0

0 0 1

0 (λ+ 1)2 0

1 0 0

0 1 0

0 λ+ 1 1













−→













1 0 0

0 λ− 3 0

0 0 (λ+ 1)2

0 1 0

0 0 1

1 0 λ+ 1













.

Ïd

Q2(λ) =






0 1 0

0 0 1

1 0 λ+ 1




 .

2¦ Q1(λ)Q2(λ)−1 (��Ð��C�),

(

Q2(λ)

Q1(λ)

)

=













0 1 0

0 0 1

1 0 λ+ 1

0 1 1

1 λ− 1 λ+ 3

1 λ− 1 λ+ 2













−→













1 0 0

0 1 0

0 0 1

1 1 0

λ− 1 2 1

λ− 1 1 1













.

u´

Q1(λ)Q2(λ)−1 =






1 1 0

λ− 1 2 1

λ− 1 1 1




 =






0 0 0

1 0 0

1 0 0




λ+






1 1 0

−1 2 1

−1 1 1




 .

^ J lm>�\ λ, =�

T = Q0 =






0 0 0

1 0 0

1 0 0











3 0 0

0 −1 1

0 0 −1




+






1 1 0

−1 2 1

−1 1 1




 =






1 1 0

2 2 1

2 1 1




 .

�±�y TJ = AT , l

T−1AT = J =






3 0 0

0 −1 1

0 0 −1




 .
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)� (f�m¦Ä):

k�Ñ A �Ð�Ïf´ (λ− 3), (λ+ 1)2. Ïd A �e��;�/´

J =






3 0 0

0 −1 1

0 0 −1




 .

�d;�/éA�Ä�þ´ η′11, η
′
21, η

′
22. Ù¥ η′11 ÷v��§´

(A− 3E)η′11 =






−2 −3 4

4 −10 8

6 −7 4




 η′11 = 0,

)� η′11 = (1, 2, 2)T.

η′22 A÷v�^�´

(A+ E)2η′22 =






16 −16 16

32 −32 32

32 −32 32




 η′22 = 0,

(A+ E)η′22 =






2 −3 4

4 −6 8

6 −7 8




 η′22 6= 0.

�� η′22 = (0, 1, 1)T, l

η′21 = (A+ E)η′22 =






2 −3 4

4 −6 8

6 −7 8











0

1

1




 =






1

2

1




 .

u´

T = (η′11, η
′
21, η

′
22) =






1 1 0

2 2 1

2 1 1




 .

(2) )� (Ð�C�{):
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k�Ð�C�rA�Ý
 λE −A z�é�/:

(

λE −A

E

)

−→













λ− 3 2 −1

−2 λ+ 2 −2

−3 6 λ− 5

1 0 0

0 1 0

0 0 1













−→













1 0 0

0 λ− 2 0

0 0 (λ− 2)2

0 0 1

0 1 2

1 2 λ+ 1













.

Ïd A �Ð�Ïf´ (λ− 2), (λ − 2)2. A �e��;�/´

J =






2 0 0

0 2 1

0 0 2




 ,

Q1(λ) =






0 0 1

0 1 2

1 2 λ+ 1




 .

2�Ð�C�rA�Ý
 λE − J z��þ¡�Ó�é�/:

(

λE − J

E

)

−→













λ− 2 0 0

0 0 1

0 (λ− 2)2 0

1 0 0

0 1 0

0 λ− 2 1













−→













1 0 0

0 λ− 2 0

0 0 (λ− 2)2

0 1 0

0 0 1

1 0 λ− 2













.

Ïd

Q2(λ) =






0 1 0

0 0 1

1 0 λ− 2




 .

2¦ Q1(λ)Q2(λ)−1 (��Ð��C�),

(

Q2(λ)

Q1(λ)

)

=













0 1 0

0 0 1

1 0 λ− 2

0 0 1

0 1 2

1 2 λ+ 1













−→













1 0 0

0 1 0

0 0 1

0 1 0

1 2 0

2 3 1













.
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u´

Q1(λ)Q2(λ)−1 =






0 1 0

1 2 0

2 3 1




 = Q0 = T.

l

T−1AT = J =






2 0 0

0 2 1

0 0 2




 .

)� (f�m¦Ä):

k�Ñ A �Ð�Ïf´ (λ− 2), (λ− 2)2, Ïd A �4�õ�ª mA(λ) =

(λ− 2)2, A �e��;�/´

J =






2 0 0

0 2 1

0 0 2




 .

�d;�/éA�Ä�þ´ η′11, η
′
21, η

′
22.

du (A− 2E)2 = 0, η′22 A÷v�^�´

(A− 2E)η′22 =






1 −2 1

2 −4 2

3 −6 3




 η′22 6= 0.

�� η′22 = (0, 0, 1)T, l

η′21 = (A− 2E)η′22 =






1 −2 1

2 −4 2

3 −6 3











0

0

1




 =






1

2

3




 .

η′11 ÷v��§´

(A− 2E)η′11 =






1 −2 1

2 −4 2

3 −6 3




 η′11 = 0,

����) η′11 = (0, 1, 2)T , §� η′21 �5Ã'.

u´

T = (η′11, η
′
21, η

′
22) =






0 1 0

1 2 0

2 3 1




 .
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(3) )� (Ð�C�{):

k�Ð�C�rA�Ý
 λE −A z�é�/:

(

λE −A

E

)

=


















λ− 3 4 0 −2

−4 λ+ 5 2 −4

0 0 λ− 3 2

0 0 −2 λ+ 1

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1


















−→


















1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 (λ2 − 1)2

0 0 0 32

0 0 2 2(−3λ3 − λ2 + 3λ+ 17)

0 1 −λ+ 3 3λ4 − 8λ3 − 6λ2 + 24λ+ 19

1 0 4 4(−3λ3 − λ2 + 7λ+ 5)


















.

Ïd A �Ð�Ïf´ (λ− 1)2, (λ+ 1)2. A �e��;�/´

J =








1 1 0 0

0 1 0 0

0 0 −1 1

0 0 0 −1







,

Q1(λ) =








0 0 0 32

0 0 2 2(−3λ3 − λ2 + 3λ+ 17)

0 1 −λ+ 3 3λ4 − 8λ3 − 6λ2 + 24λ+ 19

1 0 4 4(−3λ3 − λ2 + 7λ+ 5)







.



§ 1 e��;�/�AÛ¿Â · 207 ·

2�Ð�C�rA�Ý
 λE − J z��þ¡�Ó�é�/:

(

λE − J

E

)

−→


















0 1 0 0

(λ− 1)2 0 0 0

0 0 0 1

0 0 (λ+ 1)2 0

1 0 0 0

λ− 1 1 0 0

0 0 1 0

0 0 λ+ 1 1


















−→


















1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 (λ2 − 1)2

0 λ+ 2 0 λ2 + 2λ+ 1

1 λ2 + λ− 2 0 λ3 + λ2 − λ− 1

0 λ− 2 0 λ2 − 2λ+ 1

0 (λ− 2)(λ+ 1) 1 λ3 − λ2 − λ+ 1


















.

Ïd

Q2(λ) =








0 λ+ 2 0 λ2 + 2λ+ 1

1 λ2 + λ− 2 0 λ3 + λ2 − λ− 1

0 λ− 2 0 λ2 − 2λ+ 1

0 (λ− 2)(λ+ 1) 1 λ3 − λ2 − λ+ 1







.

2¦ Q1(λ)Q2(λ)−1 (��Ð��C�),

(

Q2(λ)

Q1(λ)

)

−→




















1 0

0 1

0 0

0 0

−8λ+ 16 0
1

2
(3λ4 − 5λ3 − 5λ2 − 11λ+ 34) 0

1

4
(−3λ5 + 14λ4 − 10λ3 − 35λ2 + 27λ+ 39) 0

3λ4 − 5λ3 − 9λ2 + 8λ+ 11 1
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0 0

0 0

1 0

0 1

8λ+ 16 0
1

2
(−3λ4 − 7λ3 + λ2 + 19λ + 30) 1

1

4
(3λ5 − 2λ4 − 22λ3 + 15λ2 + 57λ+ 25) −λ+ 3

−3λ4 − 7λ3 + 5λ2 + 15λ+ 6 4




















.

u´

Q1(λ)Q2(λ)−1 =
1

4








0 0 0 0

0 0 0 0

−3 0 3 0

0 0 0 0







λ5 +

1

2








0 0 0 0

3 0 −3 0

7 0 −1 0

6 0 −6 0







λ4

+
1

2








0 0 0 0

−5 0 −7 0

−5 0 −11 0

−10 0 −14 0







λ3 +

1

4








0 0 0 0

−10 0 2 0

−35 0 15 0

−36 0 20 0







λ2

+
1

4








−32 0 32 0

−22 0 38 0

27 0 57 −4

32 0 60 0







λ+

1

4








64 0 64 0

68 0 60 8

39 0 25 12

44 4 24 16







.

^ J lm>�\ λ, =�

T = Q0 =








8 −8 8 8

8 −12 8 6

8 −8 0 0

8 −12 0 0







.

�±�y TJ = AT , l

T−1AT = J =








1 1 0 0

0 1 0 0

0 0 −1 1

0 0 0 −1







.
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)� (f�m¦Ä):

k�Ñ A �Ð�Ïf´ (λ− 1)2, (λ+ 1)2. Ïd A �e��;�/´

J =








1 1 0 0

0 1 0 0

0 0 −1 1

0 0 0 −1







.

�d;�/éA�Ä�þ´ η′11, η
′
12, η

′
21, η

′
22. Ù¥ η′12 ÷v��§´

(A− E)2η′12 =








−12 16 12 −16

−16 20 16 −20

0 0 0 0

0 0 0 0







η′12 = 0,

(A− E)η′12 =








2 −4 0 2

4 −6 −2 4

0 0 2 −2

0 0 2 −2







η′12 6= 0.

)� η′12 = (1, 0, 1, 0)T .

η′11 = (A− E)η′12 =








2 −4 0 2

4 −6 −2 4

0 0 2 −2

0 0 2 −2















1

0

1

0








=








2

2

2

2







.

η′22 A÷v�^�´

(A+ E)2η′22 =








0 0 12 −8

0 0 8 −4

0 0 12 −8

0 0 8 −4







η′22 = 0,

(A+ E)η′22 =








4 −4 0 2

4 −4 −2 4

0 0 4 −2

0 0 2 0







η′22 6= 0.
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�� η′22 = (1, 0, 0, 0)T , l

η′21 = (A+ E)η′22 =








4 −4 0 2

4 −4 −2 4

0 0 4 −2

0 0 2 0















1

0

0

0








=








4

4

0

0







.

u´

T = (η′11, η
′
12, η

′
21, η

′
22) =








2 1 4 1

2 0 4 0

2 1 0 0

2 0 0 0







.

w,�K�)��')�{ü.

(4) )� (Ð�C�{):

k�Ð�C�rA�Ý
 λE −A z�é�/:

(

λE −A

E

)

−→


















1 0 0 0

0 1 0 0

0 0 λ− 1 0

0 0 0 (λ− 1)3

1 −4 −λ+ 4 λ2 − 2λ+ 4

0 1 1 −2λ+ 3

0 0 0 3

0 0 1 −λ+ 2


















.

Ïd A �Ð�Ïf´ (λ− 1), (λ − 1)3. A �e��;�/´

J =








1 0 0 0

0 1 1 0

0 0 1 1

0 0 0 1







,

Q1(λ) =








1 −4 −λ+ 4 λ2 − 2λ+ 4

0 1 1 −2λ+ 3

0 0 0 3

0 0 1 −λ+ 2







.
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2�Ð�C�rA�Ý
 λE − J z��þ¡�Ó�é�/:

(

λE − J

E

)

−→


















1 0 0 0

0 1 0 0

0 0 λ− 1 0

0 0 0 (λ− 1)3

0 0 1 0

0 0 0 1

1 0 0 λ− 1

λ− 1 1 0 (λ− 1)2


















.

Ïd

Q2(λ) =








0 0 1 0

0 0 0 1

1 0 0 λ− 1

λ− 1 1 0 (λ− 1)2







.

2¦ Q1(λ)Q2(λ)−1 (��Ð��C�),

(

Q2(λ)

Q1(λ)

)

−→


















1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

−λ+ 4 λ2 − 3λ+ 5 4λ− 3 −4

1 −2λ+ 3 −λ+ 1 1

0 3 0 0

1 −λ+ 2 0 0


















.

u´

Q1(λ)Q2(λ)−1 =








0 1 0 0

0 0 0 0

0 0 0 0

0 0 0 0







λ2 +








−1 −3 4 0

0 −2 −1 0

0 0 0 0

0 −1 0 0







λ

+








4 5 −3 −4

1 3 1 1

0 3 0 0

1 2 0 0







.
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^ J lm>�\ λ, =�

T = Q0 =








3 3 0 1

1 1 −2 0

0 3 0 0

1 1 −1 0







.

�±�y TJ = AT , l

T−1AT = J =








1 0 0 0

0 1 1 0

0 0 1 1

0 0 0 1







.

)� (f�m¦Ä):

k�Ñ A �Ð�Ïf´ (λ − 1), (λ − 1)3. Ïd A �4�õ�ª´

mA(λ) = (λ− 1)3, e��;�/´

J =








1 0 0 0

0 1 1 0

0 0 1 1

0 0 0 1







.

�d;�/éA�Ä�þ´ η′11, η
′
21, η

′
22, η

′
23.

du (A− E)3 = 0, η′23 A÷v�^�´

(A− E)2η′23 =








3 9 0 −18

1 3 0 −6

3 9 0 −18

1 3 0 −6







η′23 6= 0.

�� η′23 = (1, 0, 0, 0)T , l

η′22 = (A− E)η′23 =








0 −3 0 3

−2 −7 0 13

0 −3 0 3

−1 −4 0 7















1

0

0

0








=








0

−2

0

−1







.

η′21 = (A− E)2η′23 =








3 9 0 −18

1 3 0 −6

3 9 0 −18

1 3 0 −6















1

0

0

0








=








3

1

3

1







.
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η′11 ÷v��§´

(A− E)η′11 =








0 −3 0 3

−2 −7 0 13

0 −3 0 3

−1 −4 0 7







η′11 = 0.

)� η′11 = (0, 0, 1, 0)T , §� η′21 �5Ã'. u´

T = (η′11, η
′
21, η

′
22, η

′
23) =








0 3 0 1

0 1 −2 0

1 3 0 0

0 1 −1 0







.

2. y²: z�E�
 A �©)� A = D +H, Ù¥ D ��é�zÝ
,

H ��"
 (=k����ê m, ¦� Hm = 0), � DH = HD.

y²: � A = Jk(c) ´��e��¬, Kk©)

Jk(c) = cEk +Hk =









c 0 · · · 0

0 c · · · 0
...

...
. . . 0

0 0 · · · c









+









0 1 · · · 0

0 0 · · · 0
...

...
. . .

0 0 · · · 0









.

Ù¥ cEk ´XþÝ
, Hk ÷v Hk
k = 0, ´�"Ý
, � (cEk)Hk =

Hk(cEk). Ïdù´÷v^��©).

2� A = J = diag(Jk1
(λ1), · · · , Jks

(λs)), Kk

J = DJ +HJ = diag(λ1Ek1
, · · · , λsEks

) + diag(Hk1
, · · · ,Hks

),

Ù¥ DJ = diag(λ1Ek1
, · · · , λsEks

) ´é�Ý
, HJ = diag(Hk1
, · · · ,Hks

) ÷

v H
maxi{ki}
J = 0. Ïd HJ ´�"Ý
. du

DJHJ =






λ1Ek1
Hk1

0 · · · 0

0 λ2Ek2
Hk2

· · · 0

0 0 · · · λsEks
Hks






=






Hk1
(λ1Ek1

) 0 · · · 0

0 Hk2
(λ2Ek2

) · · · 0

0 0 · · · Hks
(λsEks

)




 = HJDJ ,
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��ù�´÷v^��©).

��� A = TJT−1, k�þã©) J = DJ + HJ , - D = TDJT
−1,

H = THJT
−1. K A = D +H, D �qué�Ý
 DJ , Ïd´�é�zÝ
.

qÏ Hm = THm
J T

−1, Ïdl HJ ´�"Ý
�±�� H �´�"Ý
. �

�d

DH = (TDJT
−1)(THJT

−1) = TDJHJT
−1

= THJDJT
−1 = (THJT

−1)(TDJT
−1) = HD,

��ù´ÎÜ^��©).

3. A���� 1 ��
¡��NÝ
 (unipotent matrix). y²: z��

_�E�
 A �©)� A = DU , Ù¥ D ��é�zÝ
, U ��N
, �

DU = UD.

y²: � A = Jk(c) ´��e��¬, � c 6= 0, Kk©)

Jk(c) = (cEk)(Uk(c
−1)) =









c 0 · · · 0

0 c · · · 0
...

...
. . . 0

0 0 · · · c

















1 c−1 · · · 0

0 1 · · · 0
...

...
. . .

0 0 · · · 1









.

Ù¥ cEk ´XþÝ
, Uk(c
−1) �A��Ñ´ 1, Ïd´�N
, � (cEk)

Uk(c
−1) = Uk(c

−1)(cEk). Ïdù´÷v^��©).

2� A = J = diag(Jk1
(λ1), · · · , Jks

(λs)), du A ´�_Ý
, Ïd¤k

�A�� λi 6= 0. Kk

J = DJUJ = diag(λ1Ek1
, · · · , λsEks

) diag(Uk1
(λ−1

1 ), · · · , Uks
(λ−1

s )),

Ù¥ DJ = diag(λ1Ek1
, · · · , λsEks

) ´é�Ý
, UJ = diag(Uk1
(λ−1

1 ), · · · ,
Uks

(λ−1
s )) �A��Ñ´ 1, Ïd´�N
. du

DJUJ =






λ1Ek1
Hk1

(λ−1
1 ) 0 · · · 0

0 λ2Ek2
Hk2

(λ−1
2 ) · · · 0

0 0 · · · λsEks
Hks

(λ−1
s )






=






Hk1
(λ1Ek1

) 0 · · · 0

0 Hk2
(λ2Ek2

) · · · 0

0 0 · · · Hks
(λ−1

s )(λsEks
)




 = UJDJ ,

��ù�´÷v^��©).
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��� A = TJT−1, k�þã©) J = DJUJ , - D = TDJT
−1, U =

TUJT
−1. K A = DU , D �qué�Ý
 DJ , Ïd´�é�zÝ
. qÏ U

�A��Ñ´ 1, Ïd´�N
. ��d

DU = (TDJT
−1)(TUJT

−1) = TDJUJT
−1

= TUJDJT
−1 = (TUJT

−1)(TDJT
−1) = UD,

��ù´ÎÜ^��©).

∗4. y²: z�E�
�©)�ü�Eé¡Ý
�¦È, ¿�Ù¥���´

�_�.

y²: � A = Jk(c) ´��e��¬, Kk©)

Jk(c) = Sk(c)Pk =











0 · · · 0 1 c

0 · · · 1 c 0
... . .

.
. .

. ...
...

1 . .
.

0 0 0

c · · · 0 0 0





















0 · · · 0 0 1

0 · · · 0 1 0
... . .

.
. .

. ...
...

0 . .
.

0 0 0

1 · · · 0 0 0











.

Ù¥ Sk(c), Pk Ñ´é¡Ý
, Pk q´�_�.

2� A = J = diag(Jk1
(λ1), · · · , Jks

(λs)), Kk

J = SJPJ = diag(Sk1
(λ1), · · · , Sks

(λs)) diag(Pk1
, · · · , Pks

),

Ù¥ SJ = diag(Sk1
(λ1), · · · , Sks

(λs)) Ú PJ = diag(Pk1
, · · · , Pks

) Ñ´é¡Ý


, PJ q´�_�. Ïdù´÷v^��©).

��� A = TJT−1, k�þã©) J = SJPJ , - S = TSJT
T, P =

T−TPJT
−1, K S, T Ñ´é¡Ý
, P q´�_�. ¿�k÷v^��©)

A = TSJPJT
−1 = (TSJT

T)(T−TPJT
−1) = SP.
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§ 2 {ü�Ý
�§

1. �

A = U
















−1 1 0 0 0 0 0

0 −1 0 0 0 0 0

0 0 2 1 0 0 0

0 0 0 2 0 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

0 0 0 0 0 0 0
















U−1, B = V













−1 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 2 1 0

0 0 0 0 2 1

0 0 0 0 0 2













V −1.

¦) AX = XB.

): X = U
















a 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 b c

0 0 0 0 0 b

0 d e 0 0 0

0 0 d 0 0 0

0 0 0 0 0 0
















V −1.

2. �

A =













1 1 0 0 0 0

0 1 1 0 0 0

0 0 1 0 0 0

0 0 0 1 1 0

0 0 0 0 1 0

0 0 0 0 0 2













.

¦ C(A) ±9 dimC(A).

): C(A) =



















a b c d e 0

0 a b 0 d 0

0 0 a 0 0 0

0 f g h i 0

0 0 f 0 h 0

0 0 0 0 0 j



















, Ïd dimC(A) = 10.

3. �ÑÝ
�§

X2 − 2X − 3E = 0, X ∈M3(C),
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�)�Ð�Ïf|.

): λ2 − 2λ− 3 = (λ− 3)(λ+ 1), ÏdÐ�Ïf|k 4 «�U: λ− 3, λ−
3, λ− 3; λ− 3, λ− 3, λ+ 1; λ− 3, λ+ 1, λ+ 1; λ+ 1, λ+ 1, λ+ 1.

4. Ø^·K 3.1 ��y²: e A � B kú��A��, KÝ
�§

AX = XB k�").

y²: � A� B kú��A�� λ0, KBT �kA�� λ0. �� A Ú BT

éA�A��þ©O´ U Ú V (w¤�Ý
). Kk AU = λ0U , BTV = λ0V .

u´ A(UV T) = λ0UV
T, (UV T)B = U(V TB) = U(BTV )T = λ0UV

T =

A(UV T), Ïd UV T ´Ý
�§ AX = XB ����").

§ 3 Ý
¼ê

1. � A = T






3 0 0

0 2 1

0 0 2




T−1, Á��|^Ý
¼ê�½Â�Ñúª

f(A) = f(3)Z10 + f(2)Z20 + f ′(2)Z21

¥� Z10, Z20, Z21.

): �â½Â,

f(A) = T






f(3) 0 0

0 f(2) f ′(2)

0 0 f(2)




T−1 = f(3)T






1 0 0

0 0 0

0 0 0




T−1

+ f(2)T






0 0 0

0 1 0

0 0 1




T−1 + f ′(2)T






0 0 0

0 0 1

0 0 0




T−1.

Ïd

Z10 = T






1 0 0

0 0 0

0 0 0




T−1, Z20 = T






0 0 0

0 1 0

0 0 1




T−1,

Z21 = T






0 0 0

0 0 1

0 0 0




T−1.
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2. � A =






0 1 1

1 0 1

1 −1 1




, ¦ A100, expA, 3

√
A.

): du






λ −1 −1

−1 λ −1

−1 1 λ− 1




 −→






1 0 0

0 1 0

0 0 (λ+ 1)(λ− 1)2




 ,

mA(λ) = (λ+ 1)(λ− 1)2. ¤±

f(A) = f(−1)Z10 + f(1)Z20 + f ′(1)Z21.

©O� f(λ) = 1, λ, λ2, ���§|

E = Z10 + Z20

A = −Z10 + Z20 + Z21

A2 = Z10 + Z20 + 2Z21

)�

Z10 =
1

4
(A2 − 2A+ E) =

1

4






3 −3 0

−1 1 0

−2 2 0






Z20 =
1

4
(−A2 + 2A+ 3E) =

1

4






1 3 0

1 3 0

2 −2 4






Z21 =
1

2
(A2 − E) =

1

2






1 −1 2

1 −1 2

0 0 0






� f(λ) = λ100 �,

A100 = Z10 + Z20 + 100Z21 =






51 −50 100

50 −49 100

0 0 1




 .
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� f(λ) = exp(λ) �,

exp(A) = e−1Z10 + eZ20 + eZ21 =
1

4






3e + 3e−1 e − 3e−1 4e

3e − e−1 e + e−1 4e

2e − 2e−1 −2e + 2e−1 4e




 .

� f(λ) = 3
√
λ �,

3
√
A = −Z10 + Z20 +

1

3
Z21 =

1

3






−1 4 1

2 1 1

3 −3 3




 .

3. Ý
 A �Ð�ÏfATäkN��/ªâU¦� sinA = cosA?

): � f(λ) = sinλ, g(λ) = cos λ. K f(A) = g(A) �¿©7�^�´

f(ΛA) = g(ΛA). � (λ − c)k ´ A ���Ð�Ïf. KØ
 f(c) = sin c =

g(c) = cos c 	, � k > 1 ��k f ′(c) = cos c = g′(c) = − sin c. Ïd� k > 1

�7k sin c = cos c = 0, ù´Ø�U�. ¤± k = 1. ) sin c = cos c �

c = mπ+
π

4
. Ïd A �Ð�ÏfÑAT´/X (λ− π

4
+mπ) �. A ´���

é�zÝ
. ù�^��´¿©�.

4. � A =






1 −3 3

−2 −6 13

−1 −4 8




, Á¦Ý
 B, ¦ B2 = A.

): du





λ− 1 3 −3

2 λ+ 6 −13

1 4 λ− 8




 −→






1 0 0

0 1 0

0 0 (λ− 1)3




 ,

mA(λ) = (λ− 1)3. ¤±

f(A) = f(1)Z10 + f ′(1)Z11 + f ′′(1)Z12.

©O� f(λ) = 1, λ, λ2, ���§|

E = Z10

A = Z10 + Z11

A2 = Z10 + 2Z11 + 2Z12

)�

Z10 = E
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Z11 = A− E =






0 −3 3

−2 −7 13

−1 −4 7






Z12 =
1

2
(A2 − 2A+ E) =

1

2






3 9 −18

1 3 −6

1 3 −6






� f(λ) =
√
λ, k

B =
√
A = Z10 +

1

2
Z11 −

1

4
Z12 =

1

8






5 −21 30

−9 −23 58

−5 −19 42




 .

B ÷v B2 = A.

5. � n �¢Ý
 A �A���´�¢ê. y²: �3¢Ý
 B, ¦

B2 = A.

y²: � A �Ð�Ïf´ (λ− λ1)
k1 , · · · , (λ− λt)

kt , Ù¥ λi Ñ´�¢ê.

± (λ−
√
λ1)

k1 , · · · , (λ−
√
λt)

kt ��Ð�Ïf|�Ee��;�/ J , K J ´

��¢Ý
, r·K 2.5 A^uÝ
¼ê f(λ) = λ2, du f ′(
√
λi) = 2

√
λi 6= 0,

Ïd J2 �Ð�Ïf|´ (λ − λ1)
k1 , · · · , (λ − λt)

kt , � A �Ó, ¤± J2 � A

�q. l�3�_¢Ý
 T ¦� A = T−1J2T = (T−1JT )2. B = T−1JT

Ò´÷vK¿�¢Ý
.

6. ®�Ý
 A �Ð�Ïf|´ λ3,
(

λ− π

2

)3

, (λ− π)4. Á�Ñ cosA �

Ð�Ïf|.

): � f(λ) = cos λ. K f(0) = 1, f
(π

2

)

= 0, f(π) = −1, f ′(λ) =

− sinλ, f ′(0) = f ′(π) = 0, f ′
(π

2

)

= −1,

f ′′(λ) = − cos λ, f ′′(0) = −1, f ′′(π) = 1. Ïd�â·K 2.5, f(A) = cosA �

Ð�Ïf|´ (λ− 1)2, (λ− 1), λ3, (λ+ 1)2, (λ+ 1)2.

7. � A �A���� ±1, y²: A � A−1 �q.

y²: � f(λ) = λ−1, Kk f(A) = A−1. éu A �?¿��Ð�Ïf

(λ − c)k, du f ′(c) = −c−2 6= 0, �â·K 2.5, f(A) �A�Ð�Ïf´

(λ − f(c))k. � c = ±1 �, k f(c) = c−1 = c, Ïd A � f(A) k�ÓÐ�Ï

f|, l�q.

8. � J ´A��� 1 � n �e��¬, Á¦¦ g(J) �qu J �õ�ª

g(λ) A÷v�¿©7�^�.
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y²: J �Ð�Ïf�k�� (λ− 1)n. g(J) � J �q�¿©7�^�´

g(J) �Ð�Ïf�´ (λ−1)n. d·K 2.5 ��, ù�du g(1) = 1, g′(1) 6= 0.

9. |^Ý
¼ê, ¦Ñ48ê�

D1,D2, · · · ,Dn, · · · , Dn = 3Dn−1 − 3Dn−2 +Dn−3 (n > 3)

�Ï�úª Dn = f(D1,D2,D3).

(J«: �	Ý
A =






0 1 0

0 0 1

1 −3 3




)

): ·�k






Dn−2

Dn−1

Dn




 =






0 1 0

0 0 1

1 −3 3











Dn−3

Dn−2

Dn−1




 = · · · = An−3






D1

D2

D3




 .

�¦ An−3, �±|^Ý
¼ê.

ÏLO�,






λ −1 0

0 λ −1

−1 3 λ− 3




 −→






1 0 0

0 1 0

0 0 (λ− 1)3




 .

Ïd mA(λ) = (λ− 1)3. ¤±

f(A) = f(1)Z10 + f ′(1)Z11 + f ′′(1)Z12.

©O� f(λ) = 1, λ, λ2, ���§|

E = Z10

A = Z10 + Z11

A2 = Z10 + 2Z11 + 2Z12

)�

Z10 = E

Z11 = A− E =






−1 1 0

0 −1 1

1 −3 2








· 222 · 1�oÙ e��;�/�?Ø�A^

Z12 =
1

2
(A2 − 2A+ E) =

1

2






1 −2 1

1 −2 1

1 −2 1






� f(λ) = λn−3, k

An−3 = Z10 + (n− 3)Z11 + (n− 3)(n − 4)Z12

=
1

2






n2 − 9n+ 20 −2n2 + 16n − 30 (n− 3)(n − 4)

(n− 3)(n − 4) −2n2 + 12n − 16 n2 − 5n+ 6

(n− 2)(n − 3) −2(n − 1)(n− 3) (n− 1)(n − 2)




 .

(¢Sþ��O�Ý
�1 3 1Ò

) Ïd

Dn =
1

2
(n− 2)(n − 3)D1 − (n− 1)(n − 3)D2 +

1

2
(n− 1)(n − 2)D3.

∗10. ÁA^1�nÙ1 5 !öS 13–5.6 �(Øy²·K 3.5 � (2).

y²: �âb�, k f(Jk(c)) = f(c)Ek +
f (h)(c)

h!
Hh

k + · · · , Ïd f(c)Ek −

f(Jk(c)) = −f
(h)(c)

h!
Hh

k + · · · , �� 1 ≤ i ≤ q �k (f(c)Ek − f(Jk(c)))
i =

(

−f
(h)(c)

h!
Hh

k

)i

+ · · · . 5¿� k = hq + r, 0 ≤ r < h, � i > q �k

(f(c)Ek − f(Jk(c)))
i = 0. qÏ f (h)(c) 6= 0, ��

ni = rank(f(c)Ek − f(Jk(c)))
i = rankHhi

k =







k − hi e 1 ≤ i ≤ q,

0 e i ≥ q + 1.

¿� n0 = k. u´

ai = ai−1 − ai =







h e 1 ≤ i ≤ q,

k − hq = r e i = q + 1,

0 e i ≥ q + 2.

bi = bi − bi+1 =







0 e 1 ≤ i ≤ q − 1,

h− r e i = q,

r e i = q + 1,

0 e i ≥ q + 2.
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�Ò´`�"� bi �k bq = h − r, bq+1 = r. �âöS 13–5.6 �(Ø (2),

f(Jk(c)) �áuA�� f(c) � q �e��¬k h− r �, q + 1 �e��¬k r

�. ùÒ´·K 2.5 � (2) �(Ø.
∗11. �

m(λ) = (λ− λ1)
k1(λ− λ2)

k2 · · · (λ− λs)
ks ,

mi(λ) =
m(λ)

(λ− λi)ki

= (λ− λ1)
k1 · · · (λ− λi−1)

ki−1(λ− λi+1)
ki+1 · · · (λ− λs)

ks .

éu÷v 1 ≤ i ≤ s, 0 ≤ j ≤ ki − 1 � i, j, ½Â

ϕij(λ) =
1

j!

ki−j−1
∑

α=0

1

α!

(
1

mi(λ)

)(α)

λ=λi

(λ− λi)
j+αmi(λ),

Ù¥mþ�� (α) L«'u λ � α ��ê, me�� λ = λi L«3 λi ?��

ê�. �y:

(ϕij(λ))
(q)
λ=λp

=







1, e p = i, q = j,

0, Ù§�/.

ù��õ�ª¡�.�KF–Ü��dA��õ�ª.

y²: � p 6= i �, (λ− λp)
mp ´ mi(λ) �Ïf, Ïd (λ− λp)

mp | ϕij(λ),

l ϕij(λ) 3 λp ?��u mp ��êÑ�u 0. ±e�Ä p = i ��/. |^

4ÙZ[¦�úª,

(ϕij(λ))
(q)
λ=λi

=
1

j!

q∑

l=0

q!

l!(q − l)!

(
ki−j−1∑

α=0

1

α!

(
1

mi(λ)

)(α)

λ=λi

(λ− λi)
j+α

)(l)

λ=λi

(mi(λ))
(q−l)
λ=λi

=
1

j!

q∑

l=j

q!

l!(q − l)!
· l!

(l − j)!

(
1

mi(λ)

)(l−j)

λ=λi

(mi(λ))
(q−l)
λ=λi

,

� q < j �þª�u 0, � q = j �, þª�u 1. XJ q > j, Ó��â4ÙZ

[¦�úª, k

q∑

l=j

(q − j)!

(l − j)!(q − l)!

(
1

mi(λ)

)(l−j)

λ=λi

(mi(λ))
(q−l)
λ=λi

=

(
1

mi(λ)
·mi(λ)

)(q−j)

λ=λi

= (1)
(q−j)
λ=λi

= 0.
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ù�Òy²
� q 6= j �k (ϕij(λ))
(q)
λ=λi

= 0.

§ 4 Ý
�2Â_

1. �â·K 4.1 ¦ÑÝ


A =






0 1 0 2 −1

0 1 1 −1 1

0 0 1 −3 2






�¤k {1} _.

): ÏLÐ�C�

















0 1 0 2 −1 1 0 0

0 1 1 −1 1 0 1 0

)

0 0 1 −3 2 0 0 1

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0







0 0 0 1 0

0 0 0 0 1

−→


















1 0 0 0 0 1 0 0

0 1 0 0 0 0 0 1

)

0 0 0 0 0 −1 1 −1

0 0 1 0 0

1 0 0 −2 1

0 1 0 3 −2







0 0 0 1 0

0 0 0 0 1

-

P =






1 0 0

0 0 1

−1 1 −1




 , Q =











0 0 1 0 0

1 0 0 −2 1

0 1 0 3 −2

0 0 0 1 0

0 0 0 0 1











,

Òk

PAQ =

(

E2 0

0 0

)

.

A �¤k {1} _�

G = Q

(

E2 U

V W

)

P = Q











1 0 u1

0 1 u2

v11 v12 w1

v21 v22 w2

v31 v32 w3











P.
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2. � A =

(

A1 0

0 A2

)

, y² G =

(

A
(1)
1 X12

X21 A(1)
2

)

´ A � {1} _�¿©

7�^�´ A1X12A2 = A2X21A1 = 0.

y²: du

AGA =

(

A1 0

0 A2

)(

A
(1)
1 X12

X21 A
(1)
2

)(

A1 0

0 A2

)

=

(

A1A
(1)
1 A1 A1X12A2

A2X21A1 A2A
(1)
2 A2

)

=

(

A1 A1X12A2

A2X21A1 A2

)

,

Ïd AGA = A ��=� A1X12A2 = A2X21A1 = 0.

3. y² AA(1) � A(1)A Ñ´��Ý
 (=÷v A2 = A �Ý
). �

rank(AA(1)) = rank(A(1)A) = rankA.

y²: (AA(1))2 = (AA(1)A)A(1) = AA(1), (A(1)A)2 = A(1)(AA(1)A) =

A(1)A, Ïd AA(1) � A(1)A Ñ´��Ý
.

�âÝ
¦È���Ø�ª rank(AB) ≤ min{rankA, rankB}, ��

rank(AA(1)) ≤ rankA ±9 rankA = rank(AA(1)A) ≤ rank(AA(1)).

Ïd rank(AA(1)) = rankA. Ón�y,���ª.

4. � A ∈ Mm,n(R), A(1) ´ A ��� {1} _. XJéu B ∈ Mm,1(R),

�§ AX = B k). y²�§�¤k)ÑUL«¤±e/ª

X = A(1)B + (En −A(1)A)Z

Ù¥ Z ∈Mn,1(R) ´?¿��Ý
.

(J«: XJ X0 ´ AX = B ���), �� Z = X0.)

y²: Äk�yþ¡½Â� X (¢´�§�):

AX = A(A(1)B+(En−A(1)A)Z) = A(A(1)B)+(A−AA(1)A)Z = A(A(1)B).

duA(1) ´A� {1} _, ÏdA(1)B ´�§AX = B �). =A(A(1)B) = B.

l AX = B.

��, e�§ AX = B k) X0, = AX0 = B, K

A(1)B+(En−A(1)A)X0 = A(1)B+X0−A(1)AX0 = A(1)B+X0−A(1)B = X0.

��� Z = X0, X0 Ò�^þãúªL«.
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5. � A ∈ Mm,n(R), G ∈ Mn,m(R), B ∈ Mm,1(R) ´����þ. y²:

eGB ´AX = B �), �÷v (GA)T = GA, K7k (En−GA)T(GB) = 0.

y²: du GB ´ AX = B �), Ïd AGB = B. l

(En −GA)T(GB) = (En − (GA)T)GB = (En −GA)GB

= (GB −G(AGB)) = 0.

6. �y (4.2) ª½Â� A+ (¢´ A � M-P _.

y²: P G = V T(V V T)−1(UTU)−1UT.

(1) AGA = (UV )(V T(V V T)−1(UTU)−1UT)(UV ) = UV = A.

(2) GAG = (V T(V V T)−1(UTU)−1UT)(UV )(V T(V V T)−1(UTU)−1UT)

= V T(V V T)−1(UTU)−1UT = G.

(3) (AG)T = (UV V T(V V T)−1(UTU)−1UT)T = (U(UTU)−1UT)T =

U((UTU)T)−1UT = U(UTU)−1UT = AG.

(4) (GA)T = (V T(V V T)−1(UTU)−1UTUV )T = (V T(V V T)−1V )T =

V T((V V T)T)−1V = V T(V V T)−1V = GA.

7. O�

A =






1 −1 2 0

−1 2 −3 1

0 1 −1 1






� M-P _.

): k�÷�©)

A = UV =






1 −1

−1 2

0 1






(

1 0 1 1

0 1 −1 1

)

.

UTU =

(

2 −3

−3 6

)

,

V V T =

(

3 0

0 3

)

,

A+ = V T(V V T)−1(UTU)−1UT

=








1 0

0 1

1 −1

1 1













1

3
0

0
1

3









2 1

1
2

3





(

1 −1 0

−1 2 1

)
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=
1

9








3 0 3

1 1 2

2 −1 1

4 1 5







.

8. |^ M-P _¦±e�§|����¦):






x1 − x2 + 2x3 = 3

−x1 + 2x2 − 3x3 + x4 = 6

x2 − x3 + x4 = 0.

): �

A =






1 −1 2 0

−1 2 −3 1

0 1 −1 1




 , B =






3

6

0




 .

Ïdþã�§|�±L�� AX = B. |^2Â_�±�������¦)

A+B =
1

9








3 0 3

1 1 2

2 −1 1

4 1 5













3

6

0




 =








1

1

0

3







.

= x1 = 1, x2 = 1, x3 = 0, x4 = 3.

9. �y~ 4.3 �(Ø.

(1) AA+A =









A1 0 · · · 0

0 A2 · · · 0
...

...
. . .

...

0 0 · · · As

















A+
1 0 · · · 0

0 A+
2 · · · 0

...
...

. . .
...

0 0 · · · A+
s









×









A1 0 · · · 0

0 A2 · · · 0
...

...
. . .

...

0 0 · · · As









=









A1A
+
1 A1 0 · · · 0

0 A2A
+
2 A2 · · · 0

...
...

. . .
...

0 0 · · · AsA
+
s As









=









A1 0 · · · 0

0 A2 · · · 0
...

...
. . .

...

0 0 · · · As









= A.
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(3) (AA+)T =









A1A
+
1 0 · · · 0

0 A2A
+
2 · · · 0

...
...

. . .
...

0 0 · · · AsA
+
s









T

=









A1A
+
1 0 · · · 0

0 A2A
+
2 · · · 0

...
...

. . .
...

0 0 · · · AsA
+
s









= AA+.

(2) � (4) �aqy².

10. Þ~`² (AB)+ = B+A+ Ø�½�(.

): ~X� A =
(

1 0
)

, B =

(

1

1

)

, K AB = (1), (AB)+ = (1),

A+ =

(

1

0

)

, B+ =

(
1

2

1

2

)

, B+A+ =

(
1

2

)

.

∗11. � A ∈Mm,n(R), G ∈Mn,m(R) ÷v±eü�^�:

AGA = A, (GA)T = GA.

K¡ G ´ A � {1, 4} _. � B ∈ Mm,1(R), ¦��§ AX = B k). y²

GB ´äk���Ý�) (ùpr�Ý
w¤IOîAp��mp��þ, Ï

d�þ X ��Ý |X| =
√
XTX.)

(J«: |^öS 4, 5 �(J.)

y²: du G �´ A � {1} _, Ïd GB ´�§ AX = B �), =

A(GB) = B. döS 1 �, �§�¤k)�±L¤

X = GB + (En −GA)Z

�/ª. �âöS 5, k

((En −GA)Z)TGB = ZT(En −GA)TGB = 0,

(GB)T(En −GA)Z = ((En −GA)TGB)TZ = 0.

u´

|X|2 = (GB + (En −GA)Z)T(GB + (En −GA)Z)

= |GB|2 + |(En −GA)Z|2 + (GB)T(En −GA)Z + ((En −GA)Z)TGB
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= |GB|2 + |(En −GA)Z|2 ≥ |GB|2.

�� GB (¢´�Ý���).
∗12. � A ∈ Mm,n(R), A+ ´ A � M-P _. � B ∈ Mm,1(R). y²�§

AX = B �¤k���¦)ÑUL«¤±e/ª

X = A+B + (En −A+A)Z

Ù¥ Z ∈Mn,1(R) ´?¿��Ý
.

(J«: ë�öS 4 �){.)

y²: du M-P _�,´ {1} _, Ïd� AX = B k)�(Ø®3öS

4 y². y3b� AX = B Ã), @o X0 ´���¦)�¿©7�^�´

ATAX0 = ATB. Ïddu A+B ´���¦), Äkk ATAA+B = ATB.

±e�yöS�Ñ� X (¢´�§����¦):

ATAX = ATA(A+B + (En −A+A)Z)

= ATA(A+B) + (ATA−AT(AA+A))Z = ATAA+B = ATB.

�� X ´�§ AX = B ����¦).

��, e X0 ´�§ AX = B ����¦), = ATAX0 = ATB, K

A+AX0 = A+AA+AX0 = A+(AA+)TAX0 = A+(A+)TATAX0

= A+(A+)TATB = A+(AA+)TB = A+AA+B = A+B.

Ïd

A+B + (En −A+A)X0 = A+B +X0 −A+AX0

= A+B +X0 −A+B = X0.

�Ò´`��� Z = X0, X0 Ò�^þãúªL«.
∗13. � A ∈ Mm,n(R), A+ ´ A � M-P _. � B ∈ Mm,1(R). y² A+B

´�§ AX = B ��Ý������¦).

y²: du (A+A)T = A+A, Ïd E −AA+ ´é¡Ý
. ¤±

(E −A+A)TA+B = (E −A+A)A+B = A+B − (A+AA+)B = 0,

(A+B)T(E −A+A) = ((E −A+A)TA+B)T = 0.

�âöS 12, AX = B �¤k���¦)�±L¤ A+B + (En −A+A)Z, u

´

|A+B + (En −A+A)Z|2 = |A+B|2 + |(En −A+A)Z|2
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+ (A+B)T(E −A+A)Z + ((E −A+A)Z)TA+B

= |A+B|2 + |(En −A+A)Z|2 ≥ |A+B|2.

�� A+B (¢´�Ý������¦).

§ 5 Ý
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1. ��~ 5.1 ¦Ñ±eÝ
�A����:

(1) A =






9 −1 1

−1 i 1

−1 1 3




; (2) A =






2 −2 1

−1 10 1

−8 2 20




.

): (1) A � 3 �X�{���

G1 : |z − 9| ≤ 2,

G2 : |z − i| ≤ 2,

G3 : |z − 3| ≤ 2.

G2 � G3 ��, G1 ´�á�, ÏdÙ¥Tk��A��.

�é�Ý
 D = diag(2, 1, 1), K

B = DAD−1 =






9 −2 2

−0.5 i 1

−0.5 1 3




 .

��#�X�{��

G′
1 : |z − 9| ≤ 4,

G′
2 : |z − i| ≤ 1.5,

G′
3 : |z − 3| ≤ 1.5.

ù´ 3 ��á��. z��¥Tk B (�´ A) ���A��. Ïd A � 3 �A

��©O u G1, G
′
2, G

′
3 ¥.

b

b b

O

G2

G3 G1

i

3 9

1 1(1) Kã 1

b

b b

O

G′
2

G′
3

G′
1

i

3 9

1 1(1) Kã 2
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(2) A � 3 �X�{���

G1 : |z − 2| ≤ 3,

G2 : |z − 10| ≤ 2,

G3 : |z − 20| ≤ 10.

G2 � G3 ��, G1 ´�á�, ÏdÙ¥Tk��A��, �´¢ê.

�é�Ý
 D = diag(2, 1, 1), K

B = DAD−1 =






2 −4 2

−0.5 10 1

−4 2 20




 .

��#�X�{��

G′
1 : |z − 2| ≤ 6,

G′
2 : |z − 10| ≤ 1.5,

G′
3 : |z − 20| ≤ 6.

ù´ 3 ��á��. z��¥Tk B (�´ A) ���A��. Ïd A � 3 �A

��©O u G1, G
′
2, G

′
3 ¥, �Ñ´¢ê.

b b b

O

G1 G2

G3

2
10

20

1 1(2) Kã 1

b b b

O

G′
1

G′
2

G′
3

2 10 20

1 1(2) Kã 2

2. A^X�{��½n(½¢Ý


A =








9 −1 −2 1

0 8 −1 1

1 0 4 0

−1 0 0 1








�A����, ¿y² A ��k 2 �¢A��.

): A � 4 �X�{���

G1 : |z − 9| ≤ 4,
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G2 : |z − 8| ≤ 2,

G3 : |z − 4| ≤ 1,

G4 : |z − 1| ≤ 1.

Ù¥ G4 ´�á��, Ïd�âíØ 5.5, 7k��¢A��. qÏJA��´

¤éÑy�, ¤± A ��k 2 �¢A��.

3. |^íØ 5.5 y²±e n � (n > 1) ¢Ý


A =












2
1

2

1

22
· · · 1

2n−1

2

3
4

2

32
· · · 2

3n−1

...
...

...
. . .

...
n

n+ 1

n

(n+ 1)2
n

(n+ 1)3
· · · 2n












��qu¢é�Ý
.

y²: A �1 i �X�{����»´

ri =
i

i+ 1
+

i

(i+ 1)2
+ · · · + i

(i+ 1)n−1
= 1 − 1

(i+ 1)n−1
< 1.

¤± A � n �X�{��

Gi : |z − 2i| ≤ ri, i = 1, 2, · · · , n,

Ñ´�á�. �âíØ 5.5, A �A��´ n �ØÓ�¢ê, ¤± A �qu¢é

�Ý
.

4. y²: XJé¡Ý
 A = (aij) ∈Mn(R) ÷v^�

aii >

n∑

j=1
j 6=i

|aij | > 0, i = 1, · · · , n,

K A ´�½Ý
.

y²: dué¡Ý
�A��Ñ´¢ê, �âX�{���½n, 7k,

� 1 ≤ i ≤ n ¦�

|λ0 − aii| ≤
n∑

j=1
j 6=i

|aij|,

=

λ0 ≥ aii −
n∑

j=1
j 6=i

|aij | > 0.
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Ïd A �¤kA��Ñ´�¢ê, A ´�½Ý
.

5. �

A =
















n2

2
1 2 · · · n− 2 n− 1

n− 1
n2

2
1 · · · n− 3 n− 2

n− 2 n− 1
n2

2
· · · n− 4 n− 3

...
...

...
. . .

...
...

1 2 3 · · · n− 1
n2

2
















,

y²: |detA| ≥
(n

2

)n

. \U?�Úy² detA ≥
(n

2

)n

í?

y²: é i = 1, 2, · · · , n k

Hi =
n2

2
− (1 + 2 + · · · + (n− 1)) =

n2

2
− n(n− 1)

2
=
n

2
,

�âíØ 5.2 ��

|detA| ≥
(n

2

)n

.

�yþãØ�ª¥�ýé�ÎÒ�±��, I�y² detA > 0. �d, �

A(t) =
















n2

2
t 2t · · · (n− 2)t (n − 1)t

(n− 1)t
n2

2
t · · · (n− 3)t (n − 2)t

(n− 2)t (n− 1)t
n2

2
· · · (n− 4)t (n − 3)t

...
...

...
. . .

...
...

t 2t 3t · · · (n− 1)t
n2

2
















,

� 1 ≤ t ≤ 1 �, Ý
 A(t) ÷vC�ê^�, Ïd detA(t) 6= 0.  detA(0) =
(
n2

2

)n

> 0, du detA(t) ´ t �ëY¢¼ê, �âëY5�n, 7k detA =

detA(1) > 0.


