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§ 1 õ�ªÝ


1. ¦e�õ�ªÝ
��5/:

(1)

(

λ+ 1 λ

λ− 1 λ− 1

)

; (2)

(

λ− 1 λ− 1

λ− 1 λ2 − 2λ+ 1

)

;

(3)






λ− 1 λ λ2 − 1

3λ− 1 λ2 + 2λ 3λ2 − 1

λ+ 1 λ2 λ2 + 1




;

(4)






λ2 λ2 − 1 3λ2

−λ2 − λ λ2 + λ λ3 − 2λ2 − 3λ

λ2 + λ λ2 + λ 2λ2 + 2λ




;

(5)






λ+ 2 0 0

−1 λ+ 2 0

0 −1 λ+ 2




;

(6)






0 0 λ(λ− 1)

0 λ2 − 1 0

λ(λ− 1)2 0 0




.

): (1) diag(1, λ− 1).

(2) diag(λ− 1, (λ − 1)(λ − 2)).

(3) diag(1, λ, 0).

(4) diag(1, λ(λ+ 1), λ(λ + 1)2
(

λ− 1

2

)

).

(5) diag(1, 1, (λ + 2)3).

(6) diag(λ− 1, λ(λ − 1)(λ+ 1), λ(λ − 1)2(λ+ 1)).

2. �äe�õ�ªÝ
´Ä�d:
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(1) A=






λ λ− 3 λ2 − 4λ+ 3

2λ− 2 2λ− 5 λ2 − 4λ+ 3

λ− 2 λ− 2 (λ− 2)2




,

B=






λ2 − 3λ+ 3 2λ− 3 λ− 3

λ2 − 2λ+ 1 4λ− 7 2λ− 5

λ2 − 3λ+ 2 2λ− 4 λ− 2




.

(2) A =






λ2 − λ− 2 λ2 − 1 λ+ 1

0 λ+ 1 1

(λ+ 1)2 λ2 + λ λ+ 1




,

B =






1 2λ2 + λ− 1 λ− 1

λ λ− 2 λ2 + λ

1 λ λ+ 1




.

): (1) �d; (2) Ø�d.

3. e�õ�ªÝ
¥, =
´�_�? e�_Á¦Ù_.

(1)

(

λ+ 1 λ− 1

λ+ 3 λ+ 1

)

; (2)

(

λ2 − 2 λ2 − λ

λ+ 2 λ+ 1

)

;

(3)






1 − λ −λ −λ2

−λ+ 2 −λ+ 1 −λ2

−1 + λ λ λ2 + 1




; (4)






λ− 1 λ2 λ

λ −λ λ

λ2 + 1 λ2 λ2 − 1




.

): (1) �_, _Ý
�
1

4

(

λ+ 1 −λ+ 1

−λ− 3 λ+ 1

)

.

(2) �_, _Ý
� −1

2

(

λ+ 1 −λ2 + λ

−λ− 2 λ2 − 2

)

.

(3) �_, _Ý
�






λ2 − λ+ 1 λ λ2

−λ2 + λ− 2 −λ+ 1 −λ2

1 0 1




.

(4) Ø�_.

4. � A(λ) ���õ�ªÝ
, y²: A(λ) �_�¿©7�^�´é¤k

�Eê c, A(c) Ñ�_.

y²: (⇒) � A(λ) �_, K

|A(λ)| = a 6= 0 ∈ C.

�é?¿� c ∈ C, |A(c)| = a, ¤± A(c) �_.
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(⇐) �	 f(λ) = |A(λ)|, Ké?¿� c ∈ C, f(c) 6= 0, � f(λ) 3 C ¥Ã

�. ¤± f(λ) = a 6= 0 ∈ C, |A(λ)| = a 6= 0 ∈ C. Ïd A(λ) �_.

5. e�(Ø´Ä¤á: (X¤á, K\±y², XØ¤á, KÞÑ�~.)

ü�õ�ªÝ
�d�¿©7�^�´, é¤k� k ∈ K, A(k) � B(k)

Ñ�d.

): Ø¤á. X

A(λ) =

(

1

λ

)

, B(λ) =

(

1

λ2

)

,

K A(λ) � B(λ) Ø�d, �é?¿� k ∈ K, A(k) � B(k) �d.

§ 2 ØCÏf

1. ¦e�õ�ªÝ
��:

(1)






λ2 − 1 λ+ 1 2λ− 1

λ+ 1 λ2 + 2λ+ 1 −1

λ2 + λ λ2 + 3λ+ 2 λ− 2




;

(2)






λ+ 1 −1 λ2

2λ λ2 − 1 λ2 − λ

λ− 1 λ2 −λ




.

): (1) 3; (2) 2.

2. Á¦e�Ý
�ØCÏf:

(1)






λ− 1 −1 0

0 λ− 1 −1

0 0 λ− 1




;

(2)






−λ+ 2 (λ− 1)2 −λ+ 1

1 λ2 − λ 0

λ2 − 2 −(λ− 1)2 λ2 − 1




;

(3)








λ+ α β 1 0

−β λ+ α 0 1

0 0 λ+ α β

0 0 −β λ+ α








;
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(4)








λ− 1 1 0 0

0 λ− 1 1 0

0 0 λ− 1 1

0 0 0 λ− 1








;

(5)











λ− α β β β · · · β

0 λ− α β β · · · β

0 0 λ− α β · · · β

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 0 · · · λ− α











;

(6)











λ 0 0 · · · 0 an

−1 λ 0 · · · 0 an−1

0 −1 λ · · · 0 an−2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 · · · −1 λ+ a1











.

): (1) 1, 1, (λ − 1)3.

(2) 1, λ− 1, λ(λ− 1).

(3) X β 6= 0, 1, 1, 1, [(λ + α)2 + β2]2; X β = 0, 1, 1, (λ + α)2, (λ+ α)2.

(4) 1, 1, 1, (λ − 1)4.

(5) X β 6= 0, 1, 1, · · · , 1, (λ − α)n; X β = 0, λ− α, λ− α, · · · , λ− α.

(6) 1, 1, · · · , 1, λn + a1λ
n−1 + · · · + an.

3. � A(λ) ���õ�ªÝ
, y²: rankA(λ) = max{rankA(k)|k ∈
K}.

): � rankA(λ) = r, K A(λ) k�� r �fª Mr+1(λ) = 0. �é¤k

� k ∈ K, Mr+1(k) = 0, ù`² rankA(k) ≤ r. qÏ Mr(λ) 6= 0, �3 c ∈ K

¦ Mr(c) 6= 0, ù`² r = max{rankA(k) | k ∈ K}.
4. � Dk(λ) (k = 1, 2, · · · , r) � A(λ) �1�ªÏf, y²:

D2
k(λ) | Dk−1(λ)Dk+1(λ), k = 2, 3, · · · , r − 1.

y²: � A(λ) �ØCÏf�

d1(λ), d2(λ), · · · , dn(λ),

K

Dk−1(λ) = d1(λ)d2(λ) · · · dk−1(λ),

Dk(λ) = d1(λ)d2(λ) · · · dk(λ) = Dk−1(λ)dk(λ),
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Dk+1(λ) = d1(λ)d2(λ) · · · dk+1(λ),

¤±

D2
k(λ) = D2

k−1(λ)d2
k(λ) | Dk−1(λ)Dk(λ)dk(λ)dk+1(λ),

D2
k(λ) | Dk−1(λ)Dk+1(λ).

5. � A(λ) � n ��
, y²: A(λ) � AT(λ) �d.

y²: �3�_Ý
 P (λ), Q(λ), ¦

P (λ)A(λ)Q(λ) =









d1(λ)

d2(λ)
. . .

dn(λ)









,

�

P (λ)A(λ)Q(λ) =









d1(λ)

d2(λ)
. . .

dn(λ)









T

= Q(λ)TA(λ)TP (λ)T,

u´ A(λ) � AT(λ) �d.
∗6. � f1(x), · · · , fn(x) ∈ K[x], � (f1(x), · · · , fn(x)) = 1.

y²: �3õ�ª fij(x) ∈ K[x] (i = 2, 3, · · · , n, j = 1, 2, · · · , n), ¦

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

f1(x) f2(x) · · · fn(x)

f21(x) f22(x) · · · f2n(x)
...

...
. . .

...

fn1(x) fn2(x) · · · fnn(x)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

= 1.

y²: �	õ�ªÝ


A(x) = (f1(x), f2(x), · · · , fn(x)),

d®�, A(x) �ØCÏf� 1, ��3�_Ý
 P (x), ¦

A(x)P (x) = (1, 0, · · · , 0). (∗)
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� |P (x)| = c 6= 0, K�3�_Ý
 Q(x), ¦

Q(x)P (x) =











1

1
. . .

1

c











. (∗∗)

P

Q(x) = (fij(x)),

�

B(x) =









f1(x) f2(x) · · · fn(x)

f21(x) f22(x) · · · f2n(x)
...

...
. . .

...

fn1(x) fn2(x) · · · fnn(x)









,

Kd (*) � (**) �

B(x)P (x) =











1

1
. . .

1

c











,

u´ |B(x)||P (x)| = c, qÏ |P (x)| = c, � |B(x)| = 1, l
 fij(x) =�¤¦.

§ 3 Ý
�q�^�

1. �äe�Ý
´Ä�q:

(1) A =






3 2 −5

2 6 −10

1 2 −3




; B =






6 20 −34

6 32 −51

4 20 −32




.

(2) A =






6 6 −15

1 5 −5

1 2 −2




; B =






37 −20 −4

34 −17 −4

119 −70 −11




.
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(3) A =






2 −2 1

1 −1 1

1 −2 2




; B =






1 −3 3

−2 −6 13

−1 −4 8




.

): (1) ´; (2) ´; (3) Ä.

2. y²: ?Û�
 A �§�=�Ý
 AT �q.

y²: du λE −AT = (λE −A)T �du λE −A (SK 12–2.5), Ïd A

� AT �q.
∗3. � A � B � n ��
, y²: (AB)∗ = B∗A∗

y²: �	�ª

[
(λE +A)(λE +B)

][
(λE +A)(λE +B)

]∗

= |(λE +A)(λE +B)|E = |λE +A|E · |λE +B|E
= (λE +A)(λE +B)(λE +B)∗(λE +A)∗.

¤±

(λE +A)(λE +B) {[(λE +A)(λE +B)]∗ − (λE +B)∗(λE +A)∗} = 0.

'�þªü>�gê, �

[(λE +A)(λE +B)]∗ − (λE +B)∗(λE +A)∗ = 0,

=

[(λE +A)(λE +B)]∗ = (λE +B)∗(λE +A)∗.

- λ = 0 Òk

(AB)∗ = B∗A∗.

∗4. y²: XJÝ
 A � B �q, K§����Ý
 A∗ � B∗ ��q.

y²: Á A � B �q, K�3�_Ý
 P , ¦P−1AP = B. u´|^S

K 4 �(Ø,

B∗ = (P−1AP )∗ = P ∗A∗(P−1)∗ = P ∗A∗(P ∗)−1.

� A∗ � B∗ �q.
∗5. y²: Ý
��q�ê��*ÜÃ'.

y²: � A,B ´ê� K1 ¥�Ý
, K λE −A � λE −B �ØCÏfÑ

´Xê3 K1 ¥�õ�ª. �ê� K1 ⊂ K2, @où
õ�ª��±w¤Xê

3 K2 ¥�õ�ª, l
ØCÏf|�ê��*ÜÃ' (�õ���~êÏf).



· 186 · 1�nÙ õ�ªÝ
�e��;�/


Ý
 A,B �q��=� λE − A � λE − B k�Ó�ØCÏf|. ÏdÝ


��q�ê��*ÜÃ'.
∗6. � A � n ��
, λ0 � A ���A��. y²: A�� λ0 ��ê­ê

> n− rank(λ0E −A).

y²: � λ0 � A � r ­A��, � d1(λ), · · · , dn(λ) � A �ØCÏf.

K λ − λ0 | dn(λ), � λ − λ0 ∤ dn−r(λ), (ÄK, X λ − λ0 | dn−r(λ), K

λ− λ0 | dn−r+1(λ), · · · , λ− λ0 | dn(λ), u´ λ− λ0 �­ê ≥ r+ 1) Ïd�3

�_Ý
 P (λ), Q(λ) ¦

P (λ)(λE −A)Q(λ) =














d1(λ)
. . .

dn−r(λ)

dn−r+1(λ)
. . .

dn(λ)














,

�

P (λ0)(λ0E −A)Q(λ0) =














d1(λ0)
. . .

dn−r(λ0)

dn−r+1(λ0)
. . .

0














,

du d1(λ0) 6= 0, · · · , dn−r(λ0) 6= 0, ¤±

rank(λ0E −A) ≥ rankP (λ0)(λ0E −A)Q(λ0) ≥ n− r.

Ïd

r ≥ n− rank(λ0E −A).

§ 4 Ð�Ïf

1. ¦e�õ�ªÝ
�Ð�Ïf:

(1)






λ2 + 2λ− 3 λ− 1 λ2 + 2λ− 3

2λ2 + 3λ− 5 λ2 − 1 λ2 + 3λ− 4

λ2 + λ− 2 0 λ− 1




;
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(2)






λ2 − 2 λ2 + 1 2λ2 − 2

λ2 + 1 λ2 + 1 2λ2 − 2

λ2 + 2 λ2 + 1 3λ2 − 5




.

): (1) λ, λ− 1, λ − 1, λ − 1, λ + 3.

(2) λ+ 1, λ− 3.

2. ®�õ�ªÝ
 A(λ) �Ð�Ïf, � r ��ê n, ¦ A(λ) ��5/:

(1) λ+ 1, λ+ 1, (λ+ 1)2, λ− 1, (λ− 1)2; r = 4, n = 5;

(2) λ− 2, (λ− 2)2, (λ− 2)3, λ+ 2, (λ+ 2)3; r = 4, n = 4;

(3) λ− 1, (λ− 1)2, (λ− 1)3, λ+ 2, (λ+ 2)2; r = 3, n = 5.

): (1) diag(1, λ+ 1, (λ + 1)(λ− 1), (λ + 1)2(λ− 1)2, 0).

(2) diag(1, λ− 2, (λ− 2)2(λ+ 2), (λ − 2)3(λ+ 2)3).

(3) diag(λ− 1, (λ − 1)2(λ+ 2), (λ − 1)3(λ+ 2)2, 0, 0).

3. ¦e�Ý
��5/:

(1)








0 λ(λ+ 1)2 0 0

λ2(λ− 1) 0 0 0

0 0 0 λ2 − 1

0 0 λ(λ+ 1)2 0








;

(2)








λ2 − 4 0 0 0

0 λ2 + 2λ 0 0

0 0 λ3 − 2λ2 0

0 0 0 λ3 − 4λ








;

(3)








λ2 + 2λ− 3 λ2 + λ− 2 0 0

2λ2 + 2λ− 4 2λ2 + λ− 3 0 0

0 0 λ+ 1 λ+ 2

0 0 λ2 − 1 λ2 + λ− 2








;

(4)








λ2 − λ− 2 0 λ3 + λ2 − λ− 1 0

λ2 − 4 0 λ3 + 2λ2 − λ− 2 0

0 λ2 + 2λ 0 λ2 + 6λ− 2

0 λ2 + λ− 2 0 λ2 + 5λ− 7








.

): (1) diag(1, λ(λ + 1), λ(λ+ 1)2(λ− 1), λ2(λ+ 1)2(λ− 1)).

(2) diag(1, λ(λ2 − 4), λ(λ2 − 4), λ2(λ2 − 4)).

(3) diag(1, λ− 1, (λ− 1)(λ + 1), 0).

(4) diag(1, 1, λ2 − 4, 0).

4. ¦e�Ý
�ØCÏf, 1�ªÏf�Ð�Ïf:
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(1)






4 2 −5

6 4 −9

5 3 −7




; (2)






−2 1 3

6 −3 −9

4 −2 −6




;

(3)








1 1 1 · · · 1

1 1 1 · · · 1

. . . . . . . . . . . . . . . .

1 1 1 · · · 1








; (4)








2 −3 0 0

3 −4 0 0

1 5 1 −2

0 2 2 −3








.

): (1) ØCÏf: 1, 1, λ2(λ− 1), 1�ªÏf: 1, 1, λ2(λ− 1), Ð�Ïf:

λ2, λ− 1.

(2) ØCÏf: 1, λ, λ(λ + 1), 1�ªÏf: 1, λ, λ2(λ + 1), Ð�Ïf:

λ, λ, λ+ 1.

(3) ØCÏf: 1, λ, · · · , λ
︸ ︷︷ ︸

n − 2 �

, λ(λ − n), 1�ªÏf: 1, λ, λ2, · · · , λn−2,

λn−1(λ− n), Ð�Ïf: λ, · · · , λ
︸ ︷︷ ︸

n − 1 �

, λ− n.

(4) ØCÏf: 1, 1, 1, (λ + 1)4, 1�ªÏf: 1, 1, 1, (λ + 1)4, Ð�Ïf:

(λ+ 1)4.

5. � λ0 � n �Ý
 A ���A��, y²: Ý
 A �áuA�� λ0 �

Ð�Ïf��ê�u n− rank(λ0E −A).

y²: � d1(λ), · · · , dn(λ) � A �ØCÏf. X A �áuA�� λ0 �Ð

�Ïf��ê� r, K

λ− λ0 | dn(λ), · · · , λ− λ0 | dn−r+1(λ), λ− λ0 ∤ dn−r(λ), · · · , λ− λ0 ∤ d1(λ).

Ïd�3�_Ý
 P (λ), Q(λ) ¦

P (λ)(λE −A)Q(λ) =







d1(λ)
. . .

dn(λ)






,

P (λ0)(λ0E −A)Q(λ0) =














d1(λ0)
. . .

dn−r(λ0)

0
. . .

0














,
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u´

n− r = rankP (λ0)(λ0E −A)Q(λ0) = rank(λ0E −A),

=

r = n− rank(λ0E −A).

§ 5 e��;�/

1. ¦e�Ý
�e��;�/:

(1)






1 −1 0

0 −1 0

−1 2 1




; (2)






2 6 −15

1 1 −5

1 2 −6




;

(3)






13 16 14

−6 −7 −6

−6 −8 −7




; (4)






9 −6 −2

18 −12 −3

18 −9 −6




;

(5)






1 −3 3

−2 −6 13

−1 −4 8




; (6)






1 −2 −1

−2 4 2

3 −6 −3




;

(7)






1 −1 1

3 −3 3

2 −2 2




; (8)






5 2 6

−2 0 3

2 1 −2




;

(9)








−2 1 1 −2

5 −4 2 9

−3 1 2 −2

2 −4 3 8








; (10)








3 −4 0 2

4 −5 −2 4

0 0 3 −2

0 0 2 −1








;

(11)











0 1 0 · · · 0 0

0 0 1 · · · 0 0

. . . . . . . . . . . . . . . . . . .

0 0 0 · · · 0 1

1 0 0 · · · 0 0











; (12)








1 2 3 · · · n

0 1 2 · · · n− 1

. . . . . . . . . . . . . . . . . . . .

0 0 0 · · · 1








.

): (1)






−1 0 0

0 1 1

0 0 1




; (2)






−1 0 0

0 −1 1

0 0 −1




;
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(3)






1 0 0

0 −1 1

0 0 −1




; (4)






−3 0 0

0 −3 1

0 0 −3




;

(5)






1 1 0

0 1 1

0 0 1




; (6)






2 0 0

0 0 0

0 0 0




;

(7)






0 1 0

0 0 0

0 0 0




; (8)






1 0 0

0 1 + 2
√

6 0

0 0 1 − 2
√

6




;

(9)








1 0 0 0

0 1 1 0

0 0 1 1

0 0 0 1








; (10)








1 1 0 0

0 1 0 0

0 0 −1 1

0 0 0 −1








;

(11) diag(1, ε1, ε2, · · · , εn−1), 1, ε1, ε2, · · · , εn−1 ´ xn − 1 � n ��;

(12)











1 1 0 · · · 0

0 1 1 · · · 0
...

...
. . .

. . .
...

0 0 · · · 1 1

0 0 · · · 0 1











.

2. �Ý


A =






2 0 0

a 2 0

b c 2




 .

(1) Ý
 A �UkN��e��;�/?

(2) Á(½ A �é�z�^�.

): (1) A =k��A�� λ0 = 2, ¤± A �e��¬�¬ê = A �Ð�

Ïf��ê = rank(λ0E −A) (ë�SK 12–4.5) 


rank(λ0E −A)

=







2 � ac 6= 0,

1 � a, c ¥���u 0, ,��Ø�u 0, ½ a, c Ñ´ 0, � b 6= 0 �,

0 � a = b = c = 0 �.
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Ïd� ac 6= 0 �, A�e��;�/´






2 1 0

0 2 1

0 0 2




; � a, c ¥���u 0, ,

��Ø�u 0, ½ a, c Ñ´ 0, � b 6= 0 �, A �e��;�/´






2 0 0

0 2 1

0 0 2




;

� a = b = c = 0 �, A �e��;�/´






2 0 0

0 2 0

0 0 2




.

(2) A �é�z ⇐⇒ a = b = c = 0.

3. �Ý
 A �A�õ�ª

χA(λ) = λ5 + λ4 − 5λ3 − λ2 + 8λ− 4.

Á¦Ñ A ¤k�U�e��;�/.

): χA(λ) = (λ− 1)3(λ+ 2)2, Ïd A ��U�Ð�Ïf�:

(a) λ− 1, λ− 1, λ− 1, λ+ 2, λ+ 2;

(b) (λ− 1)2, λ− 1, λ+ 2, λ+ 2;

(c) (λ− 1)3, λ+ 2, λ+ 2;

(d) λ− 1, λ− 1, λ− 1, (λ+ 2)2;

(e) (λ− 1)2, λ− 1, (λ+ 2)2;

(f) (λ− 1)3, (λ+ 2)2.

� A ��U�e��;�/�:











1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 −2 0

0 0 0 0 −2











,











1 0 0 0 0

0 1 1 0 0

0 0 1 0 0

0 0 0 −2 0

0 0 0 0 −2











,











1 1 0 0 0

0 1 1 0 0

0 0 1 0 0

0 0 0 −2 0

0 0 0 0 −2











,











1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 −2 1

0 0 0 0 −2











,











1 0 0 0 0

0 1 1 0 0

0 0 1 0 0

0 0 0 −2 1

0 0 0 0 −2











,











1 1 0 0 0

0 1 1 0 0

0 0 1 0 0

0 0 0 −2 1

0 0 0 0 −2











.
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∗4. �Ý
 A ��� 1. y²: A �e��;�/��U�










β

0

0
. . .

0











, Xβ = TrA 6= 0,

½










0 1

0 0

0
. . .

0











, XTrA = 0.

y²: du A ���u 1, Ïd JA ����u 1. � A �e��¬¥=k

����� 1, Ù{��Ñ�u 0. 
�� 0 �e��¬Ò´��"Ý
 (0),

�� 1 �e��¬�U´��
 (β) ½ 2 �e��¬

(

0 1

0 0

)

. ¤± A �e

��;�/��U�










β

0

0
. . .

0











, ½











0 1

0 0

0
. . .

0











.

qÏ TrJA = TrA, =�¤I(Ø.
∗5. |^þK�(ØO�e�Ý
�1�ª:

(1)











a1 x x · · · x

x a2 x · · · x

x x a3 · · · x
...

...
...

. . .
...

x x x · · · an











,
ai 6=x,

x 6=0;
(2)











x0 a1 a2 · · · an

a0 x1 a2 · · · an

a0 a1 x2 · · · an

...
...

...
. . .

...

a0 a1 a2 · · · xn











,

xi 6=ai.

): (1) |A|=

∣
∣
∣
∣
∣
∣
∣
∣







a1 − x
. . .

an − x







+ x







1 1 · · · 1
...

...
. . .

...

1 1 · · · 1







∣
∣
∣
∣
∣
∣
∣
∣
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=
n∏

i=1

(ai − x)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

E + x













1

a1 − x
· · · 1

a1 − x
1

a2 − x
· · · 1

a2 − x
...

. . .
...

1

an − x
· · · 1

an − x













∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=
n∏

i=1

(ai − x)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

E + x










n∑

i=1

1

ai − x
0

0
. . .

0 0










∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=
n∏

i=1

(ai − x)

[

1 +
n∑

i=1

x

ai − x

]

.

(2) Ó���{��

|A| =

n∏

i=0

(xi − ai)

[

1 +

n∑

i=0

ai

xi − ai

]

.

∗6. � λ0 � n �Ý
 A ���A��. -

n0 = rankE = n, nk = rank (λ0E −A)k,

ak = nk−1 − nk, bk = ak − ak+1, k = 1, 2, · · ·

XeL¤«:

n0 n1 n2 n3 n4 · · ·
� �
a1

� �
a2

� �
a3

� �
a4 · · ·

� �

b1

� �

b2

� �

b3 · · ·

y²: (1) Ý
 A �áuA�� λ0 �e��¬�¬ê�u a1;

(2) Ý
 A �áuA�� λ0 � k �e��¬�¬ê�u bk;

y²: (1) dSK 12–4.5 á=��.

(2) du ni ´Ý
��qØCþ, �¤k� ai, bi �Ñ´Ý
��qØC

þ. � A �áuA�� λ0 � k �e��¬�¬ê� mk, 
Ù{ØáuA��

λ0 ��e��¬��ê�Ú� m, K

n0 =
∑

k≥1

mkk +m,
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n1 =
∑

k≥1

mk(k − 1) +m,

n2 =
∑

k≥2

mk(k − 2) +m,

· · · · · · · · · · · · · · · · · ·
nr =

∑

k≥r

mk(k − r) +m,

· · · · · · · · · · · · · · · · · ·

l


a1 =

(
∑

k≥1

mkk +m

)

−
(
∑

k≥1

mk(k − 1) +m

)

=
∑

k≥1

mk,

a2 =

(
∑

k≥1

mk(k − 1) +m

)

−
(
∑

k≥2

mk(k − 2) +m

)

=

(
∑

k≥2

mk(k − 1) +m

)

−
(
∑

k≥2

mk(k − 2) +m

)

=
∑

k≥2

mk

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

ar =

(
∑

k≥r−1

mk(k − r) +m

)

−
(
∑

k≥r

mk(k − r) +m

)

=

(
∑

k≥r

mk(k − r) +m

)

−
(
∑

k≥r

mk(k − r) +m

)

=
∑

k≥r

mk

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

¤±

br = ar − ar+1 =
∑

k≥r

mk −
∑

k≥r+1

mk = mr.

∗7. |^þK�(ØO�e�Ý
�e��;�/:

(1)








1 −3 0 3

−2 −6 0 13

0 −3 1 3

−1 −4 0 8








; (2)








3 −1 0 0

1 1 0 0

3 0 5 −3

4 −1 3 −1








.
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): (1) ´�, λ0 = 1 ´Ý
���A��. ��eL:

4 2 1 0 0 0 · · ·
2 1 1 0 0 · · ·

1 0 1 0 · · ·

¤±

b1 = 1, b2 = , b3 = 1.

=dÝ
k 1 �� 3 ��e��¬� 1 �. lÝ
��ê��§vkO�A�

�. ÏdÙe��;�/�








1 0 0 0

0 1 1 0

0 0 1 1

0 0 0 1







.

(2) dÝ
=k 1 �A�� λ0 = 2. ��eL:

4 2 0 0

2 2 0

0 2

�dÝ
k 2 � 2 �e��¬. ÏdÙe��;�/�








2 1 0 0

0 2 0 0

0 0 2 1

0 0 0 2







.

∗8. �Ý
 A �A�� (3Eê��S) �´ 1. y²: Ak � A �q, Ù¥,

k �?��"�ê (��½K�).

y²: k� A �e��¬:

J =













1 1 0

1
. . .

. . .
. . .

. . . 1

0 1













.



· 196 · 1�nÙ õ�ªÝ
�e��;�/

e k > 0, K

Jk =













1 k ∗
1

. . .

. . .
. . .

. . . k

0 1













.

u´ Jk �e��¬�¬ê = r− rank(E − Jk) = r− (r− 1) = 1. ¤± Jk �

e��;�/�´ J , l
 Jk � J �q.

qÏ

J−1 =













1 −1 ∗
1

. . .

. . .
. . .

. . . −1

0 1













.

Ón�y J−1 � J �q, u´ J−k � Jk �q, l
�� J �q.

éu����/, � A �e��;�/�

JA =









J1

J2

. . .

Js









.

K

Ak ∼ Jk
A ∼









Jk
1

Jk
2

. . .

Jk
s









∼ JA ∼ A.

§ 6 Ý
�4�õ�ª

1. ¦e�Ý
�4�õ�ª:

(1)






1 2 −3

1 1 2

1 −1 4




; (2)






2 −5 2

−1 5 −3

1 0 −1




;
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(3)








3 −1 3 −1

−1 3 −1 3

−3 1 −3 1

1 −3 1 −3








; (4)








1 2 0 0

−2 −3 0 0

0 0 0 −1

0 0 1 −2








;

(5)









1 1 · · · 1

1 1 · · · 1
...

...
. . .

...

1 1 · · · 1









;

∗(6)











1 2 3 · · · n− 1 n

n 1 2 · · · n− 2 n− 1

n− 1 n 1 · · · n− 3 n− 2
...

...
...

. . .
...

...

2 3 4 · · · n 1











.

): (1) (λ− 2)3.

(2) λ3 − 6λ2 − 4λ.

(3) λ2.

(4) (λ+ 1)2.

(5) λ(λ− n).

(6) �

P =











0 1 0 · · · 0

0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1

1 0 0 · · · 0











, f(λ) = 1 + 2λ+ · · · + nλn−1.

K

A = E + 2P + 3P 2 + · · · + nP n−1 = f(P ).

du P �A��� 1, ε, ε2, · · · , εn−1, Ù¥ ε � n g��ü �. ¤± A �A

�õ�ª�

χA(λ) = (λ− f(1))(λ− f(ε)) · · · (λ− f(εn−1)) =

(

λ− n(n+ 1)

2

)

g(λ).

Ï�

f(λ) =
nλn+1 − (n+ 1)λn + 1

(1 − λ)2
,
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¤±

f(εk) =
nε− n

(1 − εk)2
= − n

1 − εk
. (∗)

g(λ) =

n−1∏

k=1

(

λ+
n

1 − εk

)

=
1

n−1∏

k=1

(1 − εk)

n−1∏

k=1

(λ+ n− λεk)

=
1

n

n−1∏

k=1

λ

(
λ+ n

λ
− εk

)

=
λn−1

n
·

(
λ+ n

λ

)n

− 1

λ+ n

λ
− 1

=
λn−1

n2

[(
λ+ n

λ

)n

− 1

]

=
1

n2
[(λ+ n)n − λn].

¤±

χA(λ) =
1

n2

(

λ− n(n+ 1)

2

)

[(λ+ n)n − λn].

qd (∗) �, χA(λ) Ã­�, � A �4�õ�ªÒ´ÙA�õ�ª, l
 A �

4�õ�ª�
1

n2

(

λ− n(n+ 1)

2

)

[(λ+ n)n − λn].

2. � A � n ��
, m(λ) ´§�4�õ�ª, g(λ) �?�õ�ª,

d(λ) = (m(λ), g(λ)).

y²: (1) rank d(A) = rank g(A);

(2) g(A) �_�¿©7�^�´ g(λ) � m(λ) p�;

(3) X g(A) �_, K g−1(A) �½´ A �õ�ª.

y²: (1) �3õ�ª u(λ), v(λ), ¦

m(λ)u(λ) + g(λ)v(λ) = d(λ).

�

m(A)u(A) + g(A)v(A) = d(A).

d m(A) = 0 �� d(A) = g(A)v(A). ¤±

rankd(A) ≤ rank g(A).

qÏ d(λ) | g(λ), �3 h(λ) ¦ d(λ)h(λ) = g(λ), = d(A)h(A) = g(A). u´

rank g(A) ≤ rank d(A).



§ 6 Ý
�4�õ�ª · 199 ·

���

rank g(A) = rank d(A).

(2) (⇒) � λ1, · · · , λn � A ��ÜA��. K g(A) ��ÜA���

g(λ1), · · · , g(λn). X g(A) �_, K g(A) �z�A�� g(λi) 6= 0. du m(λ)

��Ñ´ A �A��, Ïd g(λ) � m(λ) Ãú��, l
 (g(λ),m(λ)) = 1.

(⇐) X (g(λ),m(λ)) = 1, Kd (1) ¤y, d(λ) = 1, Ïd d(A) = E. �é

u (1) ¥� v(λ), k

g(A)v(A) = E,

g(A) �_.

(3) X g(A) �_, 3 (2) �¿©5�y²¥, ®� g(A)v(A) = E. ¤±

g(A)−1 = v(A) � A �õ�ª.

3. y²: Ý
 A (3Eê�þ) �é�z�¿©7�^�´Ù4�õ�ª

Ã­�.

y²: (⇒) A �é�z, l
dé�/Ò´ A �e��;�/. Ïd A �

e��¬�´���, A �Ð�Ïf�´�g�. 
 A �4�õ�ª��Ð�

Ïf���ú�ª, �½´ØÓ�gÏf�¦È, l
Ã­�.

(⇐) X A �4�õ�ªÃ­�, Kd4�õ�ª´ØÓ�gÏf�¦È.

u´ A �Ð�ÏfÑ´�g�, =e��;�/¥�e��¬Ñ´���, ´

��é�Ý
, `² A �é�z.

4. � A =






1 1 −1

1 0 0

0 1 −1




, ¦ A100.

): A �A�õ�ª� λ(λ2 − 2). -

λ100 = λ(λ2 − 2)g(λ) + aλ2 + bλ+ c,

©O± λ = 0,
√

2,−
√

2 �\þª, �

c = 0, 250 = 2a+
√

2b, 250 = 2a−
√

2b.

)� b = 0, a = 249. ¤±

A100 = 249A2 = 249






2 0 0

1 1 −1

1 −1 1




 .

∗5. y²: XJé?¿ k ∈ N Ñk Tr (Ak) = 0, K χA(λ) = λn.
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y²: duÝ
�,Ò´Ý
 � �Ü A � �� Ú, � A �A���

λ1, · · · , λn, K

Tr(Ak) = λk
1 + · · · + λk

n = sk.

d Tr(Ak) = 0 �� sk = 0. lÚîúª�� λ1, · · · , λn �¤kÐ�é¡õ�

ª σ1 = · · · = σn = 0, u´

χA(λ) = (λ− λ1) · · · (λ− λn) = λn.

∗6. � A �A�õ�ª χ(λ) = h(λ)g(λ), �
(
h(λ), g(λ)

)
= 1,

y²: rankh(A) = deg g(λ), rank g(A) = deg h(λ).

y²: �A�A��� λ1, · · · , λn, K h(A) �A��� h(λ1), · · · , h(λn),

g(A) �A��� g(λ1), · · · , g(λn). duχ(λ) = h(λ)g(λ) �
(
h(λ), g(λ)

)
= 1,

Ïd {h(λi)} ¥ 0 ��ê�u deg h(λ), {g(λi)} ¥ 0 ��ê�u deg g(λ), �

deg h(λ) + deg g(λ) = n.

dSK 12–3.6 �,

deg h(λ) ≥ n− rank(h(A)) (1)

deg g(λ) ≥ n− rank(g(A)) (2)

Ïd

n = deg h(λ) + deg g(λ) ≥ 2n − (rankh(A) + rank g(A)),

rankh(A) + rank g(A) ≥ n.

qÏ

h(A)g(A) = χ(A) = 0,

rankh(A) + rank g(A) ≤ n.

u´

rankh(A) + rank g(A) = n.

l
 (1), (2) ª�Ñ��Ò, ¦�

rankh(A) = n− degh(λ) = deg g(λ),

rank g(A) = n− deg g(λ) = deg h(λ).


