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Bases which admit exactly two expansions

By YI CAI (Shanghai) and WENXIA LI (Shanghai)

Abstract. Given a positive integer m, let Q,, = {0,1,...,m}, and let Bz(m)
denote the set of bases ¢ € (1, m + 1] in which there exist numbers having precisely two
g-expansions over the alphabet Q,,. Sidorov [23] firstly studied the set B2(1) and raised
some questions. Komornik and Kong [15] further investigated the set B2(1) and partially
answered Sidorov’s questions. In the present paper, we consider the set Bz (m) for general
positive integer m, and generalise the results obtained by Komornik and Kong.

1. Introduction

Given a positive integer m and a real number g € (1, m + 1], sequence (¢;) €
O is called a g-expansion with respect to the alphabet €, := {0,1,...,m} of
a real number z € I, := [0, 2] if

> .
x = Z —Z = (¢i)q-
i=1
A sequence (c;) € QY is said to be infinite if either all ¢; = 0 or ¢; # 0 for infinite
many 1.
Many works were devoted to the sets

U, := {z € I, : = has a unique g-expansion w.r.t. Q,,} (1.1)
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and

Vq = {z € I, : = has at most one doubly infinite g-expansion},

where a g-expansion (a;) w.r.t. €, is called doubly infinite if both (a;) and its

reflection (a;) := (m — a;) are infinite. The Hausdorfl dimensions of U, were
determined in [16] and [20].
The following two subsets of (1, m + 1] are quite important:

U={qge(1,m+1]:1ely,},
Vi={¢ge(l,m+1]:1€V,}.

It was known that U, C V,; and U C V. Two numbers, the generalized golden
ratio G(m) € (1,m + 1] and the Komornik-Loreti constant gxr € (1,m + 1],
play an important role in the study of g-expansions. Their definitions are given
in Section 2. When m = 1, we have G(1) = 1+T\/g =: G (the golden ratio) and
grr ~ 1.787. Tt was known that VN (1,qxr) = {q1 < g2 < --- } is countable and

qn T qKL-
For a positive integer k, let

Bi(m) :={q € (1,m+ 1] : 3z € I, has exactly
k different g-expansions w.r.t. Q,,}. (1.2)

For the case m = 1, there are lots of results have been obtained. GLENDIN-
NING and SIDOROV [14] showed that U, is countable for ¢ € (G, gxr), and un-
countable with positive Hausdorff dimension for ¢ € (gxr,2]. KOMORNIK and
LORETI [19], and DE VRIES, KOMORNIK and LORETI [10] proved that U is closed
from above but not from below, and its closure U is a Cantor set. KOMORNIK
and LorETI ([17], [18]) found the smallest number of U is qxr. ERDOs et al.
([11], [12], [13]) proved that Bj(1) # () for each k € NU{R¢} and min By, (1) = G.
Later, it was shown in [4] that min By (1) ~ 1.75488 for any k > 3. However, one
knows very few about Bj(1) for k > 3. Fortunately, Ba(1) is well understood.
SIDOROV in [23] showed the following:

Theorem A. Let m =1, By(1), and U, be defined by (1.2) and (1.1). Then:
(i) g€ B2(l) <= 1el,—Uy;
(i) U C Ba(1);

(ili) [T,2] C Ba2(1) where T ~ 1.83929 denotes the Tribonacci number, i.e., the
root of > —¢> —q—1=0;
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(iv) the smallest two elements of By(1) are g5 ~ 1.71064, the root of
=2 —q—1=0,
and gy ~ 1.75488, the root of
@ —2¢+q—1=0.
Now, for given m € N and i € NU {0}, let

Bgiﬂ)(m) = {q € (1,m+ 1] : ¢ is an accumulation point of Béi)(m)} ,

where Béo) (m) = Bz(m). Thus, the sequence of sets B;i)(m), 1 =1,2,..., is de-
creasing. We denote by Béoo) (m) the limit of Béi) (m),i=1,2,...,1ie., Béoo) (m) =
lim; 00 Béi)(m). The next results are from [15, Theorems 1.3, 1.5. 1.7, 1.9] for
the case m = 1.

(I) The following conditions are equivalent: (A) ¢ € By(1); (B) 1 € U, — Uy;
(C)1el,—Uy; (D) 1€V, —V, and q #G.
() & € B (1), V\{G} € B (1),

(III) Béi)(l) is compact for all ¢ > 0, and minBél)(l) = min 852)(1) =gqr =
1.75488.

(IV) Every set Bgi)(l) has infinitely many accumulation points in each con-
nected component (qo, ¢) of (1,2] \ U.

(V) Bz(1)N(1,qxr) contains only algebraic integers, and hence it is countable,
where ¢k, is the Komornik—Loreti constant.

(VD) Vv Nn(l,9xr) = {gn : n =1,2,...} where g, T qxr, then
) - 1r(29) )
gj+1 <minBy™ (1) < g2j41

for all j > 1, and hence, minBéj)(l) Ve minBéoo)(l) =(qKL as j — oo.

(VII) Foreachj=0,1,..., Béj)(l)ﬁ(l, ¢r 1) has infinitely many isolated points,
and they are dense in Béj)(l) N (1, qxL)-
(VIII) For any g € Ba(1), we have

(%IH(I)dlmH(BQ(l) N (q - 5,q + 5)) < 2d1mHL{q
—
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The conclusions of (V), (VII) and (VIII) keep true for the case of the general
alphabet €2,,,, since their proofs are independent of the choice of m. Thus, we have:

(V) Ba(m) N (1, gk ) contains only algebraic integers, and hence it is count-
able, where gx 1! is the Komornik-Loreti constant.

(VIT’) For each j =0,1,..., Béj)(m) N (1, gk ) has infinitely many isolated
points, and they are dense in Béj)(m) N(1,9x1L)-

(VIID’) For any ¢ € Bz(m), we have

%IH%J dlmH(Bg(m) n (q - 5, q+ (5)) < 2d1mH Z/{q.
—

As to conclusion (IV), its proof is independent of the choice of m when ¢ > 3
and need to be reproved for ¢ = 0,1,2. We shall show that Bg) (m) are compact
(see Theorem 1.2 (i)), and so, Béi)(m), i > 0 is a decreasing sequence. Thus, (IV)
keeps true for the general alphabet €,

(IV’) Every set Bg)(m) has infinitely many accumulation points in each con-
nected component (qo, q;) of (1,m + 1]\ U.

About conclusion (VI), we shall point out that gj1; < min B§2j )(m) may
not hold for general m > 1. A counter-example will be given in the remark after
Corollary 5.6. However, ¢; < min BéZj ) (m) still holds. Thus, we have the following
(IV’) with a minor modification:

(VD) If VN (1,qxr) = {gn:n=1,2,...} where ¢, 1 gk, then ¢; <
minBézj)(m) < goj41 for all 5 > 1, and hence, minBéj)(m) a minBéoo)(m) =
QKL as j — 00.

In this paper, we focus on generalising the conclusions (I), (II) and (III)
of [15] by KOMORNIK and KONG into the case of the general alphabet Q,,
Corresponding to (I), we have

Theorem 1.1. The following conditions are equivalent:

(i) ¢ € By(m);
(i) 1 €Uy —Uy;
(iil) 1 €U, —Uy;

)

(iv) 1 €V, —V,, q # G(m), where G(m) is the generalized golden ratio.

1To simplify notation, we write i, instead of gxr(m), there is no any confusion once m is
being considered at a given moment.
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Corresponding to (IT) and (III), we have

Theorem 1.2.
(i
(ii

(iii

( ) is compact for all i > 0;
U c B8 (m);
V\ {G(m)} € B (m);

(iv) min B( )( ) = min 852) (m) = qf(m), q¢(m) is the largest real root of

) B
)
)
)

G- k+2)+q—k—1=0,  ifm=2k+1,
and

@ —(k+1)g—k=0,  ifm=2k

The rest of the paper is organized as follows. In Section 2, we recall some
basic results on g-expansions. The technical steps will be arranged in Section 3,
while in order to present the key results clearly, we put the tedious computations
in the Appendix. In Section 4, we prove the main theorems. The final section is
devoted to the detailed description of unique expansions.

2. Preliminaries

In this section, we introduce some notations and list some important results.
The greedy g-expansion of x € I, is the largest g-expansion in lexicographical
order. The quasi-greedy g-expansion of x € I is the largest infinite g-expansion in
lexicographical order. In the whole paper, denote by a(q) = («;) and 5(q) = (5;)
the quasi-greedy and greedy g-expansions of 1, respectively. For a finite word
ay---apn € 2, define

ay - an_1a; =ay--an_1(a, + 1), if a, < m,
ay - Gp_1a, =01 ap_1(an — 1), if a,, > 0.

Recall that & and V denote the set of univoque bases ¢ € (1,m + 1] and
the set of bases ¢ € (1,m + 1] for which there is a unique doubly infinite ¢-
expansion, respectively. Moreover, (1,m + 1] \ U = U(po,p§), where py runs
over {1} U (U \ U) and pj runs over a proper subset of U, and V N (po,p;) =
{ge:£=1,2...} is a strictly increasing sequence converging to pg. Especially,
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VN (1,q9xr) has a smallest element G(m) called generalized golden ratio, which
was given by BAKER [3]. More precisely,

E+1, ifm=2kk=1,2,...,

BOAVRIEORES - if =2k + 1,k =0,1,....

Let (7;)$2, be the classical Thue-Morse sequence. For each positive integer i, let

kdri—7i), fm=2%kk=12...,

(k+ ), ifm=2k+1,k=0,1,....

The Komornik—Loreti constant qkp, is given by a(gxr) = (d;), i.e., the sequence
(d;) is just the quasi-greedy gxr-expansion of 1. In fact, (d;) is the unique gxr-
expansion of 1. We emphasize the fact that 1 < G(m) < qxr < m + 1.

This generalized golden ratio G(m) plays an important part in the sense that
for ¢ € (1,G(m)), every z € (0, %) has uncountable g-expansions, and each x
has at least countably many g-expansions if ¢ = G(m). Thus, U, = {O, q_ﬂl} for
all ¢ € (1,G(m)] (see, e.g., [13], [24]).

The following property was given in [2], which is related to PARRY’s work [22]
(see also [6], [7], [9]).

Lemma 2.1.

(i) The map q — «(q) is a strictly increasing bijection from (1,m + 1] onto the
set of all infinite sequences («;) satisfying the inequality

Qpi1Qpiz- - < ajag: -+, for all n > 0.

Moreover, the map q — «(q) is continuous from the left.

(ii) The map q — [(q) is a strictly increasing bijection from (1, m + 1) onto the
set of all sequences (f3;) satisfying the inequality

Br+1Bnt2- < BiB2---, for all n > 1.

Moreover, the map q — B(q) is continuous from the right.

Remark that S(m + 1) = m™. Let U, be the set of the corresponding
g-expansions of all elements in U, defined by (1.1). We recall the following char-
acterization of unique expansion:
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Lemma 2.2 ([2]). Let q € (1,m + 1], then (c;) € U; if and only if

Cnt1Cnt2 - < ar(q@)az(q) -, whenever ¢,, < m,

Cntilnyz - < a1(q)az(q) -, whenever ¢, > 0. (2.3)

In fact, it is easy to check that (2.3) is equivalent to

Cht1Chy2 - < a1(q)aa(q) -+, when ¢; - - ¢, # mF,
ChdiChrz - < oa(q)az(q) -, when ¢; - - - ¢ # 0. (2.4)

De Vries, Komornik and Loreti [10] investigated the sets U, U and V, it was
shown that V is closed and U is a Cantor set.

Lemma 2.3 ([10]).
(i) g e U\ {m + 1} if and only if a(q) = (;(q)) satisfies

a(q) < anti1(g)onta(q) -+ < alq), for all n > 1.

(ii) ¢ € U if and only if a(q) = (ci(q)) satisfies

a(q) < ant1(q@)ant2(q) - < alq), for all m > 1.

(iii) ¢ € V if and only if a(q) = (i(q)) satisfies

a(q) < ant1(q)any2(q) - < alg),  foralln>1. (2.5)

The authors also described the following important relations between the
three sets, see [10, Theorem 1.2, Lemmas 3.11, 3.14].

Lemma 2.4.

(i) For every q € U \U, there exists a sequence (q,) € U satisfying (¢,) / q as
n — 0o.

(ii) For every q € U \ U, the quasi-greedy expansion «(q) is periodic.

(iii) For every q € V' \ (U U {G(m)}), there exists a word ay ---a, withn > 1
such that

a(g) = (a1~ ap—1afar - ap_1a3)>,
where (ay - - - a,, ) satisfies (2.5).
Lemma 2.5 ([8, Theorems 1.4, 1.5]).
(1) Uy is closed if and only if g € (1,m+ 1]\ U.
(ii) Uy =U, =V, if and only if g € (1,m + 1]\ V.
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3. B2(m) with general alphabet

In this section, we give characterizations of Ba(m).

Lemma 3.1. Let g € (1,m + 1]. If x has exactly two different q-expansions
(a;) and (b;) w.r.t. Q,, satisfying

ai - Qp—1 =by-bp_1 and bk>ak,

then by = ay + 1.

PROOF. Assume that by = ap +d,d > 1, then we can find 1 < n <d-1
such that

(a1 ap—1(ak +n)0%)y < (bibg---)g ==
and

(a1 ap—1(ak +n)m™>)g > (a1a2--+)q = 2.

Hence, ¢"(x — (a1 - ag—1(ax + n)0>),) € [0, 727]; and there exists a sequence
Cr41Ckt2 - -+ such that ¢®(z — (a1 - ag—1(ar +n)0%),) = (Ck+1Ckt2 -+ )g, Which
is equivalent to (a1 - --ag—1(ar + n)CryicCrya -+ )g = . In other words, = has at

least three g-expansions, which leads to contradiction. (I
Theorem 3.2. For g € (1,m + 1], ¢ € Ba(m) if and only if there exist two
sequences (¢;), (d;) € U, satisfying the equality

((n+1)(ci)q = (n(di))q
forallm=0,1,...,m— 1.

Proor. It suffices to take ¢ € (G(m), m + 1], because U, = {0,%} if
1 <q<G(m).

If ¢ € Ba(m), then there exists = € (0, %) having exactly two g-expansions
(a;) and (b;) w.r.t. Q,,. Suppose that ay---ag_1 = by ---br—1 and by = ar + 1
for some k > 1 by Lemma 3.1. Thus, the equalities x = (a;)q = (b;)q imply

(Oagiranrs2--+)q = (Wks1besa -+ )g,

and so

1= (art1ap42- - )g — (brr1bria - )g- (3.1)
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Alternatively, we can rewrite (3.1) as

((n 4+ 1)(ei))q = (n(di))q

foralln =0,1,...,m—1, where (¢;) = bgs1brs2- - ,(d;) = agr1ak+2---. By as-
sumption, we have (c;), (d;) € U,.
Conversely, there exist (c;) and (d;) belonging to U; such that

14+ (ci)g = (di)gs ie, x:=(0didg---)g = (lerca - -+ )gq,

and then 1 € U, — U,. Thus, x has no more g-expansion w.r.t. {1, starting with
0 or 1. On the other hand, we claim that any ¢g-expansion w.r.t. £, of x ca not
start with 2 < ¢ < m. Otherwise,

c m
- <z=(0didy--)q < ,
g () = 40
which leads to 2 < ¢ < 5. Hence, ¢ < 14 3 < G(m) by (2.1). However,
Uy = {0, qu} for all ¢ € (1,G(m)], which contradicts 1 € Uy — U, O

For ¢ € (1,m + 1], we set
Ay ={(c)eU):0<cr <au(g)}-
According to the definition of A7, each sequence (c;) € Aj satisfies
Cit1cit2 - < a(q)
for all ¢ > 0 by (2.4) (cf. [2]). Hence, we obtain
Lemma 3.3. U, = UceA;{c,E}.

PRrROOF. Indeed, this holds for ¢ € (1,G(m)] by Uy, = {0,m/(g—1)}. Suppose
that ¢ € (G(m),m + 1]. Let (d;) € Uy with dy > a1(g). Then, by Lemma 2.2,
(di) € U;. Furthermore, we have d; < ay(q); because ¢ > G(m) > k+1 (no matter
m = 2k or 2k+1), which implies that «;(q) > k41, and then 2a4 (¢) > m. Hence,
m—d; <m—ai(q) < ai(q). We remark that it is possible that both di < a1 (q)
and d; < a1(q). O

Lemma 3.4. For q € (1,m + 1], ¢ € Ba(m) if and only if q is a zero of the
function
Jea(t) = (Le)e + (md)e — (m™), (32)

for some c,d € A, i.e., (lc)y + (md), = (m™),.
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PRrROOF. It follows from Theorem 3.2 and Lemma 3.3 that ¢ € By(m) if and
only if g satisfies one of the following equations for some c,d € Aj :

(Ie)g = (0d)g, (lc)g = (Oa)qv (18)q = (0d), and (18)g = (Oa)q- (3.3)

We claim that ¢ only satisfies the second equation. For d € Aj, one has that
(d)g < O‘le. Thus, for any s € {0,1,...,m}Y,

(0d) = (), < 21D o

p 2 =g~ 0%y = (1s)g (3.4)

Q| =

Hence, for any c,d € A;, one has
(Ic)q > (0d), and (1)4 > (0d)g-

Finally, the fourth equality (1¢), = (0d), in (3.3) is equivalent to ((m — 1)c), =
(md)gq, and then is equivalent to (0c), = (1d),. However, by (3.4), one has that
(0c)q < (1d),- B

We complete the proof by the equality (1c); — (0d), = (1c)q + (md)q —
(M), O

We rewrite (3.2) as
fea(t) = ((m+1)(ci +di))e — (m™)y, (3.5)

where ¢ = (¢;) and d = (d;). It is natural to observe the following properties.

Lemma 3.5. Let g € (1,m + 1] and c,d € A,
(1) fe,a(t) is symmetric w.r.t (c,d), i.e., fea(t) = fa,c(t).
(2) fea(t) € C([g,m +1]) and fca(q) is continuous w.r.t. (c,d) € A; x Af.
(3) If ¢ € A and ¢’ > ¢, then fo a(p) > fea(p) for all p > q. Similarly, if
d e A} and d' > d, then f.q/(p) > fea(p) for all p > q.
(4) fc,d(m + 1) > 0.

PRrROOF. (1) It just follows from the definition (3.5) of fc q(q).

(2) Firstly, we point out that for given c,d € A}, fca(t) is well-defined for
t € [¢,m + 1] because c,d € Aj, C Aj}. Note that

feaa(t) = ((m+ 1)(ci + di))e — (m™)y = 2L T 3~

t t—1
k=2

Cr—1 +dr_1
tk '
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Denote S(t) = > 7o, %. We show S(t) is continuous in [q, m+1]. Note that

o 2
, for all t € [g,m+ 1], and E —T:<—|—oo.
q
k=2

Thus, > 7o, % converges uniformly in [¢, m +1]. So, S(t) € C([g,m+1]).

Now, let ¢, = (cn;i), dn = (dn) € A} be such that ¢, — ¢ and d,, — d.
Then, for any k& € N, there exist ¢ = ¢(k) € N such that ¢, 1¢ch2- - Chp =
cicg ¢ and dp 1dy 2 - dp = dids - - di, whenever n > £. Then, for n > ¢,

we have

m m 2m

| fendn (@) = fea(q)] < Fla—1) + Fla—1 ¢Flg—-1)

(3) Note that ¢’,c € A7, and ¢’ > c implies (c'); > (c),. Since U; C U, for

all p > ¢, we have A C A},. The desired result just follows from (3.5).
(4) We have

feam+1) = ((m +1)(ci + di))ms1 = (M )mi1 = (0(c; + di))mi1 = 0,
as desired. O
We recall that gf(m) is the largest real root of

@ —(k+1)g—k=0, when m = 2k, (3.6)

and
@ —k+2)¢+q—k—-1=0, when m = 2k + 1. (3.7)

We emphasize the important relations:

k+1+VEEF6E+1
k2> qp2k) =T 2+ TGk =41
and
k+1+VEEF6E+5
k2> q2k+1)>G@Rk+1) = LT TVEETORTS iy

2

Remark. Actually, we obtain ¢;(2k+1) > G(2k+1) by comparing the quasi-
greedy expansions of 1, more precisely:

algr(2k+1)) = (E+1)(k+ 1)kk)>® > ((E+ 1)k)*> = a(G(2k + 1)).
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Now, we pay our attention to the following two results, which are the key
steps used afterward.

Lemma 3.6. Let q € [gf(m),m+1] and c,d € A}, w.r.t. Q. If fea(q) <0,
then f. a(t) is strictly increasing in [q, m + 1].

For ¢ € [gf(m),m + 1], let
By = {(c,d) : c,d € Ay, fealg) <0}
Obviously, B, # ) follows from the following calculation:

foe 0= (@) = ((m 4 1)0%)g = (m™)q = é a Q(QW—L 1)

<0.

Lemma 3.7. Let g € [qf(m), m + 1].

(1) If (c,d), (e,d) € B, with e > c, then gea < qc,a-
(2) If (c,d), (c,e) € B, with e > d, then qce < gc,a-

In the remaining part of this section, we divide the above proof of two lem-
mas into several steps. Since Ba(m) N (1,g(m)) is a finite discrete set (see [21,
Propositions 3.5 and 4.9]), we shall focus on Ba(m)N[g¢(m), m+1]. For an infinite
sequence ¢ = ci¢g - - -, write ¢|, :=c¢1 -+ ¢, and ¢|s ., = cs -+ - ¢, for s <n. A sim-
ple fact will frequently occur in the following lemmas. We list it as a proposition
without proof.

Proposition 3.8. Let h(z) € C?([a,b]). We have h(z) > 0 for z € [a,b] if
the following conditions hold:

(I) A" (x) > 0,z € [a,b], or M""'(z) < 0,z € [a,b], or there exist a < ¢ < b
such that b’ (x) > 0,z € [a,c] and "' (z) <0,z € [, b].

(II) A" (a) > 0, K'(a) > 0, h(a) > 0 and h(b) > 0.

We first consider the case of m being odd.

Lemma 3.9. Let m =2k +1, ¢ € [gf(m),m + 1] and c,d € A w.r.t. Qp,.
(1) If k =0 and ¢+ d > 00120, then fca(q) > 0.
(2) If k=0 and c+d < 00120, then f. q(t) is strictly increasing for t € [q,2].

PRrROOF. (1) Since ¢f(1) < ¢ < 2, we have

min () = min{(00120%)q, (010%)g, (00207)} = (0107),.
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Thus, when (¢ +d) > 00120, for ¢ € [g¢(1),2], we have

2 1 1
fC,dq: 14+1)(¢; +d; — (1), ==+ =(c+d), — ——
(9) = (1 +1)( )g — (1%%)g . q( )q i
2 1 1 2 1 1 S ta1
> 24 2010%), — —— =24~ _ _ >0
q q( Ja -1 q¢ ¢ q-1 @A —1)

where the last inequality follows from the fact that =3 — 222 4+ x — 1 is strictly
increasing in [g7(1),2] and (qr(1))® — 2(qr(1))? + gf(1) — 1 = 0.

(2) Suppose that k = 0 and ¢ + d < 00120%°. Then, ¢+ d < 00112*°. Now,
take ¢q1,¢2 € [¢,2] with ¢o > ¢1. It is important to point out that both f; 4(g2)
and fc q(q1) make sense, because ¢,d € Aj for all ¢ € [g,2]. Then, we have

fed(q2) = fealar) = (2(ci +di)) gy — (17) g, — [(2(ci +di)) gy — (17) 4]

_ (—)+Z (cx-+di) ( L qkﬂl)—u%qﬁ(l“)ql

2 = 1

Note that ik - qk < 0 for all £ > 1. Obviously, for two sequences («;), (8;) of
q3
nonnegative integers, if all a; < 3;, then

Yo ()22 (3

Thus, when (c + d)|4 = 0011, we have

1
) ( - ) £ e b ) ( R ,m) > (200112),, — (200112),,

Q2 q1 i1 qs qq

Furthermore, when (¢ + d)|4 = 0002, we claim

1 1 > 1 1
2 ( - ) + Z(Ck + di) (qkﬂ - k+1) > (200112%)g, — (200112°),,

q2 q1 =1 5 q

also holds. This is because we have

1 11 1
B ¢ e q

for g2 > q1 with q1,¢2 € [,2] C [gr(1),2]. Indeed, f(z) = &5 — 2 is strictly

lq
increasing for = > 1.25, and ¢;(1) ~ 1.75. Therefore, we obtain that

fe.a(q2) = fealqn) = ((200112%), — (17)4,) — ((200112%)g, — (17)g,) -
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Now, let us think about the function

2 1 1 2 1
= (200112%), — (1®), = = + — + — -
g(x) = ( Jo = (1%)a = —+ G+ 2+

a2t 2?41
x5 (x—1)

We shall prove that it is strictly increasing in [g, 2]. Note that

,()_7936+4x572:17474:1:3+3x2—63:+5._ h(x)
= x6(x —1)2 ToaS(r—1)2°

What left is to verify that h(x) > 0 for = € [¢s(1),2]. By calculating, we put the
results in Table 1, for the details, see the Appendix. ([

function | [¢f(1),2] | monotonicity

R (x) | negative

RG)(x) | negative | decreasing

h'’(xz) | positive | decreasing

B (z) positive | increasing
h(z) positive increasing
Table 1

Lemma 3.10. Let m =2k +1, q € [gf(m),m + 1] and ¢,d € A} w.r.t. Q.
(1) Let k = 1. If (c+d)|; = 0 and ¢ +d > 0450, or ¢ +d > 120, then
fc,d(Q) > 0
(2) Let k=1. If c+d < 0450°, or (c+d)|;s = 1 and c+d < 120, then f; q(t)
is strictly increasing for t € [q, 4].
PROOF. (1) For the case (¢ +d)|; = 0 and (¢ + d) > 0450, we split the
proof into two cases.
Case 1. (c+d)|a =04 and ¢+ d > 0450°°. Then,
fealq) = (B+1)(ci +di))q — (3%)g > (404507) 4 — (37)4
4 4 5 3 Y43 +4¢P +q-5
L ek e el k)
q—1 q*(¢—1)

a ¢ q
Now, we need to verify the numerator is positive for ¢ € [¢7(3),4]. Let g(z) =
x* — 423 + 422 + x — 5. We have

g (r) =42 —122% + 8z + 1 and  ¢"(x) = 4(32% — 62 + 2).
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Note that q¢(3) is the largest real root of 2% — 3z% + x — 2 = 0 (¢£(3) ~ 2.893).
By calculating, ¢”(¢s(3)), ¢'(qr(3)), g(gs(3)) and g(4) are all positive. Thus,
we have g(z) > 0 for z € [¢(3),4] by Proposition 3.8.

Case 2. If (c+d)|; = 0 and ¢ +d > 050, then

fea(g) = (B + D)(ei + di))g = (3%)q > (4050%) — (3%)q

_é 3_ 3 _q3—4q2+5q—5

¢ ¢ q-1 (g —1)

We need to verify the numerator is positive for ¢ € [gf(3),4]. Let g(z) = 2® —
42% + 5z — 5. Note that ¢"’(z) =6 > 0 for = € [qf(3),4]; and

9(qr(3)) = (qr(3))* = 4(qr(3))* + 5qr(3) — 5 = —(qs(3))* + 4gs(3) =3 > 0.

Also, ¢"(q¢(3)), ¢'(q(3)) and g(4) are positive. Thus, g(x) > 0 for = € [gf(3),4]
by Proposition 3.8.
Now, we discuss the case k =1 and ¢ +d > 120°. Since ¢ > ¢;(3) > 2,
min (o)g = min{(120%),, (20°°),} = (120°°),.

a>120%°

Thus, we have

fea(q) = (B+1)(ei +di))g — (3%)g > (41207) 4 — (37)4
4 1 2 3 _q3—3q2—|—q—2>0

¢ @ ¢ q-1 $Hg-1) =

The last inequality follows from the fact that 2% — 322+ — 2 is strictly increasing
in [g7(3),4] and (q7(3))* — 3(q(3))* + ¢r(3) —2 =0 by (3.7).

(2) We first consider the case that k = 1 and c+d < 0450%°. We have m = 3
and c+d € ng. The condition ¢ + d < 0450%° implies ¢ + d < 0446°°. Take
q1,92 € [q,4] C [q5(3),4] with g2 > ¢1. We have

fed(q2) = fealar) = (4(ci +di))g, — (37)g,) — ((4(ci +di))gy — (3%)qr)

. (1_1> i(ck—i—dk) (q,fﬂ—qklﬂ> —(3%)gy +(3%)q,

q2 q1 1 5 1

When (¢ + d)|3 = 044, using the same argument as that in (4), we have

1 1 > 1 1
4l===)+S (cr+d ( > > (40446%),, — (40446>),,.
<qz Q1) k:l( 6+ i) AR ( Jor Jo
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Furthermore, when (¢ + d)|4 = 036, we claim
1 1

1 1 o0
4 _+§:%+%<_ )24M%m2—4M%“1
(@ m) kﬁK ) Gttt ( o = g

also holds. This is because we have

9 ( 1 1 > S 1 1
G a) 6 4
for go > ¢1 with ¢1,¢2 € [¢,4] C [gf(3),4]. Indeed, f(z) = 5—4 -
increasing for # > £ | and ¢ (3) ~ 2.89. Therefore, we obtain

I% is strictly

fea(q2) = fea(qn) = ((40446%)g, — (3%)g,) — ((404467)4, — (3%)qy) -

Now, let us take

xt —dx® + 422 4+ 2
= (40446°°), — (3>°), = )
o) = (0446%), - (3), =

and show that g(x) is strictly increasing in [g,4] C [g7(3),4]. Let

__ =)

—2% 4+ 8% — 1623 + 822 — 10z + 8 )
C2b(z—1)2

x5 (x —1)2

g'(x) =

By calculation and Proposition 3.8, h(z) > 0 for = € [¢;(3),4] 2 [g, 4], see Table 2.

function | ¢¢(3) r=4
h®)(x) | negative
R'(x) | positive
KW(xz) | positive
h(x) positive | positive
Table 2

Now, we turn to consider the case k = 1, (c+d)|; = 1 and ¢ +d < 120°.
Note that c+d € Q. Thus, c+d < 116°. As before, for q1, g2 € [¢,4] C [q7(3),4]

with ¢; < g2, we have

fea(q2) = fealar) = (4(ci +di))g, — (3%)g, — ((4(ci +di))g, — (3%)qy)
> (411600)% - (300)(12 - (411600)111 + (3OO)Q1'
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Again, let

23 —32%2+5

g(w) = (4116°); — (3%°), = m,

and try to prove it is strictly increasing for € [g,4] C [¢;(3),4]. Let

—z* 4 62° — 322 — 20z + 15 h(x)

zi(xz — 1) ol - 1)

g (x) =

We conclude h(z) > 0 in [gf(3),4] by Table 3, then g(z) is increasing, where
increasing®decreasing means the function increases first and then decreases,

the same for positivednegative. O
function lqr(3),4] monotonicity
R (x) negative
KW (z) | positive@negative decreasing
h(x) positive increasing®decreasing
Table 3

Lemma 3.11. Let m =2k +1, g € [gy(m),m + 1] and ¢,d € A}, w.r.t. Qp,.
(1) Let k> 2. If (c+d)yj =k—1landc+d > (k—1)(m+2)0>®, orc+d >
k(k+1)0°°, then f.a(q) > 0.
(2) Letk > 2. Ifc+d < (k—1)(m+2)0%, or (c+d)|1 = k and c+d < k(k+1)0°°,
then f. q(t) is strictly increasing for t € [g,m + 1].
PRrROOF. (1) k > 2. When (c+d)|; =k—1and (c+d) > (k—1)(m+2)0°,
we have

fealq) = ((m+1)(c; + di))g — (Mm™)g > ((m+1)(k = 1)(m +2)0%)4 — (m™),
m+1 +k—1 +m+2 ~om P = (k+3)¢ + (k+4)g—2k-3
q 7 ¢ q-1 ¢lg—1) '

In order to verify that the numerator is positive in [¢;(2k + 1), 2k + 2], let
g(x) = 2® — (k + 3)2% + (k + 4)z — 2k — 3.

Clearly, g""(z) = 6 satisfies condition (I) of Proposition 3.8 in [gf(2k +1), 2k +2].
Table 4 shows g(x) > 0 for = € [¢f(2k + 1), 2k + 2] by Proposition 3.8.
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function | qf(2k+1) | v =2k +2

g" (x) positive
g’ (x) positive
g'(x) positive
g(z) positive positive
Table 4

Now, we consider the case ¢ +d > k(k + 1)0°°. Note that for ¢ € (qf(2k +
1),2k +2] and ¢y (2k+1) > k+ 1,

i (€)= minf(k(k + 1)0%)g. (6 + D0%)g} = (k(k +1)0),.

Thus, when ¢ + d > k(k + 1)0%°, we have

fealq) = ((m+1)(c; + di))g — (Mm™)g > ((m + 1)k(k +1)0%)g — (m™),
m+1 N k +/~:+1 _om q3—(k+2)q2+q—k—1.

q 2 B g1 7*(q—1)

Let g(z) = 2® — (k+2)2* + 2 —k—1. Then, ¢'(z) > 0 for = € (gr(2k+1),2k+2].
So, we have g(z) > 0 for z € (¢y(2k + 1), 2k + 2], since g(gr(2k + 1)) = 0.

(2) We first consider the case that k > 2 and ¢c+d < (k—1)(m+2)0° where
m =2k + 1. Take ¢1,¢2 € [¢,m+ 1] C [g7(2k + 1), 2k + 2] with g2 > ¢1. We split
the proof into two cases.

Case 1. (c+d)|; < (k—1). Then, c+d < (k —2)(2m)>. Hence,

fea(q2) = fea(qn) = ((m+1)(k = 2)(2m)>)g, — (m)q,
= ((m + 1)k = 2)(2m)=)q, — (m™)q,) -

As before, we take

22— (k+4)z + 3k +4

o) = (m + 1)k = 2)(2m) ) — () = T C g BT

and prove g(x) is strictly increasing in [q;(2k + 1), m + 1] D [¢,m + 1]. We have

() = —2% + (2k + 8)22 — (10k + 16)z + 6k + 8
g\ = x3(x —1)2 '
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Let h(z) be the numerator of ¢'(z). We show h(z) > 0in [gf(2k +1),m + 1] =
lq7(2k + 1), 2k + 2] by Tables 5 and 6.

function | [¢7(5),6] | qs(5)
R (x) positive
h(zx) positive | positive

Table 5. Case k = 2.

function | [k+1,m + 1] E+1 | m+1
R'(x) | positive@negative
h(x) positive positive | positive

Table 6. Case k > 3.
Case 2. (c+d)|l; =k—1and c+d < (k—1)(m+2)0%. In this case, we have
c+d< (k—1)(m+1)(2m)*°. And so,

fe.alaz) = fealg) = ((m+ 1)k = 1)(m + 1)(2m)>)g, — (m™)q,
= (((m + 1)(k = 1)(m +1)(2m)>), — (m™)q,) -
It suffices to prove g(x) is strictly increasing in [g¢(2k + 1), 2k + 2] where
g9(z) = ((m + 1)(k = 1)(m +1)(2m)>)z — (m™),
23— (k+3)2? + (k + 3)x + 2k

x3(x —1)
Let
)= ZE 2R3~ (k4120 - (6k =6z + 6k hlx)
at(x —1)2 x4 (x —1)2

We have h(z) > 0 for z € [k +1,m + 1] D [¢7(2k + 1),2k + 2] by Table 7 and
Proposition 3.8.

function | [k+1,m+1]| k+1 m+1
h'(x) negative
h'(x) positive
R (x) positive
h(z) positive positive | positive

Table 7
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Now, we turn to consider the case that k > 2, (c+d)|y = k and c+d <
k(k +1)0%°. Then, ¢ +d < kk(2m)>°, and so

fealq2) = fealqn) = ((m + 1kE(2m)>) g, — (m™)q,
— (((m + Dkk(2m)>)q, — (m™)g, ) -

Let
23 — (k+2)22 + 3k + 2
= DEL(2m)®)s — (M), =
() = ((m+ DREEm)), — (m) e
and
,@)_—w*+@k+4m3—w+aﬁ¥—(mk+&x+3®k+a._ h(z)

g = 4 (z —1)2 otz —1)%
We verify that g(x) is strictly increasing in [g,m + 1] C [gf(2k + 1), m + 1] by
Table 8. (I

function | [k4+1,m+1]| k+1 m+1
h"(x) negative
h'(x) positive
B (x) positive
h(z) positive positive | positive
Table 8

Now, we consider the case that m is even.

Lemma 3.12. Let m =2, q € [qf(2),3] and c,d € Aj, w.r.t. Q.
(1) Ifc+d > 0210, then f.q(q) > 0.
(2) Ifc+d < 0210, then fcq(t) is strictly increasing for t € [q, 3].

PROOF. (1) We have qf(2) =1 + /2 by (3.6). For any ¢ € [q/(2), 3],

min (a), = min{(0210°),, (10°°),, (030°°),} = (0210°°),.
«>0210°

Thus, when c 4+ d > 0210°°, we have

fc7d(Q) = (3(ci + di))q - (200>q > (3021000)q - (Qw)q
3.2 1 2 =3¢ +2¢>—q—1
q

+ S 4= - =
@ ¢t q-1 q*(g—1)
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Bases which admit exactly two expansions
We need to check g(z) := z* — 323 +22? —2 — 1 > 0 for z € [g¢(2), 3]. Note that
g(x)=42® - 92% +4r—1  and  ¢"(x) = 122% — 18z + 4.
We have g”(z) > 0 for = € [g;(2),3]. As ¢'(q;(2)) = 4+6v/2, we get ¢’(x) > 0 for
x € [gf(2), 3]. Finally, it follows from g(gs(2)) = 0 that g(z) > 0 for z € [¢¢(2), 3].
(2) We now consider the case c+d < 0210%°. Take g1, g2 € [g, 3] with g2 > ¢1.
and

2
Suppose that (¢ +d)|s < 01. Then, (c+d) < 014>
= (2%)g = Blei +di))gy + (27

fc,d(q2) - fc,d(ql) :(3(01 + di))qg
2(3014%) g, — (2%)g, — (3014%)g, — (2%)q,) -
Let
1:3 — I’Q X
(2°), = x?i)%(x _+1)+3'

g(x) = (3014%), —
In the same way as in Lemma 3.9, we have g(x) is strictly increasing in [¢q¢(2), 3]
Furthermore, when (¢ 4+ d)|2 = 02 and ¢ + d < 0210°°, we claim
—(2%)g, — Blei + di))gy + (27)g
- (2%)a)

fealar) =3(ci +di))g,
(3014),,

(200)(12 -

feala) = fe,
>(3014%),, -
also holds. This is because m% - ;—4 is strictly increasing in [gf(2), 3], and so
1 1 - 4 4
@ 4 & a
O

for go > q1 with ¢1,¢2 € [¢,2] C [g7(2), 3].
Lemma 3.13. Let m =2k, g € [gf(m),m + 1] and ¢,d € A], over Q,,

(1) Let k> 1. If c+d > k0%, then f.a(q) >0
(2) Let k > 2. We have f.4(q) > 0 if c,d satisfy one of the following conditions
(i) (c+d))i=k—-1landc+d>(k—1)(m—1)(k+1)0>;
(ii) (c+d)h=k—2andc+d > (k—2)(2m —1)(k + 1)0>
(3) Let k > 2. Then, f;a(t) is strictly increasing in [q,m + 1] if ¢,d satisfy one
1)(k +1)0°°

of the following conditions
(i) (c+d))i=k—1landc+d< (k—1)(m—
oo

(ii) c+d < (k—2)(2m —1)(k+1)0
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PROOF. (1) When (¢ +d) > k0>, we have

fea(q) = ((m +1)(ci +di))g — (m™)g > ((m + 1)k0%)g — (M),
m+1+k m :qQ—(kz—i—l)q—k

q q?

> 0.
q—1 q*(¢—1)

The last equality follows from the fact that 22 — (k+ 1)z — k is strictly increasing
in [g¢(m),m+ 1] and (q¢(2k))? — (k + 1)qs(2k) — k = 0.

(2) We first consider the case (i): (c+d)y =k—1andc+d> (k—1)(m—
1)(k + 1)0°°. Note that for any ¢ € [¢¢(2k), 2k + 1],

R (@) = ming((m 1) (k+1)0%),. (m0%),} = ((m 1) (k+1)0%)

Thus, we have
fea(@)=((m+1)(ci+di))g—(m>)q = ((m+1)(k—1)(m—1)(k+1)0%)q—(m>),

=k +2)P+ k- (k—2)g—k—1
q*(g—1) '

Let g(x) = 2* — (k +2)a® + k2? — (k — 2)x — k — 1, and we show it is positive for
x € [gr(2k), 2k + 1] by Table 9.

function | [¢f(2k),2k+1] | k+1 qr(2k)
9" (x) positive
g (z) positive
g(x) positive positive
Table 9

Now, we consider the case (ii): (c+d)j =k—2and c+d > (k—2)(2m —
1)(k 4+ 1)0>. Note that for any ¢ € [¢f(2k), 2k + 1],

R () =min{(2m=)(k+1)0%),. (2m0%),} = (2m—1) (k+1)0%),.

Thus, we have

fealq) = ((m+1)(ci+di))g—(m™)g = (m+1)(k=2)(2m—1)(k+1)0%)g — (m™)q
q* — (k+3)q3+(3k+1)q2—(3k72)q7k—1'

q*(g—1)
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Let g(z) = 2* — (k+3)23 + (3k + 1)2? — (3k —2)x — k — 1. Table 9 shows g(z) > 0
for x € [g7(2k),2k + 1].

(3) Let q1,q2 € [¢,m + 1] = [¢, 2k + 1] with g2 > ¢1.

(i) Suppose that (c+d))y =k —1and c+d < (k—1)(m —1)(k + 1)0*.
We split the proof into two cases.

Case 1. (c+d))y =k—1and (c+d) < (k—1)(m —1)0%. Then, (c+d) <
(k—1)(m —2)(2m)°°. Thus,

fea(q2) = fealq) = ((m+1)(k = 1)(m = 2)(2m)™)g, — (m%)4,
= (((m + (k= 1)(m = 2)(2m)>)g, — (m™)q, ) -

We shall prove g(z) is strictly increasing in [¢, m + 1] where

k+2)22+(k—1)x+2k+2
z3(z — 1)

9(2) = ((m+1) (k—1)(m—2) (2m)*), — (™), = ==&

Note that

—z* 4 (2k 4+ 4)2® — (4k — 1)2? — (6k + 10)z + 6(k + 1) h(z)

g'(@) = xt(z —1)2 ot —1)2°

Then, h(z) > 0 for x € [g7(2k), m + 1] follows from Tables 10, 11.

function (3, 5] =3 r=25
h'(x) | positive®negative

B (x) positive | positive

h(z) positive positive | positive

Table 10. Case k = 2.

function [k+1,m+1] kE+1 m+1
h'(z) | positivednegative
B (x) positive | negative
h(z) positive positive | positive

Table 11. Case k > 3.

Case 2. (c+d)]2=(k—1)(m—1) and (c+d) < (k—1)(m —1)(k+ 1)0°.
Then, (¢ +d) < (k—1)(m — 1)k(2m)>. Thus,
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fealq2) = fealq) = ((m + 1)(k = 1)(m = DE(E2m)>)g, — (m™)q,
— (((m+ Dk = 1)(m — Dk(2m)>)q, — (m™)q,) .

Table 12 shows that g(z) is strictly increasing in [g, m + 1], where

4 — 34k —(k—1)z
o) = (1) (b ) (1) (2m) ) — (), = S A D)t ha” = (k= 1w+ 3k

x4z —1) ’
and ¢'(x) = %
function | [k+1,m+1] | k+1 m+1
h'"(x) negative
h'(z) positive
B (x) positive
h(x) positive positive | positive
Table 12

(ii) Suppose that (c+d) < (k—2)(2m —1)(k+1)0°°. We split the proof into
three cases.

Case 1. (c+d)|2 =(k—2)2m—1) and (c+d) < (k—2)(2m —1)(k+ 1)0*°.
Then, (¢ +d) < (k —2)(2m — 1)k(2m)>°. Thus,

fea(q2) = fea(qn) = ((m+ 1)(k = 2)2m — 1)k(2m)>) g, — (m™)q,
— (((m +1)(k = 2)2m — DEEm)>)q, — (m™)q,) -

As before, let g(z) = ((m+1)(k—2)(2m —1)k(2m)*>°), — (m*), and try to prove
it is strictly increasing in [¢, m + 1]. Note that

g9(x) = ((m+1)(k = 2)(2m — Dk(2m)>)z — (m™)s

ot — (k4 3)2 + 3k + 1)a? — (3k — 1)x + 3k
B x4 (x—1) ’

2P+ (2k+6)zt — (10k+6)a + (18k—2)2% — (24k—3)o+12k _ h(x)
B x®(x —1)2 Toad(z—1)2

g'(x)
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By calculation, h'/(z) = 12(—5z% + 4(k 4+ 3)z — 5k — 3) < 0 for z € [q;(2k), 2k +
1], and

W' (qp(2k)) >0, K (qr(2k)) >0, h(qr(2k)) >0 and h(m+1) > 0.

From Proposition 3.8, it follows that h(x) > 0 for = € [¢;(2k), 2k + 1].

Case 2. (c+d)|1 =k—2and (c+d) < (k—2)(2m —1)0%. Then, (¢; +d;) <
(k—2)(2m — 2)(2m)°°, and

fea(a2) = fealqn) = ((m+1)(k = 2)(2m = 2)(2m)>)g, — (M),
= (((m + 1)(k = 2)2m = 2)(2m)>)g, — (m™)q,) -
Table 12 shows that g(z) is strictly increasing in [gf(2k), m + 1] where

23 — (k + 3)2? + 3kx + 2
x3(x—1)

g9(x) = ((m + 1)(k = 2)(2m — 2)(2m)™)z — (m>), =

and

—z* + (2k + 6)2® — (10k + 3)2® + (6k — 8)x + 6 h(z)

g/<33) = $4(x — 1)2 - m4(x _ 1)2'

Case 3. k>3 and (¢ +d) < (k—2)0°. Then, (c+d) < (k— 3)(2m)*>°. So,

fea(q2) = fealq) = ((m 4+ 1)(k = 3)(2m)>)g, — (m)q,
= ((m+ 1)k =3)2m)=)q, — (m™)q,) -

Again, one needs to prove g(z) is strictly increasing in [gf(2k), m + 1] where

% — x
g(x) = ((m + 1)(k — 3)(2m)>®), — (m*), = (k+4)z+3k+3

x?(x—1)
Note that
) = —x3 + (2k +8)2? — (10k +13)z +6(k+1)  h(x)
&= x3(x —1)2 opd(r—1)2

The roots x1,z2 of W' (x) = —32% + 4(k + 4)x — 10k — 13 = 0 satisfy

1 < q(6) < 7 < g, for k = 3,
1 < q5(2k) <wo <2k +1, for k > 4.

Moreover, one can check that h(gs(2k)) > 0 and h(2k + 1) > 0. Thus, h(z) >0
in [g7(2k),2k + 1]. O
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Lemma 3.14. Let (c,d) € By, then there exists a unique gc.q € Ba(m).

PROOF. Since fca(m+1) > 0 always holds for any (c,d) € By, from Lemma
3.6 it follows that for any (c,d) € By, there exists a unique g4 € [g,m + 1] such
that

fc,d(qC,d) = (]‘C)QC,d + (md)qc,d - (moo)qc,d =0,
which means that gcq € Ba(m). O
ProOOF OF LEMMA 3.6. It was established by Lemmas 3.9-3.13. ]

PROOF OF LEMMA 3.7. By the symmetry, it suffices to prove (3.7). Accord-
ing to Lemma 3.5,

fC,d(Qe,d) = (1C)qe,d + (md)qe,d - (moo)qe,d
(1e)qc,d + (md)QC,d - (mOO)QC,d = fe,d(Qe,d) =0.

AN

By Lemma 3.6, we have q. q > ¢o,d- U

4. Proof of Theorems 1.1 and 1.2

The following results reveal that U,V are subsets of Ba(m).
Lemma 4.1. U C By(m). Furthermore, U C Béoo) (m).

PROOF. Take a ¢ € U arbitrarily, 1 has a unique g-expansion, write (¢;).
Then, 1 = (¢;)q — (0°°),, which implies ¢ € B2(m) by Theorem 3.2. Since U
is a Cantor set, we have U C Bgoo)(m) when U C By(m). Next, we show that
u \ U c By (m)

Let ¢ € U \U. By Lemma 2.4 (ii), there exists a word ajas - - - a,, such that
a(q) = (a1az---a,)™ where n is the smallest period of a(g). If n = 1, then
a(q) = (a1(q))®°, which implies that ¢ = a;(q) + 1. Otherwise, ¢ is a noninteger.
Therefore, we distinguish two cases.

Case I. q is a noninteger. In this case, n > 2 and 8(q) = ay - - - a;70>°. From
Lemmas 2.1 and 2.3 (ii), we know that

O S Qg1 Gy < Gigycoc 0t <ayccang (4.1)

for all 0 < i < n. Since ¢ € U \ U, Lemma 2.4 (i) tells us that there exists
apeln(l,q) such that

651 (p) e an(p) =a1a2 - Qp-
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Let
c=ay--a}a(p) and d=0"a(p).
It remains to prove that c¢,d € A; and ¢ = gcq.

First, we show that c,d € A}. Since p € UN(1,q), by Lemmas 2.1 and 2.3 (i),
we have

a(g) < ap) < o'(a(p)) < ap) < a(q)
for all i > 0. Moreover, a; > k + 1 implies that a; > @;. Then, d € A;.

On the other hand, for 0 < i < n, by (4.1) we have a; 1 ---a} > @y - a,_; and
ai-++Q; 2 Ap—it1 " an, then

ai+1...a;ta(p>:ai+1...a;‘{al...aiari»l(p)...

> A1 Gp—iGn_it1 - Apa(p) > a1 analq) = alq).

Together with a;41 - caf < aj---anp_i, we obtain ¢ € Afl. We conclude that
g = qc,d € Ba(m) by the following calculation:

fed(q) = (1c)g + (md)q — (m™)q = (Lag - - a a(p))q + (M0 a(p))q — (M™)q
= ((m+ ay - at0%), — (m"T10>), = (10°), — (0ay - - - a,; 0>°), = 0.

Case 1. q is an integer. Let

c=aj a(p) and d = 0a(p).

As was the case in the previous analysis, it can be proved similarly. O
Lemma 4.2. V\ {G(m)} C Ba(m).

PROOF. Thanks to Lemma 4.1, it suffices to prove that V\ ({ U {G(m)}) C
Bz(m). Given arbitrarily ¢ € V\ ({U{G(m)}), Lemma 2.4 (iii) tells us that there
exists a word aj - - - a,, with n > 1 such that

and for all 0 < i < n,
(a1---a,)® < o'((ay---a,)>®) < (a1 -+ an)™.

Take ¢ = (¢;) = ay -+~ a (ay---a,)*>® and d = (d;) = 0°"(ay - a,)>. It remains
to show ¢,d € A} and q = gc,q € Ba(m).
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(i) Suppose that n > 2. Then, by the above inequalities and the definition
of V, we have for all 0 < i < n,

+
Qi1 On < iyl Ap <A1 Qpj

Qi1 Gy < ai+1-~-aj; <ai:-cQp_j. (42)
By Lemma 2.2, it suffices to prove for all 0 < i < 2n,

Cit1Cive - < alq), when ¢; < m,

Cit1Citz - < a(q), when ¢; > 0.

If 0 < i < n, it follows from (4.2). If n < i < 2n, we use (4.2) once again. For
the case i = n, we have a1 > k + 1 (no matter m = 2k or m = 2k + 1), it follows
from @7 < a;. Hence, ¢ € A;. Similarly, one can show d € A;.

Next, we show ¢ = gc.q. Since 8(¢) = a; - - ata; -+ a,0>, we have

= (lar -~ an (a1 an)>®)g + (MO* (@) ) — (Mm™),
2n+1ooo)q
10"ay -+ a,0°), — (Oay - - - a;fm™0>),

= (10°), — (0a; - - a} a1 a,0™), = 0.

(
(
= ((m+1)ay---atay--a,0°), — (m
(
(

(ii) Suppose that n = 1. Take

c=afa$° and d = 0%(ay)™.

In this case, a(q) = (afaf)>®, af > k+1 (m=2k)oraf >k+2 (m=2k+1).

Then, c,d € A}, and g = gcq follow from that facts aj <a; <aj and

fea(@) = (10)g + (md) — (m™)g = (laj af®)q + (m0? (@)™, — (m™),
= ((m+ Da] a10%), — (m*0°°), = (10a10%), — (0a; m0>),
= (10), — (0aj @0>), = 0.
So the proof is finished. O

The following result strengthens Theorem 3.2.
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Proposition 4.3. We write

Ex(m):={ge Lm+1]: 1€l —Uy,}
Fo(m) :={ge(Lm+1]:1€V,—V,}.

Then, Ba(m) = E2(m) = Fao(m) \ {G(m)}.

PRrROOF. By Theorem 3.2, we have Bao(m) = {g € (1,m+1]:1 €U, —U,}.
Moreover, U, C U, C V,. Hence, we have Bay(m) C E(m) C Fa(m).

Applying Lemma 2.5 (i), we see that E(m) C Ba(m) UU. Thus, it follows
from Lemma 4.1 that &(m) = Bz(m). On the other hand, according to Lemma
2.5 (ii), we know that Fa(m) C Bz(m)UV. Then, it follows from Lemma 4.2 and
G(m) ¢ Ba(m) that Fa(m) = Ba(m) U{G(m)}. O

Now, we give topological descriptions of Bgi)(m).
Lemma 4.4. Bg) (m) is compact for all i > 0.

PRrROOF. It suffices to prove Ba(m) is compact. We claim [gpr, m+ 1]\ Ba(m)
is open, where ¢,/ is smallest base of Ba(m) (cf. [21]). Take ¢ € [gar, m+1]\Bz(m)
arbitrarily. So, 1 ¢ U, — U, by Theorem 3.2, and ¢ ¢ U by Lemma 4.1. Thus, U,
is compact, and so U, — U, is compact by Lemma 2.5 (i). Then, dgy (1,U, —U,) >
0, where di denotes the Hausdorff metric. Since U, continuously depends on
p & U (see [5]), we take 0 < § < dy(1,U; — U,), and a small open set O(J)
which contains ¢ such that dg (U, — Up,, Uy —Uy) < § for all py € O(J). Then,
du(1,Up, —Up,) >0, ie., po & Ba(m). O

Lemma 4.5. V\ G(m) C Béz) (m).

PROOF. It suffices to prove that V\ (/U {G(m)}) C B (m) by Lemma 4.1.
Fix ¢ € V\ (U U {G(m)}) arbitrarily. By Lemma 2.4 (iii), there exists a word
ay---a, with n > 1 such that a(q) = (a1 ---a}a; ---a;)>, and for all 0 < i < n,

(a1 an)® < o'((a1---a,)®) < (ay - an)™. (4.3)
Set
c=ay--af(a--ay)™, d=0"(ar—an)>,
and
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(i) Suppose that n > 2. According to the proof of Lemma 4.2, one gets
c¢,d € A} and ¢ = gcq. We will show that d; € A}, forall j > 1 and p € (¢,m +1].
Since ¢ € V, by Lemma 2.3 (iii), it suffices to prove

alp) < o'((@—an) (a1 anar -+ af)>) < o(p)

holds for all 0 < ¢ < nj. It follows from (4.3) and @1 < a; that

al...aj{<a1...anSai_,’_l...anal...aiSal...a)n<a1...a;t

for 0 <i < n. Hence, d; € A, for all j > 1. Next, we prove gca; € Ba(m),

fea; (@) = (1¢)g + (MO (@G ) (a1 - - ab a1 -~ af)®)g — (m™),
= (lc)g + (mOQ"(al T an)j+1O°°)q — (M),

< (lc)g + (m02n(a1 )™ )g — (m™)g = fealg) = 0.

By Lemma 3.6, fcq4;(t) = 0 has a unique root gcq, in (g,m + 1] for all j > 1,
i.e., gc,q; € Ba(m). Applying Lemma 3.7 and the continuity of f.q w.r.t. (c,d),
we infer that gcq, (¢ as j — co. Let
co=ay - ~a7{(al . ~~an)’z(a1 . -~aj{a1 . ~aj{)°°.
Note that fc, q,(q) < 0 for all sufficiently large £. By the same argument, we can
conclude that for each fixed j > 1, we have qc,q; € Bz2(m) for all sufficiently
large £, and qc,.4; /" qc,4; as £ — oo. Then, for each j, qcq; € Bél)(m)7 and then
2

qd={(ca € B; )(m)

(ii) Suppose that n = 1. Then, a(q) zi(afﬁ)oo. Let ¢ = Eaffo, d = 0%a;*>,
ce = af (a1)*(afal)® and d; = 0%(@1)’(af af)>°. By the same argument as in
the first case, we can conclude that ¢ € B§2)(m). O

PrOOF OF THEOREM 1.1. We get the result by Theorem 3.2 and Proposi-
tion 4.3. 0

PROOF OF THEOREM 1.2. Results (i), (ii) and (iii) follow from Lemmas 4.4,
4.1 and 4.5, respectively. Result (iv) follows from Lemma 4.5 and the fact that
the set (G(m),qr(m)) N Bz(m) is finite. O
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5. Some results on unique expansions

Recall that & and V denote the set of univoque bases ¢ € (1, m + 1] and the
set of bases ¢ € (1, m + 1] for which there is a unique doubly infinite g-expansion,
respectively. Let

(1,m+ 1\ U = U(po, pg),
where py runs over {1} U (U \ U) and pj; runs over a proper subset of U. It was
proved in [20] that pg is an algebraic number, while p is a transcendental number.
Now, let

(Mym+1N\T = U@ q5),  M=|T|+1 (5.1)

In this section, we shall give a description of Z/I;S.

Note from [19] and [10] that for each connected component (g, qg), there
exists a finite word a; - - - a,, such that a(qo) = (a1 ---a,)> € QY , where a; - - - a,
is assumed the smallest periodic block. The right endpoint ¢g is the limit of
sequence {q¢} defined below. Let

Cp *=a1--an and Cop1=cicgt, £=0,1,.... (5.2)

Then, (¢;) is a Thue-Morse type sequence generated by cg (cf. [1]). From [10],
it follows that for each £ = 1,2,..., there exists g € (qo, ¢5) such that 5(q) =
¢¢0%. De Vries and Komornik obtained in [19] and [10] that for each connected
component (qo, q3 ),

V(g0 q0) = {g:; £ €N} and  qr T gp.
We recall some standard results:
Lemma 5.1 ([20]). Let M,c; be given in (5.1) and (5.2). Let (qo,q3) be
a connected component of (M, m+ 1]\ U related to ¢y , and (d;) € Z/lé(,; w.r.t. Q.
(i) Ifd; <m and djiy---dj e, = c¢ for some £ > 0, then

— — =t
dj+22n+1 e dj+2£+1n =y or dj+2£n+1 cee dj+22+1n =Cyp .

(ii) Ifd; > 0 and djy1 - - - djjoe, = C¢ for some £ > 0, then

dj+214n+1 s dj+2['+1n =y or dj+2['77,+1 s dj+21{+1n = Cf_'
Lemma 5.2 ([20, Lemma 4.2]). Let M,c, be given in (5.1) and (5.2). Let
(g0, q}) be a connected component of (M, m + 1]\ U related to cy . Then, for any
{>0,c=ay---aye, satisfies

a1 Qoty_; < Gjg1 Aoty <A1 Qoepy_j

for all 0 < i < 2n.
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Qur first result is

Theorem 5.3. Let M, ¢y be given in (5.1) and (5.2). Let (qo,q3) = (M, qx1L)
be the first connected component of (M, m + 1] \ U related to c; .

(I) Suppose that m = 2k +1 > 3. Then, (b;) € Uy, , \ {0°°,m>} if and only
if (b;) is formed by sequences of the form

w(cg Y (ei @i ) (i)™ (ciy i)™ (i i)' -+ (5:3)

or their reflections, where 0 < i1 < iy < --- are integers, 1 < j <2, 0<1; <1,
0<j;<ooforalli>1, and

we{l,---,m—-1}U U{ONb:0<b§k;+1}U U{mNb:k§b<m}.
N=1 N=1

(IT) Suppose that m = 2k. Then, (b;) € U! \ {0°°,m*>} if and only if (b;)

4dKL
is formed by sequences of the form

w(cg )j (Cila)ﬁ (cil @)ll (cizg)h (cizﬁ)lz T (54)

or their reflections, where 0 < iy < iy < --- are integers, 0 <; < 1,0 < j,7; < 0
for all i > 1, and

we{l,--,m—13u [ J{o¥b:0<b<k+1}U [ J{m bk —1<b<m}.
N=1 N=1

Remark. The case m = 1 was studied in [15], which is quite different from
the cases m = 2k + 1 > 3. So, we assume m = 2k + 1 > 3 in Theorem 5.3 (I).

Proor. We have (qo,q5) = (M,qxr), thus Uy = {0°°,m>}. Note that
whether m = 2k or m = 2k 4+ 1, we always have qg = M = k + 1, and so,
al(qe) = k™, ¢y =k.

For the sufficiency, it is not difficult to be verified by Lemma 5.2. We leave
it for the readers.

In the following, we prove the necessity. Take (b;) € Z/{;S \ U, Let

N =min{s: 0 < by < m}.

Then, N is well-defined and is a positive integer.
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Case I. m = 2k + 1 with k > 1.
Note that from (2.2), a(¢xr) = (k+1)(k+ Dk(k+1)---. By (2.4), we have
for t > 1:
bt+1bt+2 IR (k + ].)(k + 1)]€(k + 1) ety when b1 tee bt 7é mt,
bis1biro - > kk(k+ k-, when by - -- by # 0. (5.5)

We now split our discussion into two steps.

Step 1. We shall show what the block w = by ---by looks like. The case
N =1 is trivial, we only consider the case N > 1.

Subcase 1. Suppose that w begins at 0. Then, by (5.5), we have w = 0N ~lby
with 0 < by <k + 1.

Subcase 2. Suppose that w begins at m. Then, by (5.5), we have w = m~ ~lby
with £k < by <m.

Step 2. Now, let us to explore the sequence (byyi) = (bnti)i>1. Note that
0 < by <mand a(qgxr) = (k+ 1)(k+ 1)k(k +1)---. Thus, by Lemma 2.2,
we have for each i > 1,

kk(k+ 1Dk - <byniibyyivr - < (k+1)(k+Dk(k+1)---, (5.6)
and so,
k<byni; <k+1, (bn+i)i>1 not ending with & or (k +1)*°.

From (5.6) it follows that there exists 1 < j < 2 such that either byy1---byy; =
ki or byy1---bytj = (k + 1)7. Without loss of generality, we assume that
byt1- - bn+; = k7. Otherwise, we only need to consider (Fi)izl instead.
S0 bn4j+1 = k+1 = co. In the following, we shall determine the tail (by4j44)i>1
by means of Lemma 5.1.

Let us recall that
o= =k+1, ¢y =6 =k, and ¢y =cert, T = cic, . (5.7)

Roughly speaking, Lemma 5.1 tells us that which possible blocks will follow
a block ¢y or ¢;. This can be simply described in Figure 1.

Cp = CeCy C¢ = CeCy
cy < Cr <
it = et

= Cpt1 €, = Cgc, = Cit1

Figure 1. Relation induced by Lemma 5.1.
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By A — B, we denote block A followed by block B. We point out that in

+

Figure 1 the action ¢, — ¢ cannot be implemented continuously infinite times,

since (b;) € Uy, cannot be ended with a(gxr). Similarly, the action ¢ — ¢,

cannot be implemented continuously infinite times.
Now, we have by4j+1 = k+ 1 =cg and byy; = k < m. Then, the following
block is either ¢g or ¢o™ by Lemma 5.1, i.e.,

(bi) = wlcy ) coo(bnsjroti)iz1s (5.8)

or
(bs) = wlcg ) colo ™ (bngjaati)iz1 = w(cy ) e1(bnpjpori)iz1 (5.9)

by (5.7). If (5.8) occurs, then
(bi) = w(cy ) cococo - - - or (bi) = wlcy Y eolocy -+ = w(cy ) eoer -+
by Lemma 5.1 and (5.7). If (5.9) occurs, then
(b)) =w(eg Yeer - or (b)) =wlcg)Vee’ - =w(cg)e

by Lemma 5.1 and (5.7).
In any cases described above, one can continue to implement the process in
the same way as above. Therefore, (b;) is of form (5.3) or its reflection.

Case II. m = 2k with k > 1.
Note that a(qkr) = (k+ 1)k(k —1)(k+1)---. By (2.4), we have for ¢ > 1:

bt+1bt+2 e < (k + 1)]€(/€ - 1)(k+ ].) ey when bl . 'bt 7é mt,
biy1biro--- > (k—Dk(k+1)(k—1)---, when by - - - by # 0. (5.10)

We now split our discussion into two steps.

Step 1. We shall show what the block w = by - - - by looks like. As in Case I,
we only consider N > 1.

Subcase 1. Suppose that w begins at 0. Then, by (5.10), we have w = 0V 1oy
with 0 < by <k + 1.

Subcase 2. Suppose that w begins at m. Then, by (5.10), we have w =
mV by with k — 1 < by < m.

Step 2. Now, let us explore the sequence (bnyti) = (bnti)i>1. Note that
0 < by <m and a(¢gxr) = (k+ 1k(k —1)(k+1)---. Thus, by Lemma 2.2,
we have for each 7 > 1:

(k? - 1)]€(l€ + 1)(k — 1) s < bONpibNyitr - < (kj + 1)]4;(]{ — 1)(k + 1) S (5.11)
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From (5.11), it follows that
bni1 € {k‘ -1,k k+ 1} = {%, CO_,C()}.

(I) by41 = k. In this case, either (byi;)i>1 = k™ = (¢; )™ or there ex-
ists a positive integer j such that byi1---byyjr1 € {ki(k+ 1),k (k — 1)} =
(e Yieo, (e ics). |

Without loss of generality, we assume that byy1---byyj1 = K (k+ 1) =
(cg ) co. Otherwise, we only need to consider (b;);>1 instead. So by ;41 =k+l=co.

(I1) byy1 € {k— 1,k + 1} = {€q, co}. Without loss of generality, we assume
that byy1 = k+1 = ¢g. Otherwise, we only need to consider (Fi)izl instead. For
the sake of uniformity, we write byy1 = k+ 1 = (cg )%co, corresponding to j = 0.

In the following, we shall determine the tail (bn4;41+44)i>1 by means of
Lemma 5.1, where j is a nonnegative integer.
Let us recall that

co =0 =k, co=k+1, o=k—1, and ¢ =ceert, Cir1=Cecy - (5.12)

Roughly speaking, Lemma 5.1 tells us that which block can follow a block ¢, or
¢¢. This can be simply described in Figure 1.

We point out that in Figure 1 the action ¢, — ¢

cannot be implemented
continuously infinite times, since (b;) € Uy ., cannot be end with a(gxr). Simi-
larly, the action ¢; — ¢, cannot be implemented continuously infinite times.

Now, we have by 41 = k+1 = cp and by4; < m. Then, the following block
is either ¢y or ¢g+ by Lemma 5.1, i.e.,

(bi) = w(cg ) coco(bn+j+2+i)i>1, (5.13)
or
(bi) = wlcg ) coto " (bnjrari)iz1 = wlcg ) e1(bnrjr+i)izt (5.14)
by (5.12). If (5.13) occurs, then
(b)) = w(cy ) cococo - - - or (bi) = wlcy Y eolocy -+ = w(cy ) eoer -+
by Lemma 5.1 and (5.12). If (5.14) occurs, then
(bi) = w(cy Y erer - or (bi) = wlcg VYerert - =wley )Yeg---

by Lemma 5.1 and (5.12).
In any case described above, one can continue to implement the process in
the same way as above. Therefore, (b;) is of form (5.4) or its reflection. O
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Let (qo, ¢;;) be a connected component of (M, m+1]\U. Suppose that a(qg) =
(@1 -an)™ = (cg ). For a word v1vg---vp € {0,1,--- ;m}P and 1 < g < p, let

(V1 vp)|g =01+ g, if o(vivg---vp) =va- - Up.

A word uq ---u, € {0,1,--- ,m}P is matched to a; ---a, if u, < m and for any
1<{<p,

Ue(ul CUpa )|y < A1 Gy, whenever uy - - - ug # mt,
and

Jé(ul S UpGy g |p > A1 Gy whenever uj - - - uy # 0.
Obviously, if u; - - - up, is matched to a; - - - ay,then uy - - - upay - - - ap is also matched
toay---ay.

Theorem 5.4. Let M, ¢; be given in (5.1) and (5.2). If (qo, q3) is a connected
component of (M, m + 1]\ U related to c; = ay ---a, with go > M, then (b;) €
Uég \ U, if and only if (b;) is formed by the sequences of the form

w(cg ) (ei, @) (ei,C3)" (€iyiy) 72 (ciy T )2 - -

or their reflections, where
oo
w € U{u1-~-up Uy - - - Up is matched to ay - - - ap },
p=1

0 <ip <ig < --- are integers, 0 < [; <1, j € {0,00} and 0 < j; < oo for all
1> 1.

PROOF. As described in (5.2), we have

a(go) = (ar---an)™ = (¢g)™

and
a(qé) — coa—"_aco e =Qp anila;‘"[_al Qg
Now, take a (b;) € Ug: \ U, -
Case I. (b;) ends with neither (¢;)> nor (cg ).
Since (b;) ¢ U,

,» there exists a smallest positive integer 1 such that

by---by, #m" and bpt1 - by >y = a1 ap, (5.15)
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or
by--by #07  and  byi1--byen < cp = a1 an.

Without loss of generality, we assume that (5.15) holds. Otherwise, one can con-

sider (b;) instead.
On the other hand, by Lemma 2.2, we have

bn+1...bn+n... <coa+aco... .
Thus, combining (5.15), one can get
by by #m" and bn+1~~~bn+n:00:a1~-~afl.

We claim that b, < m. This is clear when = 1. Suppose that > 1 and b,, = m.
Then, by the minimality, we have

by byt £ mn~t and bpbys1- byin—1 <cg = a1 an.

By (5.15), this implies that a; ---a, = m", and so ¢ = m + 1, a contradiction.
Hence, we get

+

b, <m and bps1- - byyn =co=ai---a,.

By the same argument as in Theorem 5.3, one can get (by;)i>1 is of the form
(Ci1€)j1 (Cilg)ll (Ci2@)j2 (%@)12 T

Next, let us investigate what the prefix b; - - - b, looks like.
By the definition of 7, we can denote

by by =m"byiy by,
where u < 7 is a nonnegative integer, b,1,b, < m. Then, by (5.15),
P (b byar - an)ln = 0P (b1 bybys1 - bygn—1by)ln < a1+ an,
foru < p <n, and
oP(by--byar---an)ln = 0" (b1 - bybyt1 - byyn-1b, )0 > a1 an,

for 1 < p < n with by ---b, # 0P. Therefore, by - - - b,, is matched to a; - - - ay.
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Case II. (b;) ends with either (cg ) or (cg ).
Without loss of generality, we assume (b;) ends with (¢ ). Otherwise, one

only needs to consider (b;) instead. Then, (b;) can be written as
(bi) = by by(ay - an)™

where p is a positive integer. We claim that by ---b, is matched to a;---ay,.
Otherwise, there exists a smallest positive integer 1 < ¢ < p such that

Oz(bl~-~bpa1~-~an)\n=0£(b1---bpbp+1-~-bp+n)\n>a1--~an and by ---by#Em’

o (by - bpay - )l =0"(by -+ bybpit - bpan)|n <@ @y and by ---by£0L.

Then, by the same argument as in Case I, we have that

be<m and bpy1---bpyn =co= a1-~-an,1arf

or
+

be >0 and bpyy---bppn =Co=ay1---an_10an.

So (b;) cannot end with (¢; ) by the argument in Case I, which contradicts our
hypothesis.

The sufficiency can be checked directly. O

Recall that for each connected component (qo,¢g), we have (go,¢5) NV =
{g0: ¢ € N} If g € (qe; qe+1], then a(q) < a(ges1) = (cer)™ by Lemma 2.1, it
follows from Lemma 5.1 that the blocks we, and weg are forbidden in each (b;) €
U,, where w € {0,...,m —1}. Otherwise, (b;) would end with (c,c)>°, which
leads to contradiction by Lemma 2.2. So by Theorems 5.3 and 5.4, we obtain the
following results.

Corollary 5.5. Let M, ¢, be given in (5.1) and (5.2). Let (qo,q3) = (M, k1)
be the first connected component of (M, m + 1] \ U related to c; .

(1) Suppose that q € (q¢, qet1] for some £ > 1 and m = 2k +1 > 3. Then,
(bi) € Uy \ {0°°,m>} if and only if (b;) is formed by sequences of the form

w(cg ) (i, @) (e, @) " (e T )2 -+ (i, @) (s, @)
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or their reflections, where 0 < i1 < iy < -+ < i, < £ are integers, 1 < j < 2,
0<;<£1,0<j,<ooforalli>1, and

we{l,---,m—-1}U U{ONb:O<b§k‘+1}U U{mNb:k§b<m}.
N=1 N=1

(2) Suppose that q € (q¢,qe+1] for some £ > 1 and m = 2k. Then, (b;) €
U\ {0, m>} if and only if (b;) is formed by sequences of the form

wleg ) (ei, @) (ci,E5) " (€iyiy) 72 -+ (e, @0,) ' (i, @ )

or their reflections, where 0 < 47 < 19 < --- < i, < £ are integers, 0 < I; < 1,
0<j,ji <ooforalli>1, and

we{l, - ,m—13u [ J{o"b:0<b<k+1}u [ J{m b k—1<b<m}.
N=1 N=1

Corollary 5.6. Let M, ¢y be given in (5.1) and (5.2). If (qo, q3) is a connected
component of (M, m + 1]\ U related to ¢, = ay---a, with g > M, and q €
(qe; qe1] for some £ > 1. Then, (b;) € U, \ Uy, if and only if (b;) is formed by
sequences of the form

w(cg ) (ei, @) (ei,@5) (€iy 372 -+ (e, @0, (i, @ )

or their reflections, where

o0
w e U{ul---up:ul---up is matched to ay - - - an },
p=1

0<i; <ig <. <iy </ are integers, 0 < ; <1, j € {0,00} and 0 < j; < 0
for all 1> 1.

longer holds for some j > 1 if m > 1. Let ¢ ~ 3.627 be the real root of 2% —
322 — 22 — 1 =0 and m = 4, we have (04432%), = (112*),. In this case, g» =
qr(4) = 3.562 and g1, ~ 3.667, then ¢r(4) < ¢ < gk, and hence, ¢ € (¢n, gn+1)
for some n > 1. Moreover, a(qs(4)) = (31)°°, thus 4432°°,12°° € U, by Lemmas
2.1 and 2.2. Since the proof of [15, Lemma 6.1] is independent of the alphabet,
it follows from this lemma and Theorem 3.2 that ¢ € Bgzn) (4) N (Gn, nt1)-

Remark. We give an example to show inequality ¢j+1 < min ng )(m) no
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6. Appendix

e Page 11, calculation of Table 1:
Let

It follows from h(*)(x) < 0 for = € [g(1),2] that h"”(z) is strictly decreasing in
lgr(1),2]. Since

h"(ap(1)) = 24(=5(¢7(1))* +10(a(1))* — 245(1) — 1) = 24(3¢¢(1) — 6) <0,

we have h"'(z) < 0 for = € [g7(1),2]. So h”(z) is strictly decreasing in [gf(1),2].
Now, h”(2) = 22, and so h”(z) > 0 for = € [gf(1),2]. Note that

R (z) = 2(—32° 4+ 10z* — 42® — 622 + 32 — 3)

=2((2% — 222 + o — 1)(=32% + 4o +7) + 2% + 4).

Thus, /'(g(1)) = 2(gf(1))? + 8 > 0. Finally, we have h(2) > 0 and

h(z) = —a% 4+ 42° — 20* — 423 + 32% — 62+ 5
=@ -2+ -1 (—2®+222 +32 1) — 22+ 4.

Thus, h(gs(1)) = —2¢7(1) +4 > 0. Therefore, h(xz) > 0 for = € [gr(1),2] by
Proposition 3.8.

e Page 13, calculation of Table 2:

Let
h(z) = —2° 4 8z* — 162° 4 82% — 10z + 8
B (x) = —5z* 4+ 3223 — 4822 + 162 — 10
R () = 4(—52® + 242® — 242 + 4)
R (x) = 12(=52% + 16z — 8).
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We have h"'(x) < 0 for = € [q¢(3),4]. Recall that g¢(3) satisfies
(a7(3)) = 3(ar(3))* + ¢¢(3) =2 =0. (6.1)
In fact,
—5a* 4+ 3223 — 4822 + 162 — 10 = (2° — 322 + & — 2)(—5x +17) + 822 — 11z + 24.
Thus, by (6.1), we have
h'(a(3)) = 8(ar(3))* — 115 (3) + 24

=8((g7(3))? — 35(3) + 1) + 13¢;(3) + 16 = qf1(63) +13¢4(3) + 16 > 0.

Similarly, h”(g;(3)) >0 and h(gs(3)) >0 by means of (6.1). Finally, h(4)=96>0.

e Page 14, calculation of Table 3:
Let
h(z) = —a* 4 623 — 32% — 202 + 15
B (z) = —42® 4 182 — 62 — 20
R (x) = —12x% + 362 — 6.
It follows from h”(z) < 0 for z € [g¢(3),4] that h/(z) is strictly decreasing in

[q7(3),4]. But h/(x)>0in [g7(3), ) and A'(z) <0 in («, 4] for some ¢;(3) <a<4.
Moreover, h(gs(3)) and h(4) are positive.

e Page 14, calculation of Table 4:

Let 3 5
gx) =2 — (k+3)z° + (k+4)x — 2k — 3.

g"" () satisfies condition (I) of Proposition 3.8 in [q¢(2k+1), 2k+2], and ¢’ (g (2k+
1)) >0, ¢"(¢r(2k 4+ 1)) > 0 and g(2k +2) > 0. Note that

23— (k+3)2® + (k+4)r — 2k -3
=@ - (k+2)2?+x—k—1)+ (-2 + (k+3)x —k—2).

Recall that qf(2k + 1) is the root of 23 — (k + 2)2*> + * — k — 1 = 0. Since
k+1<qs(2k+1) < k+2, we have

9(qr(2k +1)) = —(qr(2k + 1)) + (k +3)qp(2k + 1) —k — 2
= —(qr(2k+1) — 1)(gs(2k + 1) — k — 2) > 0.
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e Page 15, calculation of Tables 5 and 6:
Let
h(z) = —a® 4+ (2k + 8)x? — (10k + 16)x + 6k + 8
W (z) = —32% 4+ 4(k + 4)z — 10k — 16.

The roots x1 < zo of h'(z) = 0 satisfy, for k > 3,

2%+ 8- VAR +2k+ 16

x 3 <k+1<qr(2k+1)
2k VAak? + 2k +1
k+1<ay= s 3 rent 6<m+1:2k+2,

and for k = 2,
21 =2<k+1<qg(5)<k+2<zo=6=2k+2.

Hence, h(x) is strictly increasing in [k+1, 5], and strictly decreasing in [z4, m+1]
for k>3, and h(k +1) = k3 — k* =5k — 1 > 0, h(m + 1) = 4k? 4+ 2k > 0; h(z) is
strictly increasing in [g¢(5), 6] for k = 2, and h(gs(5)) > 0.

e Page 16, calculation of Table 7:
Let

h(z) = —2* 4 2(k + 3)2% — (4k + 12)2> — (6k — 6)z + 6k
R (z) = 2(—22" + 3(k + 3)2* — (4k + 12)x — 3k + 3)
B (z) = —4(32% — 3(k + 3)x + 2k + 6)
B (x) = —4(62 — 3(k + 3)).
We have h'(k+1) = 2(k® +5k*— 4k —2) > 0, K’/ (k+1) = 16k > 0 and A" (z) < 0
in [k + 1,m+ 1]. In addition,
h(k+1) =k* +4k% -8k -6k —1>0
h(m +1) = h(2k + 2) = (8k? — 6k — 2)(2k + 2) + 6k > 0.
e Page 17, calculation of Table 8:
Let
h(z) = —a* 4+ (2k +4)2% — (k + 2)2® — (12k + 8)x + 3(3k + 2)
B (x) = 2(—22° 4+ 3(k + 2)x? — (k + 2)z — 6k — 4)
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R (x) = —2(62% — 6(k + 2)x + k + 2)
" (x) = =122z — (k + 2)).
Then () <0in [k+1,m+ 1], K" (k+1) = —=2(-5k —4) > 0 and A/ (k+ 1) =
2(k3 + 5k* — 2) > 0. Since
h(k+1) = (k* +4k® =8k —7)(k+1) + 9%k +6 >0
h(m +1) = (6k* — 2k — 4)(2k 4+ 2) + 9%k +6 > 0,

we have h(z) > 0 for z € [k+1,m+1] D [¢y(2k + 1), 2k + 2] by Proposition 3.8.
e Page 19, calculation of Table 9 for (2) case (i):
We have
gx) =2 — (k+2)2® + ka® — (k—2)v —k — 1
g (x) = 42® — 3(k + 2)2* + 2kx — k + 2
g’ (z) = 2(62% — 3(k +2)z + k).

The roots of ¢g”(x) satisfy

3k + 6+ VOk? + 12k + 36

r1 < To = 12

<k+1 <qf(2k)

and ¢’ (k+1) =k3+2k*—2k >0. Hence, g(z) is strictly increasing in [g7(2k), 2k +1].
Next, we shall show that g(qs(2k)) > 0 for £ > 2. Recall ¢;(2k) = (k+1+
VkZ + 6k + 1)/2 is the largest real root of 22 — (k + 1)z — k = 0, and

g@) =2 — (k+2)2® + ka® — (k—2)z —k — 1

=@ —r+k-D@*—(k+Dz—k)+(k-1D%*(z+1) -2
Thus, g(qr(2k)) > 0 for k > 2.
e Page 19, Table 9 for (2) case (ii):

We have

glx) =2 — (k+3)2> + Bk +1)a® — 3k —2)z —k — 1

g (x) = 4a® — 3(k + 3)x + 2(3k + 1)z — 3k + 2

g (x) = 2(62% — 3(k 4+ 3)z + 3k + 1).
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The roots of ¢g”(x) satisfy for k > 2,

3k +9+vV9k2 — 18k + 57
1 < X9 = Tt 3 + <k+1<qs(2k).

Thus, ¢'(z) > 0in [k + 1,2k + 1] by ¢'(k+ 1) > 0. So, g(x) is strictly increasing
in [gf(2k), 2k + 1]. Finally,

g(x) =2 — (k+3)2® + Bk + 1)a® — 3k —2)z —k — 1
= (2% =20 +2k —1)(2* — (k+ )z — k)+(2k* — 4k + 1)z + (2> — 2k — 1).

e Page 20, calculation of Tables 10 and 11:
Let
h(x) = —a* 4+ (2k + 4)2® — (4k — 1)2? — (6k + 10)z + 6(k + 1)
B (z) = 2(—22° 4+ 3(k + 2)2* — (4k — 1)z — 3k — 5)
R (x) = 2(—627 4+ 6(k + 2)x — 4k + 1).

The roots x1, zo of h”(x) satisfy for k > 2,

3k + 6 + V9k2 + 12k + 42 <

k+ 2.
6 +

1 <k4+1l<z=

Hence, h'(x) is strictly increasing in [k+1, 2], and strictly decreasing in [z3, m+1]
for k£ > 2. Note that

B (k+1) = 2(k* + 2k* + 3k) > 0.

In addition, we have h'(m + 1) = h'(2k + 1) is positive when k = 2, but negative
for k > 3. This means that in [k+ 1, m+ 1] the function h(x) is strictly increasing
if Kk = 2, and h(z) is strictly increasing firstly, and then strictly decreasing if
k > 3. However, we have for all k£ > 2,

h(k+1) = (K +k —2k)(k+1) >0

h(m +1) = (4k* + 4k — 6)(2k + 1) + 6k + 6 > 0.

e Page 20, calculation of Table 12 for (3)(i) case 2:
Let

h(z) = —2° 4+ (2k 4+ 4)z* — (4k + 2)2® + (6k — 4)z* — (18k — 3)z + 12F.
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Then, " (x) = 12(—522 + 4(k + 2)x — 2k — 1) < 0 for = € [k + 1,m + 1], and
h"(k+1) >0,k (k+1)>0,h(k+1)>0 and  h(m+1)>0.

Therefore, h(z) > 0 for = € [k + 1,m + 1] D [¢r(2k), m + 1] by Proposition 3.8.

e Page 20, calculation of Table 12 for (3)(ii) case 2:
Let

h(z) = —a* + (2k + 6)2® — (10k + 3)22 + (6k — 8)x + 6
B (x) = 2(—22° + 3(k + 3)z? — (10k 4 3)x + 3k — 4)
R (z) = 2(—62° + 6(k + 3)x — 10k — 3).

We have h'"(z) = —242+12(k+3) < 0in [k+1, m+1]. In addition, one can check
W'(k+1)> 0, (k+1)>0,h(k+1)>0 and  h(m+1) > 0.

From Proposition 3.8, it follows that h(z) > 0 for = € [gf(2k),2k + 1]. Here,
we would like to remark that h(k + 1) = 0 for k = 2, however, h(k + 1) > 0 for
k > 3. This does not affect us to get the result in [gf(2k), 2k +1] & [k+ 1,2k +1].
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