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Abstract

The three subgraphs of a connected graph induced by the center, annulus and
periphery are called its metric subgraphs. The main results are as follows. (1)
There exists a graph of order n whose metric subgraphs are all paths if and only
if n > 13 and the smallest size of such a graph of order 13 is 22; (2) there exists
a graph of order n whose metric subgraphs are all cycles if and only if n > 15,
and there are exactly three such graphs of order 15; (3) for every integer k > 3, we
determine the possible orders for the existence of a graph whose metric subgraphs
are all connected k-regular graphs; (4) there exists a graph of order n whose metric
subgraphs are connected and pairwise isomorphic if and only if n > 24 and n is

divisible by 3. An unsolved problem is posed.
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1 Introduction

We consider finite simple graphs. For terminology and notations we follow the books [3]
and [11]. The order of a graph G, denoted |G/, is its number of vertices, and the size is
its number of edges. We denote by V(G) and E(G) the vertex set and edge set of a graph
G respectively. Denote by dg(u,v) the distance between two vertices u and v in G. If

the graph G is clear from the context, we simply write d(u,v). The eccentricity, denoted
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by e(v), of a vertex v in a graph G is the distance to a vertex farthest from v. Thus
e(v) = max{d(v,u)|u € V(G)}. If e(v) = d(v,x), then the vertex x is called an eccentric
vertex of v. The radius of a graph G, denoted rad(G), is the minimum eccentricity of
all the vertices in V(G), whereas the diameter of G, denoted diam(G), is the maximum
eccentricity. For graphs we will use equality up to isomorphism, so G; = GG means that

G, and G5 are isomorphic. A graph is called null if it has order 0; otherwise it is non-null.

Let G be a connected graph. A vertex wu is a central vertex of G if e(u) = rad(G).
The center of G, denoted C(G), is the set of all central vertices of G. A vertex v is a
peripheral vertex of G if e(v) = diam(G). The periphery of G, denoted P(G), is the set of
all peripheral vertices. A vertex w is an annular vertez of G if rad(G) < e(w) < diam(G).

The annulus of G, denoted A(G), is the set of all annular vertices.

Definition 1. Let G be a connected graph. The subgraph of GG induced by its center
is called the central subgraph of G; the subgraph of G induced by its annulus is called the
annular subgraph of G; the subgraph of GG induced by its periphery is called the peripheral
subgraph of GG. These three subgraphs are called the metric subgraphs of G.

A self-centered graph has empty annulus, and hence its annular graph is the null
graph. There are much work studying the central subgraph (e.g. [2], [3, Chapter 2|, [7],
[8]), some studying the peripheral subgraph ([1], [3], [4]) and little studying the annular
subgraph [5]. In this paper, we consider these three subgraphs as a whole.

We will determine possible orders for the existence of a graph whose metric subgraphs
are either all paths, or all cycles, or all connected k-regular graphs with k£ > 3, or connected
and pairwise isomorphic graphs, and we also consider the smallest size problem. At the

end we pose an unsolved problem.

2 Main results

For two graphs G and H, G V H denotes the join of G and H, which is obtained from
the disjoint union G + H by adding edges joining every vertex of G to every vertex of H.
Given two vertex subsets S and T' of a graph, we denote by [S, T'| the set of edges having
one endpoint in S and the other in 7. P,, C,, and K,, denote the path of order n, the
cycle of order n and the complete graph of order n respectively. As usual, ¢K5 denotes
the graph consisting of ¢ pairwise vertex-disjoint edges, and deg(v) denotes the degree of

a vertex v. We denote by G the complement of a graph G.



Definition 2. Given a sequence of graphs Hy, Hs, ..., H,, their circular join is defined
to be the graph obtained from the disjoint union H; + Hy + ... + H, by adding edges

joining each vertex of H; to each vertex of H;,; for every i = 1,2,...,p where H,,; means
H,.

Definition 3. Let G and H be two graphs with |G| < |H|. Labeling the vertices of
G and H by zy,...,xs and yq, ...,y respectively, the nice connection of G and H with
respect to this vertex labeling is the graph obtained from the disjoint union G + H by
adding the edges x;y;, i = 1,2, ..., s and the edges z1y;, 7 =s+1,...,t.

Given two graphs, there are possibly many nice connections of them, depending on

the vertex labeling. For our purposes below, any nice connection works.
We will need the following lemmas.

Lemma 1 (Lesniak [10]). Let G be a connected graph of order n. Then for every
integer k with rad(G) < k < diam(G), there exist at least two vertices in G of eccentricity
k.

Lemma 2. If G is a graph with a nonempty annulus, then rad(G) > 2, diam(G) > 4,
and |A(G)| > 2.

Proof. Since diam(G) < 2rad(G) [11, p.78], if rad(G) = 1 then diam(G) < 2,
implying that the annulus of G is empty, a contradiction. Hence rad(G) > 2. Consequently
diam(G) > rad(G) + 2 > 4.

The assertion |A(G)| > 2 follows from Lemma 1 and the condition that G has a

nonempty annulus. O

We denote by eg(v) the eccentricity of a vertex v in G. Recall that |G| denotes the

order of a graph G. The following lemma is of independent interest.

Lemma 3. Let H be the peripheral subgraph of a connected graph G. If H is connected,
then rad(H) > diam(G) and |H| > 2 diam(G).

Proof. Let v be a central vertex of H and let  be an eccentric vertex of v in G. Then

x € P(G) =V(H). We have
diam(G) = eq(v) = dg(v,z) < dg(v,x) < eg(v) =rad(H),

showing that rad(H) > diam(G). Combining this inequality with the fact that rad(H) <
|H|/2 we obtain |H| > 2diam(G). O

For a graph G and S C V(G), the neighborhood of S is defined to be N(S) = {z €
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V(G) \ S|z has a neighbor in S}. We will repeatedly use the fact that the eccentricities

of two adjacent vertices differ by at most 1.

Lemma 4. Let W be the annular subgraph of a connected graph G. If W is non-null
and connected, then rad(W) > 2 and consequently |A(G)| > 4.

Proof. Clearly N(C(G)) € A(G). To the contrary, suppose rad(IW) = 1. Let v be
a central vertex of W. Denote r = rad(G). Let x be any vertex in V(G). If x € C(G)
then d(v,z) < r; if x € A(G) then d(v,z) < 1 < r. If x € P(G), choose any vertex
y € C(G) and let Q =y, ..., 2, ...,x be a shortest (y,x)-path in G where z € A(G). Then
@ has length at most r and the subpath Q|z, ] has length at most » — 1. Again we have
d(v,z) < d(v,z) +d(z,z) <14 (r —1) < r. This shows that e(v) < r, a contradiction.
Hence rad(W) > 2.

Since a connected graph of order at most 3 has radius at most 1, we obtain |A(G)| > 4.

Lemma 5. If a connected graph has a connected peripheral subgraph and a non-null

connected annular subgraph, then its order is at least 13.

Proof. Suppose G is a connected graph whose peripheral subgraph is connected and
whose annular subgraph is non-null and connected. Consider the diameter. By Lemma
2, diam(G) > 4. Then by Lemma 3, |P(G)| > 2diam(G) > 8. Lemma 4 gives |A(G)| > 4.

Note that every non-null graph has at least one central vertex. We obtain
G| =1C(G)[ +[AG) [+ [P(G)] 21+ 448 =13.

This completes the proof. O

Theorem 6. There exists a connected graph of order n whose metric subgraphs are

all paths if and only if n > 13, and the smallest size of such a graph of order 13 is 22.

Proof. If GG is a connected graph of order n whose metric subgraphs are all paths,
then by Lemma 5, n > 13.

Conversely, for every n > 13 we will construct such a graph of order n. First, the

graph (G; in Figure 1 is a graph of order 13 whose metric subgraphs are all paths.



Wy Wy Wi W4 Ws W Ws Wg

Fig. 1. The graph G,

The central subgraph, the annular subgraph and the peripheral subgraph of G; are
the paths u, Q = vivov3vy, and wiws...wg respectively. Next for a given integer n > 14,
in Gy replacing the vertex u by the path P, 15 and then taking the join of P, 15 and the
path @) we obtain a graph. This is a graph of order n whose metric subgraphs are all
paths.

Finally we show that the smallest size of such a graph of order 13 is 22. Let H be a
graph of order 13 whose metric subgraphs are all paths. Denote the center, annulus and

periphery of H by C, A and P respectively. By the proof of Lemma 5, we have
|IC| =1, |Al =4, |P|=238, diam(H) =4 and hence rad(H) = 2.

Let C' = {u}, let the annular subgraph of H be the path vjv9v3v4, and let the peripheral
subgraph of H be the path wjws...ws. Then e(u) = 2, e(v;) = 3,7 = 1,...,4, and
e(w;) =4, j =1,...,8. Since the eccentricities of two adjacent vertices differ by at most
1, N(u) € A. Now the condition e(u) = 2 implies that each vertex in P has a neighbor
in A. Hence |[P, A]| > 8. Clearly, any eccentric vertex of a vertex in P lies in P. Since
e(ve) = 3, every eccentric vertex of vy lies in P. Let wy be an eccentric vertex of vy. Then
vy is the unique neighbor of wy in A. Since d(u,wy) < 2, u and vy are adjacent. Similarly,
considering the vertex vs we deduce that u and v, are adjacent. We claim that N(u) = A.
Otherwise deg(u) < 3. Without loss of generality, suppose v and u are nonadjacent.
Denote S = {vy, vo} and T = {vs}. Then each vertex in P has a neighbor in S UT. We
will repeatedly use this fact. Since w; is the only possible eccentric vertex of ws, we have
d(wy,ws) = 4. Let x € SUT be a neighbor of w; and let y € SUT be a neighbor of ws.

Then we have the following two possible cases.

Case 1. x € S and y € T Since wg is the unique eccentric vertex of w,, wg and v, are
nonadjacent. Hence wg has a neighbor in S. Consequently, the neighbor of wy in SUT

must be vy. To keep d(wy, wg) = 4, wy and vy cannot be adjacent. Thus w; has a neighbor
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in S. Similarly, to keep d(ws,w1) = 4, wy and vy cannot be adjacent. Thus wy has a
neighbor in S. Now wyg is the only eccentric vertex of wy. Hence wg has no neighbor in S,
implying that v, is the only neighbor of wg in S UT. Since w3 has a neighbor in S U T,

we deduce that e(w;) < 3, a contradiction.

Case 2. z € T and y € S. The condition e(ws) = 4 implies that the two vertices wy
and wg are nonadjacent to vs. Thus, both w, and wg have a neighbor in S. Since wg is the
unique eccentric vertex of wy, wg and vy are adjacent and ws has a neighbor in S. If wy is
adjacent to vy, using the fact that wy has a neighbor in SUT we deduce that e(wg) < 3, a
contradiction. Hence wr has a neighbor in S. But then e(w7) < 3, a contradiction again.
This shows that deg(u) = 4.

We conclude that the size of H is at least 3 + 7 + 8 + 4 = 22. Conversely, the graph
GGy in Figure 1 is a graph of order 13 and size 22 whose metric subgraphs are all paths.

This completes the proof. O

Remark 1. By the proof of Theorem 6, it is not difficult to check that there are

exactly 64 connected graphs of order 13 and size 22 whose metric subgraphs are all paths.
We will need the following two results.

Lemma 7 (Kim, Rho, Song and Hwang [9]) Let G be a graph of order n with radius
r and minimum degree k where v > 3 and k > 2. Then n > 2r(k+1)/3.

Lemma 8. Let k and n be integers with 1 < k < n — 1. Then there exists a k-reqular
graph of order n if and only if kn is even. If kn is even and k > 2, then there exists a

hamiltonian k-regular graph of order n.

Lemma 8 can be found in [6, pp.12-13]. Its first part is well-known, but its hamiltonian

part is usually not stated.

Next we determine the possible orders for the existence of a graph whose metric
subgraphs are all connected and k-regular. The answer depends on the nature of k and

there are six cases.

Theorem 9. Let k > 2 be an integer and denote q = |k/3]|. There exists a connected
graph of order n whose metric subgraphs are all connected and k-reqular if and only if
(1) n > 14q + 6 when k = 0 mod 3 and q is even; (2) n is even and n > 14q + 8 when
k = 0mod 3 and q is odd; (3) n is even and n > 14q + 12 when k = 1 mod 3 and
q is even; (4) n > 14qg + 11 when k = 1 mod 3 and q is odd; (5) n > 14q + 15 when

= 2 mod 3 and q is even; (6) n is even and n > 14q + 16 when k = 2 mod 3 and q is



odd.

Proof. Let G be a connected graph of order n whose metric subgraphs are all con-
nected and k-regular. Denote the center, annulus and periphery of G by C, A and P

respectively.
Since the central subgraph G[C] is k-regular, we have |C| > k + 1.

We then estimate the cardinality of A. Since the annular subgraph W = G[A] is k-
regular, we have |A] > k + 1 where equality holds if and only if W is complete. By
Lemma 4, rad(W) > 2, implying that W is incomplete. Hence |A| > k + 2. When £k is
odd, the order of W must be even since W is k-regular, and consequently |A| > k + 3.
It follows that (1) |A| > 3¢ + 2 when & = 0 mod 3 and ¢ is even; (2) |A] > 3¢+ 3
when £ = 0 mod 3 and ¢ is odd; (3) |A| > 3¢ +4 when k£ = 1 mod 3 and g is even; (4)
|A| > 3¢+ 3 when £ =1 mod 3 and ¢ is odd; (5) |A| > 3¢+ 4 when kK =2 mod 3 and ¢
is even; (6) |A| > 3¢+ 5 when k£ =2 mod 3 and ¢ is odd.

Next we estimate the cardinality of P. Denote by H the peripheral subgraph of G. By
Lemma 2, diam(G) > 4 and by Lemma 3, rad(H) > diam(G). Thus r = rad(H) > 4. By
Lemma 7 we obtain |P| > 2r(k + 1)/3, from which we deduce the following information.
(i) |P| > 8¢ + 3 when k£ = 0 mod 3 and ¢ is even; (ii) |P| > 8¢ + 4 when k£ = 0 mod 3
and ¢ is odd; (iii) |P| > 8¢ + 6 when k =1 mod 3; (iv) |P| > 8¢ + 8 when k = 2 mod 3.

Using the above estimation we can obtain a lower bound for n = |C| + |A| + |P|. We
have (1) n > 14¢ + 6 when £ = 0 mod 3 and ¢ is even; (2) n is even and n > 14¢ + 8
when k£ = 0 mod 3 and ¢ is odd; (3) n is even and n > 14¢ + 12 when k£ = 1 mod 3 and
q is even; (4) n > 14q + 11 when k£ = 1 mod 3 and ¢ is odd; (5) n > 14¢ + 15 when
k =2 mod 3 and ¢ is even; (6) n is even and n > 14¢ + 16 when & = 2 mod 3 and ¢ is
odd.

Conversely, for every order n in the range as stated in the theorem, we construct a

connected graph of order n whose metric subgraphs are all connected and k-regular.

Notation. For a positive even integer f, we denote by Ky — PM the graph obtained
from Ky by deleting a perfect matching; i.e., Ky — PM = (f/2)K,. For an integer g > 3,
we denote by K, — HC' the graph @. For an integer s > 2, we denote by K, — HP the

graph P,.

Case (1). k& = 0mod 3 and ¢ is even. Now k = 3¢ is even. Let n > 14q + 6.
We have n — (11¢ + 5) > k + 1. By Lemma 8, there exists a connected k-regular graph



CW of order n — (11qg + 5). We denote by P® the circular join of the eight graphs
g HY where HY = 7Y = BV = K, 71 = HY = HY = HY = K,
and Hél) = K, — PM. Denote AY) = Kj,,» — PM. Partition the vertex set of A1) into
eight subsets Vl(l), . .,Vs(l) such that A(l)[V;(l)] = K, for i = 1,5, A(l)[Vj(l)] = Ky for
j=2,3,4,6,7,8 and AO[VV UV = Ky, AOVY UV = K, — PM for s = 2,3, 4.
Let REI) = A(l)[‘/;(l)], i=1,...,8. Finally let M; be the graph obtained from the disjoint
union C1 + A®) + PO by first taking a nice connection of Rl(l) and HZ-(l) fori=1,....,8

and then adding edges joining every vertex of C") to every vertex of A,

Note that every vertex in Hi(l) has a unique neighbor in RZ(I) fori=1,...,8. It is
easy to verify that rad(M;) = 2 and diam(M;) = 4, the three graphs CV, A®) and P
are connected and k-regular, and they are the central subgraph, annular subgraph and

peripheral subgraph of M; which has order n.

Case (2). k=0 mod 3 and ¢ is odd. Now k = 3¢ is odd. Let n > 14¢+8 and n is even.
We have n—(11¢+7) > k+1. By Lemma 8, there exists a connected k-regular graph C® of
order n — (11¢ + 7). We denote by P® the circular join of the eight graphs H{Q), ey HEEQ)
where H® = g = HY = H® = K, H? = H® = H® = H? = K, — PM.
Denote A®) = Ks,13 — HC. We distinguish two subcases.

Subcase (2.1). ¢ = 1. In this case A® = Kg—HC. Let V(A®) = {uy, uy, us, us, us, ug}
and E(A®) = {uu;|j # i + 1} where u; = u;. Let M be the graph obtained from the
disjoint union C® + A® 4+ P® by first adding edges joining u; to each vertex in H 3(2)
for (1,7) = (1,1), (2,2), (2,3), (3,6), (3,7), (4,8), (5,4), (6,5), then adding edges joining
every vertex of C® to every vertex of A®). It is easy to verify that rad(M,) = 2 and
diam(Ms;) = 4, the three graphs C®), A® and P® are connected and k-regular, and
they are the central subgraph, annular subgraph and peripheral subgraph of My which

has order n.
Subcase (2.2). ¢ > 3. Let V(A®) = {uy, uy, ..., uzgs3} and B(A®) = {uuy] j #i+1}
where u3,,4 = u;. Partition the vertex set of A into eight subsets (four pairs)
VP ={u} VY = ()
Ve = fugiai| j = 0.1, (4= 3)/28 Ve = {unayj = 0.1, (a = 3)/2}
Vi = {ugrgil i = 1o (a2} V= {ugrnagl i = 1o (g +1)/2)
V4(2) = {uzg1425] 5 =1,..., (¢ +1)/2}, VE;(Q) = {uagratoyl g =1, (¢ + 1)/2}

such that A® [Vj@)] = K, for j = 1,5, A(z)[Vj(g)] = K12 for j = 2,6, A(Z)[Vj@)] =
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Kgsny2 for j = 3,4,7,8 and AQ[V,® UV = K, APV U 1/'6(2)] = K,1 — HP,
AQWVP UV = K,y — HP for s = 3,4. Let R = A@[V?] i =1,..., 8. Finally let
M, be the graph obtained from the disjoint union C'® + A® 4 P®) by first takmg a nice
connection of RZ( and H ) for i = 1,...,8 and then adding edges joining every vertex of

C® to every vertex of A®.

Note that every vertex in Hi(z)

easy to verify that rad(M,) = 2 and diam(Ms) = 4, the three graphs C®, A® and P®
y Yy ) grap )

are connected and k-regular, and they are the central subgraph, annular subgraph and

has a unique neighbor in RZ@) forv=1,...,8 It is

peripheral subgraph of M, which has order n.

Case (3). k=1 mod 3 and ¢ is even. Now k = 3¢ + 1 is odd. Let n be even and n >
14g+12. We have n — (11¢+10) > k+ 1. By Lemma 8, there exists a connected k-regular
graph C® of order n — (11¢+ 10). We denote by P® the circular join of the eight graphs
a7 . HY where HY = HY) = K., HY = HY = K, — PM, HY = HY = K.,
and H® = HY = K,. Denote A® = Ky, 4 — HC. Let V(A®) = {uy, us, . .., uzgss} and
E(A®)) = {uu;|j # i+ 1} where uz,y5 = u;. Partition the vertex set of A® into eight

subsets (four pairs)

V= fu) V5 = {ug)
V¥ = fugiai| j = 0.1, (4= 2)/28 Ve = {unayj = 0.1, (g - 2)/2}
Vi = {ugrireili = Looa/2) VY = {ugrorgilj = 1. q/2)
V4(3) = {uzg14251 5 =1,..., (¢ +2)/2}, Vs(g) = {uagratoil g =1, (¢ +2)/2}

such that A(3)[Vj(3)] = K; for j = 1,5, A(3)[Vj(3)] = K, for j = 2,3,6,7, A®) [Vj(?’)] =
Kq+2)/2 for j = 4,8 and A®[V,® UV = K, AB[VE U v;jil] — K,— HP for s = 2,3,
AWV UV = K,y — HP. Let R = A®) [v<3>] = 8. Finally let M; be the
graph obtained from the disjoint union C'®) + A®) by ﬁrst taking a nice connection
of Ri and H ) for i = = 1,...,8 and then addlng edges joining every vertex of C©®

every vertex of A®)

Note that every vertex in Hl.(g)

easy to verify that rad(Ms) = 2 and diam(Ms) = 4, the three graphs C®) | A®) and P®)

are connected and k-regular, and they are the central subgraph, annular subgraph and

has a unique neighbor in RZ@ fort=1,...,8. It is

peripheral subgraph of M3 which has order n.

Case (4). k=1 mod 3 and ¢ is odd. Now k = 3¢ + 1 is even. Let n > 14¢q + 11. We
have n — (11¢+9) > k + 1. By Lemma 8, there exists a connected k-regular graph C*

9



order n — (11¢ +9). We denote by P® the circular join of the eight graphs H; (4 ) o H§4)
where HY = H{" = K, H{" = H" = H" = H{" = K,,,, H{" = H\" = KqH — PM.
Denote A® = Ks,13 — PM. We distinguish two subcases.

Subcase (4.1). ¢ = 1. In this case A®) = Kg—PM. Let V(AW) = {uy, uy, us, us, us, ug}
and E(AW) = {wu;|i < j, (i,5) # (1 4),(2,5),(3,6)}. Let M, be the graph obtained
from the disjoint union C'¥) + A® 4 P@ by first adding edges joining u; to each vertex in
HY for (i,5) = (1,1), (2,2), (2,3), (3,4), (4,5), (5,6), (5,7), (6,8) and then adding edges
joining every vertex of C™ to every vertex of AW, It is easy to verify that rad(M,) = 2
and diam(My) = 4, the three graphs C™®, A® and P are connected and k-regular, and
they are the central subgraph, annular subgraph and peripheral subgraph of M, which

has order n.

Subcase (4.2). ¢ > 3. Partition the vertex set of A® into eight subsets \/1(4), cee 1/8(4)
such that A [Vj(4)] = K, for j = 1,5, A(4)[Vj(4)] = K1)z for j = 2,6, A(4)[Vj(4)] =
Kgsny2 for j = 3,4,7,8 and AO[VY UV = K, AO[VY U \/6(4>] — K,1 — PM,
AGVI UVY) = Kysy — PM for s = 3,4. Let RV = A®[VW] i =1,... 8. Finally let
M, be the graph obtained from the disjoint union C¥ 4+ AW 4 P™ by first taklng a nice
connection of RZ( and H ) for i = 1,...,8 and then adding edges joining every vertex of

C™ to every vertex of A®.

Note that every vertex in H¢(4)

easy to verify that rad(M,) = 2 and diam(M,) = 4, the three graphs C®, A® and P®
y Yy ) grap )

are connected and k-regular, and they are the central subgraph, annular subgraph and

has a unique neighbor in R§4) forv=1,...,8. It is

peripheral subgraph of M, which has order n.

Case (5). k=2 mod 3 and ¢ is even. Now k = 3¢ + 2 is even. Let n > 14¢g + 15. We
have n— (11¢+12) > k+1. By Lemma 8, there exists a connected k-regular graph C'®) of
order n— (11¢+12). We denote by P® the circular join of the eight graphs H(5) e HéB)
where each HJ@ = K,y for j=1,...,8. Denote A®) = Kj,,4 — PM. We distinguish two

subcases.

Subcase (5.1). ¢ = 0. In this case k = 2 and A® = Cy. Let V(A®) = {uy, uy, us, us}
and E(A®) = {uu;1]i = 1,2,3,4} where us = u;. Let M; be the graph obtained from
the disjoint union C'® +A®) 4+ PO) by first adding edges joining u; to each vertex in H; ®) for
(1,7) = (1,1), (2,2), (2,3), (2,4), (3,5), (4,6), (4,7),(4,8) and then adding edges joining
every vertex of C® to every vertex of A®). It is easy to verify that rad(Ms) = 2 and
diam(M;5) = 4, the three graphs C®), A®) and P® are connected and k-regular, and
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they are the central subgraph, annular subgraph and peripheral subgraph of M5 which

has order n.

Subcase (5.2). ¢ > 2. Partition the vertex set of A® into eight subsets V;*), ..., 1/8(5)
such that AO V"] = K, for j = 1,5, AOV)] = K, for j = 2,3,6,7, AO[V)] =
K(gs)2 for j = 4,8 and A® [V UV = K, AOVE uvE)] = K, — PM for s = 2,3,
AWV UVO) = Ky — PM. Let R = A®[V®)] i =1,... 8 Finally let M; be the
graph obtained from the disjoint union C'® + A®) + PG®) by first taking a nice connection
of RES) and Hi(5) for i = 1,...,8 and then adding edges joining every vertex of C'® to

every vertex of A®),

Note that every vertex in HZ@ has a unique neighbor in RZ@ fore=1,...,8. It is
easy to verify that rad(Ms) = 2 and diam(M;) = 4, the three graphs C©®), A®) and P®)
are connected and k-regular, and they are the central subgraph, annular subgraph and

peripheral subgraph of M; which has order n.

Case (6). kK = 2 mod 3 and ¢ is odd. Now k = 3¢ + 2 is odd. Let n be even and
n > 14q + 16. We have n — (11¢ + 13) > k + 1. By Lemma 8, there exists a connected
k-regular graph C® of order n— (11¢+13). We denote by P the circular join of the eight
graphs Hl(ﬁ), e ,HéG) where each HJ@ = K,y forj =1,...,8. Denote A = Ksu5—HC.
Let V(A©®) = {uy,ug, ..., usss}t and E(A®) = {uu;|j # i + 1} where uggpg = uy.

Partition the vertex set of A®) into eight subsets (four pairs)

VO ={u}, V9= {us}

Ve = {usio;| j = 0.1, (g = 1)/2}, Ve® = {uasoy] j =0,1,..., (¢ — 1)/2}
Vi = {ugragl i =2, (4 +3)/2) VY = {ugriaaj = 2, (¢ +3)/2})
Vi = {usgrrizili =2, (g +3)/2h Vi = {uzgiarasl i =2, (¢ +3)/2}

such that A(G)[V}(G)] = K, for j = 1,5, A(6)[Vj(6)] = K(gt1)2 for j = 2,3,4,6,7,8 and
AOWVO UV =K, AOWVO UV = Ky — HP for s = 2,3,4. Let R® = A© [V,
i=1,...,8. Finally let Mg be the graph obtained from the disjoint union C®) + A©) 4 p(©)
by first taking a nice connection of RZ@ and Hi(ﬁ) for e =1,...,8 and then adding edges
joining every vertex of C'® to every vertex of A©).

Note that every vertex in Hi(ﬁ)

easy to verify that rad(Mg) = 2 and diam(Ms) = 4, the three graphs C©, A©® and P®©)

are connected and k-regular, and they are the central subgraph, annular subgraph and

has a unique neighbor in REG) fori =1,...,8 It is

peripheral subgraph of Mg which has order n. This completes the proof. O
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Remark 2. In Theorem 9, the condition of being connected on metric subgraphs
is essential. For example, Theorem 9 asserts that the smallest order of a connected
graph whose metric subgraphs are all cubic is 22. Let ) be the graph obtained from
the disconnected graph in Figure 2 by adding all the edges x;y; for ¢« = 1,...,4 and
j=1,...,6. Then @ is a graph of order 18 whose metric subgraphs are all cubic. The
peripheral subgraph of ) is disconnected.

Fig. 2. An auxiliary graph of order 18

Now we determine the smallest graphs whose metric subgraphs are all cycles.

Theorem 10. The minimum order of a connected graph whose metric subgraphs are
all cycles is 15 and there are exactly three such graphs of order 15, all of which have size

35 and are depicted in Figure 3.

Proof. The case k = 2 of Theorem 9 asserts that the minimum order of a connected
graph whose metric subgraphs are all cycles is 15. Let G be a connected graph of order
15 whose metric subgraphs are all cycles, and let C, A and P be the center, annulus and
periphery of G respectively. Then |C| + |A| 4 |P| = 15. By the first four paragraphs of
the proof of Theorem 9 we have |C| > 3, |A| > 4 and |P| > 8. Hence |C| = 3, |A] =4
and |P| = 8. Denote by H the peripheral subgraph of G. Then H = Cs and rad(H) = 4.

By Lemma 2, rad(G) > 2, diam(G) > 4 and by Lemma 3, we have 4 = rad(H) >
diam(G). Thus diam(G) = 4 and consequently rad(G) = 2, since A is nonempty. Com-
bining the fact that the eccentricities of two adjacent vertices differ by at most 1 and the
condition that rad(G) = 2, we deduce that for any vertex z € C' and any vertex y € P,
d(xz,y) = 2. Let z,z,y be a path. Then z € A. Thus every vertex in P has a neighbor
in A. Note that the three metric subgraphs of G are the cycles C5, C4y and Cs. Let 3/ be

the antipodal vertex of y on the even cycle G[P]. Then clearly 3/ is the unique eccentric
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vertex of y in G. The condition d(y,y’) = 4 implies that ¢’ has a unique neighbor 2’ in
A which is the antipodal vertex of z on the cycle G[A]. Since y is the unique eccentric
vertex of 3/, z is the unique neighbor of y in A. This shows that any vertex in P has a

unique neighbor in A, implying that |[P, A]| = 8.

We assert that every vertex in A has a neighbor in P. To see this, choose any vertex
v € A. Let v’ be the antipodal vertex of v in the even cycle G[A]. If v has no neighbor in
P, then we would have N(P) C A\ {v} and hence e(v’) < 2, a contradiction. Next we
assert that every vertex in C' is adjacent to every vertex in A. To show this, given any
u € C and v € A we let w be a neighbor of v in P. If u and v are nonadjacent, then
d(u,w) > 3, contradicting e(u) = 2. Now |[C, A]| = 12. Also, the three metric subgraphs
Cs, Cy and Cy contain 3+ 4 + 8 = 15 edges. Altogether G has size 12 + 8 + 15 = 35.

Combining the properties of G deduced above we conclude that G must be one of the

three graphs depicted in Figure 3.

Fig. 3. The three graphs of order 15 whose metric subgraphs are all cycles

Conversely, the metric subgraphs of each of these three graphs are all cycles. This
completes the proof. O

Theorem 11. There exists a graph whose metric subgraphs are all isomorphic to a
graph H if and only if either H is disconnected or H is connected and the radius of H
is at least 4. There exists a graph of order n whose metric subgraphs are connected and

pairwise isomorphic if and only if n > 24 and n is divisible by 3.

Proof. Suppose G is a graph whose metric subgraphs are all isomorphic to a graph H.
If H is connected, then by Lemma 2, diam(G) > 4 and by Lemma 3, rad(H) > diam(G).
Hence rad(H) > 4.

Conversely, let H be a given graph that is either disconnected or connected and
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rad(H) > 4. Recall that the eccentricity of any vertex in a disconnected graph is in-
finity. We will construct a graph ) whose metric subgraphs are all isomorphic to H. Let
H., H, and H, be three pairwise vertex-disjoint copies of H, let V(H,) = {z1,..., 2} and
let f be an isomorphism from H, to H,. Then the graph @ is obtained from H.+ H,+ H,
by first taking the join of H. and H, and then adding the edges x;f(x;) for i =1,... k.
It is easy to verify that () has radius 2 and diameter 4, and the central subgraph, annular

subgraph and peripheral subgraph of () are H., H, and H, respectively.

Next we prove the second assertion of Theorem 11. Suppose R is a graph of order n
whose metric subgraphs are connected and pairwise isomorphic. Let W be the peripheral
subgraph of R. By Lemma 2, diam(R) > 4 and by Lemma 3, [W| > 2diam(R). Hence
[W| > 2 x4 = 8. It follows that n = 3|W| > 24 and n is divisible by 3. Conversely,
suppose n > 24 is an integer that is divisible by 3. Let H be the path P, /3. By the first
part of Theorem 11 proved above, there exists a graph whose metric subgraphs are all

isomorphic to H. This completes the proof. O

Lemma 5 shows that connectedness conditions on the metric subgraphs of a graph

yields some restriction on the order of the graph. Finally we pose the following question.

Question. Let k£ > 2 be an integer. What is the smallest order of a graph whose

metric subgraphs are all k-connected?

Using the information obtained in this paper, it is easy to show that the answer is 15
when k£ = 2.
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