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Question 1 (25 Marks) Consider the system: ( , )x f t x′ = , where ( , )f t x  be 

continuous and locally Lipschitz on nR R+ × . Suppose that there exists an auxiliary 

function ( , ) : nV t x R R R+ × →  of class 1C  such that  

1 2( ) ( , ) ( )W x V t x W x≤ ≤ , 

where 1( )W x  is semi-positively definite, i.e. 1( ) 0W x ≥  with 1( ) 0W x = ⇒ 0x = ; 

and 

1|| ||
lim ( )
x

W x
→∞

= ∞ ; 

 
.

1( , ) ( , ) ( )
def V VV t x f t x a bW x

t x
∂ ∂′ = + ⋅ ≤ +
∂ ∂

. 

Show the following:   

1) The system has a global solution ( max 0[ , )I t+ = ∞ ) for any 0 0( , ) nt x R R+∈ × .  

2)  If 1( )W x  is positively definite; 0a =  and 0b < , then, to show that the system 

is globally uniformly asymptotically stable in Lyapunov sense  
 
 

Question 2 (25 Marks) Find the bound of solution on [0, )+ ∞  for the IVP: 

  xxxfx )1()( 2+−==′ , ax =)0( , 

without solving the equation 
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Question 3 (25 Marks) Show that  

)()( thxtAx +=  

has only 1n +  linearly independent solutions, where ( )h t  is not identically zero on 

I ; ( )A t  and ( )h t  are both continuous on I .  

 
 
Question 4 (25 Marks) Apply LaSalle invariance principle to the following general 
pendulum equation 

1 2

2 1 2( ) ( )
x x
x g x h x
=

 = − −





, 

where )(⋅g  and )(⋅h  are locally Lipschitz and satisfy 

 0)0( =g , ( ) 0yg y > , 0y∀ ≠ , ( , )y∈ −∞ ∞ ; 

0)0( =h , ( ) 0yh y > , 0y∀ ≠ , ( , )y∈ −∞ ∞ , 

to conclude its stability of the origin. To guarantee the global result, what additional 
condition should be imposed?   
 

 


