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Abstract

We introduce a class of sets defined by digit restrictions in R? and study its fractal dimensions.
Let Es p be a set defined by digit restrictions in R%. We obtain the Hausdorff and lower box
dimensions of Eg p. Under some condition, we gain the packing and upper box dimensions of
Es p. We get the Assouad dimension of Eg p and show that it is 2 if and only if Eg p contains
arbitrarily large arithmetic patches. Under some conditions, we study the upper spectrum,
quasi-Assouad dimension and Assouad spectrum of Eg p. Finally, we give an intermediate
value property of fractal dimensions of the class of sets.

Keywords: Sets Defined by Digit Restrictions in R?; Assouad Dimension; Arithmetic Patch;
Upper Spectrum; Quasi-Assouad Dimension; Assouad Spectrum.

*Corresponding author.

2350074-1


https://dx.doi.org/10.1142/S0218348X23500743

L. Wang & W. Li

1. INTRODUCTION

Calculating fractal dimensions is one of the most
important research topics in fractal geometry. Frac-
tal dimensions describe complexity of fractal sets.
Roughly speaking, the Hausdorff, packing, lower
and upper box dimensions reflex the global com-
plexity of fractal sets and the Assouad dimension
and its variations give local complexity of fractal
sets.

The Assouad dimension was popularized by
Assouad in the 1970s™2 The concept of Assouad
dimension can be traced back to the work of many
scholars, such as Bouligaund,EJ Larman? and Fursten-
berg.IEJEI The Assouad dimension plays an important
role in the study of embedding theory and quasi-
conformal mappings @™ In particular, the Assouad
dimension has obtained a lot of attention in fractal
geometry ™22 In the past few years, variations of
the Assouad dimension have also become a hot topic
in fractal geometry. Lii and Xi?2 introduced the
quasi-Assouad dimension which is invariant under
quasi-Lipschitz mappings. Fraser and Y2 intro-
duced the Assouad spectrum to interpolate between
the upper box and Assouad dimensions. Fraser
et al?® proved that the upper spectrum can be
expressed in terms of the Assouad spectrum and the
Assouad spectrum approaches the quasi-Assouad
dimension at the right-hand side of its domain. For
more research on variations of the Assouad dimen-
sion, see Refs. 25H27L

The set defined by digit restrictions is an impor-
tant fractal class and has gained a lot of interest
in fractal geometry. Next, we introduce research on
sets defined by digit restrictions in R.

Let ¢ > 2 be an integer and N be the set of pos-
itive integers. Let S C N and D be a nonempty
proper subset of {0,1,...,q — 1}.

Define
+ooa
k
Hgp:= {Zq—k:ake{o,l,...,q—l}
k=1

ifkeSanda,eDifk¢ S
for eachkeN}.

The set Hg p is called a set defined by digit restric-
tions in R.

Bishop and Peres?® introduced the definition of
sets defined by digit restrictions in R for ¢ = 2 and
D = {0} and computed the Hausdorff and lower
and upper box dimensions of these sets. Dai et al2?

introduced the definition of sets defined by digit
restrictions in R for ¢ > 2 being an integer and stud-
ied the Hausdorff, packing, lower and upper box and
Assouad dimensions of these sets. Li et al0 stud-
ied the connection between Assouad dimension and
arithmetic progressions for Hg p for b > 2 being an
integer and they proved the Assouad dimension of
Hg p is one if and only if Hg p contains arbitrarily
long arithmetic progressions. Recall that A C R is
called an arithmetic progression of length n € N
if A ={x+406:75=0,1,...,n— 1} for some
x € R and § > 0. One says that £ C R con-
tains arbitrarily long arithmetic progressions if for
any n € N, there exists an arithmetic progression
A C R of length n such that A C E. For other
research on the set defined by digit restrictions and
its variations, refer to Refs.[3TH37 and the references
therein.

In this paper, we introduce a class of sets defined
by digit restrictions in R? and study its fractal
dimensions.

Let N be the set of positive integers. Let {n}r>1
be a sequence of positive integers and ny > 2 for all
k € N and ¢ := min{n; : k € N}. Let S C N and D
be a nonempty proper subset of {0,1,...,q — 1}2.

Define

+oo
~ Tk 9
E = E " €4{0,1,... -1

P {k—l ning - - ng 7 €40, e — 1

ifkeSand ., e Difk¢ S
for eachk:EN}.

The set Es, p is called a set defined by digit restric-
tions in R2.

We study fractal dimensions of the sets defined
by digit restrictions E’&D in R?. We obtain the
Hausdorff and lower box dimensions of E& p. Under
some condition, we gain the packing and upper box
dimensions of Fgp. We get the Assouad dimen-
sion of Es, p and show that it is 2 if and only if
E& p contains arbitrarily large arithmetic patches.
Under some conditions, we study the upper spec-
trum, quasi-Assouad dimension and Assouad spec-
trum of Eg p. Finally, we give an intermediate value
property of fractal dimensions of the class of sets to
show that the class of sets defined by digit restric-
tions in R? is complicated enough.

It is easy to see that when all ngs are taken as
some fixed positive integer and a special D is taken,
then ES,D can degenerate into Hg p, so the set
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defined by digit restrictions in R? can be regarded
as a generalization of the set defined by digit restric-
tions in R. When n;s are taken differently, E& p can
have complicated dimension formulae. Sets defined
by digit restrictions in R? are Moran sets. For the
Moran sets, see Refs. B8440. We remark that the
sets defined by digit restrictions in R? can be some
Moran sets with zero infimum contraction, that is
the case infkeN% = 0 can happen. Calculating
fractal dimensions of Moran sets with zero infimum
contraction is difficult. Thus, our results can be
regarded as a supplement to the fractal dimension
theory of Moran sets with zero infimum contraction.

2. DEFINITIONS AND MAIN
RESULTS

2.1. Sets Defined by Digit
Restrictions in R2

For the convenience of proof, we give a fractal defi-
nition of sets defined by digit restrictions in R2.

Let N be the set of positive integers. Let {ny}x>1
be a sequence of positive integers and nj > 2 for all
k € N and ¢ := min{ny : k € N}. Let S C N and D
be a nonempty proper subset of {0,1,...,q — 1}
We introduce some notations as follows:

Q:={nm- 7 €{0,1,...,n, —1}*
for each k € N},
A={nm- 7 e{0,1,...,n, —1}2if ke S
and 7, € D if k ¢ S for each k € N}
and for any k € N,

Ap = {mm--mp 1 €{0,1,...,n; —1}?
ifieSandr € Difi¢sS for each
i€ [l,k] NN}

For any k € N, j € {0,1,...,n; — 1}2, define
fij 1 R2 > R
Hx—i—j.
ng

Let [ :=[0,1]*. Forany 7 € Q, k € N, let f,, =
fiq 00 frr. and define

I: 0 — R?

+o00
k=1

Fractal Dimensions of Sets Defined by Digit Restrictions in R?

Define

Egp :=1I(A).
The set Eg p is called a set defined by digit restric-
tions in R?. For any 7 € A and k € N, f (1) is
called a level — k set of Eg p.

The above set Eg p can also be expressed as fol-
lows:

Esp=FEsp

+00 -
= {27’“:7—,9 €{0,1,...,n; — 1}?
k::l nan---nk

ifke Sand 7, € Dif k¢ S for each

keN}.

2.2. Assouad Dimension and Its
Variations

Falconer’s textbook® includes a detailed introduc-
tion to the Hausdorff, packing, lower and upper box
dimensions. In this paper, we denote the Hausdorff,
packing, lower and upper box dimensions by dimgy,
dimp, dimp and dimp, respectively. The following
definition of the Assouad dimension and a more
detailed introduction to the Assouad dimension can
be found in Fraser’s book 13

Let |[-| be the Euclidean norm in R? and
B(z,R) == {y € R? : ||y — x| < R} denote the
closed ball with centre z € R? and radius R > 0.
For nonempty bounded £ C R? let N5(E) denote
the smallest number of closed balls of radius § > 0
required to cover F.

Definition (Ref. 15). For nonempty F C R%
the Assouad dimension of F', denoted by dima F',
is defined as

dimy F :=inf {s > 0 : there exist constants C' > 0,

p > 0 such that, foral 0 <r < R<p
and x € F, N.(B(z,R)NF)

(2}

In the above definition of the Assouad dimension,
if we delete p, we can get the same infimum for
bounded F' C R, see discussion on p. 14 in Ref. 15l

Definition (Refs. 22 and [24]). For any 6 € (0,1)
and nonempty F C R?, the upper spectrum of F,
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denoted by HZF, is defined as

-0 . .
dimy F' := inf {s > 0 : there exists a constant

C > 0 such that, for all
0<r§R1/6<R<1andx€F,

No(B(z,R) N F) < C (5)8}.

r

The quasi-Assouad dimension of F', denoted by
dimgy F', is defined as

dm%AFH:gm¥iﬁiF

Definition (Ref. [23)). For any 6 € (0,1) and
nonempty F C R? the Assouad spectrum of F,
denoted by dim? F, is defined as

dim% F := inf {s > 0 : there exist a constant

C > 0 such that, for all

O<T:R1/9<R<1andx€F,

Nu(B(z,R)NF) < C (§>8}.

r

2.3. Main Results
For any k € N, let
ifkes,

o I
“T\tD itk¢s,

here and in the sequel, £ denotes the cardinality
of E C R%2. If S = ), we adopt the convenience
sup{ny : k € S} := 0, thus if S = N, we have
sup{ny : k € N\S} = 0. For any = € R, we use |z]
to denote the largest integer not exceeding x.

Theorem 2.1. Let Esp be a set defined by digit
restrictions in R2. Then

dimH E&D = dimBE&D

T log(ly - - Iy)

= lim inf .
k=00 log(ny - - ngq1) — log v/lp41

Theorem 2.2. Let Esp be a set defined by digit

restrictions in R?. If

s /)
k—-+o00 log(n1 s nknk_,_l)

=0,
then

— log(ly -1
dimp ES,D = dimBE&D = lim sup M
S Sy )

Corollary 2.2.1. Let Eg p be a set defined by digit
restrictions in R2. If sup{n; : k € N\S} < +oo,
then

log(ly---1
dimp Fg p = dimpEs p = limsup M.
k—too lOg(n1 -+ 1p)

Remark. Some of the methods we used in the proof
of Theorems 2.1 and come from the study of
Moran sets with zero infimum contraction 3842

Theorem 2.3. Let Egp be a set defined by digit
restrictions in R%. Then

dimA E&D
2 if sup{ng : k€ S} = 400,

loo(liot---1
_ ) lim sup 0g (lk+1 ktm)
J=+00 k>4, m>j 108(Nk41 - Nheym)

if sup{ny : k € S} < +oo.

Remark. Li et al. obtained Assouad dimensions
of Moran sets with positive infimum contraction
in Ref. 43l Then Peng et al. established Assouad
dimensions for uniform Cantor sets in Ref. [44l
Inspired by Assouad dimension formulae for uni-
form Cantor sets in Ref. 44] the form of which also
appears in Assouad dimension formulae of homo-
geneous perfect set in Ref. [45, we guess the above
Assouad dimension formulae of sets defined by digit
restrictions in R?. Recently, Zhu gained Assouad
dimensions of two Moran classes with zero infi-
mum contraction in Ref. 46l We remark that sets

defined by digit restrictions in R? can allow the two

log ng4m
su
pk‘EN log(nk+1nk+2"'nk+m) = 0

and supgeynr = +0o to happen, so Theorem
cannot be contained in Theorems 24 and 2.3 in
Ref. [46l.

Definition 2.1 (Ref. [47)). One calls A C R? an
arithmetic patch of size n € Nin R?if A = {43 :
j€10,1,...,n — 1}9} for some z € R? and 6§ > 0.
One says that £ C RY contains arbitrarily large
arithmetic patches in R? if for any n € N, there
exists an arithmetic patch A of size n in R% such
that A C E.

cases limsup,, ..

Theorem 2.4. Let Egp be a set defined by digit
restrictions in R?. Then dim 4 Esp =2 if and only

if Es,p contains arbitrarily large arithmetic patches
in R2.

Remark. Definition 2] is introduced by Fraser
and Yu in Ref. 47. The main method we used in
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the proof of Theorem 4] is inspired by the proof
method of Theorem 1] in Ref. Li et al. in The-
orem [Z.T]in Ref.[30], proved that the Assouad dimen-
sion of Hg p is one if and only if Hg p contains arbi-
trarily long arithmetic progressions, where Hg p is
the set defined by digit restrictions in R.

Theorem 2.5. Let Esp be a set defined by digit
restrictions in R%. For any 6 € (0,1),

(1) if
sup{ni : k € S} =+o0 and

( 1 )1/9 1
. Z -
nl .. ‘nk‘—l nl .. -nk

for each k € S and k > 2, then
dimy Es.p = 2.
(2) Let

log(np, - - - )

h(k,0) :=max{1 < h<k:
)i mse{ log(n1 -~ 11g)

>1-6]

for each k € N. If
log ny

lim ——————— =0
k—1>r—|1—100 log(n1 s nk) ’
then
dim’y Es,p
_1 log(lp - -+ lx)
=limsup max —r—-——"
k—too 1<h<h(k0) log(ny - - - ng)
and

di Egp = lim lims a
A D N 1<h (i)
o Log(ln- - l)
log(np, -+~ i)
(3) If supg>y ng < 400, then

log(lp - - - Iy
log(np -~ ny)’
where o € (0,1).

Remark. Theorems 2.5[2) and 2.5(3) are inspired
by Theorem 1.14 in Ref. 22l Lii and Xi studied the
quasi-Assouad dimension of homogeneous Moran
sets in R with some condition in Theorem 1.14 in

Ref. 22

Fractal Dimensions of Sets Defined by Digit Restrictions in R?

Theorem 2.6. Let Egp be a set defined by digit
restrictions in R2. For any 0 € (0,1),

(1) if
sup{ng : k € S} =400 and

< 1 )1/9 1
. Z JE
nl .. .nkfl nl .. .nk

for each k € S and k > 2, then
dim% Es p = 2.
(2) Let

|
h(k, ) ::max{lghgkzw

log(n1 1)
S1- 9}

for each k € N. If

log ng

lim =0

k—+oo log(ny -+ ng)
and there exists L > 0 such that, for all k > 2,
h(k,0) — h(k —1,0) < L,

then

log(Un(k,0) - -+ Ui)
dim% E = limsu . .
ABSD = S T —0)log(n1 - )

Remark. If infycy ni > 0, the dim% Es p can also
be obtained in Corolfary 6.2 in Ref. [48].

Example 2.1. Let n; = 2¢ for each &k € N,
S = {1,222 ...} and D = {(0,0)}, then by
Theorem ZB(2), dim Esp = 0 for all § <
(0,1). Furthermore, we have dimgyq Esp = 0 and
dimyg Esp = 2 by Theorem The proof is in
Sec. 8.

Theorem 2.7. For any 0 < a < b < c < d < 2,
there exists a set defined by digit restrictions Eg p
in R? such that

dimpy Esp =a, dimpEgsp =b,

dimga Esp = ¢, dimg Fgp = d.

Remark. Theorem 2.7 is inspired by Proposition
1.6 in Ref. 221 and Theorem 1.2 in Ref. Some
of the methods we used in the proof of Theo-
rem [2.7] is to combine the proof method of Propo-
sition 1.6 in Ref. with the proof method of
Theorem 1.2 in Ref. 29. Lii and Xi studied the
intermediate value property of fractal dimensions
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of homogeneous Moran sets in R in Proposition 1.6
in Ref. 22 Dai et al. studied the intermediate value
property of some fractal dimensions, without the
quasi-Assouad dimension, of the union of two sets
defined by digit restrictions in R in Theorem 1.2 in
Ref. 29

Organization. Theorem 2] is proved in Sec. [3
In Sec. d, we will prove Theorem and Corol-
lary 2211 Section [Blis devoted to the proof of The-
orems[2.3]and 24l The proof of Theorem [Z1]is given
in Sec. @l In Sec. [l Theorem 2.8 is proved. The last
section is devoted to the proof of Example 2] and
Theorem 271

3. HAUSDORFF AND LOWER
BOX DIMENSIONS

Proof of Theorem 2.1l Let

o log(ly - - - 1y,)
ty := lim inf .
k—+o0 log(ny -+ ngy1) — log \/lk41

For any ¢ > t,, there is a sequence {k;};>1 with
k; — 400 as © — +o0o such that

log(h cee lkl)
log(n1 -+ ng;41) — log

<t,

Ui+

then
l t
Iy, <7 Vk“) <1
nl ) nkl+1

For any i € N, if [}, 41 = niﬁ_l, then

Iy -1y,

For any i € N, if I}, 41 = §D, then

Iyl U, 1 1-t/2 1—t/2
(AT <] = (8D < #D.
(1 nggnp 1)t — ) =

Let
W A
e ki +1

for each i € N. Then k] — 400 as i — +00.
For {k.}i>1, we have

lf lki+1 — ﬁD

ey —p

A t
(- myy)

Let 5,{; = ml—nk/ for each ¢ € N. We have

log N(gk{ (E&D)

dimpFEs p < liminf “log 5%

1—+400

log(ly -~ - Iy
< lim inf —g( Loly)
1—-+00 log(n1 ce nk;)

log(4D)

<lminf ——————— +t =1
1—+00 log(n1 ce nk;)
It follows from the arbitrariness of ¢ that

di_mBE&D <t

Next, we use the mass distribution principle to
prove dimpy Fg p > t.. There is a probability mea-
sure g on A such that, for all £k € N and 7 :=
T T € Mg, po(T) = g

Let p be the push-forward of 1o under

IMr:A—R
7 — II(7).

If t, = 0, then dimy Es p > t., so we assume that
t, > 0. For any 0 < t < t,, there is K € N such that
k > K implies

log(ly -+ Ij)
log(n - ng41) — log

t
Vi1
iy | ——— | > 1.

Let U be a nonempty subset of R? and |U| <
L where |U| denotes the diameter of U. Then

ni-ng’

there exist k € N and &k > K such that

1 1
<|Ul < ——.
nl---nk

> 1,
It

then

ny - Ny
For one thing, U meets no more than 4 level — k
sets of Eg p, then meets no more than 43 level —
(k + 1) sets of Egp. For another, the number of
level — (k + 1) sets of Eg p meeting U is not more

3|U] 2
than (== =)™
So
1
pU) < ————
I+l

3|U]

2
xmind [ ——1 ) 4
{((nl...nk+1)—1> ’fH}

1 3|U| >t /2
< 41 /
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< 36 \Uy\/zk+1
Tl b \ /g /(-

t
[L-t/2
k+1

nk+1
¢
< 361U
Ue(\/ U1/ (n1 -+ - npgr) )

< 36]U\t.
By the mass distribution principle and the arbitrari-
ness of ¢, we have
dimpy E&D > ty.

Finally, it follows from the well-known fact that
dimg F < dimgF for bounded F C R? that
dimpg Esp = dimpFEg p = 4. i

4. PACKING AND UPPER BOX
DIMENSIONS

Lemma 4.1 (See Proposition 2.4 on p. 33 in
Ref. 41). Let E C R? be a bounded set. Then

log £*(Ej)
—logd
where for any 6 > 0, Es = {r € R?

there exists some y € E such that ||z —y| < 6} and

L? denotes the 2-dimensional Lebesgue measure in
R2.

dimgE = 2 + limsup
0—0

)

Lemma 4.2 (See Corollary 3.10 on p. 57 in
Ref. [41]). Let E C R? be compact and such that

dimg(ENV) =dimgFE
Jor any open set V' C R? with VN E # 0. Then
dimp F = dimpgFE.

Proof of Theorem If N\S is empty or finite,
then Fg p contains interior points, thus

Iy -1
dlmBESD = 2 = limsup log ({1 k) .
k—too l0g(n1 - ny)

If N\ S is infinite, there exists dp, K > 0 such that,
for any 0 < 0 < dp,

log L*((Es,p)s) <0
and for any k > K,
9y -1,

For any 0 < 0 < min{;——
K such that

nl...nk+1

Fractal Dimensions of Sets Defined by Digit Restrictions in R?

then

3n 2
£2((ES,D)6) <l <¢) < 1.
ny - NENE41

By Lemma [4.]], we have
dimpEs p

log EQ((E&D)(S)
—logd

= 2 + lim sup
6—0

< 2+ limsup
k—-+o00

log(9l1 - lynj ) — log(ny -+ - ngngy1)?
log(ny -+ 1)
log(ly -

og(ny -

’ lk”iﬂ)
SN 1)

= lim sup
k—+00

log(h T lklk+1) + log(niﬂ/lkﬂ)
log(ng -+ ngngs1)

= lim sup .
k—too log(m---nk)

= lim sup
k——+o0

If

1
s* := limsup og(h )

—ovt K,
k—too lOg(ny---ng)

then it follows from

0 <dimpEgp < s*
that

dimgpEgp =0 =s"

For any 0 < s < s*, there is a sequence {k; };>1 with
k; — 400 as i — +o00o such that

log(ly - -~ lkz)

_ Y>3
log(m e ny,)

Let 0y, = for each ¢ € N. We have

log N(;(ES,D)
—logd

og((ly -~ - l,)/16)
log(ng - - - ny,)

lki )

dimpEgs p = limsup
6—0

> lim sup
i——+00

= lim sup log(l -

>s
i roe log(ng -

It follows from the arbitrariness of s that

dimpFEgs p > s*.

2350074-7



L. Wang & W. Li

For any open set V C R? with V N Esp # 0,
there exist n € A and large enough k € N such that
fol,(I) C V. For any w € Ay,

fw(I) N ES,D
+o0o

a; €{0,1,...n; —1}%if i € S and
aiGDifi¢Sf0reachi2k:+1}

+ /,(0,0),

where A+b:= {x+b:x € A} for each A C R? and
b e R
Then for any o, 7 € Ay,

dimp(fy (1) N Es,p) = dimp(f-(I) N Es,p).

Since

Esp= |J (fo(I) N Esp),
wEeA

we have

HBE&D = max ﬁB(fw(I) N ES,D)
wEA

= dlmB('f?ﬂk (I) N E&D)
< ﬁB(ES,D nvV) < HBE&D.
It follows from Lemma that

dimp ES,D = dimBE&D. O

Proof of Corollary 2.2.7]. Let M := sup{ny : k €
N\S}. Then 0 < M < +o0.
Since
log max{M?/4D, 1}
log(ny -+ 1)

log(nj 41 /lk+1)
log(ny -« ngmgi1) —
for each £ € N and
log max{M?2/4D, 1}
kot log(ng - mpmgr1)

0,

we have

gt )
k—-+oo log(ny -+ - nkngy1)

=0.

It follows from Theorem [22]that the corollary holds.
O

5. ASSOUAD DIMENSION AND
ARITHMETIC PATCHES

Lemma 5.1 (See Theorem [2.4] in Ref. [47). If
E c R? is bounded and contains arbitrarily large
arithmetic patches in R%, then dimy E = d.

Proof of Theorem If sup{ny : k € S} =
400, for any n € N, there is k, € S such that
ng, = n. Take any 7 € Ay, 1 and p € D. Let
z; = H(7ip™) for each i € {0,1,...,n, —1}% Then
{x; :i€{0,1,...,ns, —1}?} is an arithmetic patch
of size ny, in R2. Thus, Es p contains arbitrarily
large arithmetic patches in R2, then it follows from
Lemma [5.1] that dimy Eg p = 2.

Next, consider the case sup{ny : k € S} < 4o0.

Let

§:= lim  sup 0g(lk+1 ktm) ‘
J=+00 k>, m>j 10g(Nky1 - Nhgm)

For any s > §, there is an integer J > 0 such
that, for any j > J, k> j and m > j, we have

log(lk+1 - lktm)

<s
log(ng+1 """ Mgym)

— )

then

It lepm < (Mig1 - Nagem)

Fixany0<p<ﬁ.Forany0<r<R<p,
there exist £ > J, m > 0 such that

1 1
— < R<— and
Ny Mgl ny N

1 1
<r<

ny - Ng41 - Ng+m+1 ny--
If()<7“<m<R<p,thenm2J+1.Let
A = max{tD, sup{ni : k € S}}. For any x € Eg p,
we have

N, (B(x, R) N E57D)

N Nym

<1 lrmi1 < 9A ol

S 9A2(nk+2 tee nk+m)s S 9A2 (E) .

r

1
EIEeT—-— <r < R<p,for any v € Egp, we

have
Ny (B(z,R)NEgp) < jpy1 -l g1
<947t < gp/H! (5)5.
- - r

Let C := 9A7*!. Then for any s > 3, there are
C >0, p> 0 such that, forall 0 < r < R < p and
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x € Fg p, we have
R S
N, (B(x, R) N Es,p) < C (—) .

It follows from the arbitrariness of s that
dimy Es p < 5.

If 5 =0, it follows that 0 < dimy Esp < 5 =0,
then

dim »4 E&D =0=s.
If 5 > 0, for any 0 < s < 5, there exists
{(k;, my;) :“:Olo with k; — +oo,m; — 400 as i —
400 such that
log(lki-f-l o lki-i-mi)

>s
log(ng;+1+* Nkytm,)

jutil 9

then

lki+1 T lk¢+mi > (nk¢+1 o .nki+mi)s'
For any 0 < ¢ < s, C > 0 and p > 0, take ¢ large
\/?lk- < pand 2™ > 32C. Then

nye-

take R, = V2 ry = L

ni-ng,’ N1 Ny fmy

Es p. Then
O<r;<R;<p and

enough such that

and any x; €

R\ °
<_Z) = (V2ng g1+ ym, ) = 27 > 320,

Ty
then we have

N, (B(zs, R;) N Eg,p)
> 1y l > ! i\’
= 16 k;+1 ki+m; — 16\/58 i

N i & € & s5—¢ o & s—e
—32\r; i T '

Then dimy Eg p > s — €. By the arbitrariness of e
and s, we have dimy Eg p > 5. O

Proof of Theorem 2.4 It follows from Lemma
B that the sufficiency is true.

Next, we prove the necessity. Let M := sup{ny :
k€ Stand N :=sup{i € N: [ = ni,lpy1 =
n%+1,...,lk+i_1 = n%-}-i—lvlk-‘ri = #D for some k €
N}. If S = (0, we adopt the convenience M := 0 and
N :=0.

If M = +o0, it follows from the proof of Theorem
that Eg p contains arbitrarily large arithmetic
patches in R?.

If M < 400 and N = +Hoo, for any
n € N, there exists k, ¢ € N such that
lp, = n%,lkﬂ = niﬂ, coilgrio1 = n%_H-_l and

Fractal Dimensions of Sets Defined by Digit Restrictions in R?

NEpNgt1 - Ngri—1 > n. Take any 7 € A1 and p €
D. Then {Il(1og---0;-1p™) : 09 € {0,1,...,np —
132,001 €{0,1,...,ng ;1 — 1}?} is an arith-
metic patch of size ngnpi1---ngyi—1 in R2, thus
Es p contains arbitrarily large arithmetic patches
in R2.

If M < +o00and N < 400, we will prove this case
does not happen. We discuss it in the following two
cases.

(i) S=90,ie. M =N=0.

dimy Es p

21og(l )
~ lim swp og(lx 41 k+m)2
J=H0 k>4 m>j log(ng41 - Ntm)

2log(D)
~ log(fD +1)

(i) S#0,ie. 0 <M < 400 and 0 < N < +o00.

< 2.

For any £ > N+ 1 and m > N + 1, letXy ,, =
{t :k+1<i<k+mandiec S} and Yy, =
{k+1,...,k+m}\S. We have

2log(lk+1 - lim)

log(npt1+** m)”
_ 2(log Hieka li + 8Yy m log 8D)
= logIliex, ,, li + 8Ykmlog(#D + 1)

- log Hiexkﬁm li + Yk m log(§D + 1
~ log Hiexkﬁm li + Yk m log(§D + 1

o t¥hmlog(tD +1) — 8 log(¢D)
10g HieXk’m ll + Iij,m IOg(IjD + 1)
_ _log(tD)
log(tD+1)

lOgHiEXk - l; 1
#Y%,m log(§D+1)

)
)

=2-2

and
log [Tiex,,, li (m — | §41)) log M?
#Vimlog((D +1) = [§7]log(#D + 1)
L m= v +1 log M?
- NLH -1 log(tD + 1)
1

)
Since
T vert o log M? _ Nlog M?
m—-+00 % — L log(tD+1) log(¢D +1)’

2350074-9



L. Wang & W. Li

there exists J > N + 1 such that, for any k£ > J and
m > J, we have

log(¢D)

log(lg+1- - litm) ~ log(fD+1)
log (M - npem) = © Z NI <
0g(Mk+1 """ Nk+m Tog(D 1) +1

It follows that

loo(lisr - -1
dimg Egp = lim sup og(lk+1 k+m)
J=400 k>j, m>j 108(Nk41 "+ Nhtm)

1 — log(§D)
<9_ log(§D+1)
- 4N log M

log(§D+1)

< 2.
+1 O

6. UPPER SPECTRUM AND
QUASI-ASSOUAD DIMENSION

Lemma 6.1 (See p. 82 in Ref. [8). In R?, there
exists C1 > 0, only depending on d, such that, for
all z € R? and R > 0, we have

Nx(B(x, R)) < C1.

Lemma 6.2.
R,

For any 0 € (0,1) and nonempty F C

dim?z‘F := inf {s > 0 : there exist constants

C >0 and0 < p<1 such that,
forall0<r<RY <R<p<1
and x € F, N,(B(z,R)NF)

()}

dim’y F = dimy F.

then

Proof of Lemma It is obvious that
dmiF < dimy F.

For any s > dim%F7 there exist constants C' > 0
and 0 < p < 1 such that, for any 0 < r < RY? <
R<p<landzelF,

N,(B(z,R)NF) < C (g)

For 0 < p < 1 above, then there exists k € N such
that
1

1
ok <P = opT

When R<p<1,forany0<r<RY" <R<p<
1 and x € F, we have

N,(B(z,R)NF) < C <E>S.

r

When p < R< 1, forany 0 <r < R/’ < R <1
and z € I, we consider the following two cases.

i) If » < 2,6%, by Lemma [6J] there exist
at most Cf“ closed balls with radius ﬁ
covering B(z,1) for any =z € F. Let
B(xl,#),...,B(xt,Qk%), where 1 < ¢t <
CF1 be all balls from the above cover meet-
ing F. Then for any 1 < ¢ < t, there exists
Yi € F N B(wi, 50r7) such that B(w;, 5i) C
By, 2%) Then there exists 1 < ig < ¢ such
that

1
NT <B <yi07 2_k> ﬂF)
1
zlrrgl?%(t]\fr B yi,2—k NE ).

N,(B(z,R) N F)
< N,(B(z,1) N F)

<o (o))

Then

(ii) If r > 55 > 5,

Lemma we have

where k1 = L%J + 1, by

N, (B(e, )N F) SN i (B(x,1)NF)
< Nyt (B(z, 1) N F)

< N1/2k1 (B(z,1)) < Cfl
(8
r
It follows from the arbitrariness of s that
dim'y F < dim3 F. m

Proof of Theorem (1) For any 0 < ¢ < 2
and C > 0, there exists £ € S with k£ > 2 such
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that
2 g
_ 1 o V2
Let z;, € ES,D7 Tk = armn and R = PP
Then
0<r <R/ <1
We have

N, (B(xy, Ry) N Es.p)

2
> in% _ i &
16 32 \ rg
- (ﬂnk)e & 2—e - C & 2—e
- 32 Tk Tk '

It follows from the arbitrariness of € that
dimy Es.p = 2.
(2) For any
loo(l, -1
s> limsup max M,
k——too 1<h<h(k0) log(ny, - - ng)

there exists K7 > 0 such that, for any k > Ky, we
have
log(lp - - - Iy

— = <5,
1<h<h(k,0) log(np - - - ng)

furthermore, since

log ny,
im ——— =0,
k——+o0 log(n1 e nk)

there exists Ko > 0 such that for any h > Ko, we
have
2log ny,
(1/6 —1)log(ny - np—1)
2log(npnpi1)
(1—0)log(ny---np)

< s and

< s.

Since
log ny,

lim ————— =0
fmt o log(ny -+ ng)

then for any £ > 0, there exists K3 > 0 such that
for any k£ > K3 and 1 < h < k, we have
log ny, + log ng
log(ny -+ - ng)

Let K := max{K, K2, K3}. For any 0 < r <
r® <R < L < 1 and x € Egp, there exist

ni-nK

< (1-0)e.

Fractal Dimensions of Sets Defined by Digit Restrictions in R?

h,k > K such that

1
<R< and
nl o« o nh nl o« o nh*l
1 1
— <<
nl .. nk‘ nl “ . nk—l
then
1 1
g <’ <R< :
(ny---ng) Ny Np_1
S0

log(ny -~ )
log(ny -+ ng)
it follows that

>1-60 and 1<h<h(k0),

log (I - -~ Ix)
log(ny, -+~ ny)
Tf k> h + 1, then
log(npny)
log(ny, -+ ny)

<Ss

_ logny +logng log(ng ---ng)
log(ny -+~ ng)  log(ny -~ ny)

1
<(1—-0)- T 4-°¢
and
log(lp - - - li)
log(ny, - - - ) — log(npny)
_ log(ly, -+ )
~ log(np -+ - ngk)(1 — log(npng)/log(ny - - - nk))
1 ) log(lh--'lk) < S
1—¢ log(np---ng) 1—¢
Thus,
R\ “Tostar

NT(B({B,R) ﬂE&D) <9l -l =9 (7)

log(lp--lg)

R log(np,---ny)—log(npng)
<o(f

s/(1—¢)
O
T

If kK = h, then
1 1
<r< r? <R< ,
niy---np ni Nhp—1
SO
R R 1—-1/60 1/6—1
and
logl}, 2log ny,
< < S.
log(R/r) — (1/6 —1)log(ny - -~ np—1)
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Thus,
N, (B(z,R) N Es p)

logly,

R\ Tos(R/7) R\?
§9lh:9<?) ) <9<7> .

If k = h+ 1, then
1 1 1
nl o o .thrl nl o o .nh nl e o o

SO

R R=Y

>l > (ny-onp)' Y and

~—

IN

2log(npnpi1)
(1 —0)log(ny---np)

log(lnlnt1
log(R/r)
Thus,

NT(B(Z‘, R) N E57D)

< S.

log(lhlh+1)

R Tog(R/7) R\?
S 9lhlh+1 - 9 (7) ) < 9 (7) .

It follows from Lemma [6.2] and the arbitrariness of
¢ and s that

0 0
dim,Fgp = dimjEs p

| log (1)
<limsup max ——————.
k—too 1<h<h(k,0) log(np - ny)

-0 .
For any s > dimyFEg p, there exists C' > 0 such
that, for any 0 < r < <R < 1land z € Esp, we
have

N,(B(x, R) N Es,p) < C (%)

For £k > 2, let r = mlnk and x € Egp, R =

V2 with 1 < h < h(k,0). Since every closed

PrR—
ball of radius r meets no more than 16 level — k

sets of Fg p, we have

1
gl bk < Ne(B(w, R) N Es p)

=¢ <§> = CV2 (np - i)’
SO
log(ln - -~ lx) < log(16v2°C) Iy
log(np, ---ng) — log(ng ---ng)

log(161/2°C)
~ log(npr.g) - 1)

There exists an integer Ko > 0 such that, for any
k > Ko, we have

1 - 1
(nl IR nk)e
It follows from the definition of h(k, ) that, for any
k > Ky, h(k,0) is the unique positive integer such
that

nl'

1 1 1
< <

ny-cnpgey | (naceong)?

ny - Npk,0)—1
Then we have

lim h(k,) = +oco0 and
k—4o00

(1 nage—1)""" < (Mageg) - )’

for each k£ > Ky, so

k—+o00 ’

It follows from the arbitrariness of s that

log(l; ---1
dimiESD > limsup max M.
’ k—too 1<h<h(k,0) log(np, - - ng)

(3) Let A := supy> ng. For any 1 < h <k, we have

(k—=h+1)log2
klog A

log(np, - - - ny)
< Tog(m )
(k—h+1)log A
- klog 2 ’
Forany 0 <6 <land1<h<k,if
(k—h+1)log A -

1—
klog 2 - 6
we have
(1 —0)klog2
1—-—=<
ke log A sh
then
(1 —0)klog2
h(k,0) <k+1— —"——"—.
( ? )< + IOgA

Forany 0 <6 <land1<h<k,if
(k—=h+1)log2

1—
foga 1Y
we have
k+1—(1_9)k10gA>h,
log 2
then
1—0)klog A
Wik, 0) > s — L= 0klos A
log 2
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Thus, for any 0 < 0 < 1 and 1 < h < k, we have

k<1_ (1—9)logA)

log 2

(1-0)log2 1
<hk0)<k|(l-—"—"F"—+—|.
< hik, ) < ( log A +k‘

For any 0 < 6 < 1, there exists K > 0 such that,
for any k > K, we have

(1-0)log2 1

0<l—-—F"F>"—+-<1,
log A +k

then there exists 0 < a¢ < 1 such that, for any
ap < a<1andk > K, we have

(1-0)log2 1

12 /e m 4 =
h(k,9)<k( Tog A +k> < ook < ok,

then

y log(lp - - - Iy,
imsup max —————
k—too 1<h<h(k,0) log(np,---ny)

log(l, - -1
< lim limsup max M,
a—1"p 1 oo 1<h<ak log(np -+ ng)

SO

im li log(lp -~ k)
lim limsup max —————%
0—1 k—stoo 1<h<h(k,0) log(ny - - ny)

< lim limsup max M.
a—1 4~ 1<h<ak log(nh s nk)

For any 0 < a < 1, there exists K = é > 0 such
that, for any £ > K, we have ak > 1, then there
exists 0 < 0y < 1 such that, for any 6y < 6 < 1 and
k > K, we have

1—6)log A

ak<k<1—(

< h(k,0
10g2 )— (’)7

then

Y log(lp - - - li)
umsup max ——————————
k—too 1<h<ak log(nyp, - - - ny)

1
< lim lim sup M’
0—1 ks too 1<h<h(k0) log(np - - ng)

SO

L log(ly, -+ - Ix)
lim limsup max ———~
a=l g yoo 1Sh<ak IOg(nh ce nk)

. . log(lh cee lk)
< lim limsup max ———————.
0—1 fyoo 1<h<h(kp) log(ny ---ny) O

Fractal Dimensions of Sets Defined by Digit Restrictions in R?

7. ASSOUAD SPECTRUM

Lemma 7.1 (See Proposition 3.1 and Corol-
lary 3.2 in Ref. 23)). For any nonempty bounded
F c R,

dimpgF

,dim 4 F}

and

lim dim% F = dimpF.
Lemma 7.2 (See Theorem 2.7l in Ref. [24). For
any 0 € (0,1) and nonempty F C RY,

0 .
dim 4 F' = sup dlm% F.
0<0'<0

Lemma 7.3 (See Corollary 3.5 in Ref. [23).
For any nonempty F C R® the function 6
dim® F is continuous in 6 € (0,1).

Lemma 7.4 (See Corollary 3.6 in Ref. [23).
For any nonempty F C R%, if for some 6 € (0,1),
we have dim% F = dima F, then

dim% F = dimy F
for all 9 €0,1).
Lemma 7.5 (Ref. 23). For any 0 € (0,1) and
nonempty F C R,

dim% F :=inf {s > 0: there exist constants

C>0and0<p<1 such that,
forallo0<r=RY" <R<p<1
and x € F, N,(B(z,R)NF)

)
r
then dim% F =dim% F.

Remark. The dim% is the initial definition of
Assouad spectrum introduced by Fraser and Yu in
Ref. 23. The current definition dim’ of Assouad
spectrum is introduced in Ref. 24. The fact that

dim‘% = dimi is known. We give a proof just to

check it.

Proof of Lemma It is obvious that
dim% F < dim, F.

For any s > dim‘% F, there exist constants C' > 0
and 0 < p < 1 such that, for any 0 < r = R/? <
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R<p<landzelF,

N,(B(z,R)NF) < C (5)8.

r

For 0 < p < 1 above, there exists k € N such that

1 1/6

When R< p<1,forany0<r=RY < R<p<

1 and =z € F, we have

N,(B(z,R)NF) < C (5)8.

r

When p < R<1,forany 0 <r=RY < R< 1
and z € F, we have

r—RY0 > p\/°,
then by Lemma we have
No(B(z, R) N F) < Ne(B(z,1)N
< Nyjgr(B(z,1) N

F)

< Ny (Bz,1)) < CF

<CYf (?) .

It follows from the arbitrariness of s that
dimf F < dim% F. O
Proof of Theorem (1) It follows from The-
orem that
dimy Es.p = 2 = dimy Es p.
If
dimy Es,p = 2

for all ' € (0,1), then it easily follows from Lem-
mas [[.1] and that

dimpEs.p = Glli%m—mz’E&D — 9.
It follows from Lemma [Z1] that
dimpEs p < dim% Esp <2
for all 8’ € (0,1), then
dim% Esp =2
for all #" € (0,1), then

dim® Es p = 2.

Next, we need the obvious facts that the function
t— dimi‘ is non-decreasing in ¢ € (0,1) and

. -t
dim’y < dim 4

for each t € (0,1).
If there exists §; € (0,6) such that

-0
dlmAlES,D < 2,

then it follows from Lemma [7.2 and the above facts
that

0 .
dim,Fgp = sup dlmi{ Esp
0"€(0,0]

= sup dimi{ Esp=2.
0'€[0:,0]

By Lemma [(.3] there exists 6 € [0y, 0] such that
dim% Esp = 2 = dims Es p.
It follows from Lemma [7.4] that
dim? Esp = 2.

(2) For any

s > limsup log(lh(k’e) - lk)
k—too (1 —0)log(ny---ny)’

there exists K71 > 0 such that, for any k£ > K7, we
have

log(ln(k,0) - - Ik)

< S.

(1 —6)log(ng---ng)

Since
I
lim — 8™  _ 0,

k—+oo log(ny -+ ng)

we have
1 .
i 08

k—-+oo log(ny -+ ng_1)

so, for any 0 > 0, there exists Ko > 0 such that, for
each k > K5, we have

log(ny -« - ng)
fog(m - 101)

<146

There exists an integer Ky > 2 such that, for any
k > K07

1 - 1

It follows from the definition of h(k, ) that, for any
k > Ky, h(k,0) is the unique positive integer such
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that
1 1 1

< 7 < .
ny - Na(k,0) (n1---ng) ny - Npk,0)-1

Then, for any k& > K, we have
h(k,0) > h(k —1,0)

and
lim h(k,0) = +oo.
k—+o00
Since
1
lim 08Tk _

koo log(ng - - ny,)
and there exists L > 0 such that, for all £ > 2,
h(k,0) — h(k —1,0) < L,
we have

210g(nh(k—1,6) " " * Th(k,0)—1Th(k,0)/ Th(k,0))

lim
log(ny -+ ny)

k—+4o0
= 07

so, for any £ > 0, there exists K3 > 0 such that, for
each k > K3, we have

210g(nh(k—1,6) * * * Th(k,0)—1Th(k.0)/ Th(k,0))
log(ny -+ ng)
Let K := max{Ky, K1, Ky, K3}. For any 0 < r <
" =R < - . < 1 and x € Egp, there exist

MK

h,k>K suclll that

1 1
<R< and
nl...nh nl...nhfl nl...nk
1
<r<——,
nl PR nk—l
then
1 1
<R-= rf < 7
ni---ny (n1---ng—1)
and
NT(B(SU, R) N ES,D) <9l -l
R log(lp--lg)
log(R/T)
r
log(lp,--lg)
S 9 (E) (1—0) log(nlwnk_l) .
r
For h, k above, since
1 1
- <R=+s< 7

Fractal Dimensions of Sets Defined by Digit Restrictions in R?

we have
h>hk—1,0),
then
log(lp - - - Iy,
(1 —0)log(ny - ng—1)
log(lp(k—1,0) " " k) - log(ny - ny)
(1 —0)log(ny---ny) log(ni---ng_1)

log(ln(k—1,6) " * n(k,0)—1
X n(i,0)/Ih(k,0))
(1 —0)log(ny---ny)

< (1+9)

log(ln(k,0) - li)
(1 —6)log(ny---ng)

21og(Nn(k—1,0) " * Ph(k,60)—1

< (1+9) X T (1,0)/ Th(k,0))

(1 —0)log(ny---nk)

log(ln(k,0) - Ir)
(1 —0)log(ny ---nyk)

£ log(h(r,0) Uk

< b

<(1+9) (1—9+ (1—9)log(n1---nk)>
€

< -

_(1+5)<1_9+s>

=5+ 80+ 5(11j_95).

It follows from Lemma and the arbitrariness of
d, € and s that

dim% Es p = dim% Es p

loe(lh i o1
< limsup 0g(In(k0) k) '
k—too (1 —0)log(ny---nk)

For any s > dim% Es p, there exists C' > 0 such
that, forany 0 <r <7 = R <1 and z € Es p,
R

N,(B(z,R)NEgp) <C <7>S

There exists an integer Ky > 2 such that, for any
k > K07

Since

log ng
im ——————— =0,
k—+oo log(ny -+ - ng)
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it follows from the definition of h(k,#) that there
exists K > Ky, for any k > K, we have

h(k,0) < k.
1/6
For any k > K, let x € Egp and r = f"lk
It follows from the definition of h(k, ) that, for
any k > Ko, h(k,0) is the unique positive integer
such that

1 1 1
< - < .
nycccnpgey - (maeeong)? T na e g 01
Then
V2 - V2 o
N1 Np(k,0) (n1---ng)
V2

ny--- nh(k,e)q'

Since every closed ball of radius r meets no more

than (2\/51/9 + 2)? level — k sets of Eg p, we have
1

—— o) +1 K
(2\/51/9 1 2)2 (k,0)

< N.(B(z,R)NEsp) <C (%)

s(0—1)

— -1 — C\/ﬁT(nl -
It follows that

. nk)s(l_a)

log(ln(k,0)+1 " Ik)
<log Cy + s(1—0)log(ny -~ ny),

1/6 2(0-1)
where C; = C(2v/277 +2)2v/2" 7 | then
log(Un(k,0)+1 " k)
(1 —6)log(ny ---ng)
log C
~ (1= 0)log(ny---ng)

+ s,

SO
log lp,(1,0)
(1—6)log(ny---nyg)

log(ln(k,0)+1 " k)
(1 —6)log(ny---ng)
- 2log Th(k,6)
~ (L—0)log(ny -~ ny)
log C4
(1 —0)log(n - nk)
+ s.

log(n(ro) - Ik)
(1—6)log(ny---ng)

Since
1
im ——8" 0 and 1<h(k0) <k
k—-+o00 log(n1 s nk)
for each k£ € N, we have

2logn
lim g Mh(k,0)

=0.
k—+oo (1 — 0)log(ny - - ng)

It follows from the arbitrariness of s that

log(lp(.0) =+ Ik)
dim% E > lim su ’ .
ATSD = S = 0)log(ny - ny) D

8. EXAMPLE 2.7 AND THEOREM 2.7

Proof of Example 2.1l Let nj;, = 2F for each k €
N, S ={1,21,22,...} and D = {(0,0)}.
Then

lim B gy, R
k—-+oo log(ny ---ng)  k—+too k(k +1)/2
For any 6 € (0, 1), there exists K such that, for any
k> K,
1
(nl ... nk)e

It follows from the definition of h(k, ) for any 6 €
(0,1) and k > K in Theorem 2.0 that h(k,0) is the
unique positive integer such that

1 - 1 - 1
nycc gy~ (nacng)?

< L Vok > 2.
ni

ny--- nh(k,a)—f
For any # € (0,1) and k > K,

1 1
LT (VO] 1) (VO] +2) /2

1 1
S IRk )z | 20k 1)/2

1
T

and
1 1 1
(ny - ng_1)? = 90k(k—1)/2 OVOk(\ok—/6)/2
1
2VOE|([VOK|-1)/2
1

RN N T

then
h(k,0) < |VOk]+1 and h(k—1,0) > [VOk],

2350074-16



then
h(k,0) — h(k —1,0) < 1.

Then there exists L > 0 such that, for all £ > 2,
h(k,0) — h(k —1,0) < L.

It follows from Theorem that

. . log(lp -+ - Ix)
dim% E = limsu
ATSD LY = 0)log(m - my)
1 e
< lim sup og(ly---lx)
k—too (1 — 9) log(nl e nk)
< lim sup log(ly -+ lgx)
k—too (1 —6)log(ny -+ ngx)
e 21082t 22! . 22" ... 92"
Ty (1 —0)log(2! -22.23...22%)

) 2(2k+1 _ 1)
= lim
htoo (1= 0)2F-1(1 + 2F)

then
dim% Esp =0

for all # € (0,1).
Moreover, it follows from Lemma and Theo-
rem that

dimga Esp =0 and dimy Esp = 2. O

Proof of Theorem 2.7l Let ny, =2 foreach k € N
and D = {(0,0)}.

Let {K;}i>1 be a sequence of positive integers
satisfying

(i) K; > % for each i € N,

(i) Kip1 > |<%K;] +ig+i+ | 2] for each i € N,
where o = | 2],
Mg%foreachieN,

(iii)

Kit1
(iv) limi oo FHREER =00 Then limi o0
=0

K,
Now we construct the set S C N. For any 7 € N,
we divide (Ki7Ki+1] into

(1 {ifK@H’ (=),

({EKZJ + g + 1, Ki-i—l] .
c—b

KZJ + 0 + z} and

Fractal Dimensions of Sets Defined by Digit Restrictions in R?

For any 7 € N, let

A; = {Kz—l- \‘gJ,KZ—l- \‘2X2J,...,KZ‘
& &

2]

where M; is the largest positive integer such that

2 |5

(=) ) =i
=
28]}

where M is the largest positive integer such that

c—a o2M! c—a
. 1 < . y y
L_szJ-F{ ] J_L_bKZJ+Zo+Z,

Kz+{

BZ'Z

_ 2 _
Cr= 3 |4k vig+i+ | 2], | K,
c—b a c—>b
2% 2 -
+i0+i+{ . J{MKJ
a c—b

2M!
vio+i+ | 2]

where M/ is the largest positive integer such that

c—a
c—b

From the condition (i) of the sequence {K;}i>1, we
have, for any i € N,

cC—a
K| - K
=] x>

C —

"

2M;
KZJ +io+i+\‘ al

J < Kiqq.

a

Cc —

(e
c—b c

then A; is nonempty. From the condition (ii) of the
sequence {K;};>1, we have, for any i € N, B; and
C; are nonempty.

Let

S; = A; UB; UC;

for each 7 € N and

+o00
1=1

2350074-17
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For any I''m’ e N, 0 < e < 2 and h,k € N
with I/ + [2] < h < k < '+ [22], there exist

B,%G{I,Q,...,m'}suchthat
pa |2 cncry |20ED ] g
_6_ L ¢ .
'+ % <k<l+ 2k +1) ,
e
then o _ _
l’+?—1<l’+{~ <h<l+ Z(EH)J

cp oy 2t
e
and
2 k 20k +1
'+ = 1<l’+{eJ§k<l’+{( i )J
oy 204D
(&

It follows that
gmm”.w}—1—e

e

(k—l’)—1—§(h—l'+1)<l§—h
(e o[22
+{%fJ}m{mh+¢,”,m>

N |

gl}—fz+1<§(k—l’+1)
—<§(h—l’)—1)+1
:gﬁ{h,...,k}+2. (+)

For any k > K1, there exists a unique positive inte-
ger i(k) such that Ky <k < Kjg)41-

(1) From Theorem 23] (iii) and (iv), we have
|

dimga Es p = lim limsup max

log(ly - 1y)
a—1 o 1<h<ak log(np - - ny)

24(S N{h,..

dimA E&D
1 .
J=H0 k>4 m>j log (Mgt 1+ Meym)
2 k+1,....k
= lim  sup S0k +L....k+m})
J= 0 k>j, m>j m
2((dm)/2 + 2 x 3
x (t({k+1,....,k+m}

: N{K1,Ks,...}) +1))
< lim  sup
I H0 k), m>j m
128{k +1,..., k+m}
N{Ky, Ko,...
<d+ lim sup K1 Ky, o))
I7H0k>j, m>j m

12ﬁ({K1aK1 + 17 s 7K1

<d+ lim sup +m—1}N{Ky, Ks,...})

jﬂ+oom2j Kl +m_ 1
Ki+m-—1
m

12i(Ky +m — 1)

<d+ lim sup

j=toom>;  Ki(ki1m-1)
Ki+m-—1
m

=d.

_ 2M!
Let s = | S4KG )+ (3] 1 m; o= 2] - 2] 41
for each ¢ € N.
From we have, for any 7 € N,

m; myg
_ 2((dm)/2+2)
— ml b
then
2 i+ 1, ...k ;
1——+00 my;

=d.
(2) From Theorem and we have

. k})

= lim limsup max
a—1 g4~ 1<h<ak

k—h+1

2350074-18



<c+ lim limsup max
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2 (z;ﬁfg(h) 6B; + 2 x 3(i(k) — i(h) + 1))

a—1 g4 oo Ki<h<ak

< c+ lim lim sup

(1-a)k+1

2(Kik)—1 + (10 +i(k) — 1) + (io +i(k)) + 6(i(k) —i(h) + 1))

a=l g i0o

< c¢+ lim lim sup

(1-—a)k+1

2(Kik)—1 + (10 +i(k) — 1) + (io + i(k)) + 6(i(k) —i(h) + 1))

a=1l p 400

=C.

Let h; = K; + L%J and k; = K; + Lzylj for each
1 eN.

For any ¢ € N, it follows from the definition of
Mi that

o 2] < =8 <020

c—b c
then
C_aKi—lﬁKi-i-w,
c— c
then
c—a 2 2M,;

c—a

Since ¢=¢ > 1, there exists ag > 0 such that, for
any ap < a < 1, we have

c—a
—-1>0.
b

«
C —

For ag above, since

lim K@ = 400,

1——+00
there exists ig > 0 such that, for any i > i,
— 4
(aoc Z—l)Ki—2——20.

C — C

Then, for any ag < o < 1 and i > ig, we have
— 4
(ac a—l)Ki—2——
c—b c
4

z<aoc_2—1>m—2——zo,
C

c—

then it follows from |(2x)| that

oki — hi = a (Kﬁ WID T EJ

2M;
ZCE(KZ—F Z—l)—KZ‘
C

-[:]

(1= o) Ky + 1

= (ac_a —1> Ki—2
c—b
4
¢ 0 (3%)
It follows from and that
. : 28(S N {hi, ..., ki})
dimgyg Es p > 1113 -Egop e
> lim sup 2((6/2)(ki —h; + 1) — 1= C)
1o ki —h; +1
2+ 2c
> i 242
T <c ki = hi + 1>

. 2+ 2c
>limsup|(c— ————
400 (1 —ao)ki +1
=c.
(3) From Theorem 2.2 we have
R log(ly---1
dimpFEg p = limsup —og( ! k)
koo 108(11 Nk

imoup 20 0L B
k—+o0 k

For any positive integer £ > Ky, there exists a
unique positive integer i(k) such that Ky < k <
Kz‘(k)+1-
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If k e [Kz(k)a L%Kz(kﬂ)v using we have 2(;b i(k) + 19 + ’L(k‘))
+2(ig+1 + 12
(S N{L,....k}) I k( )
k
b+ 2(=2 Ky + i + ik
(S (1, 1222 K gy 1| + o+ i(k) — 1)) (o= Fig 1 + f0 +4(k)
+2(ig +i(k)) + 12
+28C5(k)—1 <b+ (5%)
- k
, 2 N (Kigy. K Since
k lim 2(c—a i(k)—1 + io + Z(k‘)) + 8 _0
2(E9 K,y + o +i(k)) + 2(2 K + 2) k—oo Kik
+2(5(k — Kyy) +2) and
- k b+ 2(S2 Ky 1 + i + i(k))
aley + ck — ey + 2(5=5 Kir)—1 y +2(ig + i(k)) + 12 0
+ig +i(k)) + 8 koo K o
- k
( K it follows from and that
CcC—a z(k) _
SC—T dimBESDSb-
i(k) ’
2(%[(1.(@_1 +ig +i(k)) +8 Let k; .= K; + [ J for each 7 € N. It follows from
+ Kk definitions of M/ and M; for each ¢ € N that, for
(=4 (k) s
2 c_a +19+i(k)) +8
z(k) 1 0
=b+ . 4x - 2(M! | +1
Kz(k) ( ) Ki < \‘uKllJ + 7;0 +i—1+ \‘MJ
c—b a
If ke[| =5 Kiwl Kig)+1) using [(x)] we have and
2SN {L,.... k}) {_KJ <K+{MJ
k c—b c
2805 N [1, [ =5 Kiey—1] + o +i(k) — 1]) then
+ 24Ci(h) 1 9 a c—a . .
M’ >4 (K — Kiq—ig—i)—1
< I i—1 = 2 7 c—b i—1 10 1
N 28 Ay + 2805 N Byry) + 28(S N Cyy) and
’ M; > < (C_QK K—1> 1.
< 2(%[(1‘(19)_1 +i0 +Z(l€)) +2(%Kz(k) +2) c—b
- k

Furthermore, from we have

+ 2(20 + z(k: )

> lim sup 285N {1,... ,k})
i—t00 k;

+ oMY, + M,
k > lim sup %
CLKZ(k) + C%Ki(k) — CKz(k) + bk oo it LTJ
- 2(M” M;
— b Ky + 0 > lim sup 2MZ, + M)
< —a
= L =400 — Ki
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ak; —a(S=3 Ki-1+io +1)
) -2+ (5K — Ki) —c—2
> lim sup —
i——+00 EKZ
(a—c+cc 5 ) K
) —a(pKi 1 +ig+i) —c—4
> lim sup p—
i——+00 EKZ
. a(=pKi1 +ig +1i) +c+4
= limsup|( b — —
1—-+00 EKZ
=b.

(4) From Theorem [ZTland n; = 2 for each k € N,
we have

— log \/lk+1

log(ly -
nk+1)

— liminf log(h---lk)
k—+o0 log(n1 s nk)

— liminf 28(5n{1,...,
k——4o00 k

dimpy Fg p = liminf
k—+oo log(ny - -

23]

For any positive integer k > Kp, there exists a
unique positive integer i(k) such that Kiw <k <
Ki(ky+1-

If k € [Kig), &= K ]), it follows from defini-
tions of M; and M/ for each i € N that

c—a 2Mi)
[ - (o + [

{Z(Mi(,;) + 1)J

< Kjx) +

and
cC—a . .
Kigy < L — sz(k)1J +io +i(k) — 1
X { (M, + 1)J |
a
then

a (Ki(k) - QZ:ZK"(’“HJ +ig +i(k) — 1)> -

< 2Mj .

Fractal Dimensions of Sets Defined by Digit Restrictions in R?

Furthermore, using we have

WS N1, k)
k
o (A N [LK]) + 28Ci) 1

- k
2(5(k — Ky — [2] +1) —1—0)
2
—-2(24+1)+ ZMZ’Ek)
k
c|2] -
k
a(Kiry — (Lc z(k) 1]
+19 + ’L ) )

Y

ek — Ki) - ~2(2+1)

Y

a(k — Kigy) + GKi(k) —c|2]
- —2-c—2(2+1)
- k
(LC aK

) +io+i(k)—1)—2
k
—c|2]—-2—c—2(3+1)

—a(| =3 Ky —1]

g di(k) —1) -2

=aq-+ 3 . (6%)

_l’_

If k€ [ =5 Kigy ) Kigry+1), it follows from the def-
inition of M; for each ¢ € N that

c—a 2(M;y + 1)
{—Kz(k)J < Kigy + {7@) J

c—b c

2(Mj() + 1)

<K(k) c

Then

cC—a
a Qm&(k)J - Ki(k)) -2

cC—a
<c (L_ bKi(k)J - Ki(k)) =2 < 2Mjy.-

Using the definition of M/ for each i € N, we have
M/I
c—a i(k)
K. N I Uk
wn- (|55 )
" "
o |2 T D2 My | 2
- a a “a

Ki(k)J + 20 + Z(k‘) + \‘
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Furthermore, using we have

2%(S N {L,....k})
k

_ 26Cigy-1 + 28Aigy + 24(Ciy N [1, 4]
- k:
My + 2M; + 2(5(k — [ =5 Kigr) ]
—io—ik) = |3zl +1) —1—a)
>
- k
—2(2 +1)
+——
a(Kigy — (|55 Kigy—1] +io0 +i(k) — 1))
—— 2+a(l=3 i(k)]i — Kig)
—2—|—a( I-;b J —’io —’L(k)
— 2] +1)-2(2+1)-2-2a
* 2
—a(| = Kiy—1] +io +i(k) — 1)
B +a(—ig—i(k) — |2] +1)
=a-+ A
_9(2 _f —
N 2(a+1]1 6 2a‘ (75)
Since
—c|2]—-2—-c—-2(2+1)
. —a([ = Kiky—1] +io +i(k) —1) — 2
im =0
k——4o0 k
and
—a(| = Kiey—1]) +io +i(k) — 1)
+a(—ig —i(k) ~ [2] + 1)
, —2(241)-6-2a B
kEI—II—loo k N 07

it follows from and that

dimH E&D Z a.

Let k; := [ =7 K| j for each i € N.
It follows from the definition of MZ” for each 7 € N
that, for any i € N,

20M!" + 1 20 2
Ki—l—l_kig\\( Z+)J—{ ZJS—-FL
a

a a

Furthermore, from we have

dimy Es p = liminf 28(SN{1,...,k})
k—+o00 k
< liminf 28(5N{1,... ,ki})
1—+00 kl
2(l=p K 2%C;
< lim inf ([ Kil +io+1) + 24
i——+o00 kz
2(| 2K | + g +4) + a(Kip
c— aK . . 4
< liminf — (5 i +220 +1)) +
e Kit1—2 -1
= a. _
ACKNOWLEDGMENTS

The authors thank the anonymous referees for
helpful suggestions. W. Li is supported by the
National Natural Science Foundation of China
(Nos. 12071148 and 11971079).

REFERENCES

1. P. Assouad, Espaces métriques, plongements,
facteurs, Publications Mathématiques d’Orsay, No.
223-7769, Ph.D. thesis, U.E.R. Mathématique, Uni-
versité Paris XI, Orsay (1977) (in French).

2. P. Assouad, Etude d'une dimension métrique liée a
la possibilité de plongements dans R", C. R. Acad.
Sci. Paris Sér. A-B 288(15) (1979) A731-A734 (in
French).

3. G. Bouligand, Ensembles impropres et nombre
dimensionnel, Bull. Sci. Math. 52 (1928) 320-344,
361-376.

4. D. G. Larman, A new theory of dimension, Proc.
London Math. Soc. (8) 17 (1967) 178-192.

5. H. Furstenberg, Intersections of cantor sets and
transversality of semigroups, in Problems in
Analysis (Sympos. Salomon Bochner, Princeton
University, Princeton, NJ, 1969) (Princeton Univer-
sity Press, 1970), pp. 41-60.

6. H. Furstenberg, Ergodic fractal measures and
dimension conservation, Ergod. Theory Dyn. Syst.
28(2) (2008) 405-422.

7. P. Assouad, Plongements lipschitziens dans R" [Lip-
schitz embeddings in R™], Bull. Soc. Math. France
111(4) (1983) 429-448 (in French).

8. J. Heinonen, Lectures on Analysis on Metric Spaces,
Universitext (Springer-Verlag, 2001).

9. J. Luukkainen, Assouad dimension: Antifractal
metrization, porous sets, and homogeneous mea-
sures, J. Korean Math. Soc. 35(1) (1998) 23-76.

2350074-22



10

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

J. M. Mackay and J. T. Tyson, Conformal Dimen-
sion: Theory and Application, University Lecture
Series, Vol. 54 (American Mathematical Society,
2010).

J. C. Robinson, Dimensions, Embeddings, and
Attractors, Cambridge Tracts in Mathematics,
Vol. 186 (Cambridge University Press, 2011).

B. Barany, A. K&enmiki and E. Rossi, Assouad
dimension of planar self-affine sets, Trans. Amer.
Math. Soc. 374(2) (2021) 1297-1326.

H. Chen, Assouad dimensions and spectra of Moran
cut-out sets, Chaos Solitons Fractals 119 (2019)
310-317.

J. M. Fraser, Assouad type dimensions and homo-
geneity of fractals, Trans. Amer. Math. Soc. 366(12)
(2014) 6687-6733.

J. M. Fraser, Assouad Dimension and Fractal Geom-
etry, Cambridge Tracts in Mathematics, Vol. 222
(Cambridge University Press, 2021).

J. M. Fraser, A. M. Henderson, E. J. Olson and J. C.
Robinson, On the Assouad dimension of self-similar
sets with overlaps, Adv. Math. 273 (2015) 188-
214.

J. M. Fraser and T. Orponen, The Assouad dimen-
sions of projections of planar sets, Proc. Lond. Math.
Soc. (8) 114(2) (2017) 374-398.

I. Garcia, Assouad dimension and local structure of
self-similar sets with overlaps in R?, Adv. Math. 370
(2020) 107244.

J. M. Mackay, Assouad dimension of self-affine car-
pets, Conform. Geom. Dyn. 15 (2011) 177-187.

L. Olsen, On the Assouad dimension of graph
directed Moran fractals, Fractals 19(2) (2011) 221
226.

T. Orponen, On the Assouad dimension of projec-
tions, Proc. Lond. Math. Soc. (8) 122(2) (2021)
317-351.

F. Li and L. Xi, Quasi-Assouad dimension of frac-
tals, J. Fractal Geom. 3(2) (2016) 187-215.

J. M. Fraser and H. Yu, New dimension spectra:
Finer information on scaling and homogeneity, Adwv.
Math. 329 (2018) 273-328.

J. M. Fraser, K. Hare, K. Hare, S. Troscheit and
H. Yu, The Assouad spectrum and the quasi-
Assouad dimension: A tale of two spectra, Ann.
Acad. Sci. Fenn. Math. 44(1) (2019) 379-387.

I. Garcia, K. Hare and F. Mendivil, Intermedi-
ate Assouad-like dimensions, J. Fractal Geom. 8(3)
(2021) 201-245.

Y. Pan and Y. Xiong, Ahlfors-David regular subsets
of fractals, Fractals 28(5) (2020) 2050084.

L. Xi, J. Deng and Z. Wen, Assouad-minimality of
Moran sets under quasi-lipschitz mappings, Fractals
25(3) (2017) 1750037.

2350074-23

Fractal Dimensions of Sets Defined by Digit Restrictions in R?

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

C. J. Bishop and Y. Peres, Fractals in Probabil-
ity and Analysis, Cambridge Studies in Advanced
Mathematics, Vol. 162 (Cambridge University Press,
2017).

Y. Dai, C. Wei and S. Wen, Some geometric proper-
ties of sets defined by digit restrictions, Int. J. Num-
ber Theory 13(1) (2017) 65-75.

J. Li, M. Wu and Y. Xiong, On Assouad dimension
and arithmetic progressions in sets defined by digit
restrictions, J. Fourier Anal. Appl. 25(4) (2019)
1782-1794.

C. J. Bishop and J. T. Tyson, Locally minimal
sets for conformal dimension, Ann. Acad. Sci. Fenn.
Math. 26(2) (2001) 361-373.

H. Chen, Y. Du and C. Wei, Quasi-lower dimension
and quasi-lipschitz mapping, Fractals 25(3) (2017)
1750034.

Y. Dai and Q. Li, The upper and lower Assouad
dimensions of a class of sets defined by digit restric-
tions, Acta Math. Sinica (Chin. Ser.) 61(5) (2018)
T71-776.

J. Dong and Y. Xi, The dimensions of a class of sets
defined by digit restrictions on plane, J. Hubei Univ.
(Nat. Sci.) 44(3) (2022) 320-324.

K. J. Falconer, J. M. Fraser and P. Shmerkin,
Assouad dimension influences the box and pack-
ing dimensions of orthogonal projections, J. Fractal
Geom. 8(3) (2021) 247-259.

M. Luo, Assouad dimension of a class of general-
ized set defined by digit restrictions, Master’s the-
sis, Huazhong University of Science and Technology
(2020).

C. Wei, S. Wen and Z. Wen, Remarks on dimen-
sions of cartesian product sets, Fractals 24(3) (2016)
1650031.

D. Feng, Z. Wen and J. Wu, Some dimensional
results for homogeneous Moran sets, Sci. China Ser.
A 40(5) (1997) 475-482.

S. Hua, H. Rao, Z. Wen and J. Wu, On the structures
and dimensions of Moran sets, Sci. China Ser. A
43(8) (2000) 836-852.

Z. Y. Wen, Mathematical Foundations of Fractal
Geometry (Shanghai Scientific and
Technological Education Publishing House, 2000)
(in Chinese).

K. Falconer, Fractal Geometry: Mathematical Foun-
dations and Applications, 3rd edn. (John Wiley &
Sons, 2014).

L. Cao and X. He, Dimensional results for the
Moran—Sierpinski gasket, Wuhan Univ. J. Nat. Sci.
17(2) (2012) 93-96.

W. Li, W. Li, J. Miao and L. Xi, Assouad dimensions
of Moran sets and cantor-like sets, Front. Math.
China 11(3) (2016) 705-722.



L. Wang & W. Li

44. F. Peng, W. Wang and S. Wen, On Assouad dimen- 47.
sion of products, Chaos Solitons Fractals 104 (2017)
192-197.

45. J. Yang and Y. Du, Assouad dimension and spec- 48.
trum of homogeneous perfect sets, Fractals 28(7)
(2020) 2050132.

46. 7. Zhu, Assouad dimensions of Moran sets with zero
infimum contraction, Fractals 29(4) (2021) 2150104.

2350074-24

J. M. Fraser and H. Yu, Arithmetic patches, weak
tangents, and dimension, Bull. Lond. Math. Soc.
50(1) (2018) 85-95.

J. M. Fraser and H. Yu, Assouad-type spectra for
some fractal families, Indiana Univ. Math. J. 67(5)
(2018) 2005-2043.



	INTRODUCTION
	DEFINITIONS AND MAIN RESULTS
	Sets Defined by Digit Restrictions in R2
	Assouad Dimension and Its Variations
	Main Results

	HAUSDORFF AND LOWER BOX DIMENSIONS
	PACKING AND UPPER BOX DIMENSIONS
	ASSOUAD DIMENSION AND ARITHMETIC PATCHES
	UPPER SPECTRUM AND QUASI-ASSOUAD DIMENSION
	ASSOUAD SPECTRUM
	EXAMPLE 2.1 AND THEOREM 2.7


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


