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We consider finite simple graphs. The order of a graph is its
number of vertices, and the size its number of edges.

Definition 1. A local subgraph of a graph G is the subgraph of
G induced by the neighborhood of a vertex.

Thus a graph of order n has n local subgraphs. It has been a
traditional topic to deduce properties of a graph by its local
subgraphs.

Definition 2. A graph G is called locally nonforesty if every
local subgraph of G contains a cycle.



Recently, in studying forest cuts of a graph, Chernyshev, Rauch
and Rautenbach posed the following

Conjecture 1. If n and m are the order and size of a
3-connected locally nonforesty graph respectively, then

7
> —(n—1).
mz 2(n-1)
We will determine the minimum size of a 3-connected locally
nonforesty graph of order n.

It turns out that Conjecture 1 does not hold.



Theorem. Given an integer n > 8, define

fin) 2n — |n/8| if n=0,4, 7(mod 8),
E 2n+1—|n/8] otherwise.

Then the minimum size of a 3-connected locally nonforesty
graph of order n is f(n).

Denote b(n) = 7(n—1)/3, the lower bound in Conjecture 1. For
any n > 8,
b(n) > 2n > f(n).

Their difference can be large. For example,
b(100) — f(100) = 43.

Thus Conjecture 1 does not hold.



BN
Ideas in the proof

We estimate the size of a 3-connected locally nonforesty graph
G of order n in two ways.

Let s be the number of vertices of degree 3, and
denote  ¢(s) = max{[2n — s/2], [3(n+ s)/2]}.
Then

e(G) > min p(s).

T 1<s<n
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