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We consider finite simple graphs. The order of a graph is its
number of vertices, and the size is its number of edges.

A connected graph is called fragile if it contains an independent
vertex cut.

In 2002 Chen and Yu proved a conjecture of Caro that every
connected graph of order n and size at most 2n − 4 is fragile.
The size bound 2n − 4 is sharp.

Recently Chernyshev, Rauch and Rautenbach has initiated the
study of foresty vertex cuts of graphs.



It is natural to consider minimum vertex cuts.

We will determine the largest possible size of a graph of order n
that ensures the existence of an independent minimum vertex
cut or a foresty minimum vertex cut.

Theorem 1 Every connected graph of order n with n ≥ 7 and
size at most ⌊3n/2⌋ has an independent minimum vertex cut.



To show that the size bound ⌊3n/2⌋ is best possible, we
construct a graph Gn of order n and size ⌊3n/2⌋+ 1 such that
Gn has no independent minimum vertex cut.

Gn has vertex set {v1, v2, . . . , vn}.

图: G11 and G12

If n is odd, {v1, v(n+1)/2} is the unique minimum vertex cut of
Gn, which induces an edge. If n is even, Gn has exactly two
minimum vertex cuts: {v2, vn} and {vn/2, v(n+4)/2}, each of
which induces an edge.



Theorem 2 Every connected graph of order n with n ≥ 7 and
size at most 2n has a foresty minimum vertex cut.



To show that the size bound 2n is best possible, we construct a
graph Fn of order n and size 2n + 1 such that Fn has no foresty
minimum vertex cut.

Fn has vertex set {v1, v2, . . . , vn}.

图: F11 and F12

κ(Fn) = 3 and {v1, v2, v3} is the unique minimum vertex cut,
which induces a triangle.
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