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Abstract Given a graph H and a positive integer n, the Turdn number of H for the order n, denoted by
ex(n, H), is the maximum size of a simple graph of order n not containing H as a subgraph. The book with
p pages, denoted by B, is the graph that consists of p triangles sharing a common edge. Bollobas and Erdds
initiated the research on the Turdn number of book graphs in 1975. The two numbers ex(p + 2, B,) and
ex(p + 3, B)) have been determined by Qiao and Zhan. In this paper we determine the numbers ex(p + 4, B)),
ex(p+5, Bp) and ex(p +6, Bp), and characterize the corresponding extremal graphs for the numbers ex(n, B)
withn=p+2, p+3, p+4, p+5.
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1 Introduction

We consider finite simple graphs. The order of a graph G, denoted by |G|, is its number of vertices, and the size
is its number of edges.

Definition 1 Given a graph H and a positive integer n, the Turdn number of H for the order n, denoted by
ex(n, H), is the maximum size of a simple graph of order n not containing H as a subgraph.

Determining the Turdn number of various graphs H is one of the main topics in extremal graph theory [1].

Definition 2 The book with p pages, denoted by B, is the graph that consists of p triangles sharing a common
edge.

Bs is depicted in Fig. 1. Note that the graph B, has order p + 2.

We denote by K, the complete graph of order p. By is just K3. Denote by K ; the complete bipartite graph
whose partite sets have cardinalities s and 7. A classic result of Mantel [4] from 1907 states that ex(n, K3) =
|n? /4| and the balanced complete bipartite graph K ln/2],Tn/2] 18 the unique extremal graph.

In 1975 Bollobés and ErdSs [2] posed the conjecture that ex(n, By 6)) < n? /4, which was proved by
Edwards [3].
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Fig. 1 The book graph Bs

The two numbers ex(p + 2, Bp) and ex(p + 3, Bp) have been determined by Qiao and Zhan [5] in solving
a problem of Erd6s and they posed the problem [5, Problem 3] of determining ex(n, B)) for a general order n.
In this paper we determine the numbers ex(p + 4, Bp), ex(p + 5, Bp) and ex(p + 6, B) and characterize the
corresponding extremal graphs for the numbers ex(n, B,) withn = p+2, p+3, p+4, p+5.

For graphs we will use equality up to isomorphism, so G = H means that G and H are isomorphic. Given
graphs G and H, the notation G 4+ H means the disjoint union of G and H, and G Vv H denotes the join of G
and H, which is obtained from G + H by adding edges joining every vertex of G to every vertex of H. mH
denotes the disjoint union of m copies of a graph H. We denote by V (G) and E(G) the vertex set and edge set of
a graph G respectively. Let G, §(G) and A(G) denote the complement, minimum degree and maximum degree
of a graph G respectively. For A € V(G), we denote by G[A] the subgraph of G induced by A.

For a vertex v € V(G), let Ng(v) and deg (v) denote the neighborhood and degree of v in G respectively.
If the graph G is clear from the context, we will omit it as the subscript. A vertex of degree 0 is called an isolated
vertex and a vertex of degree 1 a leaf.

We denote by C and Py the cycle of length s and path of order 7 respectively.

Notation. For an even positive integer n, the notation K,, — P M denotes the graph obtained from the complete
graph K,, by deleting all the edges in a perfect matching of K,;; i.e., it is the complement of (n/2) K.

2 Main Results

We will repeatedly use the first two lemmas below.

Lemma 1 Let n and p be positive integers withn > p + 2. Then a graph G of order n does not contain B, as
a subgraph if and only if for every edge xy € E(G), |[Ng(x) U Ng(y)| = n — p — 1. Consequently, if G is such
a graph then G has at most one isolated vertex.

Proof Forxy € E(G), V(G)\{x, y} = (Ng(x)NNg(y)U(Ng(x)UNg(y)) and (NG (x) NN (y)) N(Ng(x)U
Ng(y)) = ¢. Hence

INGg(x) UNG(y)| =n =2 —=|Ng(x) N Ng(y)l.

G does not contain B, if and only if for every edge xy € E(G), |[Ng(x) N Ng(y)| < p — 1 if and only if
[Ng(x) U Ng(y)| = n — p — 1. This shows the first conclusion. The second conclusion is obvious and it also
follows from the first immediately. O

Lemma 2 Let n and p be positive integers withn > p+5 and let G be a graph of order n. If G has a component
which is a cycle of length at least 4, then G contains B),.

Proof Let C be a component of G which is a cycle of length at least 4, and let x, z, y be three consecutive
vertices of C. Then xy € E(G) and [Ng(x) U Ng(y)| <3 <n—p—1,sincen > p+5. By Lemmal, G
contains B),. m|

Lemma 3 (Qiao and Zhan [5]) If p is an even positive integer, then ex(p + 2, By) = p(p +2)/2 and ex(p +
3, Bp) = p(p +4)/2; if p is an odd positive integer, then ex(p + 2, Bp) = (p + 1)2/2 and ex(p + 3, By) =
(p+ D(p+3)/2

We first characterize the extremal graphs for the two numbers ex(p + 2, By,) and ex(p + 3, Bp) determined
in Lemma 3.

Theorem 4 Suppose G is a graph of order p + 2 not containing B.

o
& o)
2 H
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142 J. Yan, X. Zhan

(1) If piseven, then G has sizeex(p+2, Bp) ifandonly if G = K12 —PMorG = K1 + ((p — 2)/2)K> + Ps3.
(2) If p is odd, then G has size ex(p + 2, Bp) ifand only if G = K1 V (K p41 — PM).

Proof 1t is easy to check that the three graphs in the theorem satisfy the requirements. Next we prove that
they are the only extremal graphs. Suppose G has size ex(p + 2, Bp) and its vertices are vy, ..., Vp4+2 With
degz(vy) < degg(vz) < --- < degg(vpi2).

(1) piseven. By Lemma3, |E(G)| = p(p+2)/2 whichimplies that |E(G)| = (p+2)/2. By the degree-sum
formula [6, p.35], le=+12 degz(vi) = 2|E(G)| = p + 2, implying §(G) < 1.

Case 1. 8(G) = 1. The degree sequence of G is 1,1,...,1. Thus G = ((p + 2)/2)K>, implying that
G=K,»—PM.

Case 2. 5(G) = 0. By Lemma 1, v is the only isolated vertex of G. Since Y777 degz(v;) = p + 2
and degg(v;) > 1 for every i > 2, we deduce that A(G) = 2 and G has a unique vertex of degree 2.
Thus the degree sequence of Gis2,1,...,1,0, implying that G = K| + ((p—2)/2)K> + P35 ie., G =
Ki+((p—2)/2)Ks + P3.

(2) p is 0dd. By Lemma3, |E(G)| = (p + 1)2/2, implying |E(G)| = (p + 1)/2. Hence /2 degs (vi) =
2| E_(6)| = p+ 1, implying §(G) = 0. By Lemmal, G has a unique isolated vertex. Thus, the degree sequence
of Gis1,1,...,1,0. It follows that G = K1 + ((p + 1)/2)K>; i.e, G = K1 V (K11 — PM). O

Theorem S Suppose G is a graph of order p + 3 not containing B.

(1) If p =2, then G has sizeex(p+3, By) ifand onlyif G = K1V (2P2),0or G = K3 3,0r G = Ps; if p is even
and p > 4, then G has sizeex(p+3, Bp) ifand only if G = BK1)V(K,—PM)orG = Fsv(Kp_z—PM).
(2) If p is odd, then G has size ex(p + 3, Bp) ifand only if G = K43 — PM.

Proof 1t is easy to check that the graphs in the theorem satisfy the requirements. Next we prove that they are
the only extremal graphs. Suppose G has size ex(p + 3, Bp) and its vertices are vy, ..., vp13 with degg(vi) <
degz(v2) < -+ < deggz(vp43).
(1) p is even. By Lemma3, |E(G)| = p(p + 4)/2 which implies that |E(G)| = (p + 6)/2. Since
"3 degg(vi) = 2|E(G)| = p + 6, we have 5(G) < 1.
Case 1. §(G) = 0. By Lemma 1, v is the only isolated vertex of G and hence by Lemma 1 we deduce that
deggz(v;) > 2 forevery i > 2. We have

p+3
p+6=Zdeg§(vi)zO+(p+2)x2=2p+4,
i=1

implying p = 2. The degree sequence of Gis2,2,2,2,0. Thus G = K| + Cs; ie,G = K| V 2P).

Case 2. 8(G) = 1. Since Z{jﬁ degg(vi)) = p + 6, we have 2 < A(G) < 4. We assert that A(G) = 2. If
A(G) = 4 or A(G) = 3, then the vertex v p+3 has at least two neighbors which are leaves in G, contradicting the
fact that for any xy € E(G), |[Ng(x) U Ng(y)| > 2. Thus the degree sequence of Gis2,2,2,1,1,...,1. Note
that the two neighbors of a vertex of degree 2 in G cannot be both leaves. It follows that G = (p/2)K» + K3 or

G=({p—2)/2)Kr+ Ps;ie,G=(BK)V(Kp,—PM)orG = Ps Vv (Kp—2 — PM). Note that when p = 2,
these two graphs are K> 3 and Ps.
(2) pis odd. By Lemma3, |[E(G)| = (p + 1)(p + 3)/2 which implies that |E(G)| = (p + 3)/2. Since
f:f degz(vi) = 2|E(G)| = p + 3, we have §(G) < 1. If §(G) = 0, then by Lemma | we deduce that for
each i > 2, degz(v;) > 2, which implies Zf:rf degz(vi) > 0+ (p +2) x 2 > p + 3, acontradiction. Hence
8(G) = 1, which, together with the fact that le:f degz(vi) = p + 3, yields that the degree sequence of G is
1,1,...,1. It follows that G = ((p + 3)/2)K»; ie., G = K 43 — P M. This completes the proof. O

In the next two results we determine the Turdn number ex(p + 4, B),) and characterize the corresponding
extremal graphs.

Theorem 6 If p is an integer with p > 3, thenex(p +4, Bp) = (p +2)(p + 3)/2.
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The Turdn number of book graphs 143

Proof Let G be a graph of order p + 4 and size e with vertices vy, ..., vp44 such that deg(v;) = d;, i =
I,...,p+4andd > d> > --- = dpt4. Suppose e > ((p +2)(p + 3)/2) + 1. We will show that G contains
B,. We have Zf’:{t d; =2e > p®> + 5p + 8. We distinguish two cases.

Case 1.dy = p + 3.

Ifd, < p, then Zf:ﬁdi <p+3+(p+3)p=p*+4p+3 < p?>+5p+8, acontradiction. Hence
d> > p + 1. Then G has p triangles sharing the common edge vjv.

Case2.dy < p+2.

Ifd; < p+1, then Z,'p:14 di <2(p+2)+(p+2)(p+1)=p*+5p+6 < p>+5p+8, acontradiction.
Hence di = dy = d3 = p + 2. Consequently v is adjacent to at least one of v, and v3, say vo. Let vy ¢ N(v)
and v, ¢ N(v2). Then {v3, v4, ..., Vpya} \ {vs, v} = N(v1) N N(v2). We have |[N(v1) N N(v2)| > p. Thus G
has p triangles sharing the common edge v v;. This shows ex(p +4, Bp) < (p +2)(p + 3)/2.

On the other hand, the graph G; = K3 + Cp> has order p + 4 and size (p + 2)(p + 3)/2, and using
the criterion in Lemmal we check that Gy does not contain Bj,. Thus we conclude that ex(p + 4, By) =
(P +2)(p +3)/2. o

Theorem 6 excludes the two small values p = 1, 2. We remark that ex(5, B1) = 6 agrees with the formula
in Theorem 6, but ex (6, B>) = 9 does not.

Theorem 7 Let p be an integer with p > 3 and let H be a graph of order p + 4 not containing B). Then
H has size ex(p + 4, Bp) if and only if H = Ky +C;; +Ci, +---+ Cj, where ij # 4 for each j and
iy +i2+---+i;=p+2.

Proof 1t is easy to check that every graph of the form in the theorem satisfies all the requirements; i.e., it is an
extremal graph. We use the criterion in Lemma 1 to check that such a graph does not contain B),.

Conversely suppose that H is a graph of order p +4 not containing B}, and H has size ex(p +4, B)). Denote
n = p+4. Since |[E(H)| = (p + 2)(p + 3)/2 by Theorem®6, |E(H)| = n — 1. By Lemma I, for any two
non-adjacent vertices in H, we have

INg)UNgWDIZzp+4—p—1=3. ey

Claim 1 H is disconnected.

To the contrary, suppose H is connected. Since H has order n and size n — 1, it is a tree [6, p.68]. Then H
has two distinct nonadjacent leaves u and v, since n > 7. Now [Nz (u) U Nz (v)| = 2 < 3, contradicting (1).
This proves Claim 1.

Claim 2 Among the components of H, there is exactly one which is a tree. The tree is K.

Since H has order n and size n — 1, it has at least one component which is a tree. We assert that H has exactly
one such component. To the contrary, suppose 71 and T» are two distinct components which are trees. Then T;
has a vertex s and 7> has a vertex ¢ such that both s and 7 have degree at most 1. We have | N (s) U Ng(2)| < 2,
contradicting (1). Let T be the unique component of H which is a tree. If the order of T is at least 3, then as in
the above proof of Claim 1 we would obtain a contradiction. Hence T has order at most 2. On the other hand,
T cannot have order 1. Otherwise 7 is an isolated vertex and H has a vertex w other that T which has degree
at most 2, since the degree sum of H is 2(n — 1). Then we have INz(T) U Ng(w)| < 2, contradicting (1). It
follows that 7 = K».

Claim3 H = K, + Ciy +Ci, +---+ C;, wherei; # 4 for each j.

By Claim 2, H = K>+ H; + Hy + - - + H; where H; is a component of H with order ij.Letx € V(K3)
and let y € V(H;). Then the inequality (1) implies that degz(y) > 2. Let vy, v2, ..., v, be the vertices of H
with degz(v1) = degz(v2) = 1 and 2 < degz(v3) < --- < degz(v,). We have 2(n — 1) = Z?:l degz(vi) >
2x1+(1m—2)x2=2n-—1), implying that degz(v;) = 2 foreachi = 3, ..., n. Hence H; is a cycle for
every j = 1,2,...,t. But none of these cycles can be C4. To the contrary, suppose H; = C4 = abcd. Then
[Nz (a) U Ng(c)| = 2, contradicting (1). This shows Claim 3 and completes the proof. |

We determine the Turdn number ex(p + 5, B)) in the following result.
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144 J. Yan, X. Zhan

Theorem 8 Let p be a positive integer. Then

@+ (p+5) —
ex(p+35, By) = (p+1)2(p+6) %f P _ | (mod3)
=== if p=0or2(mod3).

Proof Let G be a graph of order p + 5 and size e with vertices vy, ..., v,y5 such that deg(v;) = d;, i =
I,...,p+5andd; >dr > --- > dpys.
(1) p = 1(mod 3). Suppose e > ((p + 2)(p + 5)/2) + 1. We will show that G contains B,. We have

Zp+5 d; = 2e > p* +7p + 12. We distinguish two cases.

Case 1.dy = p + 4.

If d» < p, then le:]S di < p+4+(p+4p=p>*+5p+4 < p*>+7p+ 12, a contradiction. Hence
d>» > p + 1 and consequently G contains p triangles sharing the common edge vjv;.

Case2.dy < p+3.

Ifd, < p+2, thenZ dl <pH+3+(p+H(p+2)=p>+Tp+11 < p? +7p+ 12, a contradiction.
Thusd; =d, = p+3.1fd; < p+1, then Zp+5d <2(p+3)+(p+3)(p+1) = p>+6p+9 < p>+7p+12,
a contradiction. Hence d3 > p 4 2. If vj and v are adjacent, then G contains at least p + 1 triangles sharing the
common edge vivz. If v and vy are nonadjacent, then G contains at least p triangles sharing the common edge
vivs. This shows thatex(p + 5, Bp) < (p +2)(p +5)/2.

On the other hand, the graph G, = ((p 4+ 5)/3)K3 has order p + 5 and size (p + 2)(p + 5)/2, and using
Lemma 1 it is easy to verify that G, does not contain B,. Thus, ex(p + 5, Bp) = (p +2)(p +5)/2.

2)yp=0or2 (rnod 3). Suppose e > ((p + 1)(p + 6)/2) + 1. We will show that G contains B,. We have

Zp+5 di =2e > p*+7p+8. We distinguish three cases.

Case 1.d; = p + 4.

The proof for this case is similar to Case 1 of (1) above.

Case2.d| = p + 3.

Ifds < p+1,then Y/ di <2(p+3)+ (p+3)(p+1) = p>+6p+9 < p>+7p +38, a contradiction.
Hence d3 > p + 2. There are two possible values of d5. If d, = p + 3, as in Case 2 of (1) above we can show
that G contains B),. If d = p + 2, we have d) = d3 = p + 2. Since d; = p + 3, v; is adjacent to at least one
of vy and v3. Without loss of generality, suppose v; is adjacent to vo. Now G contains p triangles sharing the
common edge viv;.

Case3.d; < p+2.

Ifd,3 < p+1, then Zp 1 di = (p+2)(p+2)+3(p+1) = p>+7p+7 < p>+7p+8, acontradiction.
Henced) =d, = ---=dp3=p+2.

Subcase 3.1. dpys = p + 2. Now degg(vy) = -+ = degg(vpys) = 2. Thus G is a cycle or a union of
vertex-disjoint cycles. The condition p = Oor 2 (mod 3) implies that the order p + 5 is not divisible by 3. It
follows that G has a component which is a cycle of length at least 4. By Lemma?2, G contains B).

Subcase 3.2. dp15 < p + 1. The condition Zp+5 d; > p? +7p + 8 yields that dpi4 > p + 1 and that
ifdy 4 = p+ 1thendyys = p + 1. First suppose in G, every non-neighbor of v,5 has degree p + 2.
Since deggz(vpys5) > 3, we deduce that v,15 has two adjacent non-neighbors, say vy and vy, in G. Then
ING(v1)) UNg(12)| <3 <4=n—p—1. ByLemmal, G contains B).

It remains to consider the case when in G, v,5 has at least one non-neighbor whose degree is not p + 2.
Such a non-neighbor can only be v44, since dy = dy = --- = dp3 = p + 2. Then the degree sum condition
implies that d;, 14 = dp15 = p + 1. Let x and y be the two non-neighbors of v, 5 besides v, 14 in G. If x and
y are adjacent in G, then [Ng(x) U Ng(y)| <3 <4 =n— p — 1. By Lemmal, G contains B),. Similarly,
if the two non-neighbors w and z of v, 4 besides v, 5 are adjacent in G, then G contains B),. Next suppose
in G, x and y are non-adjacent and w and z are non-adjacent. Note that |{x, y, w, z}| = 4, since each of these
four vertices has degree 2 in G. Using the conditions that in G, v p+4 and v, 5 have degree 3, and all other
vertices have degree 2, we deduce that G contains a component F of order 6 depicted in Figure 2 where the two
cut-vertices are vp44 and vp4s.

The graph G — V (F) is a regular graph of degree 2 and has order p — 1 which is not divisible by 3. It follows
that G — V (F) and hence G contains a component which is a cycle of length at least 4. By Lemma2 we deduce
that G contains B).

So far we have proved that ex(p + 5, Bp) < (p + D)(p + 6)/2. Next we show that this upper bound can be
attained.
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Fig. 2 The component F

<

Fig. 3 The graph W

First suppose p = 0 (mod 3). Let W denote the graph of order 8 in Figure 3.

Denote Gz = ((p —3)/3)K3 + W. Then G3 has order p + 5 and size (p + 1)(p + 6)/2, and by using
Lemma 1 we can verify that G3 does not contain B),.

Next suppose p = 2 (mod 3). Denote G4 = ((p + 1)/3)K3 + K4. Then G4 has order p 4+ 5 and size
(p + D(p+6)/2, and G4 does not contain B),. This completes the proof. O

We need the following three lemmas to characterize the extremal graphs for the Turdn number ex(p +35, B)).

Lemma9 Let G be a graph of order p + 5 not containing B,. If x and y are two distinct vertices with
degz(x) = degg(y) = 2 and the distance between them in G is at most 2, then x and y are adjacent in G.

Proof To the contrary, suppose that x and y are nonadjacent in G. Then by Lemma I, [Ng(x) U Ng(»)| >
(p +5) — p — 1 = 4. Also, the condition that the distance between x and y in G is at most 2 implies that
Ng(x) N Ng(y) # ¢. We have

[Ng(x) UNg(»)| = INg()| + INgD)| — INg(x) N Ng(y)| <2+2—-1=3,
a contradiction. O

Lemma 10 Let G be a graph of order p + 5 not containing B,. If P is a path in G and every internal vertex of
P has degree 2 in G, then the length of P is at most 3.

Proof To the contrary, suppose that P = vjv,...v; where k > 5 and in G, each v; has degree 2 for i =
2,3,...,k— 1. But then

INg(2) UNg(va)| =3 <4=(p+5—-p—1,
contradicting Lemma 1. 0
Lemma 11 Let G be a graph of order p + 5 and size ex(p + 5, B),) not containing B, where p > 4.
(1) If p = 1 (mod3), then G is 2-regular; _
(2) if p = 0or 2 (mod 3), then the degree sequence of G is 3,3,3,3,2,...,2.
Proof Letvy, ..., vpys be the vertices of G with degz(v;) =d;, i =1,..., p+5Ssuchthatd; > dp > --- >
dpys.

(1) p = 1 (mod3). By Theorem8, |E(G)| = (p + 2)(p + 5)/2, implying that G has size p + 5. If G has an
isolated vertex x, then by Lemma 1 we deduce that for any vertex u € V(G) \ {x}, degg(u) > 4. Hence
2p+10=2|E(G)| = ijls degz(v;) > 0+ (p+4) x4 =4p+ 16, a contradiction. If G has a leaf y, let
v be the neighbor of y in G. Then by Lemma 1, for any vertex w € V(G) \ {y, v}, degg(w) > 3. We have
2p+10 =2|E(G)| = Zf:f degg(vi)) = 1+ 1+ (p+3) x3=3p+11, acontradiction. Thus §(G) > 2.
Now the inequality 2p + 10 = 2|E(6)| = Zf;rls degz(vi) = (p+35) x 2 =2p + 10 forces degg(v;) =2

foreachi =1,...,p+5;ie., G is 2-regular.
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146 J. Yan, X. Zhan

Fig. 4 The graph Q

(2) p = Oor 2 (mod 3). By Theorem8, G has size p + 7. As in the above proof of part (1), we deduce that
§(G) = 2. If 8(G) > 3, then 2p + 14 = 2|E(G)| P degz(vi) > (p+5) x3 =3p+15, a

1
contradiction. Hence 8(G) = 2. From 2p + 14 = 2|E(G)| = Z{’j degz(vi) = (p+4) x 2+ A(G) we
obtain A(G) < 6.

If A(E) = 6, then the degree sequence of Gis6,2,...,2:if A(E) = 5, then the degree sequence of G is
5,3,2,...,2;if A(E) = 4, then the degree sequence of Gis4,4,2,...,20r4,3,3,2,...,2. In the first three
cases, i.e., G has degree sequence 6,2, ...,2,0r5,3,2,...,2,0r4,4,2,...,2, v has at least three neighbors
of degree 2 in G which are pairwise adjacent by Lemma9, a contradiction. Now suppose G has degree sequence
4,3,3,2,...,2. We will show that this cannot occur.

By the above argument, vy has at most two neighbors of degree 2 in G. Hence vs, v3 € Ng(vy). Without
loss of generality, suppose Ng(v1) = {v2, v3, v4, v5}. By Lemma9, v4 and vs are adjacent in G. We distinguish
two cases.

Case 1. vy and v3 are adjacent in G.

Subcase 1.1. [Ng(v2) N Ng(v3)| > 2. Since dr = d3 = 3, we have |[Ng(v2) N Ng(v3)| = 2. Without loss of
generality, suppose Ng(v2) N Ng(v3) = {v1, ve}. Then H = G[v1, v2, v3, V4, V5, Ug] is a component of G and
G — V(H) is a 2-regular graph of order p — 1. Since 3 does not divide p — 1, G contains a component which
is a cycle of length at least 4. By Lemma2, G contains B, a contradiction.

Subcase 1.2. [Ng(v2) N Ng(v3)| = 1. Without loss of generality, suppose Ng(v2) = {v1, v3, vg} and
Ng(v3) = {vi, v2, v7}. By Lemmal0, vs and v7 are adjacent in G. Now v3 and vg are adjacent in G, and
ING(v3) UNg(vg)| =3 <4 = (p+5) — p—1.By Lemmal, G contains B, a contradiction.

Case 2. v and v3 are nonadjacent in G.

Without loss of generality, suppose Ng(v2) = {v1, ve, v7} and Ng(v3) = {v1, vg, v9}. By Lemma9, vs and
v7 are adjacent in G, and vg and vg are adjacent in G. Thus, R = G[vy, v2,...,v9] is a component of G, and
G — V(R) is a 2-regular graph of order p — 4. Since p — 4 is not divisible by 3, G has a component which is a
cycle of length at least 4. By Lemma2, G contains B, a contradiction.

We have proved that A(G) < 3. Since §(G) = 2 and G has size p + 7, we deduce that the degree sequence
of Gis3,3,3,3,2,...,2.

We denote by Q the graph of order 10 in Figure 4.
We characterize the extremal graphs for the Turdn number ex(p + 5, B)) in the following result.

Theorem 12 Let p be an integer with p > 4 and let G be a graph of order p + 5 not containing B,. Then G
has size ex(p + 5, Bp) if and only if

(1) G=({(p—3)/3)K3z+ W where W is the graph depicted in Figure 3 if p = 0 (mod 3);

(2) G=((p+5)/3)Ks if p=1(mod3);

(3) G = (p+1)/3)Ks+Kqg 0or G = ((p—5)/3)K3s + Q where Q is the graph depicted in Figure 4 if
p = 2 (mod 3).

Proof The sufficiency can be easily verified by using Lemma 1. Now we prove the necessity. Suppose G has
size ex(p + 5, Bp). We will consider the complement graph G.

We first prove part (2) where p = 1 (mod 3). By Lemma 11, G is 2-regular, or equivalently G is a union of
vertex-disjoint cycles. By Lemma2, every cycle must be a triangle. Thus G = ((p + 5)/3)K3.
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Fig. 5 The two extremal graphs for ex(8, B3) = 18

Next we treat parts (1) and (3). Suppose p = 0 or 2 (mod 3). By Lemma 11, the degree sequence of G is
3,3,3,3,2,...,2. By Lemma9, in G each vertex of degree 3 must have at least one neighbor of degree 3.

Claim The four vertices of degree 3 lie in one component of G and there is a vertex of degree 3 with at least
two neighbors of degree 3.

To the contrary, suppose the four vertices of degree 3 do not lie in one component of G. Then they lie in two
components and by Lemma9 we deduce that each of these two components is the graph F of order 6 in Fig. 2.
Every component of G other than these two components is a cycle and at least one of these cycles has length at
least 4, since the order p + 5 of G is not divisible by 3. But this contradicts Lemma 2. Hence the first conclusion
in the Claim is proved. Now we prove the second conclusion. To the contrary, suppose in G every vertex of
degree 3 has at most one and hence exactly one neighbor of degree 3. In G let x be a vertex of degree 3 with
exactly one neighbor y of degree 3. Let Ng(x) = {y, u, v}. Note that both « and v have degree 2 and the distance
between u and v is at most 2 in G. By Lemma9, u and v are adjacent in G. Similarly, the two neighbors of y
in G besides x are adjacent in G. Thus G contains a component which is the graph F in Figure 2, contradicting
the first conclusion of the Claim. This proves the second conclusion.

Denote by Z the component of G in which the four vertices of degree 3 lie. By the above properties, Z contains
either a claw or a path of order 4 each of whose vertices has degree 3. In both cases, by using Lemmas 9, 10 and 2
it can be verified that Z has order at most 10. By Lemma?2, the graph G — V (Z) is a union of vertex-disjoint
triangles. Hence p + 5 = |G| = | Z| (mod 3).

If p=0(@mod3), |Z| € {5, 8}; if p =2 (mod3), |Z| € {4,7,10}.

Suppose p = 0(mod 3). By Lemmal, |Z| # 5. If |Z| = 8, then Z is the graph W in Fig. 3. It follows that
G = ((p — 3)/3)K3 + W. This proves part (1).

Suppose p = 2 (mod3). By Lemmal, |Z| # 7. If |Z| = 4, then Z = K4 and if |Z]| = 10, then Z = Q.
This proves part (3). The proof is complete. O

Theorem 12 does not include the small values p = 1, 2, 3. The information about them is as follows. K3 3 is
the unique extremal graph for ex(6, B;) = 9. K3 4 is the unique extremal graph for ex(7, By) = 12. There are
two extremal graphs for ex(8, Bz) = 18 which are depicted in Figure 5.

We determine the Turdn number ex(p + 6, B)) in the following result.

Theorem 13 Let p be a positive integer.

(1) If pisoddand p > 5, then ex(p + 6, Bp) = (p +3)(p + 5)/2;
(2) if pisevenand p #2,6,10, thenex(p +6,B,) =1+ (p+2)(p +6)/2.

Proof Let G be a graph of order p + 6 and size e with vertices vy, ..., vp46 such that deg(v;) = d;, i =
I,...,p+6andd; >dr > --- > dpys.

(1) pisodd and p > 5. Suppose e > ((p + 3)(p +5)/2) + 1. We will show that G contains B,. We have
ZP+6 d; =2e > p* + 8p + 17. We distinguish three cases.

Case l.dy = p+5.

Ifd, < p, thenZ d <p+5+(p+5xp=p>+6p+5< p>+8p+ 17, acontradiction. Hence
dr>p+1land G contalns p triangles sharing the common edge vivs.

Case 2.dy = p + 4.

Ifd; < p+2, thenzp 1 di S2(p+H+(p+H(p+2)=p 24+8p+16 < p>+8p+17, a contradiction.
Hence d3 > p + 3. vy has at least one neighbor in {vs, v3}. If v; is adjacent to v,, then [N (vi) NN (v2)| > p+1
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Fig. 6 The graph Y

and thus G contains p 4+ 1 triangles sharing the common edge vjvy; if v; is adjacent to v3, then similarly we see
that G contains p triangles sharing the common edge vjv3.

Case3.d; < p+3.

Ifdy < p+2, then Zi”:lé d; <3(p+3)+(p+3)(p+2) = p>+8p+15 < p?>+8p+17, acontradiction.
Henceds > p+3andd| = dy = d3 = ds = p + 3. v1 has at least one neighbor in {v2, v3, v4}. Without loss of
generality, suppose v; and vy are adjacent. Then |N (v1) N N(v2)| > p and G contains p triangles sharing the
common edge viv;.

We have proved that ex(p + 6, By) < (p + 3)(p + 5)/2. Next we construct graphs to show that this upper
bound can be attained. First suppose p = 1 (mod 4). The graph G5 = K3 + ((p + 3)/4) K4 has order p + 6, size
(p+3)(p+5)/2 and by using Lemma 1 we can verify that G5 does not contain B,,. Now suppose p = 3 (mod 4).
Denote by Y the graph of order 10 in Figure 6.

Then the graph Gg = K3 + ((p — 7)/4)K4 + Y has order p + 6 and size (p + 3)(p + 5)/2, and G¢ does not
contain B),. This proves ex(p + 6, B,) = (p +3)(p + 5)/2.

(2) pisevenand p # 2,6, 10. Suppose e > 1+ ((p +2)(p +6)/2) + 1. We will show that G contains B),.
We have Z{’:f’ d; =2e > p* + 8p + 16. We distinguish three cases.

Case 1.dy = p+5.

If d» < p, then Zi:f di <p+5+(p+35p=p*+6p+5< p>+8p+ 16, a contradiction. Thus
dr» > p + 1 and G contains p triangles sharing the common edge v vs.

Case2.dy = p + 4.

Ifd; < p+1, then Z;’:f di <2(p+d+(p+4(p+1) = p>*+7Tp+12 < p>+8p+ 16, a contradiction.
Hence d» > d3 > p+2. vy has at least one neighbor in {v;, v3} and consequently G contains p triangles sharing
the common edge vy v or viv3.

Case3.d; < p+3.

Ifdy < p+2, then Zf’:lé di <3(p+3)+(p+3)(p+2) = p>+8p+15 < p>+8p+ 16, a contradiction.
Hence dy > p + 3. Infact, d| = dp = d3 = dy = p + 3. It follows that G contains B),.

We have proved that ex(p + 6, By) < 1+ (p +2)(p + 6)/2. Next we show that this upper bound can be
attained.

First suppose p = 0 (mod 4). Denote by S the graph of order 7 in Fig. 7.

Then the graph G7 = K3 + ((p — 4)/4)K4 + S has order p + 6 and size 1 + (p 4+ 2)(p + 6)/2, and by using
Lemma 1 we can verify that G7 does not contain B),.
Now suppose p = 2 (mod4). We have p > 14. The graph

Gg=Ks3+({(p—14)/HKs+S+7Y
has order p + 6 and size 1 + (p + 2)(p + 6)/2, and Gg does not contain B,,. This completes the proof. O

Theorem 13 does not include the small values p = 2, 3, 6, 10. The information about them is as follows.
ex(8, By) = 16, ex(9, Bz) =21, ex(12, Bg) = 48 and ex(16, Bjgp) = 96.

It seems difficult to characterize the extremal graphs for ex(p + 6, Bj,). A computer search shows that there
are 16 extremal graphs for ex(9, Bz) = 21 and there are 20 extremal graphs for ex(12, Bg) = 48.
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Fig. 7 The graph S

The results in this paper suggest that perhaps there is no uniform formula for the Turdn number ex(n, Bp)
for all pairs (n, p).
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