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Abstract

For self-similar set F we prove that dimH F = dimB F = dimP F using different
method from Fa[4] and give implicitly the dimension value even if the open set
condition isn’t satisfied.

1 Introduction

Let φi be similar contraction mappings in Rd with ratios ci ,1 ≤ i ≤ n.Hu[5] proved that
there exists unique compact set F ⊂ Rd such that

F =
n
⋃

i=1
φi(F ). (1)

Further dimHF = dimBF = dimP F = s and F is an s-set where s is such that

n
∑

i=1
cs
i = 1, (2)

if φi’s satisfy the open set condition, i.e., there is a bounded nonempty open set O such
that

n
⋃

i=1
φi(O) ⊂ O (3)

with the left hand is disjoint union. Recently Sh[10] proved that F is an s-set here
∑n

i=1 cs
i = 1 if and only if φi’s satisfy the open condition.

Now for ε > 0 write

Ω(ε) = {σ ∈ S∗ | cσ ≤ ε and cσ|(|σ|−1) > ε},

where S∗ =
⋃∞

i=1{1, 2, · · · , n}i and cσ = cσ(1)cσ(2) · · · cσ(k) for σ = (σ(1), σ(2), · · · , σ(k)) ∈
S∗. And for σ ∈ S∗, |σ| denotes the length of σ and σ|k = (σ(1), · · · , σ(k)) for k ≤ |σ|.
Let A ⊂ Rd be a bounded open set with A ⊃ F .It is easy to see that c0ε < cσ ≤ ε for
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any σ ∈ Ω(ε) where c0 = min1≤i≤nci. We introduce nonnegative real numbers α0(A) and
β0(A) as follows

α0(A) = sup{α | limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−α)
σ

= ∞}, (4)

β0(A) = sup{β | limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−β)
σ

= ∞}, (5)

where φσ = φσ(1) ◦ φσ(2) ◦ · · · ◦ φσ(k) for σ = (σ(1), σ(2), · · · , σ(k)) ∈ S∗ and md(B) is the
Lebesque measure of B ⊂ Rd.

In this paper we prove

(i) α0(A) and β0(A) are independent of the choice of A and α0(A) = β0(A).We denote
the common value by α0;

(ii) dimHF = dimBF = dimP F = α0s; (For self-similar set F Fa[4] has proved that its
Hausdorff dimension,Box dimension and Packing dimension are equal)

(iii) Hα0s(F ) < ∞ iff limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−α0)
σ

< ∞;

(iv) If Hα0s(F ) > 0 then limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−α0)
σ

> 0;

(v) We generalize this dimension results into the cases of MW-construction (Ma & Wi[9])
and recurrent sets (De[2],Be[1] and Wen[11]).

2 Demensions of self-similar set

It is easy to get the following

Proposition 2.1

α0(A) = inf{α | limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−α)
σ

= 0},

β0(A) = inf{β | limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−β)
σ

= 0}.

Proposition 2.2 0 ≤ α0(A) ≤ 1; 0 ≤ β0(A) ≤ 1.

Proof Note that
∑

σ∈Ω(ε) cs
σ = 1. Taking α = 0 then

limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs
σ

= limε→0ε
−dmd(

⋃

σ∈Ω(ε)

φσ(A)) ≥ c
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for some positive constant c. Thus α0(A) ≥ 0. On the other hand, taking α = 1, we have

limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
CardΩ(ε)

≤ c

for some constant c. Thus α0(A) ≤ 1.
0 ≤ β0(A) ≤ 1 can be proved by the same method. QED

Theorem 2.3

(i) α0(A) and β0(A) are independent of the choice of A and α0(A) = β0(A),denoting the
common value by α0;

(ii) dimHF = dimBF = dimP F = α0s;

(iii) Hα0s(F ) < ∞ iff limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−α0)
σ

< ∞;

(iv) If Hα0s(F ) > 0 then limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−α0)
σ

> 0.

Proof (i) For B ⊂ Rd and ε > 0 let

Bε = {x ∈ Rd : there exists y ∈ B such that ρ(x, y) < ε}

where ρ(x, y) is the Euclidean distance between x and y . Since A is a bounded open
set containing set F , there are positive number δ1 and δ2 such that F δ1 ⊂ A ⊂ F δ2

which means α0(F δ1) ≤ α0(A) ≤ α0(F δ2) and β0(F δ1) ≤ β0(A) ≤ β0(F δ2). Thus it
suffices to prove α0(F δ) and β0(F δ) are independent of the choice of positive number δ
and α0(F δ) = β0(F δ), which follows from the proof of (ii).

(ii) Fixing x ∈ F and denoting the diameter of A by |A| we choose subfamily Ω∗(ε)
from Ω(ε) such that

(1)for any different σ, τ ∈ Ω∗(ε), ρ(φσ(x), φτ (x)) > 4|A|ε;
(2) if σ ∈ Ω(ε) \ Ω∗(ε) there exiets τ ∈ Ω∗(ε) such that ρ(φσ(x), φτ (x)) ≤ 4|A|ε.
Let J(ε) = CardΩ∗(ε). Thus

⋃

σ∈Ω∗(ε)

B(φσ(x), 5|A|ε) ⊃
⋃

σ∈Ω(ε)

B(φσ(x), |A|ε) ⊃
⋃

σ∈Ω(ε)

φσ(A)

where B(x, r) denotes a ball in Rd with center at x and radiu r. Thus

J(ε)mdB(φσ(x), 5|A|ε) ≥ md
⋃

σ∈Ω(ε)

φσ(A).

Therefore for any nonnegative real number α

J(ε)εαs ≥
c|A|−dε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−α)
σ

, (6)
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where c is a positive constant. First we prove dimHF ≥ α0(A)s. It is clear when α0(A) =
0. Suppose α0(A) > 0 and take 0 < α < α0(A). Thus by the definition of α0(A) and (6)
we can take ε1 > 0 such that

J(ε1)εαs
1 ≥ 2c−αs

0 . (7)

Considering any finite open c0ε1|A|-covering {Vi} of F , we have
(a) if there exists some Vi such that |Vi| ≥ (c0ε1)

2|A| then
∑

i
|Vi|αs ≥ (c0ε1)

2αs|A|αs; (8)

(b) otherwise for each σ ∈ Ω∗(ε1) let Vσ = {Vi : Vi ∩B(φσ(x), ε1|A|) 6= ∅}. Then Vσ is
a covering of φσ(F ) and any different σ, τ ∈ Ω∗(ε1), Vσ

⋂Vτ = ∅. Take λ1 ∈ Ω∗(ε1) such
that

∑

Vi∈Vλ1

|Vi|αs = minσ∈Ω∗(ε1)
∑

Vi∈Vσ

|Vi|αs.

Therefore by (7) we have
∑

i
|Vi|αs ≥ J(ε1)

∑

Vi∈Vλ1

|Vi|αs ≥ 2c−αs
0 ε1

−αs
∑

Vi∈Vλ1

|Vi|αs

= 2(cλ1c
−1
0 ε−1

1 )αs ∑

Vi∈Vλ1

|φ−1
λ1

Vi|
αs ≥ 2

∑

Vi∈Vλ1

|φ−1
λ1

Vi|
αs. (9)

Since Vλ1 is a covering of φλ1(F ), φ−1
λ1
Vλ1 = {φ−1

λ1
(Vi) : Vi ∈ Vλ1} is a finite open

c0ε1|A|-covering of F . As above we have
(a’) if there exists φ−1

λ1
(Vi) ∈ φ−1

λ1
Vλ1 such that |φ−1

λ1
(Vi)| ≥ (c0ε1)

2|A| then (8) holds
by (9);

(b’) othewise denote φ−1
λ1
Vλ1 by {Ui}. Repeating the above step for the covering {Ui}

of F and noticing that Card{Vi} is finite, thus (8) holds after finite steps. Consequently
dimHF ≥ αs which means dimHF ≥ α0(A)s.

Now taking δ1 > 0 we prove that dimHF ≤ dimBF ≤ α0(F δ1)s. Letting α > α0(F δ1)
there exists sequence εn ↘ 0 such that

ε−d
n md(

⋃

σ∈Ω(εn) φσ(F δ1))
∑

σ∈Ω(εn) cs(1−α)
σ

≤ 1.

Thus
ε−d
n md(

⋃

σ∈Ω(εn)

φσ(F δ1)) ≤
∑

σ∈Ω(εn)

cs(1−α)
σ ≤ (c0εn)−sα,

(c0εn)d−sα ≥ cd
0md(

⋃

σ∈Ω(εn)

φσ(F δ1)) ≥ cd
0md(F c0εnδ1),

d− sα ≤ log(md(F c0εnδ1)cd
0)

log(c0εn)
,

d− sα ≤ limn→0
log[cd

0md(F c0εnδ1)]
log(c0εn)

≤ limε→0
log[md(F c0εδ1)]

log(c0εδ1)
,

which implies dimBF ≤ sα by the Proposition 3.2 of Fa[3]. Therefore dimBF ≤ sα0(F δ1).
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Repeating the above procedure of proof with β0(A) instead of α0(A) we can attain
dimHF ≥ β0(A)s and dimHF ≤ dimBF ≤ β0(F δ1)s for any given δ1 > 0. As a result,we
get dimH F = dimP F = dimB F = α0(F δ1)s = β0(F δ1)s for any given δ1 > 0 which
indicates α0(F δ1) and β0(F δ1) are independent of the choice of δ1 > 0 and α0(F δ1) =
β0(F δ1). Furthermore α0(A) = β0(A) and they are independent of the choice of open set
A by (i).

(iii) Now we prove Hα0s(F ) < ∞ iff limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−α0)
σ

< ∞.

Suppose that limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−α0)
σ

= ∞. Then we can take ε1 > 0 such that (7)

holds with α0 instead of α. For any k ∈ N and for any finite open (c0ε1)
k|A|-covering

{Vi} of F , repeating k − 1 time steps of proof of the above we can get
∑

i
|Vi|α0s ≥ 2k−1

∑

j
|Uj|α0s,

where {Uj} is a finite open c0ε1|A|-covering of F . According to the same mahtod of (ii)
after finite steps, saying l steps, we get

∑

j
|Uj|α0s ≥ 2l(c0ε1)

2α0s|A|α0s,
∑

j
|Vj|α0s ≥ 2l+k−1(c0ε1)

2α0s|A|α0s,

which means Hα0s(F ) = ∞ if letting k tends to ∞.
Suppose Hα0s(F ) = ∞. Thus for any M > 0 there exists ε0 such that for any ε0-

covering {Vi} of F
∑

i
|Vi|α0s > M.

On the other hand, for any ε > 0

J(ε)(εδ1)
d ≤ const.md(∪σ∈Ω(ε)φσ(A)),

since
⋃

σ∈Ω∗(ε) B(φσ(x), c0εδ1) ⊂
⋃

σ∈Ω(ε) φσ(A) where δ1 is such that F δ1 ⊂ A. Thus

J(ε)εα0s ≤ const.
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−α0)
σ

.

Now taking ε such that 10ε|A| < ε0 and considering the covering {B(φσ(x), 5|A|ε), σ ∈
Ω∗(ε)} of F which is a ε0-covering of F , we have

∑

σ∈Ω∗(ε)

(10|A|ε)α0s = const.J(ε)εα0s ≥ M.

Therefore
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−α0)
σ

≥ const.M,

for ε < (10|A|)−1ε0 which indicates

limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−α0)
σ

= ∞.
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(iv) Suppose limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−α0)
σ

= 0. Then for any h > 0 there exist sequence

εn ↘ 0 such that

ε−d
n md(

⋃

σ∈Ω(εn)

φσ(A)) < h
∑

σ∈Ω(εn)

cs(1−α0)
σ ≤ hc−α0s

0 ε−α0s
n .

We consider the covering {B(φσ(x), 5εn|A|), σ ∈ Ω∗(εn)} of F . Since
⋃

σ∈Ω∗(εn)

B(φσ(x), c0εnδ1) ⊂
⋃

σ∈Ω(εn)

φσ(A)

where δ1 is such that F δ1 ⊂ A, then

J(εn)md(B(φσ(x), c0εnδ1)) ≤ md(
⋃

σ∈Ω(εn)

φσ(A)), (10)

J(εn) ≤ const.ε−d
n md(

⋃

σ∈Ω(εn)

φσ(A)) ≤ const.hε−α0s
n .

Therefore we have
∑

σ∈Ω∗(εn)

|B(φσ(x), 5εn|A|)|α0s = J(εn)(10|A|εn)α0s ≤ const.h,

which indicatesHα0s(F ) = 0. As a result we getHα0s(F ) > 0 implies limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−α0)
σ

>

0. QED

Conjecture: If limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−α0)
σ

> 0 then Hα0s(F ) > 0.

Corollary 2.4 If φi’s satisfy the open set condition then dimHF = dimBF = dimP F = s.

Proof Let bounded nonempty open set O make φi’s satisfy the open set condition.
Taking A = O1 thus

const. ≥
ε−dmd(

⋃

σ∈Ω(ε) φσ(O1))
CardΩ(ε)

≥
ε−dmd(

⋃

σ∈Ω(ε) φσ(O))
CardΩ(ε)

≥ const. > 0,

which means α0 = 1. Therefore dimHF = dimBF = dimP F = s by Theorem 2.3. QED

Remark 2.5 If the above Conjecture holds then it is easy to get

(a) F is a α0s-set iff 0 < limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))
∑

σ∈Ω(ε) cs(1−α0)
σ

< ∞;

(b) φi’s satisfy the open set condition iff limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))

CardΩ(ε) > 0;

(c) Hs(F ) = 0 iff limε→0
ε−dmd(

⋃

σ∈Ω(ε) φσ(A))

CardΩ(ε) = 0.
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3 Generalization to MW-construction and general-
ized recurrent set

Let An×n = (aij)n×n be an irreducible 0− 1 matrix. {φij : aij = 1} is a family of similar
maps in Rd with the ratio cij for φij. Let s be such that the spectral radius of (aijcs

ij)n×n
is 1 where we take aijcs

ij = 0 when aij = 0.Write

ΩA = {σ ∈
∞
∏

1
{1, 2, · · · , n} : σ = (σ(1), σ(2), · · ·), aσ(l),σ(l+1) = 1, l ∈ N},

Ω∗
A = {σ ∈

∞
⋃

i=2
{1, 2, · · · , n}i : σ = (σ(1), · · · , σ(k)), aσ(l),σ(l+1) = 1, 1 ≤ l ≤ k − 1}.

There exist unqiue compact sets F1, F2, · · · , Fn which sometimes is called MW-construction
such that

Fi =
⋃

{j:aij=1}
φij(Fj), 1 ≤ i ≤ n. (11)

It is well-known that when {φij : aij = 1} satisfy the open condition, i.e., there is
nonempty bounded open sets O1, O2, · · · , On such that

Oi ⊃
⋃

{j:aij=1}
φij(Oj), 1 ≤ i ≤ n,

with the right hand being disjoint union,we have

dimHFi = dimBFi = dimP Fi = s, 1 ≤ i ≤ n,

and Fi are all s-set.
Furthermore in Li[6] we prove that

Proposition 3.1 {φij : aij = 1} satisfies the open set condition iff Fi is an s-set for
some 1 ≤ i ≤ n where s is given above. QED

Now for 1 ≤ i ≤ n let

αi = sup{α : limε→0
ε−dmd(

⋃

σ∈Ωi(ε) φσ(Aσ(|σ|)))
∑

σ∈Ωi(ε) cs(1−α)
σ

= ∞}, (12)

βi = sup{β : limε→0
ε−dmd(

⋃

σ∈Ωi(ε) φσ(Aσ(|σ|)))
∑

σ∈Ωi(ε) cs(1−β)
σ

= ∞},

where Ai ⊃ Fi are bounded open sets; |σ| denotes the lengh of σ; Ωi(ε) = {σ ∈ Ω∗
A : σ(1) =

i, cσ ≤ ε and cσ|(|σ|−1) > ε}; cσ = cσ(1),σ(2)cσ(2),σ(3) · · · cσ(|σ|−1),σ(|σ|); φσ = φσ(1),σ(2) ◦
φσ(2),σ(3) ◦ · · · ◦ φσ(|σ|−1),σ(|σ|). Write c0 = minaij=1cij.

In usual, we always take some bounded open set A with A ⊃ ⋃

i Fi instead of Ai’s in
(12). Similarly it is easy to get
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Proposition 3.2 (1) 0 ≤ αi ≤ βi ≤ 1 for 1 ≤ i ≤ n; (2) When {φij : aij = 1} satisfies
the open set condition ,we have αi = βi = 1 for all 1 ≤ i ≤ n. QED

Similar to Theorem 2.3 we have

Theorem 3.3 (I) All αi and βi are equal, denoting by α0 the common value. And
dimHFi = dimBFi = dimP Fi = α0s for 1 ≤ i ≤ n.

(II) Hα0s(Fi) < ∞ for some 1 ≤ i ≤ n iff limε→0
ε−dmd(

⋃

σ∈Ωi(ε)
φσ(Aσ(|σ|))

∑

σ∈Ωi(ε)
cs(1−α0)
σ

< ∞ for some

1 ≤ i ≤ n. And if Hα0s(Fi) > 0 for some 1 ≤ i ≤ n then limε→0
ε−dmd(

⋃

σ∈Ωi(ε)
φσ(Aσ(|σ|))

∑

σ∈Ωi(ε)
cs(1−α0)
σ

> 0

for all 1 ≤ i ≤ n.

Proof (I)Without loss of generality we suppose that α1 = min1≤i≤n αi, β1 = min1≤i≤n βi, βn =
max1≤i≤n βi.

Fix some j, 1 ≤ j ≤ n. First step we prove dimHFj ≥ α1s. Taking xi ∈ Fi and
writing δ = maxi|Fi|. We choose the subfamily Ω∗

i (ε) from Ωi(ε) such that
(1) for any σ, τ ∈ Ω∗

i (ε) and σ 6= τ

ρ(φσ(xσ(|σ|)), φτ (xτ(|τ |))) > 4δε;

(2) if σ ∈ Ωi(ε) \ Ω∗
i (ε) there exists τ ∈ Ω∗

i (ε) such that

ρ(φσ(xσ(|σ|)), φτ (xτ(|τ |))) ≤ 4δε.

Let Ji(ε) = CardΩ∗
i (ε). Thus

⋃

σ∈Ω∗i (ε)

B(φσ(xσ(|σ|)), 5δε) ⊇
⋃

σ∈Ωi(ε)

B(φσ(xσ(|σ|)), δε) ⊇
⋃

σ∈Ωi(ε)

φσ(Aσ(|σ|)).

Therefore we have

Ji(ε)mdB(φσ(xσ(|σ|)), 5δε) ≥ md(
⋃

σ∈Ωi(ε)

φσ(Aσ(|σ|))),

Ji(ε)εαs ≥
ε−dmd(

⋃

σ∈Ωi(ε) φσ(Aσ(|σ|))
∑

σ∈Ωi(ε) cs(1−α)
σ

(
∑

σ∈Ωi(ε)

cs(1−α)
σ )δ−dconst.εαs.

Now let (m1, · · · ,mn) be the strictly positive right eigenvector responding to the eigen-
value 1. Then

(cs
ijaij)n×n









m1
...

mn









=









m1
...

mn









.

Therefore
[ minmi

maxmi

]2

≤
∑

σ∈Ωi(ε)

cs
σ ≤

[maxmi

minmi

]2
.
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In addition
1 ≤ (εc−1

σ )αs ≤ c−αs
0 .

Therefore

Ji(ε)εαs ≥
ε−dmd(

⋃

σ∈Ωi(ε) φσ(Aσ(|σ|))
∑

σ∈Ωi(ε) cs(1−α)
σ

δ−dconst. (13)

If α1 = 0, it is trival. We assume α1 > 0 and take 0 < α < α1. Thus we have

limε→0Ji(ε)εαs = ∞,

by (13) for 1 ≤ i ≤ n. Take ε1 > 0 such that Ji(ε1)εαs
1 cαs

0 ≥ 2 for all 1 ≤ i ≤ n.
Considering the arbitrary finite open c0ε1δ-covering {Vi} of Fj, thus

(a) if there exists some Vi with |Vi| ≥ (c0ε1)2δ then
∑

i
|Vi|αs ≥ (c0ε1)2αsδαs; (14)

(b) otherwise we have
∑

i
|Vi|αs = εαs

1

∑

i
|ε−1

1 Vi|αs.

For each σ ∈ Ω∗
j(ε1), let Vσ = {Vi : Vi∩B(φσ(xσ(|σ|)), ε1δ) 6= ∅}. Thus Vσ is a covering

of φσ(Fσ(|σ|)) and for any σ, τ ∈ Ω∗
j(ε1), σ 6= τ , we have Vσ ∩ Vτ = ∅. Take λ1 ∈ Ω∗

j(ε1)
such that

∑

Vi∈Vλ1

|Vi|αs = min
σ∈Ω∗j (ε1)

∑

Vi∈Vσ

|Vi|αs.

Therefore
∑

i
|Vi|αs ≥ J(ε1)

∑

Vi∈Vλ1

|Vi|αs ≥ J(ε1)εαs
1

∑

Vi∈Vλ1

|ε−1
1 Vi|αs ≥ 2c−αs

0

∑

Vi∈Vλ1

|ε−1
1 Vi|αs

= 2(cλ1c
−1
0 ε−1

1 )αs
∑

Vi∈Vλ1

|φ−1
λ1

Vi|αs ≥ 2
∑

Vi∈Vλ1

|φ−1
λ1

Vi|αs. (15)

Since Vλ1 is a covering of φλ1(Fλ1(|λ1|)), φ−1
λ1
Vλ1 is a finite open c0ε1δ-covering of Fλ1(|λ1|).

Denoting φ−1
λ1
Vλ1 by {ui} as above we have

(a’) if there exists ui ∈ φ−1
λ1
Vλ1 such that |ui| ≥ (c0ε1)2δ then (14) holds by (15).

(b’) otherwise repeating the above step and considering Card{Vi} finite, thus (14)
holds after finite steps. Therefore dimHFj ≥ αs for any 0 < α < α1 which means
dimHFj ≥ α1s.

Similar to the proof of Theorem 2.3 we also get α1s ≤ dimHFj ≤ dimBFj ≤ α1s and
β1s ≤ dimH Fj ≤ dimBFj ≤ β1s and dimBFj = βns. Thus we complete the proof. In
addition it is easy to find that all αi’s and βi’s are equal and independent of the choice of
Ai’ s.

(II) Finally using the same method as those in proof of Theorem 2.3 (III) and (IV)
we can complete the proof of (II). QED
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Corollary 3.4 When {φij : aij = 1} satisfies the open set condition, we have for every
0 ≤ i ≤ n, dimHFi = dimBFi = dimP Fi = s. QED

Conjecture: if

limε→0
ε−dmd(

⋃

σ∈Ωi(ε) φσ(Aσ(|σ|)))
∑

σ∈Ωi(ε) cs(1−α)
σ

> 0

for some 1 ≤ i ≤ n, then Hαs(Fi) > 0 for all 1 ≤ i ≤ n.
Remark 3.5 (1) Since the recurrent set (Dekking [2]) and the generalized recurrent set
(Li [8]) are all the special cases of MW-construction (Bedford [1] & Li [7]) the Theorem 3.3
also works there. Thus our Theomem 3.3 actually improves the main results of [11] [12]
which discussed the lower bound of Hausdorff dimension of recurrent sets and self-similar
sets.

(2) If the above conjecture is ture, it is easy to get
(a) Fi is an αs-set for some 1 ≤ i ≤ n iff for some 1 ≤ i ≤ n

0 < limε→0
ε−dmd(

⋃

σ∈Ωi(ε) φσ(Aσ(|σ|)))
∑

σ∈Ωi(ε) cs(1−α)
σ

< ∞;

(b) Fi’s satisfy the open set condition iff for some 1 ≤ i ≤ n

limε→0
ε−dmd(

⋃

σ∈Ωi(ε) φσ(Aσ(|σ|)))
CardΩi(ε)

> 0.
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