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2.1 ÄÄÄ���VVVggg

ùÜ©SN´éuo�ê±9Leibniz�ê�'��
VgÚ(J�£�, §�Ñ´IO

�, �ë� [3], [8], [10], [13]½ [15].

½½½ÂÂÂ2.1.1. ��Leibniz�êG´���5�m, þ¡½Â
��V�5N�:

[−,−] : G × G → G,

÷v Leibniz�ª:

[x, [y, z]] = [[x, y], z]− [[x, z], y], ∀ x, y, z ∈ G.

w,, éuLeibniz�ê,·�k [x, [y, y]] = 0±9 [x, [y, z]] + [x, [z, y]] = 0.

5: Nõ�ê�½ÂÑ�9�Leibniz�ª, ë� [2]�. o�ê´¦È÷v��Æ

�Leibniz�ê.

½½½ÂÂÂ2.1.2. ��Leibniz�êG�m"zf½Â�:

Zr(G) = {x ∈ G | [G, x] = 0}.

´�Zr(G)´Leibniz�êG�V>n�.

···KKK2.1.1. �G´��Leibniz�ê, KG¥d²��)¤�V>n�

I(G) := id〈[x, x]| x ∈ G〉,

�¹3Zr(G)�¥.

···KKK2.1.2. ([10])�G´Leibniz�ê, KG¥d²��)¤�n� I(G)d/X [x, x]���

�5Ü¤.

½½½ÂÂÂ2.1.3. ([15]) e��o�êL÷ve¡ü�^�:

1. L�¥%�", =C(L) = 0.

2. L�¤k��fÑ´S�f, =Der(L) = ad(L).

K¡o�êL���o�ê.

2.2 ������Leibniz���êêê���½½½ÂÂÂ

3~w [5]�a¬Æ Ø©¥, �Ñ��Leibniz�ê�½ÂXe:

eLeibniz�êG÷v^�:

Zr(G) = {x ∈ G | [G, x] = 0} = 0, Der G = ad G,

K¡G��� Leibniz�ê.



²*	uy, d«½Â�ª�3X"�: é?¿�Leibniz�êG, ?�x, y ∈ G, Ñ
k [y, [x, x]] = [[y, x], x] − [[y, x], x] = 0, = [x, x] ∈ Zr(G). eù�Leibniz�ê÷v½Â¥�

^�, Kk ∀ x ∈ G, [x, x] = 0, d�Leibniz�ê®²òz�o�ê��¹, =Ø�3�o�

��Leibniz�ê.

e¡, ·�|^n� I(G), �Ñ��Leibniz�ê���T��½Â:

½½½ÂÂÂ2.2.1. �G´��Leibniz�ê, I(G)´G�d²��)¤�n�. e

L(G) := G/I(G)

´����o�ê, K¡G��� Leibniz�ê.

2.3 ������Leibniz���êêê���ÄÄÄ���555���

�âþã½Â�{, ¤k���o�êÑ´��Leibniz�ê, l·��Ñ��

�Leibniz�ê�½Â���o�ê�½Â´�N�, ��Leibniz�ê�Vg´��o�ê

Vg��«í2.

e¡·��Ñ��Leibniz�ê�A��ê5�:

···KKK2.3.1. �"Leibniz�êØ´��Leibniz�ê.

y²: �G´�"Leibniz�ê, dG�"�±��G/I(G) = L(G)´�"o�ê. �"

��"o�ê¥%Ø�", ��3	�f(ë� [14]), �Ø´��o�ê, ÏdGØ´�
�Leibniz�ê.

···KKK2.3.2. �G´Leibniz�ê, �G/J´o�ê, Ù¥ J´G�n�, K J ⊇ I(G).

y²: duG/J ´o�ê, Ké?¿x ∈ G, �x ∈ G/J,k [x, x] = [x, x] = 0, = [x, x] ∈ J.
 I(G)d²��¤Ü¤, du J´G�n�, �k I(G) ⊆ J , ·K�y.

···KKK2.3.3. �G ´Leibniz�ê, I(G)´dÙ²��)¤�n�, Kéu?¿�x, y ∈ G,
[x, y] + [y, x] ∈ I(G).

y²: Ï�∀ x, y ∈ G, [x, x] ∈ I(G), [y, y] ∈ I(G), [x+ y, x+ y] ∈ I(G),¤± [x, y] + [y, x] =

[x+ y, x+ y]− [x, x]− [y, y] ∈ I(G), ·K�y.

ÚÚÚnnn2.3.1. Ø�3�����Leibniz�ê.

y²: Ï���Leibniz�ê´o�ê, ��o�êÑ´Abel�, ¥%�Ù��, =¥%Ø

�", �Ø�3�����Leibniz�ê.

·���, 3Ó��¿Âe�3������Abelo�êG′, �ÙÄ� e1, e2, K

k [e1, e2] = e2, [e2, e1] = −e2, Ù{)È�". dd��±e(Ø:

ÚÚÚnnn2.3.2. ([8]) ���Abelo�êG′´��o�ê.



Ún 2.3.2¥�o�ê3±��?Ø¥åX'���^, ±eéõ?ØÑ´±ù�o�ê

�~?1��5�{��ã. 3ØAO`²��¹e, ·�Ñ^G′5��ù���o�ê.

�âþãØä, ·��±��e¡A�íØ:

íííØØØ2.3.1. e I(G)3G¥�{�ê� 1, KGØ´��Leibniz�ê.

íííØØØ2.3.2. e I(G)3G¥�{�ê´ 2, �G/I(G)���, KG´��Leibniz�ê.

ÚÚÚnnn2.3.3. e I(G) = [G,G] 6= G, KGØ´��Leibniz�ê.

'u��Leibniz�ê�¥%, ·�k±e·K:

···KKK2.3.4. eG´��Leibniz�ê, KC(G) ⊆ I(G).

y²: éu ∀ x ∈ C(G), K [x,G] = [G, x] = 0. -x´x3Leibniz�êÓ�: G −→ G/I(G) =
L(G)e��, Kd [x,L(G)] = [L(G), x] = 0��x ∈ C(L(G)), �L(G)´��o�ê,

�C(L(G)) = 0, =x = 0. �x ∈ I(G), lC(G) ⊆ I(G).

þ¡�Ä�/�Ñ
��Leibniz�ê�½Â±9�'5�, �ù¿ØUL²�o��

�Leibniz�ê�3. ¢Sþ, �o���Leibniz�ê(¢�3, ·��±�Ñn��¹��

��~f:

~ �G´��± e1, e2, e3�Ä� 3�Leibniz�ê, §�¦{L�:

[e1, e1] = e3, [e1, e2] = e2, [e2, e1] = −e2.

KG��o���Leibniz�ê.

y²: Ï� [e1, e1] = e3, ¤±GØ´o�ê.

·�éG�Ä�yLeibniz�ª�y², þã¦{L(¢½Â
��Leibniz�ê. e¡

·��ydLeibniz�ê���5:

Ï� [e1, e1] = e3, ¤±Ce3 ⊆ I(G). Ce3w,´G�n�, �G/Ce3´o�ê, d·

K 2.3.2��Ce3 ⊇ I(G), Ïd I(G) = Ce3, =G/I(G) ∼= G′. dÚn 2.3.2��G′´��o
�ê, ¤±G´��Leibniz�ê.

��ÏL½Â?1�y��, kXe(Ø¤á:

½½½nnn2.3.1. eG´Leibniz�ê, G1, G2´G�V>n�,�G = G1 ⊕ G2, KG´��Leibniz

�ê�¿©7�^�´G1, G2Ñ´��Leibniz�ê.

dù�½n�eãíØ, ·��±�ÑNõ�o���Leibniz�ê�~f:

íííØØØ2.3.3. eG1´�o���Leibniz�ê, G2´��o�ê, KG = G1 ⊕ G2 (��n�
��Ú)´�o���Leibniz�ê.



�,, Leibniz�ê¥äk��5��´��Ü©, ·���±�Ñ����Leibniz�ê

�~f:

~ �G´��± e1, e2, e3�Ä� 3�Leibniz�ê, §�¦{L�:

[e1, e1] = e3, [e2, e1] = ke3, [e2, e2] = e3, k ∈ C\{0}.

KGØ´��Leibniz�ê.

y²: ´� I(G) = Ce3, lG/I(G)���Abelo�ê, ¤±§Ø´��o�ê, Ïd3ù

«�¹eGØ´��Leibniz�ê.

3 �u 4��o��Leibniz�ê�©a

ù�Ù·�òé�u 4��o���Leibniz�ê�Ñ��©a.

3.1 ����¹

���o�ê�Leibniz�ê�©a®�Loday)û, kXe(J:

ÚÚÚnnn3.1.1. ([13])�G��o�ê�Leibniz�ê, � dimG = 2, KG�kü«*dØÓ��
�¹:

1. [e1, e2] = e1;

2. [e2, e2] = e1.

Ù¥ e1, e2�G��|Ä, �Ä�þ�Ù{)Èþ� 0.

½½½nnn3.1.1. Ø�3ü��o�ê���Leibniz�ê.

y²: éuþãü«�¹, 0 6= I(G) ⊆ [G,G], �ö´���, ¤± dim I(G) = 1. díØ 2.3.1

�±��GØ´��Leibniz�ê.

3.2 n���¹

·�25wn����¹. öé¥3 [1]¥�Ñ
n�Leibniz�ê���©a, �k�

n«*dØÓ���¹. ·��â1 2Ù¤���·KÚ½n, $^é1 2Ù(�ü�~fa

q�?Ø�{, éù�n«�¹?1���y, �±��Xe½n:

½½½nnn3.2.1. �G���n��o�ê���Leibniz�ê, KG�kn«ØÓ���¹:

1. [e1, e1] = e3, [e1, e2] = e2, [e2, e1] = −e2.

2. [e1, e2] = e2, [e2, e1] = −e2, [e3, e1] = ke3, k ∈ C\{0}.

3. [e1, e2] = e2, [e2, e1] = −e2, [e2, e2] = e3, [e3, e1] = −2e3.



Ù¥ e1, e2, e3�G��|Ä, �Ä�þ�Ù{)Èþ� 0.

duØo��"�¹	8cvk�u�uo�Leibniz�ê���©a, d·K 2.3.1

���"Leibniz�êÑØ��, ¤±·�ØUUYæ^�y��{5�Ñ��Leibniz�ê

�©a. �©e¡¤�)û��Ì�¯KÒ´�E5/�Ñ��Leibniz�ê.

4 Ü©$���Leibniz�ê��E

4.1 $���o�ê�©a

î8��, ��o�ê�©a¯K¿vk����)û, �´3Á�)Ú��¬�©Ù

p, �Ñ
$���o�ê�©a. e¡·��r��©�'�(J�ÞÑ5.

···KKK4.1.1. ([8]) ����o�ê��3�«�¹, =G′. n���o�ê��3�«�¹,

= sl(2). o���o�ê��3�«�¹, =G′ ⊕ G′.

4.2 �un����Leibniz�ê

4.2.1 ���¹

Äk, én��o�ê���Leibniz�ê?1ïÄ�±uy±e5�¤á:

···KKK4.2.1. eG´n��o�ê���Leibniz�ê, KG/I(G) ∼= G′. ldim I(G) = 1.

y²: Ï�GØ´o�ê, �dim I(G) > 1. $un����o�ê�kG′ù�«�¹, ¤

±G/I(G) ∼= G′. ·K�y.

lù�(J�±wÑ, ·�½N�±l��Leibniz�ê�û�êXÃ, �Ñ�A���

o�ê�(�, 2òÙJ,��5���Leibniz�ê, l���A���Leibniz�ê(

�. dd, ·��±��Xe(J:

½½½nnn4.2.1. �G´o��o�ê���Leibniz�ê, KG/I(G) ∼= G′, d� dim I(G) = 2; ½

öG/I(G) ∼= sl(2), d�dim I(G) = 1.

½½½nnn4.2.2. �G´Ê��o�ê���Leibniz�ê, KG/I(G) ∼= G′, d� dim I(G) = 3; ½

öG/I(G) ∼= sl(2), d�dim I(G) = 2; ½öG/I(G) ∼= G′ ⊕ G′, d� dim I(G) = 1.

4.2.2 dim I(G) = 1���¹

·�e¡ïÄ��Leibniz�ê��E. 3d�c, 5¿�±e¯¢:

�G´��Leibniz�ê, G/I(G) = L(G)´Ù�A�o�ê. l�5�m��Ý, G�
w¤L(G)� I(G)��Ú, =G = L(G) ⊕ I(G). 3d*:e, � e1, · · · , em´L(G)��|Ä,

f1, · · · , fn´ I(G)��|Ä.� e1, · · · , em3;�S� ι : L(G)→ Ge��EP� e1, · · · , em,

K e1, · · · , em, f1, · · · , fn�¤
G��|Ä. Ïd·�e¡3�E��Leibniz�ê�L§¥,

�òL(G)¥���i\�G¥lòÙw�G���.



Äk�Ä dim I(G) = 1���/. d«�¹e·�kXe·K:

···KKK4.2.2. �G´��Leibniz�ê, � I(G) = Ce, = I(G)´G���n�, [, ]´G¥�)
È, [, ]′´G�A���o�êG/I(G) ∼= L(G)¥�)È. e�3�5¼ê f : L(G) −→ CÚ
V�5¼êϕ : L(G)× L(G) −→ C÷v±e^�:

1. [x, y] = [x, y]′ + ϕ(x, y) e;

2. [e, x] = f(x) e,

é∀ x, y ∈ L(G)þ¤á(Ï�L(G)Ó�/i\�
G, ¤±3�ª�>, x, y��w�G¥�
��, [x, y]�G ¥�¦{). K±þ½Â� fÚϕA÷v±e^�:

(1)ϕ(x, [y, z]′) = ϕ([x, y]′, z)− ϕ([x, z]′, y) + ϕ(x, y)f(z)− ϕ(x, z)f(y);
(2)f([x, y]′) = 0. ∀ x, y, z ∈ L(G).

y²: Ï�Leibniz�ê�(�dLeibniz�ª��(½, ��éÙ^Leibniz�ªÅ��y=

�.

Äk, ·�?Øn���Ñ3L(G)¥��¹: é ∀ x, y, z ∈ L(G), dLeibniz�ª,

[x, [y, z]] = [x, [y, z]′ + ϕ(y, z)e] = [x, [y, z]′]′ + ϕ(x, [y, z]′)e,

 [[x, y], z]−[[x, z], y] = [[x, y]′+ϕ(x, y)e, z]−([[x, z]′+ϕ(x, z)e, y]) = [[x, y]′, z]′+ϕ([x, y]′, z)e+

ϕ(x, y)f(z)e − ([[x, z]′, y]′ + ϕ([x, z]′, y)e + ϕ(x, z)f(y)e). x, y, z��o�êL¥���
k [x, [y, z]′]′ = [[x, y]′, z]′ − [[x, z]′, y]′, l�� (1)ª.

Ùg,du [e, [x, y]] = [e, [x, y]′+ϕ(x, y)e] = f([x, y]′)e, [[e, x], y]−[[e, y], x] = [f(x)e, y]−
[f(y)e, x] = f(x)f(y)e− f(y)f(x)e = 0. Ï�üª��, �±�� (2)ª. �d½n�y.

3ùpI��Ñ, éG�Ä���yÙ{�Leibniz�ª, �±uyÙ{�Leibniz�ª

Ñ´²��, ,�2|^�55�=���^� (1), (2)´G�¤ Leibniz�ê�¿�^�.

½½½nnn4.2.3. �L´o�ê, [, ]′´Ù)È, � I = Ce,�E�þ�mG = L ⊕ Ce. e�3
�5¼ê: f : L −→ CÚV�5¼êϕ : L × L −→ C, Ù¥ f �ϕØ��", �÷

v·K 4.2.2�^� (1) Ú (2), K ∀ z = x + ke, z′ = y + le, Ù¥x, y ∈ L, k, l ∈ C, ½
Â [z, z′] = [x, y]′ + (ϕ(x, y) + kf(y))e, @oG´Leibniz�ê. �L´��o�ê, �G¥d
²��)¤�n��¹ e�, G´��Leibniz�ê, ¿�dim I(G) = 1.

dd·��±wÑ, éu dim I(G) = 1��¹, ���â½n 4.2.3��{�ELeibniz�

êG, ,��â·K 4.2.2¥�^� (1)Ú(2)�Ñ�§, Ød���yd²��)¤�n�(

¢�Ce, K�±�Ñ�A���Leibniz�ê.

þ¡�´é���¹�©Û, �û�ê��üo�ê�, ´Äk�r�(J? e¡·�é

d?1?Ø:

Äk5¿�, Ï�k���üo�êÑ´��o�ê, Kd (2)ª��: eL(G)´�üo
�ê, K [L(G),L(G)] = L(G), �éL(G)¥?¿���x, Ñk f(x) = 0. ù�·K 4.2.2¥�

^� (1),(2)�±{z�:



½½½nnn4.2.4. eG´����Leibniz�ê, I(G)´G¥d²��)¤���n�,�G/I(G) =
L(G)´�üo�ê, ϕ, f X·K 4.2.2¤½Â, K§7L÷vϕ(x, [y, z]′) = ϕ([x, y]′, z) −
ϕ([x, z]′, y), ϕ 6= 0, f = 0 (Ù¥x, y, z ∈ L(G)).

Xdq��±����a�o���Leibniz�ê. �´, ·�ïÄuy, ù«�¹Ù¢

¿Ø�3:

½½½nnn4.2.5. Ø�3ù����Leibniz�êG, ¦� I(G)´G¥d²��)¤���n�,

�G/I(G) = L(G)´���üo�ê.

y²: � e1, e2, . . . , en´L(G)��|Ä, 2V\�þ eKÜ¤�mG. dc¡?Ø��∀ z ∈
L(G), f(z) = 0. � z = k1e1 + k2e2 + · · ·+ knen + ke ∈ G, K

[z, z] = [k1e1 + k2e2 + · · ·+ knen + ke, k1e1 + k2e2 + · · ·+ knen + ke]

=
n∑

i=1

k2i [ei, ei] +
∑

1≤i<j≤n
kikj([ei, ej ] + [ej , ei])

=
n∑

i=1

k2iϕ(ei, ei)e+
∑

1≤i<j≤n
kikj(ϕ(ei, ej) + ϕ(ej , ei))e.

ey�é?¿ i, jþkϕ(ei, ei) = 0, ϕ(ei, ej) + ϕ(ej , ei) = 0, d� I(G) = 0, K�)g

ñ, ½n�y. �âE�üo�ê¥���m©)nØ, ·��Cartanf�êÚ��m�¤

�L(G)��|Ä, �±éN´/y²ù�(Ø.

ù�½né��a��Leibniz�ê��E�{�Ñ
Ä½��Y. Ï� sl(2)´üo�

ê, 3ïÄo���Leibniz�ê�©a�, |^þã½n���íØ:

íííØØØ4.2.1. Ø�3o��o�ê���Leibniz�êG, ¦�G/I(G) ∼= sl(2).

·�e¡ïÄ dim I(G) = 1 �,�«'�{ü��¹, =: G ´Ê��o�ê��
�Leibniz�ê, �G/I(G) ∼= G′ ⊕ G′, dim I(G) = 1���¹.

���o�êG/I(G) = L(G) ∼= G′ ⊕ G′ ��|Ä� e1, e2, e3, e4,Ù¥)È$�÷v:

[e1, e2]
′ = e2, [e2, e1]

′ = −e2, [e3, e4]′ = e4, [e4, e3]
′ = −e4,

Ù{Ä�m�)Èþ�". 2V\ I(G)¥�Ä�� e, K§��¤
��Leibniz�êG��
|Ä. kb��|��Cþ:

ϕ(ei, ei) = aij (i, j = 1, 2, 3, 4), f(ei) = bi (i = 1, 2, 3, 4).

e¡·�Ò^·K 4.2.2¥�^� (1)Ú (2)5í� aij , bj¤A÷v�'Xª.

Äk, ké fA÷v�'Xª?1?Ø:

Ï� f([x, y]′) = 0 (∀ x, y ∈ L(G)), ¤± f(e2) = f([e1, e2]
′) = 0, f(e4) = f([e3, e4]

′) = 0,

= b2 = b4 = 0.

e¡�â^� (1), 2?ØϕA÷v�'Xª:

ex = e1, y = e1, z = e2 : �ª�>�ϕ(e1, [e1, e2]
′) = ϕ(e1, e2) = a12, �ªm>

�ϕ([e1, e1]
′, e2) − ϕ([e1, e2]′, e1) + ϕ(e1, e1)f(e2) − ϕ(e1, e2)f(e1) = −a21 − a12b1, = a12 =

−a21 − a12b1.



éÙ¦�¹?1aqO�, 2òõ{�ªí�, K�����§|:

a12(b1 + 1) + a21 = a11b3 − a13b1 = a14b1 = a23 + a12b3 = a24 = 0,

a14(b3 + 1) = a22(2 + b1) = a21b3 − a23(1 + b1) = a22b3 = 0,

a34(1 + b3) + a43 = a31b3 − a33b1 = a32b3 = a34b1 + a41 = 0,

a42 = a32(1 + b1) = a44(2 + b3) = a41(1 + b3)− a43b1 = a44b1 = 0.

(4.1)

��5¿�´, =÷vù��§|¿ØU�yG ���5, Ï�ù
�§¿ØU�

y I(G)´���, =²��U)¤Ce, ¤±�é��Leibniz�ê�(�?1��\[��

?Ø.

éuLeibniz�ê�Ó�N�, kXe'�w,�(Ø:

ÚÚÚnnn4.2.1. �ψ : G1 −→ G2 ´Leibniz �ê�Ó�, K: ψ(I(G1)) = I(G2), ψ(G(k)1 ) =

G(k)2 , ψ(C(G1)) = C(G2), Ù¥C(G1), C(G2)©O´G1,G2�¥%.

e¡�â¤��§|éLeibniz�ê�¦{L?1z{�n. Ï�z{L§aq,·��

éÙ¥�«�¹?1�[`²µ

e b1 6= 0,−1,−2, b3 6= 0,−1, −2, K a12(1 + b1) + a21 = 0, a14 = a24 = a22 = a32 =

a42 = a44 = 0, a11b3 − a13b1 = 0, a23 + a12b3 = 0, −a21b3 − a23(1 + b1) = 0, a31b3 =

a33b1, a34b1 + a41 = 0 a34(1 + b3) + a43 = 0, a41(1 + b3) = a43b1.

d�¦{L�:

[e1, e1] = a11e, [e1, e2] = e2+a12e, [e1, e3] = a11
b3
b1
e, [e2, e1] = −e2−a12(1+b1)e, [e2, e3] =

−a12b3e, [e3, e1] = a31e, [e3, e3] = a31
b3
b1
e, [e3, e4] = e4 + a34e, [e4, e1] = −a34b1e, [e4, e3] =

−e4 − a34(1 + b3)e, [e, e1] = b1e, [e, e3] = b3e.

Äk, � e′2 = e2 + a12e, e
′
3 = e3 − a31

b1
e, e′4 = e4 + a34e, K e1, e

′
2, e

′
3, e

′
4, eE,�¤G

��|Ä, d�¦{LC�:

[e1, e1] = a11e, [e1, e
′
2] = [e1, e2 + a12e] = e2 + a12e = e′2, [e1, e

′
3] = a11

b3
b1
e, [e1, e

′
4] =

[e1, e4 + a34e] = 0, [e1, e] = 0, [e′2, e1] = [e2 + a12e, e1] = −e2 − a12(1 + b1)e + a12b1e =

−e2 − a12e = −e′2, [e′2, e′2] = [e2 + a12e, e2 + a12e] = 0, [e′2, e
′
3] = [e2 + a12e, e3 − a31

b1
e] =

−a12b3e+a12b3e = 0, [e′2, e
′
4] = [e2+a12e, e4+a34e] = 0, [e′2, e] = 0, [e′3, e1] = [e3− a31

b1
e, e1] =

a31e − a31

b1
b1e = 0, [e′3, e

′
2] = [e3 − a31

b1
e, e2 + a12e] = 0, [e′3, e

′
3] = [e3 − a31

b1
e, e3 − a31

b1
e] =

[e3, e3] − [a31

b1
e, e3] = a31

b3
b1
e − b3

b1
a31e = 0, [e′3, e

′
4] = [e3 − a31

b1
e, e4 + a34e] = [e3, e4] =

e4 + a34e = e′4, [e′3, e] = 0, [e′4, e1] = [e4 + a34e, e1] = −a34b1e + a34b1e = 0, [e′4, e
′
2] =

[e4 + a34e, e2 + a12e] = 0, [e′4, e
′
3] = [e4 + a34e, e3 − a31

b1
e] = −e4 − a34(1 + b3)e + a34b3e =

−e4 − a34e = −e′4, [e′4, e′4] = [e4 + a34e, e4 + a34e] = 0, [e′4, e] = 0, [e, e1] = b1e, [e, e
′
2] =

0, [e, e′3] = b3e, [e, e
′
4] = 0, [e, e] = 0.

òN���Ä e1, e
′
2, e
′
3, e
′
4, eEP� e1, e2, e3, e4, e, K:

[e1, e1] = a11e, [e1, e2] = e2, [e1, e3] = a11
b3
b1
e, [e2, e1] = −e2, [e3, e4] = e4, [e4, e3] =

−e4, [e, e1] = b1e, [e, e3] = b3e.



e a11 = 0, Kd|ÄØ�CÄ; e a11 6= 0, K± a11e�� e, d�¦{LC�:

[e1, e1] = ae, [e1, e2] = e2, [e1, e3] = a b3
b1
e, [e2, e1] = −e2, [e3, e4] = e4, [e4, e3] =

−e4, [e, e1] = b1e, [e, e3] = b3e, Ù¥ a = 0½ö 1, b1, b3 6= 0,−1,−2.
éÙ§�¹?1aq�nz{, ¿ò²��ØU)¤Ce��¹í�, ,�òÓ���¹

?1Ü¿, ·��±��Xe½n:

½½½nnn4.2.6. �G´Ê��o�ê���Leibniz�ê, ¿�÷vG/I(G) ∼= G′ ⊕ G′. K3Ó�
�¿Âe, �3Xe¡8«p�ØÓ���¹:

(1) [e1, e1] = e, [e1, e2] = e2, [e2, e1] = −e2, [e3, e4] = e4, [e4, e3] = −e4, [e3, e3] =

ae, [e1, e3] = a13e, [e3, e1] = a31e, Ù¥ a, a13, a31�?¿Eê.

(2) [e1, e2] = e2, [e2, e1] = −e2, [e3, e4] = e4, [e4, e3] = −e4, [e1, e3] = e, [e3, e1] = ae, Ù

¥ a 6= −1.
(3) [e1, e2] = e2, [e2, e1] = −e2, [e3, e2] = e, [e3, e4] = e4, [e4, e3] = −e4, [e, e1] = −e.
(4) [e1, e2] = e2, [e2, e1] = −e2, [e2, e2] = e, [e3, e4] = e4, [e4, e3] = −e4, [e, e1] = −2e.
(5) [e1, e1] = e, [e1, e2] = e2 , [e2, e1] = −e2, [e3, e4] = e4, [e4, e3] = −e4, [e, e1] = b1e,

Ù¥ b1 6= 0.

(6) [e1, e2] = e2, [e2, e1] = −e2, [e3, e4] = e4, [e4, e3] = −e4, [e, e1] = b1e, [e, e3] = b3e,

Ù¥ b1, b3 6= 0.

±þþb� e1, e2, e3, e4, e�G��|Ä, �Ä�þ�Ù{)È� 0.

y²: dþ¡�?Ø��, 3Ó��¿Âe, ¤k�¹þ�8B�þã8�a. ·�±1o�

18«�¹�~y²ù8�a*dØÓ�:

�ψ : G1 −→ G2´ (4)� (6)�m�Ó�, b� [, ]1´ (4)�¦È, [, ]2´ (6)�¦È,

e1, e2, e3, e4, e´ (4)�Ä��, e′1, e
′
2, e
′
3, e
′
4, e
′´ (6)�Ä��. 5¿� I(G1) = Ce, I(G2) =

Ce′, [G2,G2]2 = Ce′2+Ce′4+Ce′,dÚn 4.2.1,�b�: ψ(e1) = b11e
′
1+b12e

′
2+b13e

′
3+b14e

′
4+

b15e
′, ψ(e2) = b22e

′
2 + b24e

′
4 + b25e

′, ψ(e3) = b31e
′
1 + b32e

′
2 + b33e

′
3 + b34e

′
4 + b35e

′, ψ(e4) =

b42e
′
2 + b44e

′
4 + b45e

′, ψ(e) = b55e
′, Ù¥ b55 6= 0. d (4)¥�¦{�±��: ψ([e2, e2]1) =

ψ(e) = b55e
′ 6= 0, d (6)¥�¦{�±��: [ψ(e2), ψ(e2)]2 = [b22e

′
2 + b24e

′
4 + b25e

′, b22e
′
2 +

b24e
′
4 + b25e

′]2 = 0, �ψ([e2, e2]1) 6= [ψ(e2), ψ(e2)]2. l�Ñgñ.

Ù§�¹aq�y, �d��½n�y.

4.2.3 dim I(G) = 2���¹

e¡é dim I(G) = 2���¹?1?Ø. Äké���/?1ïÄ: �G´��Leibniz

�ê,� I(G) = Ce3⊕Ce4,= I(G)´dG¥²��)¤���Abeln�.3�E��Leibniz

�ê�L§¥, � 4.2.2!æ�Ó��?Ø, �ò��o�êL(G)¥���i\�Glw�
�G���. dd·���Xe·K:

···KKK4.2.3. �G´Leibniz�ê, � I(G) = Ce3 ⊕ Ce4, = I(G)´dG¥²��)¤���
n�, [, ]´G¥�)È, [, ]′´G�A�o�êG/I(G) ∼= L(G)¥�)È, e�3o��5¼



ê: f11, f12, f21, f22 : L(G) −→ CÚü�V�5¼êϕ1, ϕ2, : L(G)×L(G) −→ C÷v±e
^�:

1. [x, y] = [x, y]′ + ϕ1(x, y) e3 + ϕ2(x, y) e4;

2. [e3, x] = f11(x) e3 + f12(x) e4;

3. [e4, x] = f21(x) e3 + f22(x) e4;

é ∀ x, y ∈ L(G)þ¤á (Ï�L(G)Ó�/i\�
G, ¤±�ª�>x, y�w�G¥���).

K±þ½Â� fij (Ù¥ i, j = 1, 2)ÚϕA÷v±e^�:

(1) ϕ1(x, [y, z]
′) = ϕ1([x, y]

′, z)−ϕ1([x, z]
′, y)+ϕ1(x, y)f11(z)+ϕ2(x, y)f21(z)−ϕ1(x, z)

f11(y)− ϕ2(x, z)f21(y);

(2) ϕ2(x, [y, z]
′) = ϕ2([x, y]

′, z)−ϕ2([x, z]
′, y)+ϕ1(x, y)f12(z)+ϕ2(x, y)f22(z)−ϕ1(x, z)

f12(y)− ϕ2(x, z)f22(y);

(3) f11([x, y]
′) = f12(x)f21(y)− f12(y)f21(x);

(4) f22([x, y]
′) = −f11([x, y]′);

(5) f12([x, y]
′) = f11(x)f12(y)− f11(y)f12(x) + f12(x)f22(y)− f12(y)f22(x);

(6) f21([x, y]
′) = −f11(x)f21(y) + f21(x)f11(y)− f21(x)f22(y) + f22(x)f21(y);

é?¿ ∀ x, y, z ∈ L(G)þ¤á.

$^ 4.2.2!dim I(G) = 1�aq�ïÄ�{, éLeibniz�ª?1�y=���(Ø.

3ùpI��Ñ, éG�Ä���yÙ{�Leibniz�ª, �±uyÙ{�Leibniz�ª

Ñ´²��, ,�2|^�55�=���^� (1)—(6)´G�¤Leibniz�ê�¿�^�.

½½½nnn4.2.7. �L´o�ê, [, ]′´Ù)È,� I = Ce3⊕Ce4,�E�þ�m G = L⊕Ce3⊕Ce4.
e�3�5¼ê: fij : L −→ CÚV�5¼êϕi : L × L −→ C, Ù¥ i, j = 1, 2, fij � ϕi

Ø��", �÷v·K 4.2.4�^� (1)—(6), K∀ z = x + k3e3 + k4e4, z
′ = y + l3e3 + l4e4,

Ù¥x, y ∈ L, k3, k4, l3, l4 ∈ C, ½Â [z, z′] = [x, y]′ + (ϕ1(x, y) + k3f11(y) + k4f21(y))e3 +

(ϕ2(x, y) + k3f12(y) + k4f22(y))e4, @oG´Leibniz�ê. �L´��o�ê, �G¥d²�
�)¤�n��¹ e3, e4�, G´��Leibniz�ê, ¿�dim I(G) = 2.

·�e¡ïÄ�«AÏ��¹: �G´o��o�ê���Leibniz�ê, G/I(G) ∼= G′,
Ù¥ dim I(G) = 2. aqu·�c¡é���¹�?Ø, �±�Xeb�:

� e1, e2´G′��|Ä, ¦{L´ [e1, e2]
′ = e2, [e2, e1]

′ = −e2, �r e1, e2Ó�/i\

�G¥. 2� e3, e4´ I(G)��|Ä, K e1, e2, e3, e4�¤
G��|Ä. ·��±b½�|�

�þ, 2�â·K 4.2.3¥�8�^��Ñù|��þ¤A÷v�'Xª, ���dLeibniz�

ª¤�)Ñ5��§. |^�§|¥��þ'Xªò¦{L?1z{�n, ·��±��X

e½n:



½½½nnn4.2.8. eG´o��o�ê���Leibniz�ê, K7kG/I(G) ∼= G′, �3Ó��¿Â
e, �3Xe���«*dØÓ���¹:

(1) [e1, e2] = e2, [e2, e1] = −e2, [e3, e1] = b11e3, [e4, e1] = b22e4,Ù¥ b11 6= 0, b22 6= 0.

(2) [e1, e1] = e4, [e1, e2] = e2, [e2, e1] = −e2, [e3, e1] = b11e3,Ù¥ b11 6= 0.

(3) [e1, e2] = e2, [e2, e1] = −e2, [e2, e2] = e3, [e3, e1] = −2e3, [e4, e1] = b22e4, Ù¥

b22 6= 0.

(4) [e1, e1] = e4, [e1, e2] = e2, [e2, e1] = −e2, [e2, e2] = e3, [e3, e1] = −2e3.
(5) [e1, e1] = e4, [e1, e2] = e2, [e2, e1] = −e2 + e3, [e3, e1] = −e3, [e4, e2] = e3.

(6) [e1, e1] = e3, [e1, e2] = e2, [e2, e1] = −e2, [e4, e1] = e4, [e4, e2] = e3.

(7) [e1, e2] = e2, [e2, e1] = −e2, [e3, e1] = b11e3, [e4, e1] = (1 + b11)e4, [e4, e2] = e3, Ù

¥ b11 6= −1.
(8) [e1, e2] = e2, [e2, e1] = −e2, [e2, e2] = e3, [e3, e1] = −2e3, [e4, e1] = −e4, [e4, e2] = e3.

(9) [e1, e2] = e2, [e2, e1] = −e2, [e2, e2] = e4, [e3, e1] = −3e3, [e4, e1] = −2e4, [e4, e2] =
e3.

(10) [e1, e2] = e2, [e2, e1] = −e2, [e2, e2] = e3, [e3, e1] = −2e3, [e4, e1] = e3 − 2e4.

(11) [e1, e1] = e4, [e1, e2] = e2, [e2, e1] = −e2, [e4, e1] = e3.

(12) [e1, e2] = e2, [e2, e1] = −e2, [e3, e1] = b11e3, [e4, e1] = e3 + b11e4, Ù¥ b11 6= 0.

±þþb� e1, e2, e3, e4�G��|Ä, �Ä�þ�Ù{)È� 0.

y²: d½n 4.2.1��o���Leibniz�ê�3Xü«�U��¹, 2díØ 4.2.1�

�G/I(G) ∼= G′. �âí�Ñ�¦{LXê¤A÷v�'Xª, é÷v^��Leibniz�ê$

^aqu 4.2.2!��{?1©a¿8B�n�±��, 3Ó��¿Âe, ¤k�/Ñ�±8

B�þã��«*dØÓ���¹, �3z«�¹e¦{L¤éA�Leibniz�ê�²��

(¢U)¤��n� I(G), =���Leibniz�ê´���, �d½n�y.
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PROPERTIES OF COMPLETE LEIBNIZ ALGEBRAS AND THEIR

CLASSIFICATION OF LOW DIMENSIONS

ZENG Yang1, LIN Lei1

(1.Dept. of Math., East China Normal University, Shanghai 200241, China)

Abstract: In this paper we study the properties of complete Leibniz algebras and their

classification of low dimensions. By using the two-sided ideals which are generated by square

elements, we obtain complete classification of complete Leibniz algebras of dimension less than

five. We also obtain the classification of one special case of five dimensional complete Leibniz

algebras. All these results develop the construction theory of Leibniz algebras.
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