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CONVERGENCE BALL OF ITERATIONS 

W ITH ONE PARAM ETER 

Guo Xueping 

Abstract．Under the weak Lipschitz condition about the solution of the equation，convergence 

theorems for a family of iterations with one parameter are obtained．An estimation of the radius 

of the attraction ball is shown．At last tWO examples are given． 

§1 Introduction 

0f the various iteration methods used to solve the equation F(z)一0，the family of 

iterative methods with one parameter 

X n+ l ～ ” 一 lH ～ ∈[o’1]， (1) 
【PF(z)一 F (z)一 F”(z)F (z)一 F(z)， 

is remarkable because it includes the super—Halley method，the Chebyshev method and 

Halley’S method as its special cases when d is equal to 1，0 and 1／2，respectively． 

There are a number of papers concerning the above three iterations．In E1—73，Halley’S 

method is studied．Among these references，E1 3 gives the convergence of Halley’S method 

under the conditions of point estimation．The convergence and error estimations are 

obtained by means of cubic majorant function (see[2—5])．The convergence of the 

Chebyshev method by using recurrence relations is given in E83 and E9]．About the super— 

Halley method，cubic majorizing function is used in ElO-]and recurrence relations are used 

in El1]．The conditions the above papers need are usually added to the initial point zo．Now 

our conditions are added to the equation solution．The aim of this paper is to compare the 

radius of the attraction ball in the family of iterative methods(1)． 
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§2 Convergence ball of iterative family(1) 

463 

Deftne JD—JD( )一II — II， 一 (JD)一L(p)p，n 一n(JD)：1一f ( )d ， 一 
J 0 

)一吉 ∽础，in which L( s a n。ndecreasing poSiti e integral functi。n． 
For r‘i>O，B(x ，r)denotes the open ball with the radius r and the center *

． then we 

have 

Theorem 1．Suppose that F has first and second order continuous Frechet derivatives in 

some neighbourhood of the point ，F ( )一 exists and 

ll F ( -1F”( )ll≤ (0)， 

If r satisfies 

F ( )一 [F”( )一F ( )]II≤I l。L (u)du I，v ∈B( *，r)． rP( ) 
J p(x ) 

h(r)：一 [ + +(吉一 ]≤ ， 
then the family(1)is convergent for all o∈B(x ，r)and 

where 

口 === 

一  

ll≤q 一 ll o— ll，，2— 1，2，⋯ ， 

nP
0 

n；。一a P。 [ + + L百eob．o J-1< ． 
In order to prove this theorem ，we need 

Lemma 1_12=1
． ÷ ( ) d is n。ndecreasing with respect t。 ． 

Lemma 2．Suppose that F satisfies the condition of Theorem 1，l ( )dt<l and a <1， r， r 
J o a： 

then we have 

(1)lf F ( -1F ( )lI≤ (|D)； 

(2)ll ㈤  )ll≤ 1 

(3)II ) F( )II≤ ； 

(4)ll L，( ) 

(5) 

(6) 

(7) 

II(I-a II≤ ； 

f1F,( *-1 F，，( + *一 ))一 ( )](1一r)( *一 )zdr≤L p pII F IF r(x F II ． I ( ( + 一 ))一 ( )](1一r)( *一 ) dr ≤ ． J 0 ’ T／ 
f1F，( *-1F，，( 
J 0 

+r(x 一 ))(1一r)( 一 ) dr ll≤ ． 

≤ 
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Proof．(1)From the conditions on F，it is easy to get 

(1) ll F，(z )一iF (z)ll— ll F (z )一 EF”(z)一F”(z )]+F (z )-1F”(z )ll 

I L (u)du+L(O)一L(ID)． 

(2)From (1)we have 

ll —F，(z )一IF (z)lI— ll F (z )一 EF (z )一F (z)]ll— 

ll F，(z )一 I F (z+r(x 一z))(z 一x)dr ll 

(1一 r)p)pdr一 圳  ， 

SO the inequality 

F (z)Ⅲ1F (z )ll≤ 

h。lds fr。m the Banach Lemma and L(￡)d￡< 1． 

(3)F (z)一 F(z)一F (z)一 [F(z)一F(x )]一 

1 
== — —  

a p 

— I F (z) F (z+r(x 一z))(z 一x)dr— 
J 0 

r1 

一 I F (z) F (z )(z 一x)dr(1etx 一z+ r(x 一z))． 
J 0 

On the other hand，by equalities 

p(x )一 ll z 一z ll— lI z—z +r(x 一z)ll一 (1一r)ID(z)， 

p(x+ a(x 一z))一 ll z—z +ar(x 一z)ll一 (1一ar)p(x)， 

we have 

ll —F (z )一 F (z)ll— lI F (z )一 [F (z )一F (z)]lI— 
r1 

ll F (z )一 I F”(z+a(x 一z))(z 一x)da ll≤ 

(z 一x)da ll≤ 

F (z )Ⅲ1F (z )ll· 

≤ 

≤ 

』：F (z )一 F”(z+ (z 一z)) 

1一 L(￡) J 
0 

1 

1一f(1-OeL(￡)d 
J 0 

1 

z 一 z ll d ≤ 

It is clear that the above inequality is bounded by 1．Thus，from the Banach lemma，the 

following inequality is valid： 
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F ( ) F ( )ll≤ 

1一 f(卜 L(￡)d￡ J 
0 

1一 fPL(f)出 J 
0 

ll ) F( )ll≤ ) (z—  )ll dr≤ 

』： ≤ 

(4)ll LF( )ll— ll F ( )一 F ( )F (z)一 F(z)ll≤ 

ll F ( )一 F ( )ll ll F ( )-1F”( )ll ll F ( )一 F( )ll≤ 

一  
．  

(5)Since < 1，we have 
口： 

II( 一 ) lI≤ ≤ ． 

(6)ll l F，(z*)-1 F，，( + *一 ))一F，，( )](1一r)( 一 )。drIF r(x F dr II≤ (6)ll I (z ( + 一 ))一 ”( )](1一r)( 一 ) ≤ 
J 0 

』：』： 一 L ( )(1——r)p2d甜dr==』：[L(JD)——L((1——r)JD)](1——r)p2dr：= 
L
下
(p)pz

— f1L((1一r)JD)(1一r)pZdr(1et(1一r)JD—f)一 
厶 J 0 

一  ∽ 础 一 一 ≤ ． 

(7)lI l F，( *)-1F，，( + *一 ))( 一r)( 一x)~drF F r(x 1 dr ll≤ ． (7) I ( ( + 一 ))( 一r)( 一 ll≤ ． 
J O 

ĵ：L(JD( ))(1一r)p2dr=』：L((1一r)JD)(1一r)p2dr一』：L( ) d —pbp． 
Proof of Theorem 1．The method is the same as that of[1 33． 

When 0≤a≤丢， 
一  

+ 1全 (I)+ (Ⅱ)+ (Ⅲ)= 

一 QFF，( )一 l IF，，( +r( 一z ))一F ( )](1一r)( 一 )。dr一 

( 1一a QFLFF'(z ) 』：F ( +r( 一z ))(1一r)( 一 )。dr+ 
1Q

FF ( )一 F ( )F ( )一 I F (z +r(x 一 ))(1一r)( 一 )。dr(x 一 )， 
J 0 

where QF一 ( — aLF)_。．If we set = ，then 

(I)ll+ ll(Ⅱ)ll+ll(Ⅲ)ll≤ ·l [Lp
2"p+ +(丢一a)． 
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Therefore 

When -4d41， 

ll z 1一z 

ff QFF (z )’ 
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a

]J 一 ： 

ap 

a；一aLP 

]· 1·p2
．

J 口； l0 

L
r 
2 + 2

a +( 2一a)． ＼ 一／ 

z一 II 4志  ≤⋯≤q 卅L n)' 

z 一z ll 4 q2n--1p(x。)，n= 1，2，⋯ ． 

Vo1．2O．No．4 

一 z ))一F (z )](1一r)(z 一z ) dr ll+ 

(a一吉)Q，F (z ) F (z )EF (z ) F (z +r(z 一z ))· 
(1一r)(z 一z ) dr] ll+ ll(d一 1)QFF (z ) F (z )F (z )_|1· 

f1F，，(z +r(z*一z ))(1一r)(z*一z )zdr(z*一z )II≤ 
√o 

[ +c 
口 P 

口 一 吐  

LP bP ’p 

a p
n 

1 b ‘10 
ap

n 

[ L p．bp．+ 专) ． 

口 

口 一 吐  

1 

口o 

Considering the expressions of aP and bP，and then estimating the above formula，we 

haVe the f。11。wing expressi。n which is als。ture f。r 14a41
： 

z +1一z ll≤ apn 
口 一 吐  [ + + ． 

N。ticing the c。nditions a,> 。and d < 1，we have the c。nclusi。n as required． 

§3 Example 

If we set L( )=y+Lu and L( )一 2y 
(1一y )。’ the corresponding values are shown in 

Tables 1 and 2．The numbers beginning from line 2 column 2 mean the suprema of the 

radius of attraction ball r．The computation is exact to four significant figures． 

z 

， 
r 

+ 

z 

， 

≤ 

● ●  

● v 

一 

1●●●J  

2  

维普资讯 http://www.cqvip.com 

http://www.cqvip.com


Guo Xueping CONVERGENCE BALL OF ITERATIONS WITH ONE PARAMETER 

Tahle l L(u)一y+L“ 

467 

From Table 1 we can conclude that the range of，-decreases as the values of 7 and 

increase·Furthermore，when 7= 0 and the value of increases，the range of，-also seems 

decreasing．This also happens when 一 0 and 7 increases．On the other hand，the va1ue of 

r at口一 1 seems larger than that at口一 1 
and口一 0，but n。c。nclusi。n can be drawn fr。m 

a一 and a一 0． 

Table2 )一 

Table 2 gives US the impression that the decreasing tendency of，-seems to be ture
．  

§4 Open problem 

It’s well—known that the super—Halley method，the Chebyshev method and Halley’s 

method all have the third—order convergence．It is to be proven that the error estimates of 

the iterative family(1)are also of third order．On the other hand．the message that the 

super—Halley method seems superior to the other two iterations can be concluded from the 

tables，do we have the same conclusion from the expression (̂r)≤ 17 
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