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1. ü���IX [O; η1, η2] � [O; η′1, η
′
2] kú��:. 3��IX [O; η1, η2]

e, #�IX�Ä�þ�:

η′1 =






√
2

2√
2

2




 , η′2 =






−
√

2

2√
2

2




 .

(1) �Ñ�IC�úª;

(2) �Ñ��IX¥�Ä�þ η1 =

(

1

0

)

, η2 =

(

0

1

)

3#�IXe��

I©þ;

(3) ®��þ−→v 3 [O; η1, η2] �©þ�

(

1

−1

)

, ¦§3#�IX [O; η′1, η
′
2]

e�©þ.

): (1) Ï� (η′1, η
′
2) = (η1, η2)T , Ù¥ T =






√
2

2
−
√

2
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2

2

√
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2




, ¤±�I

C�úª�

(

x
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)

= T

(
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)
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√
2

2
−
√

2

2√
2

2

√
2

2






(

x′

y′

)

.

(2) d (1) �: (η1, η2) = (η′1, η
′
2)T

−1, Ù¥ T−1 =






√
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√
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2

−
√
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2

√
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2




, ¤
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±η1 =

√
2

2
η′1 −

√
2

2
η′2, η2 =

√
2

2
η′1 +

√
2

2
η′2, =: η1 =






√
2

2

−
√

2

2




, η2 =






√
2

2√
2

2




.

(3) l

(

x

y

)

= T

(

x′

y′

)

�í�

(

x′

y′

)

= T−1

(

x

y

)

. y3 −→v = η1−η2,

¤±

(

x′

y′

)

=






√
2

2

√
2

2

−
√

2

2

√
2

2






(

1

−1

)

=

(

0

−
√

2

)

,

ùÒ´ −→v 3#�IXe�©þ.

2. 3²¡���IX [O; η1, η2] ¥, ®�#����IX [O′; η′1, η
′
2] �

�: O′ ��I� (3, 2), : M(5, 3) 3#�IX� x′ ¶þ, �: M �#�I

x′ > 0. Á^Ý
/ª�Ñl [O; η1, η2] � [O′; η′1, η
′
2] ��IC�úª.

): Ï� X0 =

(

3

2

)

, �dK¿�
−−−→
O′M =

(

5

3

)

−
(

3

2

)

=

(

2

1

)

,

�
−−−→
O′M �ü �þ´






2
√

5

5√
5

5




, = cos θ =

2
√

5

5
, sin θ =

√
5

5
. ¤± T =






2
√

5

5
−
√

5

5√
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5

2
√

5

5




. ÏdC�úª�
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y

1




 =









2
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 .

3. ��g� C 3���IX [O; η1, η2] ¥��§´:

x2 − xy + y2 + 2x− 4y + 1 = 0.
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(1) �#����IX [O′; η′1, η
′
2], ¦ O′ 3Î�IXe��I� (0, 2), �

k






η′1 =

√
2

2
η1 +

√
2

2
η2

η′2 = −
√

2

2
η1 +

√
2

2
η2,

Á^Ý
/ª�Ñ�IC�úª;

(2) ¦� C 3#�IXe��§.

): (1) âK�, X0 =

(

0

2

)

, T =






√
2

2
−
√

2

2√
2

2

√
2

2




, �1�ª |T | = 1.

¤±�IC�úª�:






x

y

1




 =









√
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2

2
0

√
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2

√
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2
2

0 0 1














x′

y′

1




 .

(2) C ��§�
x′2

6
+
y′2

2
= 1.

4. �k²¡���IX [O; η1, η2], e#����IX [O′; η′1, η
′
2] ÷v: x′

¶Ú y′ ¶3Î�IX¥��§©O´ x− 2y + 2 = 0 Ú 2x+ y + 4 = 0.

(1) ¦lÎ�IX�#�IX�C�úª;

(2) ¦�� x− y + 2 = 0 3#�IX¥��§;

(3) ¦�� 3x′ + y′ + 1 = 0 3Î�IX¥��§.

): (1) Ï O′ :��I (x0, y0) ´�§|







x− 2y + 2 = 0

2x+ y + 4 = 0
�), =

X0 =

(

x0

y0

)

=

(

−2

0

)

.

w, x − 2y + 2 = 0 ���Xê� 2 : 1, 2x + y + 4 = 0 ���Xê

� −1 : 2. ¤± η′1 =
2
√

5

5
η1 +

√
5

5
η2, η

′
2 = −

√
5

5
η1 +

2
√

5

5
η2, =(η′1, η

′
2) =

(η1, η2)
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∣
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2
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= 1, η′1, η
′
2 �¤mÃX. ¤

±�IC�úª�
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x

y

1




 =
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−
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5

5
−2
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5

5

2
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5

5
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x′
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1




 .

(2) x− y + 2 = 0 3#�IX¥��§�:
(

2
√

5

5
x′ −

√
5

5
y′ − 2

)

−
(√

5

5
x′ +

2
√

5

5
y′

)

+ 2 = 0,

= x′ − 3y′ = 0.

(3) d (1) ��IC�úª�±��






x′

y′

1




 =
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√
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−
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2
√
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x
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1




 ,

� 3x′ + y′ + 1 = 0 3Î�IXe��§�:

3

(

2
√

5

5
x+

√
5

5
y +

4
√

5

5

)

+

(

−
√

5

5
x+

2
√

5

5
y − 2

√
5

5

)

+ 1 = 0,

= 5x+ 5y + 10 +
√

5 = 0.

§ 2 �g��§�z{

1. z{�g���§

5x2 + 4xy + 2y2 − 24x− 12y + 12 = 0,

¿xÑ§�ã/±9#��I¶.

): Ý
 A =

(

5 2

2 2

)

, B =

(

−12

−6

)

, Ïd I1 = Tr(A) = 7 > 0,

I2 = |A| = 6 > 0, I3 =

∣
∣
∣
∣
∣
∣
∣

5 2 −12

2 2 −6

−12 −6 12

∣
∣
∣
∣
∣
∣
∣

= −108 < 0. d�´ý�. A

�A��´�§ λ2 − 7λ+ 6 = 0 ��, )� λ1 = 6, λ2 = 1. �{z���§

� 6x′2 + y′2 − 108

6
= 0, =

x′2

3
+
y′2

18
= 1.
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�xÑÙ��ã/, I�¦Ñ�IC�úª. éAuA�� 6 � 1 �ü A

��þ©O´

(

2
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)

, ¤± T =






2
√

5

5
−
√

5

5√
5

5

2
√

5

5




,

� |T | = 1. 2¦��¥% (=#�IX��:) O′(x0, y0), )�5�§|






5x0 + 2y0 − 12 = 0

2x0 + 2y0 − 6 = 0

� X0 =

(

x0

y0

)

=

(

2

1

)

. Ïd�IC�úª´
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 .

¦Ñ#�IX¥ x′ ¶� y′ ¶3Î�IX¥��§©O´ x − 2y = 0 (=

y′ = 0) � 2x+ y − 5 = 0 (= x′ = 0).

x

y

x′

y′

O

O′

1 1 Kã

2. z{�g��§

x2 − 4xy − 2y2 + 10x+ 4y = 0,

¿xÑ§�ã/±9#��I¶.
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): Ý
 A =

(

1 −2

−2 −2

)

, B =

(

5

2

)

, Ïd I1 = Tr(A) = −1 < 0,

I2 = |A| = −6 < 0, I3 =

∣
∣
∣
∣
∣
∣
∣

1 −2 5

−2 −2 2

5 2 0

∣
∣
∣
∣
∣
∣
∣

= 6 > 0. d�´V�. A �A

��´�§ λ2 + λ − 6 = 0 ��, )� λ1 = 2, λ2 = −3. �{z���§�

2x′2 − 3y′2 − 1 = 0, =
x′2

1

2

− y′2

1

3

= 1.

�xÑÙ��ã/, I�¦Ñ�IC�úª. éAuA�� 2 � −3 �ü 

A��þ©O´

(

2
√
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√
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)

�
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)

, ¤±T =
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2
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,

� |T | = 1. 2¦��¥% (=#�IX��:) O′(x0, y0), )�5�§|







x0 − 2y0 + 5 = 0

−2x0 − 2y0 + 2 = 0

� X0 =

(

x0

y0

)

=

(

−1

2

)

. Ïd�IC�úª´
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 .

¦Ñ#�IX¥ x′ ¶� y′ ¶3Î�IX¥��§©O´ x + 2y − 3 = 0 �

2x− y + 4 = 0.
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x

y

x′

y′

O

O′

1 2 Kã

3. z{�g��§

x2 − 3xy + y2 + 10x− 10y + 21 = 0,

¿�Ñ§�ã/±9#��I¶.

): Ý
 A =






1 −3

2

−3

2
1




, B =

(

5

−5

)

, Ïd I1 = Tr(A) = 2 > 0,

I2 = |A| = −5

4
< 0, I3 =

∣
∣
∣
∣
∣
∣
∣
∣
∣

1 −3

2
5

−3

2
1 −5

5 −5 21

∣
∣
∣
∣
∣
∣
∣
∣
∣

= −5

4
< 0. d�´V�. A

�A��´�§ λ2 − 2λ − 5

4
= 0 ��, )� λ1 =

5

2
, λ2 = −1

2
. �{z��

�§�
5

2
x′2 − 1

2
y′2 + 1 = 0, =

y′2

2
− x′2

2

5

= 1.

�xÑÙ��ã/, I�¦Ñ�IC�úª. éAuA��
5

2
� −1
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 A��þ©O´

(√
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2
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)

�

(√
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√
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)

, ¤± T =






√
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√
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−
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2

√
2

2




,

� |T | = 1. 2¦��¥% (=#�IX��:) O′(x0, y0), )�5�§|






x0 −
3

2
y0 + 5 = 0

−3

2
x0 + y0 − 5 = 0
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� X0 =

(

x0

y0

)

=

(

−2

2

)

. Ïd�IC�úª´






x

y

1




 =









√
2

2

√
2

2
−2

−
√

2

2

√
2

2
2

0 0 1














x′

y′

1




 .

¦Ñ#�IX¥ x′ ¶� y′ ¶3Î�IX¥��§©O´ x + y = 0 �

x− y + 4 = 0.

x

y

x′

y′

O

O′

1 3 Kã

4. z{�g��§

4x2 − 4xy + y2 + 6x− 8y + 3 = 0,

¿xÑ§�ã/±9#��I¶.

): Ý
 A =

(

4 −2

−2 1

)

, B =

(

3

−4

)

, Ïd I1 = Tr(A) = 5 > 0,

I2 = |A| = 0, I3 =

∣
∣
∣
∣
∣
∣
∣

4 −2 3

−2 1 −4

3 −4 3

∣
∣
∣
∣
∣
∣
∣

= −25 < 0. d�´�Ô�. A �A�

�´�§ λ2−5λ = 0 ��, )� λ1 = 0, λ2 = 5. éAuA�� 0 � 5 �ü A

��þ©O´

(√
5

5
,
2
√

5

5

)

�

(

−2
√

5

5
,

√
5

5

)

, ¤± T =






√
5

5
−2

√
5

5
2
√

5

5

√
5

5




,
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� |T | = 1.

k^ T �^=�IC�, ��

(

TT 0

0 1

)(

A B

BT 3

)(

T 0

0 1

)

=






0 0 −
√

5

0 5 −2
√

5

−
√

5 −2
√

5 3




 .

= b′1 = −
√

5, b′2 = −2
√

5. �

X0 =






b′22 − λ2c

2b′1λ2

− b′2
λ2




 =






−
√

5

10
2
√

5

5




 ,

^ X0 �²£�IC�

(

X ′

1

)

=

(

E X0

0 1

)(

X ′′

1

)

,

��

(

E 0

XT
0 1

)





0 0 −
√

5

0 5 −2
√

5

−
√

5 −2
√

5 −2






(

E X0

0 1

)

=






0 0 −
√

5

0 5 0

−
√

5 0 0




 ,

=�§z{�5y′′2 − 2
√

5x′′ = 0. Ù{z�§�y′′2 =
2
√

5

5
x′′. o��IC�

úª�

(

X

1

)

=

(

T TX0

0 1

)(

X ′′

1

)

=









√
5

5
−2

√
5

5
− 9

10
2
√

5

5

√
5

5

1

5
0 0 1














x′′

y′′

1




 .

ù^�Ô��º:�I´ TX0 =

(

− 9

10
,
1

5

)T

. #�IX¥ x′ ¶� y′ ¶3Î

�IX¥��§©O´ 2x− y + 2 = 0 � 2x+ 4y + 1 = 0.
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x

y

x′

y′

OO′

1 4 Kã

5. z{e��g���§, ¿�Ñ§�´�o�:

(1) 4x2 − 4xy + y2 + 4x− 2y = 0;

(2) x2 − 2xy + y2 + 2x− 2y − 3 = 0.

): (1) Ý
 A =

(

4 −2

−2 1

)

, B =

(

2

−1

)

, Ïd I1 = Tr(A) = 5 > 0,

I2 = |A| = 0, I3 =

∣
∣
∣
∣
∣
∣
∣

4 −2 2

−2 1 −1

2 −1 0

∣
∣
∣
∣
∣
∣
∣

= 0. �(½��a.I�?�Ú

O�. A �A��´�§ λ2 − 5λ = 0 ��, )� λ1 = 0, λ2 = 5. éAu

A�� 0 � 5 �ü A��þ©O´

(√
5

5
,
2
√

5

5

)

�

(

−2
√

5

5
,

√
5

5

)

, ¤±

T =






√
5

5
−2

√
5

5
2
√

5

5

√
5

5




, � |T | = 1.

k^ T �^=�IC�, ��

(

TT 0

0 1

)(

A B

BT 0

)(

T 0

0 1

)

=






0 0 0

0 5 −
√

5

0 −
√

5 0




 .

= b′1 = 0, b′2 = −
√

5. �X0 =





0

− b′2
λ2



 =





0√
5

5



, ^ X0 �²£�IC
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�, ��

(

E 0

XT
0 1

)





0 0 0

0 5 −
√

5

0 −
√

5 0






(

E X0

0 1

)

=






0 0 0

0 5 0

0 0 −1




 ,

=�§z{�5y′′2 − 1 = 0, = y′′ = ±
√

5

5
, ù´�é²1��. o��IC�

úª�

(

X

1

)

=

(

T TX0

0 1

)(

X ′′

1

)

=









√
5

5
−2

√
5

5
−2

5
2
√

5

5

√
5

5

1

5
0 0 1














x′′

y′′

1




 .

(2) Ý
 A =

(

1 −1

−1 1

)

, B =

(

1

−1

)

, Ïd I1 = Tr(A) = 2 > 0,

I2 = |A| = 0, I3 =

∣
∣
∣
∣
∣
∣
∣

1 −1 1

−1 1 −1

1 −1 −3

∣
∣
∣
∣
∣
∣
∣

= 0. �(½��a.I�?�Ú

O�. A �A��´�§ λ2 − 2λ = 0 ��, )� λ1 = 0, λ2 = 2. éA

uA�� 0 � 2 �ü A��þ©O´

(√
2

2
,

√
2

2

)

�

(

−
√

2

2
,

√
2

2

)

, ¤±

T =






√
2

2
−
√

2

2√
2

2

√
2

2




, � |T | = 1.

k^ T �^=�IC�, ��

(

TT 0

0 1

)(

A B

BT −3

)(

T 0

0 1

)

=






0 0 0

0 2 −
√

2

0 −
√

2 −3




 .

= b′1 = 0, b′2 = −
√

2. �X0 =





0

− b′2
λ2



 =





0√
2

2



, ^ X0 �²£�IC

�, ��

(

E 0

XT
0 1

)





0 0 0

0 2 −
√

2

0 −
√

2 −3






(

E X0

0 1

)

=






0 0 0

0 2 0

0 0 −4




 ,
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�§z{�2y′′2 − 4 = 0, = y′′ = ±
√

2, ù´�é²1��. o��IC�ú

ª�

(

X

1

)

=

(

T TX0

0 1

)(

X ′′

1

)

=









√
2

2
−
√

2

2
−1

2√
2

2

√
2

2

1

2
0 0 1














x′′

y′′

1




 .

6. ¦e��g��ìC�:

(1) 6x2 − xy − y2 + 3x+ y − 1 = 0;

(2) 2xy − 4x− 2y + 3 = 0.

): (1) Ý
 A =






6 −1

2

−1

2
−1




, B =






3

2
1

2




, Ïd I2 = |A| = −25

4
<

0, I3 =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

6 −1

2

3

2

−1

2
−1

1

2
3

2

1

2
−1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

=
25

4
> 0. d�´V�. ��¥% (x0, y0)÷

v�5�§| 





6x0 −
1

2
y0 +

3

2
= 0

−1

2
x0 − y0 +

1

2
= 0

� X0 =

(

x0

y0

)

=






−1

5
3

5




. ìC��§�

6

(

x+
1

5

)2

−
(

x+
1

5

)(

y − 3

5

)

−
(

y − 3

5

)2

= 0.

þª�©)�
(

3

(

x+
1

5

)

+

(

y − 3

5

))(

2

(

x+
1

5

)

−
(

y − 3

5

))

= 0,

¤±ìC��§� 3x+ y = 0 Ú 2x− y + 1 = 0.

(2) Ý
 A =

(

0 1

1 0

)

, B =

(

−2

−1

)

, Ïd I2 = |A| = −1 < 0,

I3 =

∣
∣
∣
∣
∣
∣
∣

0 1 −2

1 0 −1

−2 −1 3

∣
∣
∣
∣
∣
∣
∣

= 1 > 0. d�´V�. ��¥% (x0, y0)÷v�
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5�§| 





y0 − 2 = 0

x0 − 1 = 0

� X0 =

(

x0

y0

)

=

(

1

2

)

. ìC��§� 2(x − 1)(y − 2) = 0, = x = 1 Ú

y = 2.

7. Ò λ ��?Ø�§

λx2 − 2xy + λy2 − 2x+ 2y + 5 = 0

¤L«��/G.

): Ý
 A =

(

λ −1

−1 λ

)

, B =

(

−1

1

)

, Ïd I1 = Tr(A) = 2λ,

I2 = |A| = λ2 − 1 = (λ− 1)(λ+ 1), I3 =

∣
∣
∣
∣
∣
∣
∣

λ −1 −1

−1 λ 1

−1 1 5

∣
∣
∣
∣
∣
∣
∣

= (5λ+ 3)(λ− 1).

©A«�¹5?Ø.

(i) � λ 6= ±1 �, I2 6= 0. q�©�ü«�¹. (a) λ > 1 ½ λ < −1, d�

I2 > 0. � λ > 1 �, I1 � I3 ÓÒ, �´Jý�; � λ < −1 �, I1 � I3 ÉÒ,

�´ý�. (b) −1 < λ < 1, d� I2 < 0. � λ = −3

5
�, I3 = 0, ���

é����; � λ 6= −3

5
�, �o´V�.

(ii) � λ = −1 �, I2 = 0, I3 6= 0, �´�Ô�.

(iii) � λ = 1 �, I2 = I3 = 0, |^�ØCþ K1 =

∣
∣
∣
∣
∣

λ −1

−1 5

∣
∣
∣
∣
∣
+

∣
∣
∣
∣
∣

λ 1

1 5

∣
∣
∣
∣
∣
= 10λ− 2 = 8 > 0, ���´�éJ²1��.

8. Ò λ ��?Ø�§

λx2 + 2λxy + y2 − 2x− 2λy + λ = 0

¤L«��/G.

): Ý
 A =

(

λ λ

λ 1

)

, B =

(

−1

−λ

)

, Ïd I1 = Tr(A) = 1 + λ,

I2 = |A| = λ(1 − λ), I3 =

∣
∣
∣
∣
∣
∣
∣

λ λ −1

λ 1 −λ
−1 −λ λ

∣
∣
∣
∣
∣
∣
∣

= −(λ− 1)2(2λ + 1). ©A«�
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¹5?Ø.

(i) � λ 6= 1, 0 �, I2 6= 0. q�©�ü«�¹. (a) 0 < λ < 1, d�

I2 > 0, I1 > 0, I3 < 0, �´ý�; (b) λ < 0 ½ λ > 1, d� I2 < 0. =�

λ = −1

2
�, I3 = 0, ���é����; � λ 6= −1

2
�, �o´V�.

(ii) � λ = 0 �, I2 = 0, I3 6= 0, �´�Ô�.

(iii) � λ = 1 �, I2 = I3 = 0, |^�ØCþ K1 =

∣
∣
∣
∣
∣

1 −1

−1 1

∣
∣
∣
∣
∣
+

∣
∣
∣
∣
∣

1 −1

−1 1

∣
∣
∣
∣
∣
= 0, ���´�éÜ��.

9. ®��§ (A1x+B1y +C1)
2 + 2(A2x+B2y +C2) = 0, Ù¥ A1B2 −

A2B1 6= 0, A1A2 +B1B2 = 0.

(1) y²d�§L«�^�Ô�;

(2) ¦Ñé¡¶��§.

): (1) �d��§´'u���IX [O; η1, η2] �. du A1A2 +

B1B2 = 0, Ïd�� L1 : A1x+B1y+C1 = 0 ��� L2 : A2x+B2y+C2 = 0

p���. Ø�� A1B2 − A2B1 > 0, - ∆1 =
√

A2
1 +B2

1 , ∆2 =
√

A2
2 +B2

2 ,

K L1, L2 �ü ���þ η′1 =

(
A1

∆1

,
B1

∆1

)

� η′2 =

(
A2

∆2

,
B2

∆2

)

�¤��5�

��|. - T =






A1

∆1

A2

∆2
B1

∆1

B2

∆2




, Kk (η′1, η

′
2) = (η1, η2)T , T ´����Ý
,

� |T | = 1. Ïd η′1, η
′
2 �¤��mÃX.

XJ-






x′ =
A1

∆1

x+
B1

∆1

y +
C1

∆1

y′ =
A2

∆2

x+
B2

∆2

y +
C2

∆2

,

Òk





x′

y′

1




 =








A1

∆1

B1

∆1

C1

∆1
A2

∆2

B2

∆2

C2

∆2

0 0 1













x

y

1




 ,

ù´�����IC�úª. 3#��IX [O′; η′1, η
′
2] ¥, ���§z{�

∆2
1x

′2 + 2∆2Y
′ = 0. w, ∆1 6= 0, Ïd x′2 +

2∆2

∆2
1

y′ = 0, ù´�^�Ô�.

(2) d�Ô��é¡¶´ y′ ¶, �§� x′ = 0, = A1x+B1y + C1 = 0.
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10. ��g��§�

a11x
2 + 2a12xy + a22y

2 + 2b1x+ 2b2y + c = 0.

y²:

(1) �g���^�¶V�½ü^�pR�����¿©7�^�´

I1 = 0;

(2) �g����¿©7�^�´ I2
1 = 4I2, I1I3 < 0;

(3) �g�eL«��ý�, Á¦Tý�¡È.

y²: (1) ed�g���¶V�, Kdu I1 ´��ØCþ, l�¶

V��IO�§´� I1 = 0; e´ü^p�R����, KÙIO�§�

λ1x
′2 + λ2y

′2 = 0, � λ1λ2 < 0, = y′ = ±
√

−λ1

λ2

x′ L«ü^p�R����,

Ïd

√
−λ1

λ2

·
(

−
√

−λ1

λ2

)

= −1, í�
−λ1

λ2

= 1, = I1 = 0.

��, e I1 = 0, KÏ I1 = λ1 + λ2 = 0, �� λ2 = −λ1(6= 0), ¿�

I2 = −λ2
1 < 0. d{z�§ λ1(x

′2 − y′2) +
I3
I2

= 0 ��, � I3 6= 0 ��´�

¶V�; � I3 = 0 ��´ü^p�R����.

(2) ed�g�´�, K7k I2 > 0, I1 · I3 < 0 (ý�.), ²L·�ÀJ

���IX�{z�§� λ1x
′2 + λ2y

′2 +
I3
I2

= 0. Ï�´�, ¤± λ1 = λ2, u

´ I1 = 2λ1, I2 = λ2
1, ¤± I2

1 = 4I2.

��, e I1 ·I3 < 0, I2
1 = 4I2, �� I2 > 0, �´ý�. qÏ I1 = λ1 +λ2,

I2 = λ1λ2, d I2
1 = 4I2 �� λ1 = λ2, �d�´�.

(3) 3IOý��§
x2

a2
+
y2

b2
= 1 (a > 0, b > 0) ¥, ý��¡È

S = πab. e�L«��ý�, K·�ÀJ�IX����§�{z

�§� λ1x
′2 + λ2y

′2 +
I3
I2

= 0, =
x′2

−I3
I2

· 1

λ1

+
y′2

−I3
I2

· 1

λ2

= 1. ¤±¡È

S = π

√

I2
3

I2
2

· 1

λ1λ2

=
π|I3|

√
I2

I2
2

.

11. ®�ý��¶Úá¶©O3�� x + y − 1 = 0 Ú x − y + 1 = 0 þ,

��á¶�©O� 4 � 2. ¦dý���§.

): Ø���¶3 x′ ¶ (= y′ = 0) þ, á¶3 y′ ¶ (= x′ = 0) þ, �C
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�






x′ =

√
2

2
x−

√
2

2
y +

√
2

2

y′ =

√
2

2
x+

√
2

2
y −

√
2

2
,

�¤Ý
/ª�






x′

y′

1




 =









√
2

2
−
√

2

2

√
2

2√
2

2

√
2

2
−
√

2

2
0 0 1














x

y

1




 ,

Ù�þ��fÝ







√
2

2
−
√

2

2√
2

2

√
2

2




 ´1�ª�u 1 ���Ý
, Ïdù´m

Ã���IXm��IC�. 3#��IXp���§A�
x′2

4
+
y′2

1
= 1.

|^�IC�úª, ��3Î�IXe��§:
1

4

(√
2

2
x−

√
2

2
y +

√
2

2

)2

+

(√
2

2
x+

√
2

2
y −

√
2

2

)2

= 1, =� 5x2 + 6xy + 5y2 − 6x− 10y − 3 = 0.

§ 3 ²¡�:C�

1. �Oe�éA{K´Ä�¢ê� R �g��N�, ¿�Ñ=
´ü�?

÷�?

(1) x 7→ x2; (2) x 7→ x3; (3) x 7→ |x|;
(4) x 7→ 2x; (5) x 7→ sin(x2); (6) x 7→ tan x.

): (1)–(5) Ñ´ R �g��N�, Ù¥ (2), (4) ´ü�, (2) ´÷�, (6)

Ø´N�.

2. � S L«²¡þ¤k:|¤�8Ü. L ´�^��, r²¡þz�:

P (x, y) éA�§'u L �é¡: P ′(x′, y′), ù´ S �g����C�, ¡�

'u�� L ���, ¡ L ´��¶.

(1) ¦Ñ²¡'u�� y = x ���úª;

(2) ���¶� Ax+By + C = 0. ¦Ñù����úª;

(3) � S1,S2 ´'u²¡þü^²1�� L1, L2 ���. y² S2S1 ´

��²£.
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): (1) ®� P (x, y) 'u�� y = x �é¡:� P ′(x′, y′). K







x+ x′

2
=
y + y′

2
y − y′

x− x′
= −1,

)���úª� 





x′ = y

y′ = x.

(2) : P (x, y) 'u�� Ax+By + C = 0 �é¡:� P ′(x′y′). K







A

(
x+ x′

2

)

+B

(
y + y′

2

)

+ C = 0

A(y − y′) = B(x− x′),

)���úª�






x′ =
1

A2 +B2
((B2 −A2)x− 2ABy − 2AC)

y′ =
1

A2 +B2
(−2ABx+ (A2 −B2)y − 2BC) .

(3) ±L1 �� x¶ïá�IX, KL1, L2 ��§©O� y = 0 � y+C = 0,

Ù¥ C 6= 0. P S1(P ) = P ′(x′, y′), S2(P
′) = P ′′(x′′, y′′). d (2) �,







x′ = x

y′ = −y,







x′′ = x′

y′′ = −y′ − 2C.

�\��� 





x′′ = x

y′′ = y − 2C.

�� S2S1 ´��²£.

3. � M ´C� (x, y) 7→ (x′, y′):






x′ = 2x+ 3y + 2

y′ = −x+ 2y − 3

¯:

(1) : (−1, 1) �C¤
�o:?
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(2) �� y = 2 �C¤
�oã/?

(3) : (9,−3) ´d=�:CL5�?

): (1) : (−1, 1) �C� (3, 0).

(2) �� y = 2 þ�:´ (t, 2) (t ∈ R).  M ((t, 2)) = (2t+8,−t+1), Ï

dC���:¤�^��, Ùëê�§�







x = 8 + 2t

y = 1 − t,
, ½ x+ 2y − 10 = 0.

(3) )�§|







2x+ 3y + 2 = 9

−x+ 2y − 3 = −3
� x = 2, y = 1. � M ((2, 1)) =

(9,−3).

4. 3���IX [O; η1, η2] ¥, ¦Ñ²¡7: M0(x0, y0) ^= θ0 ��C

�úª.

): ± M0(x0, y0) ��:ïá#���IX [M0; η1, η2], K7: M0 ^=

θ0 ��C�3#�Ie�C�úª�






x̃′ = cos θ0x̃− sin θ0ỹ

ỹ′ = sin θ0x̃+ cos θ0ỹ.

�: P (x, y) ²^=C� P ′(x′, y′), �â²£�IC��úª, P,P ′ :�#�

IA� (x− x0, y − y0), (x′ − x0, y
′ − y0). �\þ¡�úª=�







x′ = cos θ0(x− x0) − sin θ0(y − y0) + x0

y′ = sin θ0(x− x0) + cos θ0(y − y0) + y0.

5. er� 2xy = a2 7�:^=
π

4
, ¦#���§.

): e P (x, y) :^=�
 P ′(x′, y′) :, K P :�d P ′ :²^= −π
4

�

�. Ïd






x = cos
(

−π
4

)

x′ − sin
(

−π
4

)

y′ =

√
2

2
(x′ + y′)

y = sin
(

−π
4

)

x′ + cos
(

−π
4

)

y′ =

√
2

2
(−x′ + y′),

�\��§ 2xy = a2 =� y′2 − x′2 = a2.

6. ²¡��åC� M ekü�ØÄ: A,B. K�� AB þz�:Ñ´

ØÄ:.

): � C :3�� AB þ, K�â C ´Ä u�ã AB þ, k d(A,C) +

d(C,B) = d(A,B) ½ |d(C,A) − d(C,B)| = d(A,B). - M (C) = C ′, K
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Ï A,B ´ M �ØÄ:, k d(A,C ′) + d(C ′, B) = d(A,B) ½ |d(C ′, A) −
d(C ′, B)| = d(A,B). XJ A,B,C ′ Ø��, K§��¤��n�/, n�/

ü>�Ú�u1n>, ü>���u1n>, �þã�ªgñ.

7. ¦eã��C��ØÄ::






x′ = 3x− y − 5

y′ = 2x+ y + 1.

): )�§|







x = 3x− y − 5

y = 2x+ y + 1,
� x = −1

2
, y = −6, =ØÄ:=k

(

−1

2
,−6

)

��.

8. e3��C� A e�^�����Ùg�Ü, K¡ù^��� A

�ØC��. ¦eã��C��ØC��:






x′ = 7x− y + 1

y′ = 4x+ 2y + 4.

): ��C�r��C¤��. �ØC��� L : Ax + By + C = 0. e

P (x, y) ∈ L, K P ′(x′, y′) = A (P ) ∈ L, = Ax′ +By′ +C = 0. �\z{��

(7A+ 4B)x+ (2B −A)y + (A+ 4B + C) = 0.

Ï� L þ�?¿:Ñ÷vd�§, `²ù��§�´ L ��§. Ïdk

7A+ 4B

A
=

2B −A

B
=
A+ 4B + C

C
= k.

)� k = 6 ½ k = 3. ¤±






A = −4B

C = 0







A = −B
C =

3

2
B,

�ØC��kü^: −4x+ y = 0 Ú −2x+ 2y + 3 = 0.

9. �3²¡þ�Ñ
ü�n�/ ABC Ú DEF . ¯kA���C�r

△ABC C¤ △DEF?

): d·K 3.3(9) ��k 3! = 6 �ØÓ���C�.

10. y²: ²¡þ?�ü���Ie (I) Ú (II), o�3����åC�r

(I) C¤ (II).
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y²: ·K 3.2(6) ®²%¹
÷v^���åC����5. �k��

Ie [O; η1, η2] � [O′; η′1, η
′
2], K5���Ä η1, η2 � η′1, η

′
2 �±(½����

�C� A ¦� A (ηi) = η′i, i = 1, 2. ��þ δ =
−−→
OO′, q�½Â��²£

C� Tδ. u´EÜC� TδA ´���åC�, §r��Ie [O; η1, η2] N�

[O′; η′1, η
′
2]. �35¼y.

§ 4 C�+�AÛÆ

1. y²: ²¡þ7���½:= 90◦
!180◦

!270◦ �n�^= R1!R2!R3

ÚðÓC� E |¤��C�+.

y²: P R0 = E, KÏ RiRj =







Ri+j e i+ j ≤ 3,

Ri+j−4 e i+ j ≥ 4,
+�5� (1)

�÷v; 5� (2) K´w,�; qÏ R
−1
i = R4−i, 5� (3) ��÷v, ¤±ù´

��+.

2. � a, b ��?¿�Ø��"�ê�. e�¤k���C�|¤�8Ü

´Ä���+?






x′ = ax+ by

y′ = bx+ ay.

): ù���C�éA�Ý
´ A =

(

a b

b a

)

. � A1 =

(

a1 b1

b1 a1

)

,

A2 =

(

a2 b2

b2 a2

)

, K A1A2 =

(

a1a2 + b1b2 a1b2 + b1a2

a1b2 + b1a2 a1a2 + b1b2

)

�´ù�8Ü�

��, Ïd5� (1) �÷v; � a = 1, b = 0 �Ò´ðÓC�, Ïd (2) �÷v;

A−1 =






a

a2 − b2
− b

a2 − b2

− b

a2 − b2
a

a2 − b2




 �´8Ü���, Ïd (3) �÷v. ù�8

Ü(¢´+.

§ 5 �g����©a���©a

1. ¦�g� x2 + 2y2 − 4x − 2y − 6 = 0 ÏL: (8, 0) ��»�§, ¿

¦ÑÙ�Ý�»��§.
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): T�g��§��¤

(x− 2)2

21

2

+

(

y − 1

2

)2

21

4

= 1,

´ý�.

�C�







x′ =

√
42

21
(x− 2)

y′ =
2
√

21

21

(

y − 1

2

)

,
=:







x =

√
42

2
x′ + 2

y =

√
21

2
y′ +

1

2
.

KdC�ò� x′2 + y′2 = 1 C�ý�

(x− 2)2

21

2

+

(

y − 1

2

)2

21

4

= 1,

�ò:

(

2
√

42

7
,−

√
21

21

)

C¤ (8, 0). ¤±dC�ò���» y′ = −
√

2

12
x′ C

�ý��L: (8, 0) ��»: x+ 12y − 8 = 0.

���» y′ = −
√

2

12
x′ R���» y′ = 6

√
2x′ �dC�C¤�ý���

» x+ 12y − 8 = 0 �Ý��» 12x − 2y − 23 = 0.

2. �V��IO�§�

x2

a2
− y2

b2
= 1,

Á¦�» y =
kb

a
x (|k| < 1) ��Ý�» (¤��»�²1u�¥:ë�).

): �âé¡5, V��¥%´¤kÏL§�u�¥:, Ïd¤k

��»�½ÏL§�¥%. �(½�Ý�», �I2é��:. ��^

²1u y =
kb

a
x + t, §�V���:÷v

x2

a2
−

(
kb

a
x+ t

)2

b2
= 1, z

{� b2(1 − k2)x2 − 2abktx − a2(b2 + t2). Ïd²1u�¥:�î�I´
x1 + x2

2
=

akt

b(1 − k2)
. p�I�

kb

a
· akt

b(1 − k2)
+ t =

t

1 − k2
. ���Ý�»�
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�Ç�
t

1 − k2
· b(1 − k2)

akt
=

b

ak
, �Ý�»��§� y =

b

ak
x. ��V��

�»��Ý�»��Ç�¦È�u~ê
b2

a2
.

3. ®�� xy − y2 − 2x+ 3y − 1 = 0 ��»� y ¶²1, ¦§��§,

¿¦Ñù�»��Ý�».

): Ï� I2 =

∣
∣
∣
∣
∣
∣
∣

0
1

2
1

2
−1

∣
∣
∣
∣
∣
∣
∣

= −1

4
< 0, I3 =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

0
1

2
−1

1

2
−1

3

2

−1
3

2
−1

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

6= 0, ¤±T

�´V�. �¦§�¥%, )±e�§|:






1

2
y0 − 1 = 0

1

2
x0 − y0 +

3

2
= 0,

� x0 = 1, y0 = 2. du®��»� y ¶²1, §��§´ x = 1.

��^²1u x = t, §�V���:�IA÷v ty−y2−2t+3y−1 =

0, Ïd�:�¥:�p�I�u
t+ 3

2
, î�I� t. ��Ý�»��§�

y =

3 + t

2
− 2

t− 1
(x− 1) + 2, = x− 2y + 3 = 0.

4. Áy²: �Ô��¤k�»�¤�é¡¶²1���å.

y²: �d�Ô��IO�§´ y2 = 2px (p > 0). ��Ô���»´d

²1u y = kx �²1u�¥:�¤�. �²1u��§´ y = kx+ t, K§�

�Ô��:�î�I÷v�§ (kx+ t)2 = 2px, = k2x2 + 2(kt− p)x+ t2 = 0.

dd��¥:�î�I�
x1 + x2

2
=
p− kt

k2
, p�I� k · p− kt

k2
+ t =

p

k
, ´

��~ê. =�»²1u x ¶.

§ 6 �g�¡�§�z{

1. ®� 3 �²¡:

Π1 : x+ 2y − 2z + 3 = 0,

Π2 : 2x+ y + 2z − 1 = 0,

Π3 : 2x− 2y − z − 3 = 0,

©O�� O′x′y′, O′y′z′, O′x′z′ ²¡. ¦���IC�úª, ¿�Ñ#�:�Î

�I�Î�:�#�I.
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): � P (x, y, z) 3#�IXe��I´ (x′, y′, z′), K P � 3 ��I²¡

�ål�uù 3 ��I�ýé�, =






|x′| =
|2x+ y + 2z − 1|

3

|y′| =
|2x− 2y − z − 3|

3

|z′| =
|x+ 2y − 2z + 3|

3
.

� T =









2

3

1

3

2

3
2

3
−2

3
−1

3
1

3

2

3
−2

3









, du T´��Ý
� |T | = 1, ·��±r�IC

�úª��:








x′

y′

z′

1








=











2

3

1

3

2

3
−1

3
2

3
−2

3
−1

3
−1

1

3

2

3
−2

3
1

0 0 0 1


















x

y

z

1







.

ù´mÃX�m����IC�. w,Î�I�:O�#�I´

(

−1

3
,−1, 1

)

.

Î�I^#�IL«�úª�:








x

y

z

1








=











2

3

2

3

1

3

5

9
1

3
−2

3

2

3
−11

9
2

3
−1

3
−2

3

5

9
0 0 0 1


















x′

y′

z′

1







,

Ïd#�I�: O′ �Î�I´

(
5

9
,−11

9
,
5

9

)

.

2. z{�g¡��§:

x2 + y2 + 5z2 − 6xy − 2xz + 2yz − 6x+ 6y − 6z + 10 = 0,

¿�Ñù´�o¡.

): dK�,

A =






1 −3 −1

−3 1 1

−1 1 5




 , B =






−3

3

−3




 ,
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Ý
 A �A�õ�ª´ χA(λ) = λ3 − 7λ2 + 36, A �A��� λ1 = 6,

λ2 = 3, λ3 = −2. �ù 3 �A��éA�ü A��þ (ÏA��ØÓ,

§�p���) ©O´ ξ1 =

(

−
√

6

6
,

√
6

6
,

√
6

3

)

, ξ2 =

(√
3

3
,−

√
3

3
,

√
3

3

)

,

ξ3 =

(√
2

2
,

√
2

2
, 0

)

.

±ù 3 �A��þ��I����þ�EÝ


T =










−
√

6

6

√
3

3

√
2

2√
6

6
−
√

3

3

√
2

2√
6

3

√
3

3
0










,

K T �½´��Ý
, qÏ |T | = 1, T ÷v·���¦. =k TTAT =

diag(6, 3,−2).

2¦ AX +B = 0 �) ∆, ��u)�5�§|







x− 3y − z = 3

−3x+ y + z = −3

−x+ y + 5z = 3

� ∆ = (1 − 1 1)T. Ïd����IC�








x

y

z

1








=













−
√

6

6

√
3

3

√
2

2
1

√
6

6
−
√

3

3

√
2

2
−1

√
6

3

√
3

3
0 1

0 0 0 1




















x′

y′

z′

1








�¦��§z{�:

6x′2 + 3y′2 − 2z′2 + 1 = 0.

ù´��V�V¡.

3. z{�g¡��§:

2x2 + 2y2 + 3z2 + 4xy + 2xz + 2yz − 4x+ 6y − 2z + 3 = 0,

¿�Ñù´�o¡.
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): dK�,

A =






2 2 1

2 2 1

1 1 3




 , B =






−2

3

−1




 ,

Ý
 A �A�õ�ª´ χA(λ) = λ3 − 7λ2 + 10λ, A �A��� λ1 = 5,

λ2 = 2, λ3 = 0. �ù 3 �A��éA�ü A��þ (ÏA��ØÓ, §

�p���) ©O´ ξ1 =

(√
3

3
,

√
3

3
,

√
3

3

)

, ξ2 =

(√
6

6
,

√
6

6
,−

√
6

3

)

, ξ3 =

(√
2

2
,−

√
2

2
, 0

)

.

±ù 3 �A��þ��I����þ�EÝ


T =










√
3

3

√
6

6

√
2

2√
3

3

√
6

6
−
√

2

2√
3

3
−
√

6

3
0










,

K T �½´��Ý
, �´ |T | = −1, Ïd7L¦Ù¥,��CÒ, �

T =










√
3

3

√
6

6
−
√

2

2√
3

3

√
6

6

√
2

2√
3

3
−
√

6

3
0










,

T ÷v·���¦. =k TTAT = diag(5, 2, 0).

du A òz, ¿� 2 = rankA < rank(A B) = 3, ·�k�^=�IC�
(

X

1

)(

T 0

0 1

)(

X ′

1

)

��:

(

TT 0

0 1

)(

A B

BT 3

)(

T 0

0 1

)

=













5 0 0 0

0 2 0

√
6

2

0 0 0
5
√

2

2

0

√
6

2

5
√

2

2
3













.
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= 5x′2 + 2y′2 +
√

6y′ + 5
√

2z′ + 3 = 0. ��� 5x′2 + 2

(

y′ +

√
6

4

)2

+

5
√

2

(

z′ +
9
√

2

40

)

= 0. Ïd2�²£�IC�








x′

y′

z′

1








=











1 0 0 0

0 1 0 −
√

6

4

0 0 1 −9
√

2

40
0 0 0 1


















x′′

y′′

z′′

1








�r�§z{�

5x′′2 + 2y′′2 + 5
√

2z′′ = 0.

ù´��ý��Ô¡.

�A��IC�úª�








x

y

z

1








=













√
3

3

√
6

6
−
√

2

2
− 1

40√
3

3

√
6

6

√
2

2
−19

40√
3

3
−
√

6

3
0

1

2
0 0 0 1




















x′′

y′′

z′′

1







.


