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§ 1 �þ��5$�

1. Xã, ®�²18¡N ABCD−A1B1C1D1, E!F ©O´c BC!

C1D1 �¥:. �
−−→
AB = −→a ,

−−→
AD =

−→
b ,

−−→
AA1 = −→c . Á^ −→a ,

−→
b , −→c L«e�

�þ:

(1)
−−→
AC1; (2)

−−→
BD1; (3)

−→
AF ; (4)

−−→
EF .

A B

D
C

A1 B1

D1

C1

F

E

−→a

−→c −→

b

1 1 Kã

): (1) Ï�

−−→
BC =

−−→
AD,

−−→
CC1 =

−−→
AA1,

−−→
AC1 =

−−→
AB +

−−→
BC +

−−→
CC1,

¤±
−−→
AC1 = −→a +

−→
b + −→c .

(2) Ï�
−−→
BD1 =

−−→
BD +

−−→
DD1, 


−−→
BD =

−−→
AD −−−→

AB =
−→
b −−→a , −−→

DD1 =
−−→
AA1.

¤±
−−→
BD1 =

−→
b −−→a + −→c .

(3)
−→
AF =

−−→
AD +

−−→
DD1 +

−−→
D1F , 


−−→
DD1 =

−−→
AA1,

−−→
D1F =

1

2

−−−→
D1C1 =

1

2

−−→
AB,
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¤±
−→
AF =

1

2
−→a +

−→
b + −→c .

(4)
−−→
EF =

−→
AF − −→

AE =
−→
AF − (

−−→
AB +

−−→
BE) =

−→
AF − (

−−→
AB +

−−→
BE) =

−→
AF −

(−−→
AB +

1

2

−−→
BC

)

=
1

2
−→a +

−→
b + −→c −−→a − 1

2

−→
b = −1

2
−→a +

1

2

−→
b + −→c .

2. ®�²1o>/ ABCD �é��� AC Ú BD. �
−→
AC = −→a ,

−−→
BD =−→

b . ¦
−−→
AB,

−−→
CD,

−−→
DA.

): Xã,

−−→
AB =

−→
AO +

−−→
OB =

1

2

−→
AC +

1

2

−−→
DB =

1

2
(−→a −−→

b ),

−−→
CD = −−−→

AB = −1

2
(−→a −−→

b ),

−−→
DA = −−−→

AD = −(
−→
AO +

−−→
OD) = −1

2
(−→a +

−→
b ).

A

C

B

D

O

1 2 Kã

A BNM

C

1 3 Kã

3. 3 △ABC ¥, : M,N ´ AB >þ�n�©:. �
−→
CA = −→a ,

−−→
CB =−→

b . ¦
−−→
CM ,

−−→
CN .

): Xã, Ï�
−−→
AM =

1

3

−−→
AB,

−−→
AN =

2

3

−−→
AB,

¤±

−−→
CM =

−→
CA+

−−→
AM =

−→
CA+

1

3

−−→
AB =

−→
CA+

1

3
(
−−→
CB −−→

CA) =
1

3

−→
b +

2

3
−→a ,

−−→
CN =

−→
CA+

−−→
AN =

−→
CA+

2

3

−−→
AB =

−→
CA+

2

3
(
−−→
CB −−→

CA) =
2

3

−→
b +

1

3
−→a .

4. � L,M,N ©O´ △ABC �n> BC,CA,AB �¥:. y²n¥�

�þ
−→
AL,

−−→
BM ,

−−→
CN �±�¤��n�/.
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y²: Ï�
−→
AL,

−−→
BM,

−−→
CN �±�¤��n�/, ��=�òùn��þ�

Ú�"�þ. d

−→
AL =

1

2
(
−−→
AB +

−→
AC),

−−→
BM =

1

2
(
−−→
BA+

−−→
BC),

−−→
CN =

1

2
(
−→
CA+

−−→
CB),

��:
−→
AL+

−−→
BM +

−−→
CN = 0.

B L C

N M

A

1 4 Kã

B L C

N M

A

O

1 5 Kã

5. � O ´ △ABC �­%, y²:

−→
OA+

−−→
OB +

−−→
OC = 0.

): Xã, � AL,BM,CN ´ 3 ^¥�, O ´n�/�­%. K
−→
OA =

2

3

−→
LA = −2

3

−→
AL,

−−→
OB = −2

3

−−→
BM ,

−−→
OC = −2

3

−−→
CN , Ïdd1 4 K,

−→
OA+

−−→
OB +

−−→
OC = −2

3
(
−→
AL+

−−→
BM +

−−→
CN) = 0.

6. 3o¡N O−ABC ¥, �: G´ △ABC �­%. ^
−→
OA,

−−→
OB,

−−→
OC 5

L«�þ
−−→
OG.

): Ï�
−−→
GO =

−→
GA+

−→
AO,

−−→
GO =

−−→
GB +

−−→
BO,

−−→
GO =

−−→
GC +

−−→
CO. 
d1

5 K�
−→
GA+

−−→
GB +

−−→
GC = 0. Ïd

3
−−→
GO =

−→
AO +

−−→
BO +

−−→
CO.

−−→
OG =

1

3
(
−→
OA+

−−→
OB +

−−→
OC).

7. � ABCDEF ��8>/, ¦
−−→
AB +

−→
AC +

−−→
AD +

−→
AE +

−→
AF .

): Ï�
−−→
AD =

−→
AC+

−→
AF =

−→
AE+

−−→
AB, ¤±

−−→
AB+

−→
AC+

−−→
AD+

−→
AE+

−→
AF =

3
−−→
AD.
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B

C

G

O

A

1 6 Kã

A D

F

B

E

C

1 7 Kã

8. 3o>/ ABCD ¥,
−−→
AB = −→a + 2

−→
b ,

−−→
BC = −4−→a − −→

b ,
−−→
CD =

−5−→a − 3
−→
b (−→a ,

−→
b ´Ø����"�þ). y² ABCD �F/.

y²: Ï�
−−→
AD =

−−→
AB+

−−→
BC+

−−→
CD = −8−→a −2

−→
b = 2

−−→
BC, ¤±

−−→
AD//

−−→
BC.

� |−−→AD| = 2|−−→BC|, ¤± ABCD ´F/.

9. � A,B,C,D ´��o¡N�o�º:, M,N ©O´> AB, CD �

¥:. y²:
−−→
MN =

1

2
(
−−→
AD +

−−→
BC).

y²: Xã,

−−→
CM =

1

2
(
−→
CA+

−−→
CB),

−−→
CN =

1

2

−−→
CD,

¤±

−−→
MN =

−−→
CN −−−→

CM =
1

2

−−→
CD − 1

2
(
−→
CA+

−−→
CB) =

1

2
(
−−→
AD +

−−→
BC).

b

b

B

D

C

A

M

N

1 9 Kã

b

A

C

B

D

M

O

1 10 Kã

10. � M ´²1o>/ ABCD �¥%, O ´?¿�:. y²:

−→
OA+

−−→
OB +

−−→
OC +

−−→
OD = 4

−−→
OM.
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y²: Xã, Ï�

−−→
OM =

1

2
(
−→
OA+

−−→
OC),

−−→
OM =

1

2
(
−−→
OB +

−−→
OD),

¤±
−→
OA+

−−→
OB +

−−→
OC +

−−→
OD = 4

−−→
OM.

11. �¦e��ª¤á, �þ −→a ,−→b A÷v�o^�?

(1) |−→a +
−→
b | = |−→a | + |−→b |; (2) |−→a +

−→
b | = |−→a | − |−→b |;

(3) |−→a −−→
b | = |−→a | − |−→b |; (4) |−→a −−→

b | = |−→a | + |−→b |.
): (1) |^“n�/ü>�Ú�u1n>”��: −→a //−→b . ��¦ |−→a +

−→
b | = |−→a | + |−→b | 7L: −→a �

−→
b Ó�, ½ −→a ,

−→
b ¥��k�� 0.

(2) - −→c = −→a +
−→
b , K −→a = −→c −−→

b , �ªz�: |−→c −−→
b | = |−→c | + |−→b |.

¤±
−→
b //−→c ���. dd��: −→a //−→b , ��, � |−→a | ≥ |−→b |, ½

−→
b = 0.

(3) - −→c = −→a −−→
b , K −→a =

−→
b +−→c , �ªz�: |−→b |+ |−→c | = |−→b +−→c |. d

(1) �:
−→
b //−→c �Ó�. ¤± −→a //−→b �Ó�. qÏ|−→a −−→

b | ≥ 0, ¤±|−→a | ≥ |−→b |,
½

−→
b = 0.

(4) - −→c = −→a − −→
b , K −→a =

−→
b + −→c , �ªz�: |−→b + −→c | = |−→c | − |−→b |.

d (2) �: −→c //−→b ���, ½
−→
b = 0, Ó�, |−→c | ≥ |−→b |. ¤±−→a //−→b ���, ½−→

b = 0 ½ −→a = 0.

12. y²e�Ø�ª, ¿`²�Ò�o�ÿ¤á.

(1) |−→b −−→a | > |−→a | − |−→b |; (2) |−→a +
−→
b +−→c | ≤ |−→a |+ |−→b |+ |−→c |.

y²: (1) Xã, |^“n�/ü>���u1n>”���y�Ø�ª. �

ª¤á�^��ë�SK 11(3): −→a //−→b , Ó�, � |−→a | ≥ |−→b |, ½
−→
b = 0.

−→

b −
−→a

−→

b

−→a

1 12(1) Kã

(2) -
−→
d =

−→
b + −→c . K: |−→a +

−→
b + −→c | = |−→a +

−→
d | ≤ |−→a | + |−→d | =

|−→a | + |−→b + −→c | ≤ |−→a | + |−→b | + |−→c |. �Ò¤á��=�(i) −→a ,
−→
b , −→c p�²

1�Ó�, ½(ii) −→a ,
−→
b , −→c ¥��ü�� 0 (��w¤ (i) �A~).

∗
13. O ��õ>/ A1A2 · · ·An �¥%. y²:

−−→
OA1 +

−−→
OA2 + · · · + −−→

OAn = 0.
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y²: k�Ä n �óê��/. d�. w,k:
−−→
OA1 + · · · + −−→

OAn = 0. 2

w n �Ûê��/: ·�O\��º: B1, · · · , Bn ¦�5� n >/ A1 · · ·An

¤�: A1B1A2B2 · · ·An−1Bn−1AnBn, ù´�� 2n >/. ¤±

−−→
OA1 +

−−→
OB1 +

−−→
OA2 +

−−→
OB2 + · · · + −−→

OAn +
−−→
OBn = 0.

5¿�
−−→
OBi ´d

−−→
OAi ^=��½�

π

n

��, eP:

−→p =
−−→
OA1 + · · · + −−→

OAn,

−→q =
−−→
OB1 + · · · + −−→

OBn,

@o −→q ´d −→p ^=
π

n
�
��. du 0 <

π

n
< π, −→q � −→p Ø²1, �

−→p + −→q = 0 ��=� −→p = −→q = 0.
∗
14. O ��õ>/ A1A2 · · ·An �¥%, P ´?¿�:. y²:

−−→
PA1 +

−−→
PA2 + · · · + −−→

PAn = n
−−→
PO.

y²: Ï�

−−→
PO =

−−→
PAi +

−−→
AiO (i = 1, 2, · · · , n),

¤±

n
−−→
PO =

−−→
PA1 + · · · + −−→

PAn + (
−−→
A1O + · · · + −−→

AnO) =
−−→
PA1 + · · · + −−→

PAn

(|^1 13 K�(Ø).

§ 2 �þ�����¡

1. ®� −→a ,−→b Ø��, K�þ −→c = 3−→a +
−→
b �

−→
d = 2−→a − −→

b ´Ä�5

�'?

): �k k m ¦: k−→c +m
−→
d = 0, =

3k−→a + k
−→
b + 2m−→a −m

−→
b = 0,

�n��

(3k + 2m)−→a + (k −m)
−→
b = 0.

du −→a ,−→b Ø��, � −→a ,−→b �5Ã', ¤±






3k + 2m = 0

k −m = 0
)� k = m = 0,
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= −→c ,−→d �5Ã'.

2. XJ 3 ��þÑU�ü��þ −→a ,−→b �5L«, @où 3 ��þ�½

�¡.

y²: � −→p = c11
−→a + c12

−→
b , −→q = c21

−→a + c22
−→
b , −→r = c31

−→a + c32
−→
b . K

x1
−→p + x2

−→q + x3
−→r = (x1c11 + x2c21 + x3c31)

−→a + (x1c12 + x2c22 + x3c32)
−→
b .

�§| 





c11x1 + c21x2 + c31x3 = 0

c12x1 + c22x2 + c32x3 = 0

�Cþ�ê�L�§�ê, �½k�|�") x1 = k1, x2 = k2, x3 = k3, ¦�

k1
−→p +k2

−→q +k3
−→r = (k1c11 +k2c21 +k3c31)

−→a +(k1c12 +k2c22 +k3c32)
−→
b = 0.

Ïd −→p ,−→q ,−→r �5�', l
�¡.

3. y²n��þ k1
−→a − k2

−→
b , k2

−→
b − k3

−→c , k3
−→c − k1

−→a �¡.

y²: d�ª

(k1
−→a − k2

−→
b ) + (k2

−→
b − k3

−→c ) + (k3
−→c − k1

−→a ) = 0,

��ù 3 ��þ�5�', ¤±�¡.

4. � −→a1 = 2
−→
b1 + 3

−→
b2 − −→

b3 , −→a2 =
−→
b2 − −→

b3 , −→a3 =
−→
b2 +

−→
b3 . y²�þ

−→a1,
−→a2,

−→a3 �¡�¿©7�^�´
−→
b1 ,

−→
b2 ,

−→
b3 �¡.

y²:

k1
−→a1 + k2

−→a2 + k3
−→a3 = 2k1

−→
b1 + (3k1 + k2 + k3)

−→
b2 + (−k1 − k2 + k3)

−→
b3 .

l�§|






2k1 = 0

3k1 + k2 + k3 = 0

−k1 − k2 + k3 = 0

)� k1 = k2 = k3 = 0. �Ò´`, k1, k2, k3 Ø��"��=� 2k1, 3k1 + k2 +

k3,−k1 − k2 + k3 Ø��". = −→a1,
−→a2,

−→a3 �5�'��=�
−→
b1 ,

−→
b2 ,

−→
b3 �5�

'. l
 −→a1,
−→a2,

−→a3 �¡��=�
−→
b1 ,

−→
b2 ,

−→
b3 �¡.

5. � D ´ △ABC �> BC þ�:, ÷v
−−→
BD = k

−−→
DC. Á^

−−→
AB,

−→
AC 5

L«
−−→
AD.
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): Ï�
−−→
BD =

−−→
AD − −−→

AB,
−−→
DC =

−→
AC − −−→

AD. �\
−−→
BD = k

−−→
DC, �

−−→
AD −−−→

AB = k
−→
AC − k

−−→
AD, )�

−−→
AD =

1

1 + k

−−→
AB +

k

1 + k

−→
AC.

B CD

A

1 5 Kã

B CT

A

1 6 Kã

6. � AT ´ △ABC ¥ ∠A �²©� (� BC �u T :), ò
−→
AT ^

−−→
AB,

−→
AC 5L«.

): �
−→
BT = k

−−→
BC, K

−→
TC = (1 − k)

−−→
BC. d�²©��5���,

|−−→AB| : |−→AC| = k : (1 − k), Ïd k =
|−−→AB|

|−−→AB| + |−→AC|
. u´

−→
AT =

−−→
AB +

−→
BT =

−−→
AB + k

−−→
BC = (1 − k)

−−→
AB + k

−→
AC

=
1

|−−→AB| + |−→AC|
(|−→AC|−−→AB + |−−→AB|−→AC).

7 ²¡þk��n�/ △OAB, : B Ú C 'u¥% A é¡, : D r�

ã OB ©¤ 2 : 1, DC Ú OA �u: E. �
−→
OA = −→a ,

−−→
OB =

−→
b .

(1) Á^ −→a ,−→b 5L«
−−→
OC Ú

−−→
DC;

(2) ¦'� OE : OA.

AC B

O

D
E

1 7 Kã

): (1) Ï B Ú C 'u¥% A é¡,
−−→
BC = 2

−−→
BA = 2(−→a − −→

b ). qÏ
−−→
OD =

2

3

−−→
OB =

2

3

−→
b ,

−−→
DB =

1

3

−−→
OB =

1

3

−→
b , �

−−→
DC =

−−→
DB +

−−→
BC = 2−→a − 5

3

−→
b .

−−→
OC =

−−→
OB +

−−→
BC = 2−→a −−→

b .
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(2) �
−−→
OE = k

−→
OA = k−→a , Kd

−−→
OE =

−−→
OD + m

−−→
DC �� k−→a =

2

3

−→
b +

m

(

2−→a − 5

3

−→
b

)

. )� k =
4

5
, Ïd OE : OA = 4 : 5.

8. 3 △ABC ¥, : M ©�ã AB � 2 : 1, : N ©�ã AC � 3 : 2. �

CM � BN ��:� P , �� AP �> BC �u: Q. Á^
−−→
AB,

−→
AC 5L«

−→
AP Ú

−→
AQ.

): Ï�
−−→
AM =

2

3

−−→
AB,

−−→
AN =

3

5

−→
AC, ¤±

−−→
BN =

−−→
AN − −−→

AB =
3

5

−→
AC −

−−→
AB,

−−→
CM =

−−→
AM − −→

AC =
2

3

−−→
AB − −→

AC. �
−−→
CP = k

−−→
CM ,

−−→
BP = m

−−→
BN . K

−−→
CP =

−−→
CB +

−−→
BP �

k

(
2

3

−−→
AB −−→

AC

)

=
−−→
AB −−→

AC +m

(
3

5

−→
AC −−−→

AB

)

.

)Ñ k =
2

3
. ¤±

−→
AP =

−→
AC +

−−→
CP =

−→
AC +

2

3

(
2

3

−−→
AB −−→

AC

)

=
4

9

−−→
AB +

1

3

−→
AC.

q: Q 3 BC 9 AP �ò��þ, ¤±
−→
AQ = l

−→
AP =

−−→
AB + s

−−→
BC. =

l

(
4

9

−−→
AB +

1

3

−→
AC

)

=
−−→
AB + s(

−→
AC −−−→

AB).

)Ñ l =
9

7
, =k

−→
AQ =

4

7

−−→
AB +

3

7

−→
AC.

B CM

A

Q

N

P

1 8 Kã

A

C

B

D Q

PF

E

1 9 Kã

9. � ABCD ´²1o>/, P,Q ©O´> BC,CD �¥:. y²

AP,AQ �é�� BD ��u E,F , 
ò BD n�©.

y²: �
−−→
AB = −→a ,

−−→
AD =

−→
b , K

−−→
BD =

−−→
AD −−−→

AB =
−→
b −−→a ,
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−→
AP =

−−→
AB +

1

2

−−→
BC = −→a +

1

2

−→
b ,

−→
AQ =

−−→
AD +

1

2

−−→
DC =

−→
b +

1

2
−→a .

q�
−→
AE = k

−→
AP (k > 0),

−→
AF = m

−→
AQ (m > 0),

K
−→
AE = k−→a +

k

2

−→
b ,

−→
AF = m

−→
b +

m

2
−→a .

�´

−→
AE =

−−→
AB + t

−−→
BD = −→a + t(

−→
b −−→a ) = (1 − t)−→a + t

−→
b (t > 0).

¤±

k−→a +
k

2

−→
b = (1 − t)−→a + t

−→
b ,

=:

(k + t− 1)−→a =

(

t− k

2

)−→
b ,

du −→a �
−→
b Ø²1, ¤±







k + t− 1 = 0

t− k

2
= 0

=







k =
2

3

t =
1

3
.

Ón, d
−→
AF =

−−→
AB + s

−−→
BD = (1 − s)

−→
b + s

−→
b (s > 0),

��:






m

2
+ s− 1 = 0

s−m = 0,
=:







m =
2

3

s =
2

3
.

����:
−−→
BF =

2

3

−−→
BD,

−−→
BE =

1

3

−−→
BD,

`² E,F ´�ã BD �n�©:.

10. � O ´��½:, y²: éuØ3���þ� 3 �: A,B,C, : M

 u²¡ ABC þ�¿©7�^�´�3¢ê k1, k2, k3, ¦�

−−→
OM = k1

−→
OA+ k2

−−→
OB + k3

−−→
OC, � k1 + k2 + k3 = 1.
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y²: ®� A B C n:Ø��, �
−−→
AB,

−→
AC �5Ã'. ?¿: M  u²

¡ ABC þ��=�
−−→
AM,

−−→
AB,

−→
AC �¡, =:

−−→
AM,

−−→
AB,

−→
AC �5�', ��=

��3Ø�� 0 �¢êm1,m2,m3, ¦

m1

−−→
AM +m2

−−→
AB +m3

−→
AC = 0,

��=�éu½: O k:

m1(
−−→
OM −−→

OA) +m2(
−−→
OB −−→

OA) +m3(
−−→
OC −−→

OA) = 0,

��=�

m1

−−→
OM = (m1 +m2 +m3)

−→
OA−m2

−−→
OB −m3

−−→
OC.

w, m1 6= 0, Ø,�
−−→
AB,

−→
AC �5Ã'gñ. ÏdeP:

k1 =
1

m1

(m1 +m2 +m3), k2 = −m2

m1

,

k3 = −m3

m1

,

K
−−→
OM = k1

−→
OA+ k2

−−→
OB + k3

−−→
OC,

� k1 + k2 + k3 = 1.

11. � O ´��½:, y²: : M  u △ABC þ (�)§�>) �¿©

7�^�´�3�K¢ê k1, k2, k3, ¦�

−−→
OM = k1

−→
OA+ k2

−−→
OB + k3

−−→
OC, � k1 + k2 + k3 = 1.

y²: ò� AM , 7�� BC u D :. Ïd
−−→
AM = l

−−→
AD, Ù¥ 0 ≤ l ≤ 1.

du D 3�ã BC þ, �â~ 2.1, �3¢ê m1,m2, ¦�

−−→
OD = m1

−−→
OB +m2

−−→
OC, m1 +m2 = 1,m1,m2 ≥ 0.

u´

−−→
OM =

−→
OA+

−−→
AM = (1 − l)

−→
OA+ l

−−→
OD = (1 − l)

−→
OA+ lm1

−−→
OB + lm2

−−→
OC.

- k1 = 1 − l, k2 = lm1, k3 = lm2, =�

−−→
OM = k1

−→
OA+ k2

−−→
OB + k3

−−→
OC, k1 + k2 + k3 = 1, k1, k2, k3 ≥ 0.
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��, Ø�� k1 6= 1, )�§|







1 − l = k1

lm1 = k2

lm2 = k3

��







l = 1 − k1,

m1 =
k2

1 − k1

,

m2 =
k3

1 − k1

,

Kk

m1 +m2 = 1, m1,m2 ≥ 0, 0 < l ≤ 1.

-
−−→
OD = m1

−−→
OB +m2

−−→
OC,

K D :3�ã BC þ. d

−−→
OM = (1 − l)

−→
OA+ l

−−→
OD

�±�Ñ
−−→
AM = l

−−→
AD, Ïd M 3�ã AD þ, l
3 △ABC þ.

12. y²: ?¿ØÓ�n: A,B,C ���¿©7�^�´�3Ø��"

�¢ê k1, k2, k3, ¦�

0 = k1

−→
OA+ k2

−−→
OB + k3

−−→
OC, � k1 + k2 + k3 = 0.

y²: AB C ��, ��=� l
−−→
AB +m

−→
AC = 0 (l,m ÑØ�"), ��=�

l(
−−→
OB −−→

OA) +m(
−−→
OC −−→

OA) = 0,

��=�

−(l +m)
−→
OA+ l

−−→
OB +m

−−→
OC = 0.

- k1 = −(l +m), k2 = l, k3 = m, w,§�Ø��", �:

k1

−→
OA+ k2

−−→
OB + k3

−−→
OC = 0, k1 + k2 + k3 = 0.

13. y²: ?¿ØÓ�o: A,B,C,D �¡�¿©7�^�´�3o�Ø

��"�¢ê, ¦�

0 = k1

−→
OA+ k2

−−→
OB + k3

−−→
OC + k4

−−→
OD, � k1 + k2 + k3 + k4 = 0.

y²: AB C D �¡��=�
−−→
AB,

−→
AC,

−−→
AD �5�', ��=�kØ��

"�ê l,m, n ¦:

l
−−→
AB +m

−→
AC + n

−−→
AD = 0,
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��=�

l(
−−→
OB −−→

OA) +m(
−−→
OC −−→

OA) + n(
−−→
OD −−→

OA) = 0,

��=�

−(l +m+ n)
−→
OA+ l

−−→
OB +m

−−→
OC + n

−−→
OD = 0.

P k1 = −(l +m+ n), k2 = l, k3 = m, k4 = n, w,§�Ø��", ¦�

k1

−→
OA+ k2

−−→
OB + k3

−−→
OC + k4

−−→
OD = 0, k1 + k2 + k3 + k4 = 0.

∗
14. ^�þ��{y²ê�½n: e △ABC �n^> AB, BC, CA �

g�©�¤ AF : FB = k1 : k2, BD : DC = k3 : k1, CE : EA = k2 : k3, Ù

¥, k1, k2.k3 þ��ê. K △ABC �º:�§é>�©:�ë��u�: M ,

�éu?¿�: O k

−−→
OM =

1

k1 + k2 + k3

(k2

−→
OA+ k1

−−→
OB + k3

−−→
OC).

A F B

C

D
E

M

1 11 Kã

y²: �â©: D � E �½Â��

−−→
BD =

k3

k1 + k3

−−→
BC,

−→
AE =

k3

k2 + k3

−→
AC.

u´

−−→
AD =

−−→
AB +

−−→
BD =

−−→
AB +

k3

k1 + k3

−−→
BC =

−−→
AB +

k3

k1 + k3

(
−→
AC −−−→

AB)

=
k1

k1 + k3

−−→
AB +

k3

k1 + k3

−→
AC,

−−→
BE =

−→
AE −−−→

AB =
k3

k2 + k3

−→
AC −−−→

AB.

� AD � BE �u M , Kk

−−→
AM = l

−−→
AD,

−−→
BM = m

−−→
BE.
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rc¡���L�ª�\±e�ª:
−−→
AM =

−−→
AB +

−−→
BM , ��

l

(
k1

k1 + k3

−−→
AB +

k3

k1 + k3

−→
AC

)

=
−−→
AB +m

(
k3

k2 + k3

−→
AC −−−→

AB

)

.

du
−−→
AB �

−→
AC �5Ã', dþã�ª���§|:







lk3

k1 + k3

=
mk3

k2 + k3
lk1

k1 + k3

= 1 −m
)�







l =
k1 + k3

k1 + k2 + k3

m =
k2 + k3

k1 + k2 + k3

.

=

−−→
AM =

k1 + k3

k1 + k2 + k3

−−→
AD.

q� AD � CF ��u M ′, Ón��

−−→
AM ′ =

k1 + k3

k1 + k2 + k3

−−→
AD,

= M � M ′ ­Ü, Ïd AD,BE,CF �uÓ�: M .

é?¿: O, k

−−→
OM =

−→
OA+

−−→
AM =

−→
OA+

k1 + k3

k1 + k2 + k3

(
k2

k1 + k3

−−→
AB +

k3

k1 + k3

−→
AC

)

=
−→
OA+

k1

k1 + k2 + k3

(
−−→
OB −−→

OA) +
k3

k1 + k2 + k3

(
−−→
OC −−→

OA)

=
1

k1 + k2 + k3

(k2

−→
OA+ k1

−−→
OB + k3

−−→
OC).

§ 3 ^�IL«�þ

1. �P , Qü:3Ie[O;−→e1 ,−→e2 ,−→e3 ]e��I©O´(2, 2, 1), (−1,−1, 3).

ÁxÑ P,Q :� �.

): �Nã.
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b

b

O

−→e1

−→e2

−→e3

P (2, 2, 1)

Q(−1,−1, 3)

1 1 Kã

A

C

B

D

O

1 2 Kã

2. éu²1o>/ABCD, ¦A,D,
−−→
AD,

−−→
DB3Ie[C;

−→
AC,

−−→
BD] e��

I.

):
−→
CA = −−→

AC = (−1)
−→
AC + 0

−−→
BD, : A �I� (−1, 0);

−−→
CD =

1

2

−→
CA+

1

2

−−→
BD = −1

2

−→
AC +

1

2

−−→
BD,

: D �I�

(

−1

2
,
1

2

)

;

−−→
AD =

1

2

−→
AC +

1

2

−−→
BD,

−−→
AD �I�

(
1

2
,
1

2

)

;

−−→
DB = −−−→

BD = 0
−→
AC + (−1)

−−→
BD,

−−→
DB �I� (0,−1).

3. � −→a ,
−→
b , −→c ��I©O´ (1, 5, 2), (0,−3, 4), (−2, 3,−1). ¦�þ

2−→a + −→c , −3−→a + 2
−→
b + 4−→c ��I.

): 2−→a + −→c = 2(1, 5, 2) + (−2, 3,−1) = (2, 10, 4) + (−2, 3,−1) =

(0, 13, 3).

− 3−→a + 2
−→
b + 4−→c = −3(1, 5, 2) + 2(0,−3, 4) + 4(−2, 3,−1)

= (−3,−15,−6) + (0,−6, 8) + (−8, 12,−4) = (−11,−9,−2).

4. ®� A!B ü:��I©O� (1,−2, 3), (4, 1, 2).

(1) Á(½: P ��I, ¦: P ©�ã AB ¤½' 3 : 2;

(2) Á(½: P ��I, ¦: P ©�ã BA ¤½' −2 : 3.
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): (1) d |−→AP | : |−−→PB| = 3 : 2 ��
−→
AP =

3

2

−−→
PB. |^~ 3.1 �½'©:

úª, � k =
3

2
, �� P :�I

(
14

5
,−1

5
,
12

5

)

.

(2) d®�^���
−−→
BP = −2

3

−→
PA, ^½'©:úª�� P :�I

(10, 7, 0).

5 ®� A(1,−1), B(−4, 5), ò�ã AB ò�� C ¦ |AC| = 5|AB|. ¦

: C ��I.

): (1) �
−→
AC = 5

−−→
AB, K

−−→
AB+

−−→
BC = 5

−−→
AB. Ïd

−−→
AB =

1

4

−−→
BC, = B ´

�ã AC �'��
1

4
�½'©:. ¤±







xB =
1 + 1

4
xC

1 + 1
4

yB =
−1 + 1

4
yC

1 + 1
4

)�: C(−24, 29).

(2) �
−→
AC = −5

−−→
AB, K

−→
CA = 5

−−→
AB. ¤±







xA =
xC + 5xB

1 + 5

yA =
yC + 5yB

1 + 5

)�: C(26,−31).

6. ®��ã AB �: C(2, 0, 2) Ú D(5,−2, 0) n�©, Á¦Ñù�ã�

ü�à: A,B ��I.

): Ø��A,B,C,D o:Xã¤«, A,B ü:��I©O� (xA, yA, zA)

� (xB , yB, zB), K
−→
AC =

−−→
CD,

−−→
CD =

−−→
DB. ¤±

(xC − xA, yC − yA, zC − zA) = (xD − xC , yD − yC, zD − zC),

=:






xA = 2xC − xD = −1

yA = 2yC − yD = 2

zA = 2zC − zD = 4.

Ón,






xB = 2xD − xC = 8

yB = 2yD − yC = −4

zB = 2zD − zC = −2.
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Ïd A,B ü:��I©O� (−1, 2, 4) � (8,−4,−2) (ü«�U).

b b b b

A C BD

1 6 Kã

b b b b b b

A C BD E F

1 7 Kã

7. � A,B ü:��I©O� (−6, 5,−8), (4, 0, 7), Á(½: C,D,E,F ,

¦ C,D,E,F ò�ã AB Ê�©.

): Ø�� A,B,C,D,E, F Xã. ¤±

−→
AC =

1

4

−−→
CB,

−−→
AD =

2

3

−−→
DB,

−→
AE =

3

2

−−→
EB,

−→
AF = 4

−−→
FB.

|^½'©:úª�� C :�I� (−4, 4,−5), D :�I� (−2, 3,−2), E :

�I� (0, 2, 1), F :�I� (2, 1, 4).

8. ABCD �²1o>/. ®� A, B 9é���:� � I © O �

(−3, 1, 5), (2,−3, 4), (1,−1, 2). Á(½: C, D ��I.

): �é���:� M , C,D ��I©O� (xC , yC , zC), (xD, yD, zD).

du M ´ A,C �¥:, Ïd







1

2
(−3 + xC) = 1

1

2
(1 + yC) = −1

1

2
(5 + zC) = 2,

)� C :�I� (5,−3,−1). du M �´ B,D �¥:, Ón�� D :�I

� (0, 1, 0).

9. y²n�/�n^¥��u�: (­%).

y²: � D,E,F ©O´> BC,CA,AB þ�¥:. AD � BE �u G,

AD � CF �u G′. K

−→
AG = k

−−→
AD = k

(
1

2

−−→
AB +

1

2

−→
AC

)

=
k

2

−−→
AB +

k

2

−→
AC.

eïá��Ie [A;
−−→
AB,

−→
AC], K: G �I�

(
k

2
,
k

2

)

. q

−−→
BG = m

−−→
BE = m

(
1

2

−−→
BA+

1

2

−−→
BC

)

= m

[

−1

2

−−→
AB +

1

2
(
−→
AC −−−→

AB)

]
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=
m

2

−→
AC −m

−−→
AB,

¤±
−−→
BG �I�

(

−m, m
2

)

. �
−→
AG =

−−→
AB +

−−→
BG, ¤±,

(
k

2
,
k

2

)

= (1, 0) +
(

−m, m
2

)

,

)�§| 





k

2
= 1 −m

k

2
=
m

2

� k = m =
2

3
. ¤± G ��I�

(
1

3
,
1

3

)

. Ón, �±í� G′ ��I�
(

1

3
,
1

3

)

. y� G = G′.

A F B

C

DE

M

1 9 Kã

A F B

C

D
E

M

1 10 Kã

∗
10. y²n�/�n^�²©��u�:.

y²: � △ABC �n^�²©�©O� AD,BE Ú CF . �� AD �

BE �u T :. -

−→
AT = k

−−→
AD =

k

|−−→AB| + |−→AC|
(|−→AC|−−→AB + |−−→AB|−→AC).

ïá��Ie [A;
−−→
AB,

−→
AC ], �-

−−→
AB = −→a ,

−→
AC =

−→
b . K T :�I´

(

k|−→b |
|−→a | + |−→b |

,
k|−→a |

|−→a | + |−→b |

)

. ·����

−−→
BE =

1

|−−→BA| + |−−→BC|
(|−−→BC|−−→BA+ |−−→BA|−−→BC),

¤±

−→
BT = m

−−→
BE =

m

|−→a | + |−→b −−→a |
(−|−→b −−→a |−→a + |−→a |(−→b −−→a ))
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= −m−→a +
m|−→a |

|−→a | + |−→b −−→a |
−→
b .

du
−→
AT =

−−→
AB +

−→
BT , ¤±

(

k|−→b |
|−→a | + |−→b |

,
k|−→a |

|−→a | + |−→b |

)

= (1, 0) +

(

−m, m|−→a |
|−→a | + |−→b −−→a |

)

,

=: 





k|−→b |
|−→a | + |−→b |

= 1 −m

k|−→a |
|−→a | + |−→b |

=
m|−→a |

|−→a | + |−→b −−→a |
)�:

k =
|−→a | + |−→b |

|−→a | + |−→b | + |−→b −−→a |
.

q� AD � CF �u T ′ :,

−−→
AT ′ = s

−−→
AD =

s|−→b |
|−→a | + |−→b |

−→a +
s|−→a |

|−→a | + |−→b |
−→
b .

� T ′ :��I�

(

s|−→b |
|−→a | + |−→b |

,
s|−→a |

|−→a | + |−→b |

)

.

−−→
CT ′ = t

−−→
CF =

t

|−→CA| + |−−→CB|
(|−−→CB|−→CA+|−→CA|−−→CB) =

t|−→b |
|−→b | + |−→a −−→

b |
−→a −t−→b ,

d
−−→
AT ′ =

−→
AC +

−−→
CT ′, �:

(

s|−→b |
|−→a | + |−→b |

,
s|−→a |

|−→a | + |−→b |

)

= (0, 1) +

(

t|−→b |
|−→b | + |−→a −−→

b |
,−t

)

,

=: 





s|−→b |
|−→a | + |−→b |

=
t|−→b |

|−→b | + |−→a −−→
b |

s|−→a |
|−→a | + |−→b |

= 1 − t

)�:

s =
|−→a | + |−→b |

|−→a | + |−→b | + |−→a −−→
b |
.
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dd�� s = k, = T = T ′.

11 3 △ABC ¥, : P d
−→
AP = k

−−→
AB +mt

−→
AC ¤(½, Ù¥¢ê k,m, t

÷v k +m = 1, k ≥ 1

3
, m ≥ 1

3
, −1 ≤ t ≤ 1. e¦ P � △ABC �­%, K

k,m, t �A��o�?

): ïá���IX [A;
−−→
AB,

−→
AC]. K A(0, 0), B(1, 0), C(0, 1), P (k,mt).

e P � △ABC �­%, K k =
1

3
, mt =

1

3
. 
 k +m = 1, í� m =

2

3
, l


t =
1

2
.

12. Xã, ®�²18¡N OABC−O1A1B1C1 ¥, : P 3cAA1 þ, �
−→
AP = 2

−−→
PA1, : S 3c CC1 þ, �

−→
CS =

1

2

−−→
SC1, : Q,R ©O´c O1C1, AB

�¥:. ¦y: �� PQ ��� RS ²1.

A B

C
O

A1 B1

O1
C1

P

Q

R

S

1 12 Kã

b b

b b

A

DB

C

E F

H G

1 13 Kã

y²: ïá�IX [O;
−→
OA,

−−→
OC,

−−→
OO1]. Ï� |−→AP | = 2|−−→PA1|, ¤±

−→
AP = 2

−−→
PA1 =

2

3

−−→
AA1,

−−→
OP =

−→
OA+

−→
AP =

−→
OA+

2

3

−−→
AA1 =

−→
OA+

2

3

−−→
OO1,

−−→
OQ =

−−→
OO1 +

−−→
O1Q =

−−→
OO1 +

1

2

−−→
OC,

l

−−→
PQ =

−−→
OQ−−−→

OP = −−→
OA+

2

3

−−→
OO1 +

1

2

−−→
OC.

aq/,
−−→
OR =

−→
OA+

−→
AR =

−−→
AB +

1

2

−−→
OC,

−→
OS =

−−→
OC +

−→
CS =

−−→
OC +

2

3

−−→
OO1,

¤±
−→
RS =

−→
OS −−−→

OR = −−→
OA+

2

3

−−→
OO1 +

1

2

−−→
OC.
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ù�Òk
−−→
PQ =

−→
RS, u´

−−→
PQ//

−→
RS.

13. ®��mo>/ ABCD, ò AB,AD,CD 9 CB ±�Ó'©�, y

²ùo�©:�¤��²1o>/.

y²: Xã. �©:� E,F,G,H. �

−→
AE = k

−−→
EB =

1

1 + k

−−→
AB,

−→
AF = k

−−→
FD =

1

1 + k

−−→
AD,

K
−−→
EF =

−→
AF −−→

AE =
1

1 + k

−−→
BD.

aq/, d
−−→
CH = k

−−→
CB ±9

−−→
CG = k

−−→
CD �±��

−−→
HG =

1

2

−−→
BD. Ïd

−−→
EF =

−−→
HG, y²
 EFGH ´²1o>/.

14. y²: o¡N�o^¥��u�: (=o¡N�­%), �d�:òz

�^¥�©¤½'� 3 : 1 (dº:�å) �üÜ©. (5: o¡N�¥�=o¡

N�º:�Ùé¡�­%�ë�)

y²: ïá���IX [V ;
−→
V A,

−−→
V B,

−−→
V C]. G :� △ABC �­%, G1 �

△V BC �­%, dSK 1–2 �1 3 K�:

−−→
V G =

1

3
(
−→
V A+

−−→
V B +

−−→
V C) =

(
1

3
,
1

3
,
1

3

)

,

−−→
AG1 =

1

3
(
−−→
AB +

−→
AC +

−→
AV ) =

1

3
(
−−→
V B −−→

V A+
−−→
V C −−→

V A−−→
V A)

=
1

3
(−3

−→
V A+

−−→
V B +

−−→
V C) =

(

−1,
1

3
,
1

3

)

.

�r¥� V G ©¤ 3 : 1 �©: M , =

−−→
VM =

3

4

−−→
V G =

(
1

4
,
1

4
,
1

4

)

,

Ó�,
−→
V A+

3

4

−−→
AG1 =

(
1

4
,
1

4
,
1

4

)

=
−−→
VM.

¤± M 3 V G � AG1 þ. Ón, �y�: e� G2, G3 ©O´ △V AB Ú

△V AC �­%. K CG2 � BG3 �7�u: M ′, �
−−−→
VM ′ =

(
1

4
,
1

4
,
1

4

)

, Ïd

M ′ = M , ��:©z�¥�¤½' 3 : 1.
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b

b

A

C

B

V

G
G1

1 14 Kã

b

b

A

C

B

D

E

V

1 15 Kã

15. o¡N�Ø���ü^c¡�éc, z�ééc�¥:�ë�¡�o

¡N�[¥�. y²: o¡N�n^[¥��u§�­%, �d­%´z�^[

¥��¥:.

y²: ÓþKïá���IX [V ;
−→
V A,

−−→
V B,

−−→
V C], � M ´o¡N�­%,

K
−−→
VM =

(
1

4
,
1

4
,
1

4

)

. � D,E ©O� AB,V C �¥:. K

−−→
AD =

1

2

−−→
AB =

1

2

−−→
V B − 1

2

−→
V A,

−−→
V D =

1

2

−→
V A+

1

2

−−→
V B =

(
1

2
,
1

2
, 0

)

.

−−→
V E =

1

2

−−→
V C =

(

0, 0,
1

2

)

,

¤±
−−→
ED =

−−→
V D −−−→

V E =

(
1

2
,
1

2
,−1

2

)

.

du
−−→
V E +

1

2

−−→
ED =

(
1

4
,
1

4
,
1

4

)

=
−−→
VM,

`²­% M 3 ED þ��© ED. Ón�yÙ§.

§ 4 �5�'5��5�§|

1. O�e� 2 �� 3 �1�ª:

): (1)

∣
∣
∣
∣
∣

−1 1

2 3

∣
∣
∣
∣
∣
= −5. (2)

∣
∣
∣
∣
∣

cos θ − sin θ

sin θ cos θ

∣
∣
∣
∣
∣
= 1.
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(3)

∣
∣
∣
∣
∣
∣
∣

1 2 2

0 −1 0

0 0 −1

∣
∣
∣
∣
∣
∣
∣

= 1. (4)

∣
∣
∣
∣
∣
∣
∣

1 1 1

2 3 4

4 9 16

∣
∣
∣
∣
∣
∣
∣

= 2.

(5)

∣
∣
∣
∣
∣
∣
∣

2 1 1

1 1 5

2 3 −3

∣
∣
∣
∣
∣
∣
∣

= −22. (6)

∣
∣
∣
∣
∣
∣
∣

x y z

z x y

y z x

∣
∣
∣
∣
∣
∣
∣

= x3 + y3 + z3 − 3xyz.

2. |^ 2 �½ 3 �1�ª)�5�§|:

(1)







2x− 3y = 5,

3x+ 2y = 1;
(2)







2x− y + 3z = 9,

3x− 5y + z = −3,

x+ 3y − 2z = −6.

): (1) x =

∣
∣
∣
∣
∣

5 −3

1 2

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

2 −3

3 2

∣
∣
∣
∣
∣

=
13

13
= 1, y =

∣
∣
∣
∣
∣

2 5

3 1

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

2 −3

3 2

∣
∣
∣
∣
∣

=
−13

13
= −1.

(2) x =

∣
∣
∣
∣
∣
∣
∣

9 −1 3

−3 −5 1

−6 3 −2

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

2 −1 3

3 −5 1

1 3 −2

∣
∣
∣
∣
∣
∣
∣

=
−42

49
= −6

7
, y =

∣
∣
∣
∣
∣
∣
∣

2 9 3

3 −3 1

1 −6 −2

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

2 −1 3

3 −5 1

1 3 −2

∣
∣
∣
∣
∣
∣
∣

=
42

49
=

6

7
, z =

∣
∣
∣
∣
∣
∣
∣

2 −1 9

3 −5 −3

1 3 −6

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

2 −1 3

3 −5 1

1 3 −2

∣
∣
∣
∣
∣
∣
∣

=
189

49
=

27

7
.

3. � −→e1 , −→e2 , −→e3 �Ä.

(1) y²: �þ −→a = −→e1 + 3−→e2 − −→e3 ,
−→
b = 2−→e1 − 3−→e2 − 10−→e3 , −→c =

−−→e1 + 2−→e2 + 6−→e3 �5Ã';

(2) ¦�þ
−→
d = 3−→a − 2

−→
b + −→c 3Ä −→e1 , −→e2 , −→e3 e��I;

(3) ¦�þ
−→
f , ¦ −−→a + 2

−→
b − 3−→c + 3

−→
f = 0.

): (1) �k¢ê x1, x2, x3 ÷v�5'Xªx1
−→a + x2

−→
b + x3

−→c = 0, L�
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¤�I/ªÒ´






x1 + 2x2 − x3 = 0

3x1 − 3x2 + 2x3 = 0

−x1 − 10x2 + 6x3 = 0,

§�Xê1�ª´ ∣
∣
∣
∣
∣
∣
∣

1 2 −1

3 −3 2

−1 −10 6

∣
∣
∣
∣
∣
∣
∣

= −5 6= 0,

Ïdù��§|�k"), = −→a ,−→b ,−→c �5Ã'.

(2)
−→
d = 3−→a − 2

−→
b + −→c = 3(−→e1 + 3−→e2 − −→e3) − 2(2−→e1 − 3−→e2 − 10−→e3 ) +

(−−→e1 + 2−→e2 + 6−→e3) = −2−→e1 + 17−→e2 + 23−→e3 , �
−→
d ��I´ (−2, 17, 23).

(3)
−→
f =

1

3
(−→a −2

−→
b +3−→c ) =

1

3
(−6−→e1+15−→e2+37−→e3) = −2−→e1+5−→e2+

37

3
−→e3 .

4. �äe�z|�n��þ −→a ,−→b ,−→c ´Ä�¡? UÄò −→c L«¤Ù§

ü��þ��5|Ü? eU, �ÑäN�L«ªf.

(1) −→a (5, 2, 1),
−→
b (−1, 4, 2), −→c (−1,−1, 5);

(2) −→a (3, 3, 2),
−→
b (6, 6, 4), −→c (1,−1, 0);

(3) −→a (1, 2,−3),
−→
b (−2,−4, 6), −→c (1, 0, 5).

): ¯K8(�¦) x1
−→a + x2

−→
b + x3

−→c = 0.

(1) àg�5�§|







5x1 − x2 − x3 = 0

2x1 + 4x2 − x3 = 0

x1 + 2x2 + 5x3 = 0,

ÙXê1�ª ∣
∣
∣
∣
∣
∣
∣

5 −1 −1

2 4 −1

1 2 5

∣
∣
∣
∣
∣
∣
∣

= 121 6= 0,

�§�k"), ���þ|Ø�¡.

(2) àg�5�§|







3x1 + 6x2 + x3 = 0

3x1 + 6x2 − x3 = 0

2x1 + 4x2 = 0,
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ÙXê1�ª ∣
∣
∣
∣
∣
∣
∣

3 6 1

3 6 −1

2 4 0

∣
∣
∣
∣
∣
∣
∣

= 0,

�§|k�"), ���þ|�¡. �ò −→c L«¤ −→a ,−→b ��5|Ü, ��

x3 = −1 �\, ���§|






3x1 + 6x2 = 1

3x1 + 6x2 = 1

2x1 + 4x2 = 0,

ù´gñ�§|, Ïd −→c ØUL«¤ −→a ,−→b ��5|Ü.

(3) àg�5�§|







x1 − 2x2 + x3 = 0

2x1 − 4x2 = 0

−3x1 + 6x2 + 5x3 = 0,

ÙXê1�ª ∣
∣
∣
∣
∣
∣
∣

1 −2 1

2 −4 0

−3 6 5

∣
∣
∣
∣
∣
∣
∣

= 0,

�§|k�"), ���þ|�¡. �ò −→c L«¤ −→a ,−→b ��5|Ü, ��

x3 = −1 �\, ���§|






x1 − 2x2 = −1

2x1 − 4x2 = 0

−3x1 + 6x2 = −5,

ù´gñ�§|, Ïd −→c ØUL«¤ −→a ,−→b ��5|Ü.

5. ��þ −→a ,−→b ,−→c ��I©O´ (1,−1, 2), (2, k, 1), (1, 1 − k, k). ¯:

� k ��o��, −→a ,−→b ,−→c �¡? AO/, k ��o��, −→a ,−→c ��?

): ù 3 ��þ�¡�¿©7�^�´Ù�I�1�ª�u 0, =
∣
∣
∣
∣
∣
∣
∣

1 −1 2

2 k 1

1 1 − k k

∣
∣
∣
∣
∣
∣
∣

= k2 − 3k + 2 = 0.
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Ïd� k = 1 ½ 2 �ù 3 ��þ�¡. �¦ −→a ,−→c ��7L¦§���A�I

¤'~, =
1

1
=

1 − k

−1
=
k

2
, )� k = 2. Ïd� k = 2 � −→a ,−→c ��.

6. � −→e1 , −→e2 , −→e3 �Ä. ¯�þ −→v UÄL��þ −→a ,−→b ,−→c ��5|Ü? X

U, K�ÑL�ª.

(1) −→a = −→e1 + 2−→e2 + 4−→e3 ,
−→
b = −→e1 − −→e2 + −→e3 , −→c = −→e1 + −→e2 + 3−→e3 ,

−→v = 6−→e1 + 3−→e2 + 15−→e3 ;

(2) −→a = −→e1 − 2−→e2 + 3−→e3 ,
−→
b = −→e1 + 2−→e2 + 2−→e3 , −→c = −−→e1 + 6−→e2 + 5−→e3 ,

−→v = 2−→e1 + −→e2 .
): � −→v = x1

−→a + x2

−→
b + x3

−→c , ¯K8(�)�5�§|.

(1) �§|�






x1 + x2 + x3 = 6

2x1 − x2 + x3 = 3

4x1 + x2 + 3x3 = 15,

Xê1�ª

∣
∣
∣
∣
∣
∣
∣

1 1 1

2 −1 1

4 1 3

∣
∣
∣
∣
∣
∣
∣

= 0, ØUä½�§|´Äk). ^\~��{)

�







x1 = 3 − 2

3
x3

x2 = 3 − 1

3
x3,

- x3 = 3k �±���5L«ª −→v = (3− 2k)−→a + (3−

k)
−→
b + 3k−→c , Ù¥ k �?¿ê.

(2) �§|�







x1 + x2 − x3 = 2

−2x1 + 2x2 + 6x3 = 1

3x1 + 2x2 + 5x3 = 0,

Xê1�ª

∣
∣
∣
∣
∣
∣
∣

1 1 −1

−2 2 6

3 2 5

∣
∣
∣
∣
∣
∣
∣

= 36,

�§|k):

x1 =

∣
∣
∣
∣
∣
∣
∣

2 1 −1

1 2 6

0 2 5

∣
∣
∣
∣
∣
∣
∣

36
= −11

36
, x2 =

∣
∣
∣
∣
∣
∣
∣

1 2 −1

−2 1 6

3 0 5

∣
∣
∣
∣
∣
∣
∣

36
=

16

9
,
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x3 =

∣
∣
∣
∣
∣
∣
∣

1 1 2

−2 2 1

3 2 0

∣
∣
∣
∣
∣
∣
∣

36
= −19

36
.

�5L«ª� −→v = −11

36
−→a +

16

9

−→
b − 19

36
−→c .

7. � a �Û��, e�o:�¡:

M1(1, a, a
2), M2(1,−1, 1), M3(2, 1,−2), M4(−1, 2, 2).

): �âíØ 4.5, d 4 :�¡�¿©7�^�´
∣
∣
∣
∣
∣
∣
∣

1 − 1 2 − 1 −1 − 1

−1 − a 1 − a 2 − a

1 − a2 −2 − a2 2 − a2

∣
∣
∣
∣
∣
∣
∣

= −7a2 − 5a+ 2 = 0,

)� a = −1 ½
2

7
.

§ 5 n ��þ�m

1. �â n ��þ�½Ây²: é?¿ n ��þ α, k

(1) 0α = 0;

(2) (−1)α = −α;

(3) k0 = 0 (?¿ê k);

(4) l kα = 0 íÑ k = 0 ½ α = 0.

y²: é?¿� α = (a1, · · · , an), K:

(1) 0α = (0a1, · · · , 0an) = (0, · · · , 0) = 0.

(2) (−1)α = ((−1)a1, · · · , (−1)an) = (−a1, · · · ,−an) = −α.

(3) k0 = (k0, · · · , k0) = (0, · · · , 0) = 0.

(4) kα = (ka1, · · · , kan) = (0, · · · , 0). e α 6= 0, K�3 ai 6= 0, d

kai = 0 �� k = 0.

2. y²: ?�ê�Ñ�¹knê�.

y²: � K ���ê�, K 1 ∈ K. ¤±é?¿���ê n k n =

1 + · · · + 1
︸ ︷︷ ︸

n

∈ K, ¿� n �K� −n ∈ K. Ïd K ¹k�Ü�ê. qÏé?¿

��ê n 6= 0, n ∈ K,
1

n
� n �_�, K

1

n
∈ K, ¤±é?¿�knê

m

n
(Ù

¥ m,n ´�ê), k
m

n
= m× n ∈ K, �knê� Q ⊆ K.
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3. y²: �N/X

a+ b
√

2, a, b ∈ Q

�ê|¤�8Ü�¤��ê�.

y²: rù�8ÜP� K, � a1 + b1
√

2, a2 + b2
√

2 ∈ K, K

(a1 + b1
√

2) ± (a2 + b2
√

2) = (a1 ± a2) + (b1 ± b2)
√

2 ∈ K

(Ï�knê�Ú��E´knê);

(a1 + b1
√

2)(a2 + b2
√

2) = (a1a2 + 2b1b2) + (a1b2 + a2b1)
√

2 ∈ K

(Ï�knê�Ú!��¦ÈE´knê); � a2 + b2
√

2 6= 0 �,

a1 + b1
√

2

a2 + b2
√

2
=

(a1 + b1
√

2)(a2 − b2
√

2)

a2
2 − 2b22

=
a1a2 − 2b1b2
a2

2 − 2b22
+
a2b1 − a1b2
a2

2 − 2b22
∈ K

(knê'uØ{�´µ4�). Ïd8Ü K 'u\~¦Ø{Ñµ4, ¤���

ê�.

4. � K �ê�, V � K þ� n ��þ�m. y²: é¤k� k ∈ K,

α, β ∈ V , k

(1) k(α− β) = kα− kβ;

(2) α+ α+ · · · + α
︸ ︷︷ ︸

n �

= nα;

(3) e α+ β = α+ γ, K β = γ.

y²: � α = (a1, · · · , an), β = (b1, · · · , bn) (ai, bi ∈ K). Ké?¿�

k ∈ K,

(1) k(α− β) = k(a1 − b1, · · · , an − bn) = (k(a1 − b1), · · · , k(an − bn)) =

(ka1 − kb1, · · · , kan − kbn) = k(a1, · · · , an) − k(b1, · · · , bn) = kα− kβ.

(2) α+ · · · + α
︸ ︷︷ ︸

n

= (a1 + · · · a1
︸ ︷︷ ︸

n

, a2 + · · · + a2
︸ ︷︷ ︸

n

, · · · , an + · · · + an
︸ ︷︷ ︸

n

) = (na1,

· · · , nan) = nα.

(3) e� γ = (c1, · · · , cn), � α+β = α+ γ, =: (a1 + b1, · · · , an + bn) =

(a1 + c1, · · · , an + cn), Kk ai + bi = ai + ci, =bi = ci, ¤±β = γ.

§ 6 AÛ�m�þ�SÈ

1. òe��þü z:

(1) −→a = 5
−→
i − 6

−→
j + 3

−→
k ; (2)

−→
b =

1

2

−→
i − 1

3

−→
k .
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): (1)
−→
a0 =

−→a
|−→a | =

√
70

70
(5
−→
i − 6

−→
j + 3

−→
k ).

(2)
−→
b0 =

−→
b

|−→b |
=

√
13

13
(3
−→
i − 2

−→
k ).

2. O�e��þ�Y�:

(1) −→a = (1,−2, 3),
−→
b = (2, 1,−2); (2) −→a=(−2, 1,−1),

−→
b =(1,−1, 4).

): (1) |−→a | =
√

14, |−→b | = 3, −→a · −→b = −6, ¤±

cos〈−→a ,−→b 〉 =
−6√
14 · 3

= −
√

14

7
, 〈−→a ,−→b 〉 = π − arccos

√
14

7
.

(2) |−→a | =
√

6, |−→b | = 3
√

2, −→a · −→b = −7, ¤±

cos〈−→a ,−→b 〉 =
−7

6
√

3
= −7

√
3

18
, 〈−→a ,−→b 〉 = π − arccos

7
√

3

18
.

3. ¦�þ −→a 3
−→
e0 þ�ÝK:

(1) −→a = (1,−1, 2), −→e = (1, 1, 1); (2) −→a = (−2, 1, 3), −→e = (1, 2, 0).

): (1)
−→
e0 =

−→e
|−→e | =

√
3

3
(1, 1, 1), K

pr−→
e0

−→a = (Π−→
e0

−→a )
−→
e0 = (−→a ·

−→
e0)

−→
e0 =

2
√

3

3

−→
e0

=
2
√

3

3
·
√

3

3
(1, 1, 1) =

2

3
(1, 1, 1).

(2) Ï −→a · −→e = 0, ¤± pr−→
e0

−→a = 0.

4. y²: ± A(3,−1, 2), B(0,−4, 2), C(−3, 2, 1) �º:�n�/´��

n�/.

y²:
−−→
AB = (−3,−3, 0),

−→
AC = (−6, 3,−1),

−−→
BC = (−3, 6,−1), |−−→AB| =

3
√

2, |−→AC| = |−−→BC| =
√

46 6= |−−→AB|, ¤± △ABC ´��n�/.

5. y²: ± A(3,−2, 1), B(7, 6, 9), C(9, 1,−5) �º:�n�/´��n

�/.

y²:
−−→
AB = (4, 8, 8),

−→
AC = (6, 3,−6),

−−→
AB · −→AC = 12(2 + 2− 4) = 0, ¤

± △ABC ´��n�/.

6. �kn��þ −→a ,−→b ,−→c üü�¤ 60◦ �, �� |−→a | = 4, |−→b | = 2,

|−→c | = 6. ¦ −→a +
−→
b + −→c ��Ý.

): |−→a +
−→
b +−→c |2 = (−→a +

−→
b +−→c ) · (−→a +

−→
b +−→c ) = −→a 2 +

−→
b 2 +−→c 2 +

2−→a · −→b + 2−→a · −→c + 2
−→
b · −→c = 16 + 4 + 36 + 2(8 + 24 + 12) cos 60◦ = 100. ¤

± |−→a +
−→
b + −→c | = 10.
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7. ®� |−→a | = 3, |−→b | = 2, 〈−→a ,−→b 〉 =
π

6
. Á¦ 3−→a + 2

−→
b � 2−→a − 5

−→
b �

SÈ.

): (3−→a +2
−→
b ) · (2−→a − 5

−→
b ) = 6−→a 2 − 10

−→
b 2 − 11−→a ·−→b = 54− 40− 11×

3 × 2 ×
√

3

2
= 14 − 33

√
3.

8. 3���IX¥, −→a ,−→b ,−→c ��I©O´(3, 5, 7), (0, 4, 3), (−1, 2,−4).

¦ 3−→a + 4
−→
b − 5−→c � 2

−→
b + −→c �Y�.

): P

−→p = 3−→a + 4
−→
b − 5−→c = (14, 21, 53), −→q = 2

−→
b + −→c = (−1, 10, 2),

K
−→p 2 = 3446, −→q 2 = 105, −→p · −→q = 302.

¤±

cos〈−→p ,−→q 〉 =
151

√
361830

180915
.

9. ¦e��þ���{u:

(1) −→a = (2,−3,−6); (2)
−→
b = (2, 3,−10).

): (1) cosα =
2

7
, cos β =

−3

7
, cos γ =

−6

7
.

(2) cosα =
2
√

113

113
, cos β =

3
√

113

113
, cos γ = −10

√
113

113
.

10 ��þ −→a = (1, 2, 4),
−→
b = (1, 1, 1), −→c =

−→
b − k−→a (k ´¢ê).

(1) ¦ k ¦ −→c ⊥ −→a ; (2) ¦� −→a ,−→c ÑR��
−→
d .

): (1) d®�,

−→c ⊥ −→a ⇐⇒ −→a · −→c = 0 ⇐⇒ −→a · −→b − k−→a 2 = 0.


 −→a · −→b = 7, −→a 2 = 21, ¤± k =
1

3
.

(2)
−→
d R�u −→a ,−→c �du

−→
d · −→a =

−→
d · −→c = 0, db� −→c =

−→
b − k−→a ,

��du
−→
d · −→a =

−→
d · −→b = 0. �

−→
d = (x, y, z), �

−→
d · −→a = x+ 2y + 4z = 0,

−→
d · −→b = x+ y + z = 0.

)� x = 2z, y = −3z, =
−→
d = (2k,−3k, k) (k ´¢ê).

11 � −→a ,−→b ´ü�ü �þ, s, t ´ü��"¢ê, ¦�

|s−→a + t
−→
b | = |t−→a − s

−→
b |,
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¦ −→a ,−→b �Y�.

): d |s−→a + t
−→
b | = |t−→a − s

−→
b | � (s−→a + t

−→
b )2 = (t−→a − s

−→
b )2. íÑ

s2 + t2 + 2st−→a · −→b = t2 + s2 − 2st−→a · −→b . � 2st−→a · −→b = 0. qÏ st 6= 0, �
−→a · −→b = 0, Y��

π

2
.

12. Xã, ®���N OABC–O1A1B1C1 ¥, |OA| = 8, |OC| = 6,

|OO1| = 1. P ´c OC þ�:, � |PC| = 2|OP |, M ´c AB þ�:, �

|AM | = 2|MB|, N ´c B1C1 �¥:. ¦�� A1P ��� MN ¤¤��.

): r�þ
−→
OA,

−−→
OC,

−−→
OO1 �ü �þP�

−→
i ,

−→
j ,

−→
k , ïá���IX

[O;
−→
i ,

−→
j ,

−→
k ]. K

−−→
OA1 = 8

−→
i +

−→
k = (8, 0, 1);

−−→
OP =

1

3

−−→
OC = 2

−→
j = (0, 2, 0);

−−→
OM = 8

−→
i +

2

3

−−→
OC = 8

−→
i + 4

−→
j = (8, 4, 0);

−−→
ON =

1

2

−→
OA+ 6

−→
j +

−→
k = (4, 6, 1);

Ïd
−−→
A1P =

−−→
OP −−−→

OA1 = (−8, 2,−1);

−−→
MN =

−−→
ON −−−→

OM = (−4, 2, 1).

¤±

cos〈−−→A1P ,
−−→
MN〉 =

35√
69

√
21

=
5
√

161

69
.

O

A B

C

C1

A1

O1

B1

P

M

N

1 12 Kã

A B

D
C

A1 B1

C1D1

1 13 Kã

13. O���N�é���§�?��¡�é���m�Y�.

): ïá���IX [A;
−−→
AB,

−−→
AD,

−−→
AA1], ±é�� AC1 5O�dK.

−−→
AC1 =

−−→
AB +

−−→
BC +

−−→
CC1 =

−−→
AB +

−−→
AD +

−−→
AA1 = (1, 1, 1).
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(a)
−−→
AB1 =

−−→
AB +

−−→
BB1 =

−−→
AB +

−−→
AA1 = (1, 0, 1), ¤± cos〈−−→AC1,

−−→
AB1〉 =

2√
3 ·

√
2

=

√
6

3
. dé¡5,

−−→
AC1 �

−−−→
A1C1,

−−→
AD1,

−−→
BC1,

−−→
DC1,

−→
AC �Y�{u�

�

√
6

3
.

(b)
−−→
BD =

−−→
AD − −−→

AB = (−1, 0, 1), ¤± cos〈−−→AC1,
−−→
BD〉 =

0√
3 ·

√
2

= 0,

= 〈−−→AC1,
−−→
BD〉 =

π

2
. Ón.

−−→
AC1 �

−−→
B1D,

−−→
DA1,

−−→
CB1,

−−→
BA1,

−−→
CD1 �Y���

π

2
.

14. Á¯ (−→a−→b )−→c = −→a (
−→
b −→c ) �½¤áí? ��ÑT�þ�ª¤á�^

�.

): �ª�à´� −→c ����þ, mà´� −→a ����þ. XJüàÑ

Ø�u 0, K −→a � −→c ��, =�3 k 6= 0, ¦ −→a = k−→c . ��e −→a = k−→c , �

> = k(−→c · −→b )−→c = (k−→c )(
−→
b · −→c ) = m>.

e�ªü>Ñ�u 0, K½ö −→a ,−→b ,−→c ¥��k��"�þ; ½ön��

þÑØ�u 0, � −→a · −→b =
−→
b · −→c = 0, =

−→
b � −→a ,−→c þ��.

15. ¦)�þ�§ −→a −→x =
−→
b −→x .

): Ï� (−→a −−→
b )−→x = 0, ©ü«�¹: (a) e −→a −−→

b 6= 0, K) −→x �?

¿� −→a −−→
b R���þ; (b) e −→a −−→

b = 0, K?¿�þ −→x Ñ´)�þ.

16. e�þ −→a ,−→b ,−→c Ø�¡, 
� −→a−→x = 0,
−→
b −→x = 0, −→c −→x = 0. K

−→x = 0. Áy�.

y²: Ï�−→a ,−→b ,−→c Ø�¡, ¤±§��5Ã', �−→x �d§��5L«,

=: −→x = k1
−→a +k2

−→
b +k3

−→c . u´−→x 2 = k1(
−→a ·−→x )+k2(

−→
b ·−→x )+k3(

−→c ·−→x ) = 0,

=: −→x = 0.

17. y²n��þ −→a ,−→b ,−→c �¡�¿©7�^�´

∣
∣
∣
∣
∣
∣
∣

−→a −→a −→a−→b −→a−→c
−→
b −→a −→

b
−→
b

−→
b −→c

−→c −→a −→c −→b −→c −→c

∣
∣
∣
∣
∣
∣
∣

= 0.

y²: −→a ,−→b ,−→c �¡��=�kØ��"�¢ê k1, k2, k3 ¦: k1
−→a +

k2

−→
b + k3

−→c = 0. l








k1
−→a 2 + k2(

−→a · −→b ) + k3(
−→a · −→c ) = 0

k1(
−→
b · −→a ) + k2

−→
b 2 + k3(

−→
b · −→c ) = 0

k1(
−→c · −→a ) + k2(

−→c · −→b ) + k3
−→c 2 = 0,
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�=àg�5�§|







x−→a 2 + y(−→a · −→b ) + z(−→a · −→c ) = 0

x(
−→
b · −→a ) + y

−→
b 2 + z(

−→
b · −→c ) = 0

x(−→c · −→a ) + y(−→c · −→b ) + z−→c 2 = 0

(∗)

k�") x = k1, y = k2, z = k3. �âÚn 4.1, Xê1�ª

∣
∣
∣
∣
∣
∣
∣

−→a 2 −→a · −→b −→a · −→c
−→
b · −→a −→

b 2
−→
b · −→c

−→c · −→a −→c · −→b −→c 2

∣
∣
∣
∣
∣
∣
∣

= 0.

��, e
∣
∣
∣
∣
∣
∣
∣

−→a 2 −→a · −→b −→a · −→c
−→
b · −→a −→

b 2
−→
b · −→c

−→c · −→a −→c · −→b −→c 2

∣
∣
∣
∣
∣
∣
∣

= 0,

K (∗) 7k�"), �� x = k1, y = k2, z = k3, - −→p = k1
−→a + k2

−→
b + k3

−→c ,

@o. l (∗) �:

−→p 2 = k1
−→p · −→a + k2

−→p · −→b + k3
−→p · −→c = 0,

= −→p = 0, −→a ,−→b ,−→c �5Ã', 7½�¡.

18. n�/ ABC ¥, ®� BC >þ�p� AH. Á^
−−→
AB,

−→
AC L«

−−→
AH.

B H C

A

1 18 Kã

): ò
−−→
AH =

−−→
AB + k

−−→
BC �\

−−→
AH · −−→BC = 0, �

−−→
AB · −−→BC + k

−−→
BC2 = 0.

Ïd

k =
−−−→
AB · −−→BC
−−→
BC2

,

�

−−→
AH =

−−→
AB − (

−−→
AB · −−→BC)

−−→
BC

−−→
BC2

.
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2^
−−→
BC =

−→
AC −−−→

AB �\, �n��

−−→
AH =

1

(
−→
AC −−−→

AB)2
[(
−→
AC · (−→AC −−−→

AB))
−−→
AB − (

−−→
AB · (−→AC −−−→

AB))
−→
AC ].

19 3²¡o>/ ABCD ¥, �
−−→
AB = −→a ,

−−→
BC =

−→
b ,

−−→
CD = −→c ,

−−→
DA =

−→
d . @o, � −→a · −→b =

−→
b · −→c = −→c · −→d =

−→
d · −→a �, ABCD ´�oo>/? �

�o?

): du −→a +
−→
b + −→c +

−→
d = 0, ¤±







−→a +
−→
b = −(−→c +

−→
d )

−→a +
−→
d = −(

−→
b + −→c )

=: 





−→a 2 +
−→
b 2 + 2−→a · −→b = −→c 2 +

−→
d 2 + 2−→c · −→d

−→a 2 +
−→
d 2 + 2−→a · −→d =

−→
b 2 + −→c 2 + 2

−→
b · −→c

¤± −→a 2 +
−→
b 2 = −→c 2 +

−→
d 2, −→a 2 +

−→
d 2 =

−→
b 2 +−→c 2. í� −→a 2 = −→c 2,

−→
b 2 =

−→
d 2.

l
 |AB| = |CD|, |BC| = |AD|, = ABCD ´²1o>/, � −→a + −→c = 0,
−→
b +

−→
d = 0. d −→a ·−→b =

−→
b ·−→c = −−→a ·−→b � 0 = −→a ·−→b =

−→
b ·−→c = −→c ·−→d =

−→
d · −→a . Ïd ABCD ´Ý/.

∗
20. ���o>/�>��©O´ a, b, c, d, �Ùé��p�R�. ¦y�

>���´ a, b, c, d �?�o>/�ü^é����pR�.

y²: Xã, k

−→
AC =

−−→
AB +

−−→
BC =

−−→
AD +

−−→
DC,

−−→
BD =

−−→
BC +

−−→
CD =

−−→
BA+

−−→
AD.

�Ä±eSÈ:

−→
AC ·−−→BD = (

−−→
AB+

−−→
BC) ·(−−→BC+

−−→
CD) =

−−→
BC2+

−−→
AB ·−−→BC+

−−→
AB ·−−→CD+

−−→
BC ·−−→CD;

−→
AC ·−−→BD = (

−−→
AB+

−−→
BC)·(−−→BA+

−−→
AD) = −−−→

AB2+
−−→
AB ·−−→AD−−−→

AB ·−−→BC+
−−→
AD ·−−→BC;

−→
AC ·−−→BD = (

−−→
AD+

−−→
DC)·(−−→BC+

−−→
CD) = −−−→

CD2+
−−→
AD·−−→BC+

−−→
AD·−−→CD−−−→

BC ·−−→CD;
−→
AC ·−−→BD = (

−−→
AD+

−−→
DC) ·(−−→BA+

−−→
AD) =

−−→
AD2−−−→

AB ·−−→AD+
−−→
AB ·−−→CD−−−→

AD ·−−→CD.

òþã 4 ª�\, ��:

4
−→
AC · −−→BD =

−−→
AD2 +

−−→
BC2 −−−→

AB2 −−−→
CD2 + 2

−−→
AB · −−→CD + 2

−−→
AD · −−→BC.
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d
−−→
AB +

−−→
BC +

−−→
CD +

−−→
DA = 0

��
−−→
AB +

−−→
CD =

−−→
AD −−−→

BC.

d

(
−−→
AB +

−−→
CD)2 = (

−−→
AD −−−→

BC)2

�n�

−−→
AD2 +

−−→
BC2 −−−→

AB2 −−−→
CD2 = 2(

−−→
AB · −−→CD +

−−→
AD · −−→BC).

�\þª�

4
−→
AC · −−→BD = 2(

−−→
AD2 +

−−→
BC2 −−−→

AB2 −−−→
CD2) = 2(b2 + d2 − a2 − c2).

ù`²é��R��¿©7�^�´ a2 + c2 = b2 + d2, ��o>/�>�k

'.

A B

D

C

O

1 20 Kã

A
B

C

Q

P

1 21 Kã

21 k��n�/ △ABC Ú���. n�/�n>��©O´ |BC| = a,

|CA| = b, |AB| = c, ���%3: A, �»� r. ����^�» PQ ¦
−−→
BP · −−→CQ ��: (1) ��, (2) ��. Á©O¦Ñ

−−→
PQ, ¿^ a, b, c 9 r ©OL«

ù���Ú���.

): �
−−→
PQ ����^�», K

−→
AQ = −−→

AP , |−→AQ| = |−→AP | = r. du
−−→
BP =

−−→
BA+

−→
AP ,

−−→
CQ =

−→
CA+

−→
AQ, �

−−→
BP · −−→CQ = (

−−→
BA+

−→
AP ) · (−→CA+

−→
AQ) =

−−→
BA · −→CA+ (

−→
CA−−−→

BA) · −→AP − r2

=
−−→
BA · −→CA+

−−→
CB · −→AP − r2.
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(1) �¦
−−→
BP · −−→CQ ��4���=�

−−→
CB · −→AP ��4�, ��=�

−→
AP = k

−−→
CB, k > 0;

(2) �¦
−−→
BP · −−→CQ ��4���=�

−−→
CB · −→AP ��4�, ��=�

−→
AP = −m−−→

CB, m > 0.


 |−→AP | = r, ¤± k = m =
r

a
,
−−→
PQ = −2

−→
AP . ����:

(1)
−−→
PQ = −2r

a

−−→
CB, ����

cb cos ∠BAC + ar − r2 =
b2 + c2 − a2

2
+ ar − r2;

(2)
−−→
PQ =

2r

a

−−→
CB, ����

cb cos ∠BAC − ar − r2 =
b2 + c2 − a2

2
− ar − r2.

22 �k��þ8Ü S = {−→x | |−→x |2 + −→a · −→x ≤ 1}, −→a ´���"�þ.

y²: éu?¿ −→x ,−→y ∈ S 9¢ê 0 ≤ t ≤ 1, t−→x + (1 − t)−→y ∈ S.

):

|−→x |2 + −→a · −→x ≤ 1 ⇐⇒
(

−→x +
−→a
2

)2

≤ 1 +
−→a 2

4
.

eP r = 1 +
−→a 2

4
, K −→x ∈ S ��=� −→x á3± −

−→a
2

��%, �»� r ��

S (�)�±). Ïdé 0 ≤ t ≤ 1 9?¿ −→x ,−→y ∈ S, �I�y
∣
∣
∣
∣
t−→x + (1 − t)−→y +

−→a
2

∣
∣
∣
∣
≤ r = 1 +

−→a 2

4
.

∣
∣
∣
∣
t−→x + (1 − t)−→y +

−→a
2

∣
∣
∣
∣
=

∣
∣
∣
∣
t

(

−→x +
−→a
2

)

+ (1 − t)

(

−→y +
−→a
2

)∣
∣
∣
∣

≤ t

∣
∣
∣
∣
−→x +

−→a
2

∣
∣
∣
∣
+ (1 − t)

∣
∣
∣
∣
−→y +

−→a
2

∣
∣
∣
∣
≤ tr + (1 − t)r = r.

¤± t−→x + (1 − t)−→y ∈ S.
∗
23 �o>/ A1A2A3A4 �� C �S�o>/, H1,H2,H3,H4 �g´

△A2A3A4, △A3A4A1, △A4A1A2, △A1A2A3 �R%. ¦y: H1,H2,H3,H4

o:��. (J«: ±� C ��%��:ïá���IX)

): ±� C ��%��: O ïá���IX. �� C ��»� r, K

|OAi| = r. 3 △A2A3A4 ¥, -
−−→
OH1 =

−−→
OA2 +

−−→
OA3 +

−−→
OA4, K

−−−→
A2H1 ·

−−−→
A3A4 = (

−−→
OH1−

−−→
OA2)(

−−→
OA4−

−−→
OA3) = (

−−→
OA4 +

−−→
OA3)(

−−→
OA4−

−−→
OA3) = 0.



§ 6 AÛ�m�þ�SÈ · 37 ·

Ón,
−−−→
A3H1 ·

−−−→
A2A4 =

−−−→
A4H1 ·

−−−→
A2A3 = 0, = H1 ´ △A2A3A4 �R%. Ù{Ó

n. Ïdk

−−→
OHi = (

−−→
OA1 +

−−→
OA2 +

−−→
OA3 +

−−→
OA4) −

−−→
OAi, (i = 1, 2, 3, 4)

-
−−→
OH0 =

∑4

i=1

−−→
OAi, ù´��~�þ, K |−−→OHi −

−−→
OH0| = |−−→OAi| = r. ¤±

H1,H2,H3,H4 3± H0 ��%!�»� r ��±þ.
∗
24 � 0 < a < 1, 0 < b < 1. ^AÛ�{y²:

√
a2 + b2 +

√

(1 − a)2 + b2 +
√

a2 + (1 − b)2 +
√

(1 − a)2 + (1 − b)2 ≥ 2
√

2.

): ïá²¡���IX [O;
−→
i ,

−→
j ]. � A(0, 0), B(1, 0), C(1, 1), D(0, 1)

o�:�¤����/, >�� 1. � P (a, b), K P 3��/ ABCD �S,

� |PA| =
√
a2 + b2, |PB| =

√

(1 − a)2 + b2, |PC| =
√

(1 − a)2 + (1 − b)2,

|PD| =
√

a2 + (1 − b)2. du |PA| + |PC| ≥ |AC| =
√

2, |PB| + |PD| ≥
|BD| =

√
2, �y.

∗
25 � P1, P2, · · · , P6 ´¥%3�: O!�»� 1 ��þ�É� 6 :. y

²: o�±3
−−→
OP1,

−−→
OP2, · · · ,

−−→
OP6 ¥éÑü��þ

−−→
OPi Ú

−−→
OPj (1 ≤ i 6= j ≤ 6)

¦� |−−→OPi +
−−→
OPj| ≥

√
3.

): - aij L«
−−→
OPi �

−−→
OPj �Y� (≤ π), = aij = ∠PiOPj 6= π. �

a0 = min{aij | 1 ≤ i 6= j ≤ 6}, ·�ky 0 < a0 ≤ π

3
. Ø��l

−−→
OP1

m©�_��=Ä��g��
−−→
OP2, · · · ,

−−→
OP6, e a12 >

π

3
, a23 >

π

3
, . . . ,

a16 >
π

3
, ò�� 2π = a12 + · · · + a61 > 6 × π

3
= 2π, gñ. ÏdØ��

a12 = ∠P1OP2 ≤ π

3
. |^{u½nBk

|−−→OP1 +
−−→
OP2|2 = 2 + 2 cos a12 ≥ 2 + 1 = 3.

= |−−→OP1 +
−−→
OP2| ≥

√
3.

∗
26 �¢ê a, b, c ÷v: a + b + c = 0, a2 + b2 + c2 = 1. XJP −→ri =

(xi, yi, zi) (i = 1, · · · , 6), Ù¥ {xi, yi, zi} = {a, b, c}. K7�3 −→ri 6= −→rj , ¦

−→ri · −→rj ≥ 1

2
.

): � −→p = (1, 1, 1). Ké?¿ −→ri (1 ≤ i ≤ 6), ok −→ri · −→p = 0. Ï

d −→r1 , · · · ,−→r6 þ� −→p R�, l
§��¡. 2d |−→ri | = 1 (1 ≤ i ≤ 6), ��
−→r1 , · · · ,−→r6 ´ü �þ� 6 ��É:. dSK 25 ��, 7�3�É�ü��þ,

�� −→ri 6= −→rj , ¦�

|−→ri + −→rj | ≥
√

3.

ü>²����� |−→ri |2 + |−→rj |2 + 2(−→ri · −→rj ) ≥ 3, = −→ri · −→rj ≥ 1

2
.
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§ 7 AÛ�m�þ�	È

1. 3���IX¥, ®� −→a ,−→b ,−→c ��I©O´ (1, 0, 1), (1,−2, 0),

(−1, 2, 1), ¦ (3−→a +
−→
b ) × (

−→
b −−→c ) ��I.

): 3−→a +
−→
b = (4,−2, 3),

−→
b −−→c = (2,−4,−1), ¤±

(3−→a +
−→
b ) × (

−→
b −−→c ) =

(∣
∣
∣
∣
∣

−2 3

−4 −1

∣
∣
∣
∣
∣
,−
∣
∣
∣
∣
∣

4 3

2 −1

∣
∣
∣
∣
∣
,

∣
∣
∣
∣
∣

4 −2

2 −4

∣
∣
∣
∣
∣

)

= (14, 10,−12).

2. y² (−→a ×−→
b )2 ≤ −→a 2

−→
b 2. ¿`²�ªÛ�¤á.

y²: (−→a ×−→
b )2 = |−→a ×−→

b |2 = |−→a |2|−→b |2 sin2〈−→a ,−→b 〉 ≤ |−→a |2|−→b |2, �Ò

¤á��=� sin〈−→a ,−→b 〉 = 0. =: −→a //−→b .

3. ®� −→a ,−→b ´ü�pØ²1��þ, ¦y (−→a − −→
b ) × (−→a +

−→
b ) =

2(−→a ×−→
b ), ¿`²§�AÛ¿Â.

y²: (−→a −−→
b ) × (−→a +

−→
b ) = −→a ×−→a + −→a ×−→

b −−→
b ×−→a −−→

b ×−→
b =

2(−→a ×−→
b ). AÛ¿Â: e± −→a ,−→b �¤��²1o>/���ü>, K −→a −−→

b ,
−→a +

−→
b �d²1o>/�üé��. þª`²: ±é���¤�²1o>/¡

È��²1o>/¡È 2 �.

4. ¦�þ −→c , ¦ −→c ⊥ −→a , −→c ⊥ −→
b , Ù¥,

(1) −→a =
−→
i − 2

−→
j + 3

−→
k ,

−→
b = 4

−→
j − 5

−→
k ;

(2) −→a = 3
−→
i −−→

j +
−→
k ,

−→
b = −−→

i + 2
−→
j −−→

k .

): - −→c = −→a ×−→
b . K −→c ⊥ −→a , −→c ⊥ −→

b . O��:

(1) −→c = −→a ×−→
b = −2

−→
i + 5

−→
j + 4

−→
k .

(2) −→c = −→a ×−→
b = −−→

i + 2
−→
j + 5

−→
k . (�K�YØ��)

5. O�d�þ −→a ,
−→
b ¤Ü¤�²1o>/�¡È:

(1) −→a = 3
−→
i + 4

−→
j + 2

−→
k ,

−→
b = 2

−→
i +

−→
j +

−→
k ;

(2) −→a = −−→
i + 2

−→
j +

−→
k ,

−→
b = 2

−→
i − 2

−→
j .

): (1) −→a × −→
b = 2

−→
i +

−→
j − 5

−→
k , |−→a × −→

b | =
√

30. ¤± −→a ,−→b Ü¤�

²1o>/¡È�
√

30.

(2) −→a ×−→
b = 2

−→
i + 2

−→
j − 2

−→
k , |−→a ×−→

b | = 2
√

3, ¤± −→a ,−→b Ü¤�²1

o>/¡È� 2
√

3.
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D
A

B
C

C1

A1

D1

B1

P

C2

1 6 Kã

6. Xã, ®� ABCD−A1B1C1D1 ´ü ��N, P ´c DD1 þ?¿�

�:. �ã C1C2 �¥:´ B1. ��Ñe����þÈ¤(½��þ:

(1)
−−→
A1P ×−−→

A1A; (2)
−−→
PC ×−−→

A1A; (3)
−−→
A1C ×−−→

A1A.

): ïá��Ie [A1;
−−−→
A1B1,

−−−→
A1D1,

−−→
A1A]. � P � DD1 þ?�:. K:

−−→
A1P =

−−−→
A1D1 +

−−→
D1P =

−−−→
A1D1 + k

−−→
D1D =

−−−→
A1D1 + k

−−→
A1A = (0, 1, k),

−−→
A1C =

(1, 1, 1).

(1)
−−→
A1P ×−−→

A1A = (0, 1, k) × (0, 0, 1) = (1, 0, 0) =
−−−→
A1B1.

(2)
−−→
PC =

−−→
A1C−−−→

A1P = (1, 0, 1−k), −−→PC×−−→
A1A = (1, 0, 1−k)×(0, 0, 1) =

(0,−1, 0) = −−−−→
A1D1 =

−−−→
D1A1.

(3)
−−→
A1C×−−→

A1A = (1, 1, 1)×(0, 0, 1) = (1,−1, 0) =
−−−→
A1B1−

−−−→
A1D1 =

−−−→
A1C2.

7. � −→u = 2
−→
i + 3

−→
j − −→

k , −→v = −8
−→
i − 5

−→
j + 3

−→
k . ¦ −→v1 ,

−→v2 , ¦−→v =
−→v1 + −→v2 ,

−→v1 ⊥ −→u , −→v2//
−→u .

): -
−→
u0 =

−→u
|−→u | =

1√
14

(2, 3,−1), pr−→
u0

−→v = (−→v ·
−→
u0)

−→
u0 =

−17

7
(2, 3,−1).

-

−→v2 =
−17

7
(2
−→
i + 3

−→
j −−→

k ), −→v1 = −→v −−→v2 =
2

7
(−11

−→
i + 8

−→
j + 2

−→
k ),

K: −→v2//
−→u , � −→v1 · −→u = 0.

8. � −→u ��½��"�þ, −→v �?��þ.

(1) y²: −→v ���©)� −→v = −→v1 + −→v2 , Ù¥, −→v1 ⊥ −→u , −→v2//
−→u ;

(2) äN�Ñ −→v1 ,
−→v2 �L�ª.

y²: (1) e −→v kü«©){: −→v = −→v1 + −→v2 =
−→
v′1 +

−→
v′2 , Ù¥. −→v1 ⊥ −→u ,−→

v′1 ⊥ −→u , −→v2//
−→u ,

−→
v′2//

−→u , K −→v1 − −→
v′1 =

−→
v′2 − −→v2 . � (−→v1 − −→

v′1) · −→u = 0,

(
−→
v′2 −−→v2)×−→u = 0, ¤± −→v1 −

−→
v′1 ⊥ −→u , −→v1 −

−→
v′1//

−→u , −→u 6= 0, íÑ: −→v1 −
−→
v′1 = 0,−→

v′2 −−→v2 = 0, = −→v1 =
−→
v′1 ,

−→v2 =
−→
v′2 .

(2) - −→v2 = pr−→
u0

−→v = (−→v ·
−→
u0)

−→
u0 =

(−→v · −→u )

|−→u |2
−→u , −→v1 = −→v −−→v2 . K−→v2//

−→u ,

−→v1 · −→u = −→v · −→u − (−→v · −→u )

|−→u |2
−→u 2 = 0, =−→v1 ⊥ −→u . ��: −→v = −→v1 +−→v2 , d (1) �
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ù«©)´���, �L�ª�







−→v2 =
−→v · −→u
|−→u |2

−→u
−→v1 = −→v −−→v2 .

9. � −→a ,−→b ,−→c �üüØ����þ. y²: −→a +
−→
b + −→c = 0 ��=�

−→a ×−→
b =

−→
b ×−→c = −→c ×−→a .

y²: e −→a +
−→
b + −→c = 0, Kdª�

−→
b Ú −→c �	È��� −→a × −→

b +
−→c ×−→

b = 0 ±9 −→a ×−→c +
−→
b ×−→c = 0, = −→a ×−→

b =
−→
b ×−→c = −→c ×−→a .

��, � −→p = −→a +
−→
b +−→c . dþã�ª��−→p ×−→

b = −→a ×−→
b +−→c ×−→

b = 0

±9 −→p × −→c = −→a × −→c +
−→
b × −→c = 0. XJ −→p 6= 0, Kd −→p ,−→b ��±9

−→p ,−→b ����
−→
b � −→c ��, �b�gñ.

10. � −→a ,−→b �üØ����þ,
−−→
AB = −→a +

−→
b ,

−−→
BC = 2−→a + 8

−→
b ,

−−→
CD = 3(−→a −−→

b ). y²: A,B,D n:��.

y²: �y A,B,D n:��, �Ly²:
−−→
AB ×−−→

BD = 0 =�. d

−−→
BD =

−−→
BC +

−−→
CD = 5−→a + 5

−→
b = 5(−→a +

−→
b ) = 5

−−→
AB,

��
−−→
AB ×−−→

BD = 0, =: A,B,D n:��.

11. n��þ
−→
OA,

−−→
OB,

−−→
OC ÷v

−−→
OB ×−−→

OC +
−−→
OC ×−→

OA+
−→
OA×−−→

OB = 0.

¦y: n: A,B,C ��.

y²: �y A,B,C ���Ly²:
−−→
AB ×−→

AC = 0. Ï

−−→
AB =

−−→
OB −−→

OA,
−→
AC =

−−→
OC −−→

OA,

¤±

−−→
AB×−→

AC = (
−−→
OB−−→

OA)×(
−−→
OC−−→

OA) =
−−→
OB×−−→

OC+
−→
OA×−−→

OB+
−−→
OC×−→

OA = 0,

� A,B,C n:��.

12. XJ −→a = −→p × −→n ,
−→
b = −→q × −→n , −→c = −→r × −→n , K −→a ,−→b ,−→c �¡.

Áy²�.

y²: du −→n · −→a = −→n · −→b = −→n · −→c = 0, e −→n 6= 0, K −→a ,−→b ,−→c �¡;

ÄK, d −→n = 0 �� −→a =
−→
b = −→c = 0, ��¡.
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§ 8 AÛ�m�þ�·ÜÈ

1. �äe��þ|´Ä�¡:

(1) −→a = 3
−→
i − 2

−→
j −−→

k ,
−→
b = 5

−→
i + 4

−→
j − 3

−→
k , −→c = 11

−→
i −−→

k ;

(2) −→a = −2
−→
i + 3

−→
j −−→

k ,
−→
b =

−→
i − 4

−→
j − 2

−→
k , −→c =

−→
i − 5

−→
j + 2

−→
k ;

(3) −→a =
−→
i + 2

−→
j + 3

−→
k ,

−→
b = 4

−→
i − 5

−→
j +

−→
k , −→c = 7

−→
i − 5

−→
j + 8

−→
k ;

(4) −→a = −−→
j + 3

−→
k ,

−→
b = 2

−→
i − 2

−→
j , −→c = −−→

i + 2
−→
j − 3

−→
k .

): (1) (−→a ,−→b ,−→c ) =

∣
∣
∣
∣
∣
∣
∣

3 −2 −1

5 4 −3

11 0 −1

∣
∣
∣
∣
∣
∣
∣

= 88 6= 0, ¤± −→a ,−→b ,−→c Ø�¡.

(2) (−→a ,−→b ,−→c =

∣
∣
∣
∣
∣
∣
∣

−2 3 −1

1 −4 −2

1 −5 2

∣
∣
∣
∣
∣
∣
∣

= 25 6= 0, ¤± −→a ,−→b ,−→c Ø�¡.

(3) (−→a ,−→b ,−→c ) =

∣
∣
∣
∣
∣
∣
∣

1 2 3

4 −51

7 −5 8

∣
∣
∣
∣
∣
∣
∣

= −40 6= 0, ¤± −→a ,−→b ,−→c Ø�¡.

(4) (−→a ,−→b ,−→c ) =

∣
∣
∣
∣
∣
∣
∣

0 −1 3

2 −2 0

−1 2 −3

∣
∣
∣
∣
∣
∣
∣

= 0, ¤± −→a ,−→b ,−→c �¡.

2. O�d�þ −→a ,
−→
b , −→c ¤Ü¤�²18¡N�NÈ:

(1) −→a = −−→
i +

−→
j + 2

−→
k ,

−→
b =

−→
i −−→

j + 3
−→
k , −→c = 2

−→
i +

−→
j +

−→
k ;

(2) −→a = 3
−→
i +

−→
k ,

−→
b = 2

−→
i −−→

j +
−→
k , −→c =

−→
i + 5

−→
j −−→

k ;

(3) −→a =
−→
i −−→

j −−→
k ,

−→
b = −3

−→
i − 2

−→
j +

−→
k , −→c =

−→
i +

−→
j ;

(4) −→a =
−→
i ,

−→
b =

−→
i +

−→
j ; −→c =

−→
i +

−→
j +

−→
k .

): (1) V = |(−→a ,−→b ,−→c )| =

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

−1 1 2

1 −1 3

2 1 1

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

= 15.

(2) V = |(−→a ,−→b ,−→c )| =

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

3 0 1

2 −1 1

1 5 −1

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

= | − 1| = 1.

(3) V = |(−→a ,−→b ,−→c )| =

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

1 −1 −1

−3 −2 1

1 1 0

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

= | − 1| = 1.
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(4) V = |(−→a ,−→b ,−→c )| =

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

1 0 0

1 1 0

1 1 1

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

= 1.

3. (½e�o:´Ä�¡:

(1) A(1, 2,−1), B(0, 1, 5), C(−1, 2, 1), D(2, 1, 3);

(2) A(3,−2, 1), B(2, 0,−1), C(−1,−4, 5), D(3,−2, 4);

(3) A(1, 2,−3), B(3, 5,−1), C(0,−2, 7), D(2, 1, 3);

(4) A(1, 0, 1), B(0,−1, 2), C(1, 2,−2), D(2, 0,−21).

): �(½ A,B,C,D o:´Ä�¡, �L(½
−−→
AB,

−→
AC,

−−→
AD ùn��þ

´Ä�¡. ¤±�Lw (
−−→
AB,

−→
AC,

−−→
AD) ´Ä�".

(1)
−−→
AB = (−1,−1, 6),

−→
AC = (−2, 0, 2),

−−→
AD = (1,−1, 4),

(
−−→
AB,

−→
AC,

−−→
AD) =

∣
∣
∣
∣
∣
∣
∣

−1 −1 6

−2 0 2

1 −1 4

∣
∣
∣
∣
∣
∣
∣

= 0, �¡.

(2)
−−→
AB = (−1, 2,−2),

−→
AC = (−4,−2, 4),

−−→
AD = (0, 0, 3),

(
−−→
AB,

−→
AC,

−−→
AD) =

∣
∣
∣
∣
∣
∣
∣

−1 2 −2

−4 −2 4

0 0 3

∣
∣
∣
∣
∣
∣
∣

= 30 6= 0, Ø�¡.

(3)
−−→
AB = (2, 3, 2),

−→
AC = (−1,−4, 10),

−−→
AD = (1,−1, 6),

(
−−→
AB,

−→
AC,

−−→
AD) =

∣
∣
∣
∣
∣
∣
∣

2 3 2

−1 −4 10

1 −1 6

∣
∣
∣
∣
∣
∣
∣

= 30 6= 0, Ø�¡.

(4)
−−→
AB = (−1,−1, 1),

−→
AC = (0, 2,−3),

−−→
AD = (1, 0,−22),

(
−−→
AB,

−→
AC,

−−→
AD) =

∣
∣
∣
∣
∣
∣
∣

−1 −1 1

0 2 −3

1 0 −22

∣
∣
∣
∣
∣
∣
∣

= 45 6= 0, Ø�¡.

4. (½± A, B, C, D �º:�o¡N�NÈ:

(1) A(−1, 0, 1), B(−2, 1, 4), C(1, 3,−3), D(−2,−1, 3);

(2) A(2,−1, 1), B(5, 4, 4), C(2, 3,−1), D(4, 1, 2);

(3) A(1, 0, 2), B(1,−1, 0), C(2, 2,−1), D(3, 1, 0);
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(4) A(2, 2,−1), B(1, 2,−2), C(2,−2, 1), D(1, 1, 1).

): (1)
−−→
AB = (−1, 1, 3),

−→
AC = (2, 3,−4),

−−→
AD = (−1,−1, 2),

V =
1

6
|(−−→AB,−→AC,−−→AD)| =

1

6
×

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

−1 1 3

2 3 −4

−1 −1 2

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

=
1

6
.

(2)
−−→
AB = (3, 5, 3).

−→
AC = (0, 4,−2),

−−→
AD = (2, 2, 1),

V =
1

6
|(−−→AB,−→AC,−−→AD)| =

1

6
×

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

3 5 3

0 4 −2

2 2 1

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

=
| − 20|

6
=

10

3
.

(3)
−−→
AB = (0,−1,−2),

−→
AC = (1, 2,−3),

−−→
AD = (2, 1,−2),

V =
1

6
|(−−→AB,−→AC,−−→AD)| =

1

6
×

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

0 −1 −2

1 2 −3

2 1 −2

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

=
10

6
=

5

3
.

(4)
−−→
AB = (−1, 0,−1),

−→
AC = (0,−4, 2),

−−→
AD = (−1,−1, 2),

V =
1

6
|(−−→AB,−→AC,−−→AD)| =

1

6
×

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

−1 0 −1

0 −4 2

−1 −1 2

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

=
5

3
.

D

A B

C

C1

A1

D1

B1

1 5 Kã

5. Xã, ®���N ABCD–A1B1C1D1, |AB| = 4, |AD| = |AA1| = 2.

¦

(1) : A1 �²¡ C1BD �ål;

(2) �� AD1 �²¡ C1BD �ål.

): �
−−→
DA,

−−→
DC,

−−→
DD1 �ü �þ´

−→
i ,

−→
j ,

−→
k , ïá���IX [D;

−→
i ,

−→
j ,

−→
k ]. K

−−→
DA1 = (2, 0, 2),

−−→
DB = (2, 4, 0),

−−→
DC1 = (0, 4, 2).
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(1) : A1 �²¡ C1BD �ål

d =
|(−−→DA1,

−−→
DB,

−−→
DC1)|

|−−→DB ×−−→
DC1|

=

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

2 0 2

2 4 0

0 4 2

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

|(8,−4, 8)| =
32

12
=

8

3
.

(2) Ï� AD1//BC1, ¤± AD1// ²¡ C1BD. � AD1 þ?�:�²¡

C1BD �ål=� AD1 �²¡ C1BD �ål.

d =
|(−−→DA,−−→DB,−−→DC1)|

|−−→DB ×−−→
DC1|

=

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

2 0 0

2 4 0

0 4 2

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

12
=

16

12
=

4

3
.

6. � −→a = a1
−→e1 + b1

−→e2 + c1
−→e3 ,

−→
b = a2

−→e1 + b2
−→e2 + c2

−→e3 , −→c = a3
−→e1 +

b3
−→e2 + c3

−→e3 . ¦y

(−→a ,−→b ,−→c ) =

∣
∣
∣
∣
∣
∣
∣

a1 b1 c1

a2 b2 c2

a3 b3 c3

∣
∣
∣
∣
∣
∣
∣

(−→e1 ,−→e2 ,−→e3).

y²: −→a ×−→
b = (a1

−→e1 + b1
−→e2 + c1

−→e3)× (a2
−→e1 + b2

−→e2 + c2
−→e3) = a1b2

−→e1 ×
−→e2 + a1c2

−→e1 ×−→e3 + b1a2
−→e2 ×−→e1 + b1c2

−→e2 ×−→e3 + c1a2
−→e3 ×−→e1 + c1b2

−→e3 ×−→e2 =

(a1b2 − b1a2)
−→e1 ×−→e2 + (a1c2 − c1a2)

−→e1 ×−→e3 + (b1c2 − c1b2)
−→e2 ×−→e3 ,

(−→a ,−→b ,−→c ) = (−→a ×−→
b )·−→c = [(a1b2−b1a2)

−→e1×−→e2 +(a1c2−c1a2)
−→e1×−→e3 +

(b1c2−c1b2)−→e2×−→e3 ]·(a3
−→e1+b3−→e2+c3−→e3 ) = [(a1b2−b1a2)c3](

−→e1 ,−→e2 ,−→e3)−[(a1c2−

c1a2)b3](
−→e1 ,−→e2 ,−→e3)+[(b1c2−c1b2)a3](

−→e1 ,−→e2 ,−→e3 ) =

∣
∣
∣
∣
∣
∣
∣

a1 b1 c1

a2 b2 c2

a3 b3 c3

∣
∣
∣
∣
∣
∣
∣

(−→e1 ,−→e2 ,−→e3).

(��|^n�1�ª�½ÂB�O��).

7. ¦y: |(−→a ,−→b ,−→c )| ≤ |−→a ||−→b ||−→c |.
y²: |(−→a ,−→b ,−→c )| = |(−→a ×−→

b ) · −→c | =
∣
∣
∣ |−→a ×−→

b ||−→c | cos〈−→a ×−→
b ,−→c 〉

∣
∣
∣ ≤

|−→a ×−→
b ||−→c | = |−→a ||−→b ||−→c | sin〈−→a ,−→b 〉 ≤ |−→a ||−→b ||−→c |.

8. y²ä�'ð�ª:

−→a × (
−→
b ×−→c ) +

−→
b × (−→c ×−→a ) + −→c × (−→a ×−→

b ) = 0.
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y²: d·K 7.7 �:

−→a × (
−→
b ×−→c ) = (−→a · −→c )

−→
b − (−→a · −→b )−→c ,

−→
b × (−→c ×−→a ) = (−→a · −→b )−→c − (

−→
b · −→c ) · −→a ,

−→c × (−→a ×−→
b ) = (

−→
b · −→c )−→a − (−→a · −→c )

−→
b ,

�\=�(Ø.

9. y²: �m¥o: A, B, C, P �¡�¿©7�^�´, §�¤éA�

 ��þ −→a ,
−→
b , −→c , −→p ÷v

(−→p ,−→b ,−→c ) + (−→a ,−→p ,−→c ) + (−→a ,−→b ,−→p ) − (−→a ,−→b ,−→c ) = 0.

y²: A,B,C, P �¡��=�
−→
PA,

−−→
PB,

−−→
PC �¡. ®�

−→a =
−→
OA,

−→
b =

−−→
OB, −→c =

−−→
OC, −→p =

−−→
OP,

�
−→
PA = −→a −−→p , −−→

PB =
−→
b −−→p , −−→

PC = −→c −−→p .

Ïd
−→
PA,

−−→
PB,

−−→
PC �¡��=� (

−→
PA,

−−→
PB,

−−→
PC) = 0, ��=�

(−→a −−→p ,−→b −−→p ,−→c −−→p ) = 0,

��=�

(−→a ,−→b −−→p ,−→c −−→p ) − (−→p ,−→b −−→p ,−→c −−→p ) = 0,

��=�

(−→a ,−→b ,−→c ) − (−→a ,−→b ,−→p ) − (−→a ,−→p ,−→c ) − (−→p ,−→b ,−→c ) = 0,

��=�

(−→p ,−→b ,−→c ) + (−→a ,−→p ,−→c ) + (−→a ,−→b ,−→p ) − (−→a ,−→b ,−→c ) = 0.

10. y²

(1) (−→a ×−→
b ) × (−→c ×−→

d ) = (−→a ,−→b ,−→d )−→c − (−→a ,−→b ,−→c )
−→
d ;

(2) (−→a ×−→
b ) × (−→c ×−→

d ) = (−→a ,−→c ,−→d )
−→
b − (

−→
b ,−→c ,−→d )−→a .

y²: (1) (−→a ×−→
b )× (−→c ×−→

d ) = −(−→c ×−→
d )× (−→a ×−→

b ) = −[−→c · (−→a ×
−→
b )

−→
d −−→

d · (−→a ×−→
b )−→c ] = (−→a ,−→b ,−→d )−→c − (−→a ,−→b ,−→c )

−→
d .
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(2) (−→a × −→
b ) × (−→c × −→

d ) = [−→a · (−→c × −→
d )]

−→
b − [

−→
b · (−→c × −→

d )]−→a =

(−→a ,−→c ,−→d )
−→
b − (

−→
b ,−→c ,−→d )−→a .

11. y²é?¿o��þ −→a ,−→b ,−→c ,−→d ok

(
−→
b ,−→c ,−→d )−→a + (−→c ,−→a ,−→d )

−→
b + (−→a ,−→b ,−→d )−→c + (

−→
b ,−→a ,−→c )

−→
d = 0.

y²: d1 10 K(Ø��

(−→a ,−→b ,−→d )−→c − (−→a ,−→b ,−→c )
−→
d = (−→a ,−→c ,−→d )

−→
b − (

−→
b ,−→c ,−→d )−→a ,

£��2·�UC·ÜÈ¥�þgS=�y�.

12. y²e��þð�ª:

(1) (−→a ×−→
b ,

−→
b ×−→c ,−→c ×−→a ) = (−→a ,−→b ,−→c )2;

(2) (
−→
b ×−→c )× (−→a ×−→

d )+(−→c ×−→a )× (
−→
b ×−→

d )+(−→a ×−→
b )× (−→c ×−→

d ) =

−2(−→a ,−→b ,−→c )
−→
d ;

(3) (−→a −−→
d ) · (−→b −−→c )+ (

−→
b −−→

d ) · (−→c −−→a )+ (−→c −−→
d ) · (−→a −−→

b ) = 0;

(4) (−→a −−→
d )× (

−→
b −−→c )+(

−→
b −−→

d )× (−→c −−→a )+(−→c −−→
d )× (−→a −−→

b ) =

2(−→a ×−→
b +

−→
b ×−→c + −→c ×−→a ).

y²: (1) (−→a × −→
b ,

−→
b × −→c ,−→c × −→a ) = [(−→a × −→

b ) × (
−→
b × −→c )] · (−→c ×

−→a ) = [(−→a ,−→b ,−→c )
−→
b − (

−→
b ,−→c ,−→b )−→a ] · (−→c ×−→a ) = (−→a ,−→b ,−→c ) · (−→c ,−→a ,−→b ) =

(−→a ,−→b ,−→c )2.

(2) (
−→
b ×−→c ) × (−→a ×−→

d ) = −(−→a ×−→
d ) × (

−→
b ×−→c ) = −(

−→
b ,−→c ,−→a )

−→
d +

(
−→
b ,−→c ,−→d )−→a , (−→c ×−→a )×(

−→
b ×−→

d ) = −(
−→
b ×−→

d )×(−→c ×−→a ) = −(−→c ,−→a ,−→b )
−→
d +

(−→c ,−→a ,−→d )
−→
b , (−→a ×−→

b ) × (−→c ×−→
d ) = (−→c ,−→d ,−→a )

−→
b − (−→c ,−→d ,−→b )−→a , ¤±

(
−→
b ×−→c ) × (−→a ×−→

d ) + (−→c ×−→a ) × (
−→
b ×−→

d ) + (−→a ×−→
b ) × (−→c ×−→

d )

= −2(−→a ,−→b ,−→c )
−→
d .

(3) (−→a −−→
d ) · (−→b −−→c ) = −→a · −→b −−→a · −→c −−→

b · −→d + −→c · −→d ,

(
−→
b −−→

d ) · (−→c −−→a ) =
−→
b · −→c −−→a · −→b −−→c · −→d + −→a · −→d ,

(−→c −−→
d ) · (−→a −−→

b ) = −→a · −→c −−→
b · −→c −−→a · −→d +

−→
b · −→d ,

òþã�ª� müà©O�\K:

(−→a −−→
d ) · (−→b −−→c ) + (

−→
b −−→

d ) · (−→c −−→a ) + (−→c −−→
d ) · (−→a −−→

b ) = 0.

(4) (−→a −−→
d ) × (

−→
b −−→c ) = −→a ×−→

b −−→a ×−→c +
−→
b ×−→

d −−→c ×−→
d ,

(
−→
b −−→

d ) × (−→c −−→a ) =
−→
b ×−→c + −→a ×−→

b + −→c ×−→
d −−→a ×−→

d ,

(−→c −−→
d ) × (−→a −−→

b ) = −−→a ×−→c +
−→
b ×−→c + −→a ×−→

d −−→
b ×−→

d ,
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òþã�ª�!müà©O�\�:

(−→a −−→
d ) × (

−→
b −−→c ) + (

−→
b −−→

d ) × (−→c −−→a )(−→c −−→
d ) × (−→a −−→

b )

= 2(−→a ×−→
b +

−→
b ×−→c + −→c ×−→a ).

13. y²éu?¿�þ ri (i = 1, 2, 3, 4), eª¤á:

(−→r1 ×−→r2 )(−→r3 ×−→r4) + (−→r1 ×−→r3)(−→r4 ×−→r2 ) + (−→r1 ×−→r4 )(−→r2 ×−→r3) = 0.

y²: �â½n 8.7, (−→r1×−→r2)·(−→r3×−→r4) = (−→r1 ·−→r3)(−→r2 ·−→r4 )−(−→r1 ·−→r4 )(−→r2 ·−→r3 ),

(−→r1 ×−→r3 ) · (−→r4 ×−→r2 ) = (−→r1 · −→r4)(−→r2 · −→r3) − (−→r1 · −→r2 )(−→r3 · −→r4 ),

(−→r1 ×−→r4 ) · (−→r2 ×−→r3 ) = (−→r1 · −→r2)(−→r3 · −→r4) − (−→r1 · −→r3 )(−→r2 · −→r4 ),

òþã�ª��!müà©O�\���(Ø.

14. y² −→a ,−→b ,−→c �¡�¿©7�^�´
−→
b × −→c , −→c × −→a , −→a × −→

b �

¡.

y²: Ï�
−→
b ×−→c , −→c ×−→a , −→a ×−→

b �¡��=� (−→a ×−→
b ,

−→
b ×−→c ,−→c ×

−→a ) = 0, �d 12 K� (1) �: (−→a ×−→
b ,

−→
b ×−→c ,−→c ×−→a ) = (−→a ,−→b ,−→c )2, ¤±

−→a .−→b .−→c �¡��=� −→a ×−→
b ,

−→
b ×−→c , −→c ×−→a �¡.

15 � a, b, c ��K¢ê, � a + b + c <
1

2
. y²d −→p = (1 − a, 0, 0),

−→q = (0, 1 − b, 0), −→r = (0, 0, 1 − c) �¤�²18¡N�NÈ�u
1

2
.

): �d²18¡N�NÈ� V , K

V = |(−→p ×−→q ) · −→r | =

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

1 − a 0 0

0 1 − b 0

0 0 1 − c

∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣

= (1 − a)(1 − b)(1 − c).

Ï�

(1 − a)(1 − b) = 1 − (a+ b) + ab ≥ 1 − (a+ b) > 0,

¤±

(1 − c)(1 − b)(1 − a) = (1 − b)(1 − a)− c(1 − b)(1 − a) ≥ 1 − a− b− c >
1

2
.

16 � −→a = (x1, y1, z1),
−→
b = (x2, y2, z2). |^.�KFð�ªy²:

x1x2 + y1y2 + z1z2 ≤
√

x2
1 + y2

1 + z2
1

√

x2
2 + y2

2 + z2
2 .

): d.�KFð�ª��

(−→a ×−→
b ) · (−→a ×−→

b ) = −→a 2−→b 2 − (−→a · −→b )2.
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d

−→a ×−→
b =

(∣
∣
∣
∣
∣

y1 z1

y2 z2

∣
∣
∣
∣
∣
,−
∣
∣
∣
∣
∣

x1 z1

x2 z2

∣
∣
∣
∣
∣
,

∣
∣
∣
∣
∣

x1 y1

x2 y2

∣
∣
∣
∣
∣

)

�Ñ

(−→a ×−→
b )2 = (y1z2 − y2z1)

2 + (x1z2 − x2z1)
2 + (x1y2 − x2y1)

2,

−→a 2−→b 2 = (x2
1 + y2

1 + z2
1)(x

2
2 + y2

2 + z2
2),

(−→a · −→b )2 = (x1x2 + y1y2 + z1z2)
2.

Ïdk

(x1x2 + y1y2 + z1z2)
2 = (x2

1 + y2
1 + z2

1)(x
2
2 + y2

2 + z2
2)

− [(y1z2 − y2z1)
2 + (x1z2 − x2z1)

2 + (x1y2 − x2y1)
2],

=k

x1x2 + y1y2 + z1z2 ≤
√

x2
1 + y2

1 + z2
1

√

x2
2 + y2

2 + z2
2 .


��Ò¤á��=�
x1

x2

=
y1

y2

=
z1
z2

.

∗§ 9 ²¡­���§

1. n�/ ABC .>�ü�à:� B(−3, 0), C(3, 0). º: A 3��

7x− 5y − 35 = 0 þ£Ä, ¦n�/­%�;,.

): �­%��I� (x, y), K







x =
xA + xB + xC

3
=
xA

3

y =
yA + yB + yC

3
=
yA

3
,

=







xA = 3x

yA = 3y.


 (xA, yA) ÷v�§ 7x− 5y − 35 = 0, �\=� 21x− 15y − 35 = 0.

b

A BP O

M

N

Q

x

y

1 2 Kã
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2. 3�� l ��ã AB þk�Ä: P . 3 AB �Óý, ± AP , PB �>

©O��>n�/ AMP Ú BNP . ¦ MN �¥: Q �;,.

): ± AB �¥: O ��:, ± AB � x ¶, ïá���IX [O;
−→
i .
−→
j ].

u´

A

(

− l

2
, 0

)

, B

(
l

2
, 0

)

, P (t, 0),

(

− l

2
< t <

l

2

)

.

K

M






t− l

2
2

,

√
3

2

(

t+
l

2

)




 , N






t+
l

2
2

,

√
3

2

(
l

2
− t

)




 .

¤± MN �¥: Q ��I�:






xQ =
t

2

(

− l

2
< t <

l

2

)

yQ =

√
3

4
l.

= Q :�;,�§�: y =

√
3

4
l

(

− l

4
< x <

l

4

)

.


