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CONVERGENCE BALL OF ITERATIONS
WITH ONE PARAMETER

Guo Xueping

Abstract. Under the weak Lipschitz condition about the solution of the equation, convergence
theorems for a family of iterations with one parameter are obtained. An estimation of the radius

of the attraction ball is shown. At last two examples are given.

§1 Introduction

Of the various iteration methods used to solve the equation F(x)=0,the family of
iterative methods with one parameter

1 _ _
=z, — | I+ =Py — aPp)7! |[F'(z,) 'F(z,),
ZLny1 = Zn [ + 2 #( aPr) ] (2,) 7 F (z) a€ [0,1], ey

Pr(x) = F' () 'F"(2)F' (x)7'F(x),
is remarkable because it includes the super-Halley method, the Chebyshev method and
Halley’s method as its special cases when «a is equal to 1,0 and 1/2,respectively.

There are a number of papers concerning the above three iterations. In [1-7],Halley’s
method is studied. Among these references,[1] gives the convergence of Halley’s method
under the conditions of point estimation. The convergence and error estimations are
obtained by means of cubic majorant function (see [2-5]). The convergence of the
Chebyshev method by using recurrence relations is given in [8] and [9]. About the super-
Halley method, cubic majorizing function is used in [10] and recurrence relations are used
in [11]. The conditions the above papers need are usually added to the initial point x,. Now
our conditions are added to the equation solution. The aim of this paper is to compare the

radius of the attraction ball in the family of iterative methods (1).
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§2 Convergence ball of iterative family(1)

Definep=p(zx) = |z —z* || ,L,=L(p) = L(p)p,a,=a(p) =1— J:L(t)dt,b,, =

0
b(p) = %J L(#)edet, in which L) is a nondecreasing positive integral function.
0

For »>>0,B(x” ,7) denotes the open ball with the radius r and the center x*. then we
have
Theorem 1. Suppose that F has first and second order continuous Frechet derivatives in
some neighbourhood of the point z*,F' (x*) ™! exists and
| F'(z*)'F"(x*) || <L),

(x)
| F' (x*) ' [F'(x) — F'(")] || < |JP( ’)L'(u)du| s ¥V x € B(x*,r).
ol

If » satisfies

. _ _lal L Lb (1 _ \Lp
mo = [ st g o <
then the family (1) is convergent for all z,€ B(z*,7) and
la, —z* | <g ' lao—2" ||, n=1,2,...,
where
a"o L"o Lpobpo 1 Lpobpo j]
q_af,o—aL,,o[—2—+ 2a,, (?—a a; <1

In order to prove this theorem,we need

[12]

1 . . .
Lemma 1'%, - L(w)udu is nondecreasing with respect to ¢.
0

r Lr
Lemma 2. Suppose that F satisfies the condition of Theorem 1, J L() dt<1 and @ a_2<1 s
0 r

then we have
) | F' (@) 'F(2) || <L(p);

@ NIF @ FPeH | <—>A -1

1 — j"L(t)dt a
0

@) | F' @7 F@) | <L
o

@ L@ I <X,

4
a4
2 __ y
at—al,

® | J:F' @) F'(z+z" —2)) — F'(@)]d — )z — )M || <

G || T—al)™ | <

Lo
23

| J:F' @)TF'"(z+1(z" —2))A — ) (a* — e || < pb,.
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Proof. (1) From the conditions on F,it is easy to get
() | F @) P @ || = | F @) [F(x) — F'(z*)]+ F' ()" F'«") | <
JPL/ (w)du + L(0) = L(p).
0

(2) From (1) we have
| I—F () F'() | =F (@) [F() —F@]| =

1
| F' (z* )“IJOF”(x +r(z* — ) (x* — xo)dr || <

1
JOL(“ — Dp)pdr = J”L(z)dz,
0
so the inequality

|FF() ' F )| <K—F—— ="

holds from the Banach Lemma and JPL(t)dt < 1.
0
(3) F'(x)"F(z) = F'(x) ' [F(z) — F(z")] =
— JIF’(x)‘lF’ (x + t(x* — 2))(z* — x)dr =
0

— J:F’ () 'F' (x)(x* — x)drletr, = = + t(xz* — 2)).

On the other hand, by equalities
plz)=la.— 2" || = lz—z2" + (" —) || = A —Dplx),
ox+o(z,—z2))=|z—z" +or(z" — ) || = QA —oDplx),

we have
| I —F (z)7'F'(z) || = | F'(x) ' [F'(z)) — F'(D]| =

| F' o [ R + ot — ) (@ — )do | <
1
| F )= F ) | - |l JOF’(x* Yz + oz — 1))

1
(z, — x)do || <+J Lp(x+ oz, — D)) ||z — x| do <<
1 —J L()dt’®
0

1
<1—1r>p J L((1 — or)p)rpde =
1 — J L)de®

0

1
{1—vp
1-— J L()d:
0

JP L()de.
(1-Dp

It is clear that the above inequality is bounded by 1. Thus, from the Banach lemma, the

following inequality is valid:

p———
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1— j“_'"’L(t)dt
| F'(x) ' F' (x) || < 0

’

1 — fL(z)dt
0

1
| F' (x)7'F (x) || <j | F'(x)7'F' (z) (2" — o) || dr <
0

J

W) || Lrx) | = | F' () 7' F"()F' (x)7'F (o) || <
| F' @) F () || | F' ()T F" @) || | F' (@) 7'F () || <

(l—r)PL( )d
1— j t)d:
1 0 pdT < __pp—_ —_ ﬁ
1 — j Lyde %

0

_
o 91— jL(z)dz
0

1oL _Le
apL(p)a =—.

p Gp
. L,
(5) Since a ;3<1,we have

_ -1 1 p
H (I aLF) “ < 1 —a ” LF ” < a2 _ aLp.

P

@) | fF () [F'(x + t(z" — 1)) — F'(@) ] — D (z* — 2)4dr || <

” L@ — Dpdude = [ [L(p) — (A = D11 = Dpfde =

04 (1—1)p

2
1:&1:_;_)_,1_)_ — J:L((l — ) — pdr Jet(l —DDp=1¢) =

L _ rL(otdt L gy Lo
2 ), 2 2

(| rF' (") F'(x +t(z” —2NA — )z — e || <
[}
1 1
LL(p(x,))u — Optde = LL((I — P — Dptdr = j:L(t)zdt = ob,.
Proof of Theorem 1. The method is the same as that of [13].

When Ogaél,
" — ., A () + (1) + ()=
— QsF’ (x,,)”‘f [F'(z, + t(z* — x,)) — F'(z)](1 — D) (z" — z,)%dr —

1
)
-
2

%QFF/ (x,) 'F"(x ) F' (x,,)"rF”(xn +r(z" — ) — D (x* — z)¥dr(z” — x.),
0

QrLF’ (x,,>—lfF”<x,, Fret — 2 — (" — z)Mdr +
0

where Q= (I —alLy)"!. If we set x,=x,then

g AfLep Db (1.
FCoO I+ e+ T I <=7 a,,[ 7 T2, 1T
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Lb, . p} _ a, [éﬁ L,b, (_1_ _ .
at T at—al, 2+2a,,+ 2 ¢
LPbP] . _1_ . 2
at £
Therefore
l2* = 2 | < gesper’ <. <@ o,
l.e.,
| z* — x| <q¥ 'p(xe)y n=1,2,5...
When —%—<a<ly
” Zpt1 — I* <
1
{{ QeF' (I,.)*ILEF”(I,, +(x* — 1)) — F'(z)](0 — o) (x* — x4 || +
1
I (a — L) QF () F () [F (x,,>—1j F'(z, + t(z" — ) »
0
A= (x" =zl || + || (¢ — DQpF' (x,) 'F'(x,)F (x,) 7" »
at 1

n

1
" * — * 2 *
[P, + @ -z - oG —z)dee —2) | < e iy

0
n n

L, «p L,b, +p b, *+p)*
[ ""2 + 1 —a —”"a”" +la— —%—)L,,n ”; }:
PYI Pﬂ
4, [L, Lyb, 1 Lpnbf»n} 1,
afz»n_aLpn[7+(1_a) N + a’——é- a,z," :;',0.

Considering the expressions of a, and 4,,and then estimating the above formula, we

have the following expression which is also ture for —%—<a<1;

L, L,b,

* ap?l n
| 2y — 2 |l <67———01—L,,n[ 2 + 2a,

P’l

Lm’%ﬂ} 1,
—2 .———op.

-
2 Qp, o

. .. L, . .
Noticing the conditions a@,>>0 and « Z§<1, we have the conclusion as required.

r

§ 3 Example
27 . .
If we set L(u) =7+ Lu and L(u) :m,the corresponding values are shown in
Tables 1 and 2. The numbers beginning from line 2 column 2 mean the suprema of the

radius of attraction ball 7. The computation is exact to four significant figures.
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Table 1 Lu)=7+Lu

=1 =2 7=3 7=0 7=0 7=0 =1 =2 7=3
=] L=2 L=3 L=1 L=2 L=3 L=0 L=0 L=0

1 1. 275 0. 7510 0.5391 2. 081 1.4718 1. 202 2. 000 1. 000 0. 6667
L 0.3234  0.5000 0.1224 0.7420  0.5246 0.4284 0. 4000 0. 6306 0. 4204

0 0.3735  0.2055 0.1423 0.8317  0.5881 0. 4802 0. 4684 0.2342 0. 1561

From Table 1 we can conclude that the range of » decreases as the values of ¥ and L
increase. Furthermore, when =0 and the value of L increases, the range of  also seems

decreasing. This also happens when L=0 and 7 increases. On the other hand, the value of

1 .
r at a=1 seems larger than that at a=—= and a=0,but no conclusion can be drawn from

2

24

Table 2 L(u)= a—7ay

a 7= 7=2 r=3 r=4 r=5 7=6 r=10 Y=20 7=30

1 0.4408 0.06000 0.04138 0.1102 0.02483 0.07347 0.04408 0. 02204 0.01469
% 0.3293 0.07095 0.04730 0.03548 0.02838 0.05488 0.03293 0.007095 0.01098

0 0.1619 0.08097 0.05398 0.04048 0.03239 0.02699 0.01619 0.008097  0.005398

Table 2 gives us the impression that the decreasing tendency of  seems to be ture.

§ 4 Open problem

It’s well-known that the super-Halley method, the Chebyshev method and Halley’s
method all have the third-order convergence. It is to be proven that the error estimates of
the iterative family (1) are also of third order. On the other hand, the message that the
super-Halley method seems superior to the other two iterations can be concluded from the

tables,do we have the same conclusion from the expression A ()<{1?
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