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Abstract 

In【1】1 Shen Guangyu constructed several classes of new simple Lie algebras of characteristic 
2，which are called the variations of G2．In this paper，the authors investigate their derivation 

algebras． It is shown that G2 and its variations  all possess unique nondegenerate associative  

forms．The authors alsofind some nonsingular derivations ofKGfori=3，4，5，6，andthereby 

cons truct 8ome left-sym m etric struct ures on G for i = 3，4，5，6． Some errors about the 

variations of 5【(3，F)in【1】1 are corrected． 
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§1．Introduction 

W e know that over an algebraically closed field of characteristic P> 7，there ar e two types 

of finite·dimensional simple Lie algebras--classical and Cartan  typ es． 场 凹 the char acter- 

istic is small，especially,when characteristic is 2，the sim ple Lie algebras are more di~cult to 

clas sify because in this case many classical results are no more true．Recently,various  new 

classes of simple Lie algebras of charac teristic 2 are obtained，for instan ces，Kaplansky’S four  

classes of new Lie algebras in【5】，Lin Lei’S simple Lie algebras K(2r+1，n)and P(m，n)in 

【5】，etc．By imbedding G2 into Cartan type Lie algebra (5)，Shen Guangyu constructed 

several classes of new simple Lie algebras of characteristic 2 in【1】，which are called the 
variations of G2．In this paper，we investigate their properties．Throughout this paper F 

denotes an  algebraically closed field of charac teristic 2，an d the Lie algebras considered are 

all finite-dimeusiona1．The notations are the sa~ne as in【1】． 

It is known that the Caftan type Lie algebra K(5)consists of the elements 
2 

D(f)：= ：((D2+i，)D‘一((D‘一z,+2Ds)f)D2+i) 
‘= 1 

f∈ (5)， 
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where 2【(5)is the algebra of divided power polynomiMs of 5 variables．To abbreviate the 

notations，in the foHowing we shall write D(f)simply as f，and we have(cf．[1】) 
2 2 

If,g]=(Ds，)(9一∑(Dz+t9) z+t)-(Ds9)(，一∑(Dz“，) z+t)． 
2 

江 (1．1) 
、 一 一 ， 

+∑(( ，)( +29)一(Dig)(Di+2，))， ，，g∈ (5)． 
‘： 1 

Now we introduce the G2 and its variations ． 

Let L = G2 or G for i= 3，4，5，6，7 with gradation L = 

L一1=(Xl，x2，x3， 4)，L0= (hi，h2，el，e2)(ore3，e4)，L1= 
satisfying 

2 

0 Li，where L一2=(1)， 
i= 一2 

(̂ ，，2，，3，，4)，L2= (，5) 

[̂，，J】=如，，5， t，歹=1，2，3，4， 

where J =歹+2 O=1，2)or J一2(J=3，4)． 
In L = V4G． ． 

h1 XlX3+ X2X4， h2 XlX3+ 5， 

e1= Xl 4+ a2 + 口3 )
， 

e2 = x2 3， 

^ =a2 -4-a3 2 )-4-Xl 2 4-4-X1 

，2=XlX2X3+X2X5， ，3=X3X5， 

，4=a2 3-4-a3 )-4-x4 

，5=a2 ) 3-4-a3 2 )-4-Xl 3 5-4-x2 4 

where a2，a3≠0．Let V4G=V4G(a2，a3)．Then G=V4G(a，0)，G2=V4G(O，0)，where 
a≠ 0．W e only introduce V4G in detail． 

By(1．1)，we have 

[1，h2】=1； [1，̂】=xi and[xi，，5】=^， i=1，2，3，4； 

[1，，5】=hi； [xi， 】=如，1， [el，ti】=ai，ti，， i=1，4； 

[el，tj】=ti and [ei，tl，】=tj，， 1 i≠歹 2， [el，e2】=hi， 

where ti is one of xi and^ (denote that by tl= ，五as foUows)． 

H=(hi，h2)is a Cartan subalgebra ofV4G．【hi，ti】=ti，i=1，2，3，4，t= ，，；[h2， 】= 

xi，i=2，3；[h2，̂】=^，i=1，4，5；[h2，ei】=ei，i=1，2． 

[xi，̂，】=h2(i=1，4)or hi+h2(i=2，3)；[ ，，5一i】=el(i=1，4)or e2(i=2，3)； 

[ ，̂】=ai，e2，i=1，4． 
Theorem 1．1．【 】 e Lie algebras V3G and V4G 口他 simple and nonrestricted．dim G= 

14，i= 3，4． 

By direct computation，we have 

Theorem 1．2．Let L= V3G or V4G， ∈EndL，such as 1 b-}，5，，5 b-}1， b-}̂ ，五 b-} 

xi，i=1，2，3，4，ei b-}ei，i= 1，2，hi b-}hi，h2 b-}hi+h2．Then is an automorphism of 

th = idL． 

About V5G，VBG，V7G，we have 
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Theorem 1．3．【 】The Lie a~ebras G，i=5，6，7，ar~nonrestricted simple Lie algebras 

dim V5G = 15，dim V6G = 14，dim V7G = 16． 

§2．The Derivation Algebras of V4G and G 

It is a classical result of Lie algebra theory that the derivations of a Lie algebra with 

nonsingular Killing form are inner． The theorem of Cartan then shows that nonmodular 

semisimple Lie algebras do not have outer deriva tions．In this section，we shall determine 

the deriva tion algebras of some of the va riations of G2，and thereby illustrate once more 

that sim ple modular Lie algebras m ay possess outer deriva tions． 

2．1．The Derivation Algebra of V4G 

W e know that the derivation algebra of the Z-graded Lie algebra is Z-graded．Let L = 

G， = DerFL．Then 

2 

L=0 厶， =0 i， 
i= -2 iEZ 

where i={D ∈ l DLj C i+j， ∈z】．．The automorphism of L induces an 

automorphism ：D ÷ D 一 of ，and 一i ( i)． 

Lemma 2．1． = 0 i． 

Proo~ By the above discussion，we only need to prove that i= 0，Vi 3．Clear ly, 

L= 日 i implies that i=0 for i>4．Let D∈：D4．By L一2=【L一1，L—l】，we obtain 

DL一2 = 0．an d D = 0． So ：D4 = 0． Let D ∈ ：D3． Then DL一1 C L2． Suppose that 

D(zi)=ki，5，ki∈ i=1，2，3，4，then 

D(1)=D([zl，x3])=D( 2，x4]) for 1= l，x3】=【x2，x4]． 

Then kl，3+k3̂ = k2，4+k4，2，and ki=0，i=1，2，3，4．So DL一1=0 and DL一2=0， 

which implies that D = 0．It foUows that：D3= 0． 

Lemma 2．2．：D2=adL2 0(adL(X~X3XS)，adL~)，where 

=a2 5+a3z~)z5+Xl 4 5+a2 l 3+a3 l ． 

Proof．It is clear that ad(z2z3zs)L C L， C L．So they are derivations of L，and 
belong to：D2．Since 

ad(X2X3Xs)(1)=e2， ad (1)=el， ad，5(1)=hi， 

ad(x~x3xs)，ad and ad，5 are linearly independent． So，we only need to prove that if 

D∈：D2，D(1)=kh2，then D=0．Clearly,D(h2)∈(，5)．Since 1=【1，̂2】，【1，，5】=hi，we 
have 

kh2=D(1)= (1)，h2】+【1，D(h2)】∈(hi)． 

So k=0，which means D(1)=0．Since xi=【1，̂】，i=1，2，3，4，we have D(zi)=0．So 

DL一1=0．But Lo=【L一1，LI]，hence DLo=0．That is D=0． 
Lem m a 2．3． 1= ad L1． 

Its proof is similar to the proof of Lemma 2．4 in【3】． 

Lemma 2．4．：Do=ad 0(adL(XlX2)，adL(X3X4))． 
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Proof．It is clear that ad(ZlZ2)，DXi(X3X4)are derivations of L．Moreover 

ad(zlz2)L~2=0． ad(z3z4)L~2=0． 

Let D∈90 and D(1)= ·1．Replacing D by D—ad(kh2)，we have 

4 

D(z2)=∑ 
i---- 1 

D(1)=0 

kizi， D =D—ad(kle1)一ad(k2h1)一~Ki(k3x3x4)， 

then D x2)=k4X4 and D (1)=0．Writing D again as D，we may suppose D(1)=0 and 

D(z2)=k4X4．Next，we shall prove that 

D∈ ：=adL0 0(ad(xix2)，ad(x3x4)) 

By[1，el】=[1，e2】=[1，hi】=0，[1，h2】=1，we have[1，DLo】=0 and DLo C(el，e2，hi)． 
Let 

D(ei)=kilel+ki2e2+ki3hl； 

D(hi)=ki+2，iei+klq-2，2e2+ki+2，3hl， i=1，2． 

As 0=[X2，e2】=[D(z2)，e2】+[X2，D(e2)】=k4X3+k2izi+k23z2，we obtain k4=k21= 

k23=0 and D(z21=0． 

As【1，，5】=hi，SO D(h1)=k33h1．But 

X2=[X2，hi]，D(z2)= ( 2)，hi】+[X2，D(h1)】=kzzz2=0， 

SO k33=0．Hence，D(h1)=0 and D(／5)=0．By calculation，we have 

D=a3 ki2ad(xix2)+ki3~]．e2∈ ． 

Hence 90= ． 

By these lemm as ，we have 

Theorem 2．1．DerFL=adL 0(adL( 2 3 5)，adL ，~KiL(XlX2)，adL( 3 4)，Pl，p2)，where 

= a2Z
(
2
2)Z5+ a3 ) 5+ Xl 4 5+ a2 1 ) 3+ a3 1 )

， 

p1= (adL) 一 ， P2=~(adL(x2 3 5)) 一 

and lp is as in Theorem 1．2．Let￡=DerL／adL．Then￡is a nilpotent Lie algebra oy 
dimension 6． 

2．2．The Derivation Algebra 0f G 

Let L=v5G(a，al，b1)， =DerFL．The results in Subsection 2．2 are similar to those in 
Subsection 2．1．Hence the proofs of this section will be brief or even omitted． 

Proposition 2．1．There is an order two automorphism oy G which is similar to 

at in Th eorem 1．2，but 1 d，5，／5 d～1，e3 e3． 
2 

Lemma 2．5．The Derivation algebra of L has gradation = 0 ，and 一i= 
i= 一2 

i)，i=1，2，where is an automorphism similar to that in v4G． 
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Lemma 2．6． 2=adL2 0(adL~l，adL~2)，where 
1= da1z1z4z5+ dz )z5+ dax(

3
2)x5+ a201z )z3+alx13)z2 

+axe)z4+aa1z1z2z ’+aa1zi )z3z4 
+ alb1z1z )z3+ aa1b1z1z )+ 02z

2z 
’z

4， 

2= db1z2z3z5+ dax(
4
2)z5+如i2)z5+ab1z1z2z )+02z1z3z ’ 

+ax~3)z3+blz1z )+alb1zi )z2z4+ab1X(22)X3z4 
+ a2b1z )z4+ aa1b1z2z )

． 

Similarly to the proof for v4G，we can prove 

Lem m a 2．7． 1= ad 1， 0= a~]L0． 

By Lemma 2,5，Lemma 2．6，Lemma 2．7，Theorem 1．3 and Proposition 2
．1，we obtain 

Theorem 2．2．The derivation algebra DerFv5G ofv5G is 

adL 0(adL~l，adL{}2， (adL 1) 一 ， (adL{}2) 一 )， 

where is O,8 in Proposition 2．1，and 1， 2 are 口s in Lemma 2．6． 

Theorem 2．3．Th e outer derivation algebra of v5G is a commutative Lie algebra of 

dimension 4． 

Rem ark 2．1．In fac t，we have 

adL~l=(adf3) ， adL 2=(adA) ， 

where f1， are as in Theorem 2．2．The derivation algebras of G， G， G are deter- 

mined in【8】． 
Theorem 2．4．【。】 e dimensions ofderivation algebras of G，i=3，6，7 are 20，20 and 

17 respectively． 

§3．The Associative Form s of G2 and Its Variations 

W e know that in most cases，simple modular Lie algebras do not admit nondegenerate 

trace forms．Nevertheless other associative forms may exist．The objective of this section is 

to showthatthevariationsofG2whicharegraded simpleLiealgebras allpossessnonsingular 

symmetric associative bilinear forms． 

It will be advantageous to view L as an ( )一module and to express properties of the 

invariant forms in terms of the action of U(L)on L． 

Let S be the antipode map of ( )，namely,it satisfies 

(i)s(x)=--X， ∈L． 

(ii)S(1)=1． 

(iii)S(xy)=s(暑『)s( )，V ，Y∈ ( )． 

Proposition 3．1．【7】Let L= 0 厶 be 0 Z-graded Lie algebra such that U(L一) =L． 

Suppose that there is an Lo—invariant fo”n，：L×La．÷F that satisfies 

(a)，( ， )=0，Vi≠-r． 

(b)f(u·z，Y)=f(S(u)·Y，z)，Vz，Y∈L。，U∈U(L一)． 

Th en there exists a uniquely determined associative fo ：L×L．÷F extending，． 

By Proposition 3．1，we have 
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Theorem  3．1．The algebra G possesses a nondegenera te symmetric associative bilinear 

． 

" n． 

To prove this theorem，first we have 

Lemma 3．1．Define ：L x L2 F such as (1，，5)=1，A(Li，，5)=0，Vi≠-2．Then 

诂 an Lo—invariant bilinear，Drm． 

Proof．It call be directly checked that ( ·1，，5)= (1， ·，5)，Vz∈Lo． 

Lemn~ 3．2．钉Ie，Drm satisfies the condition(b)of Proposition 3．1，that is， ( · 

，5，，5)= (s( )·，5，，5)， ∈U(L一)． 
Proof． For 

c=(c1，c2，c3，c4，c5)， Vq∈ ， i=1，2，3，4，5， 

let t正= i ·1。 ．Lemma 3．1 ensures that it su~ces to check the condition(b)for 

t正= i ；。 4c‘·1。 and IIclI=2(which means Cl+c2+c3+c4+2c5=4)．Thi8 call be 
checked directly． 

The proof of Theorem 3．1 follows directly from Lemma 3．1．Lemma 3．2 and Proposition 

3．1． 

Rem ark 3．1． By direct calculation，we call easily obtain the value of the nonsingular 

as sociative form ：L x L—÷F on the basis： 

(1，，5)=1， A(zi， )= j，， A(el，e2)=1， ( l，h2)=1， 

the others are 0． 

Theorem 3．2．Any o／G2 and its variations(i．e． G，i=3，4，5，6，7)po88e88e8 a 

nondegenerate associative fo彻 ． 

Proof． The proof is similar  to that of G．W e omi t it． 

Re m ar k 3．2．The as sociative forms of G2 and its variations on theft basis are as follows： 

(1) G and G2： 
Their forms ar e the same as those of G． 

(2) G： 

(1，，5)=1，A(zi，疗)=文j，，A(el，e2)=1， ( l，h2)=d一 ，the others are 0． 

(3) G： 

(1，，5)=1， ( l，，3)=8一 ， 

=1， ( ：，h2)=8一 ，the others 

(4) G： 

A(z2，f1)=1，A(z3，，4)=a～，A(z4，，2)=8_。，A(el，e2，) 
are 0． 

(1，，5)=1，A(zi， )= ，，A(el，e2)=(c+1)一 ，A(e3，e4)=c一 ， ( l，h2)=1，the 
others are 0． 

However，by calculation，we find that the Kiuing form on the above Lie algebras ar e 

singular．Therefore G2 and its variations do not have nondegenerate Kitt~ forms． 

§4．Left—Sym m etric Structure on the Variations of G2 

In this section，we shall show the existence of the nons ingular derivations  of G，i= 

3，4，5，6 an d obtain some left—symmetric structures on them ． 

Let V be a vector space over an arbitrary field K ．Consider a bilinear ，distributive product 

V x V V，denoted( ，Y)卜+z．y，which gives( ·)the structure of a nonassociative algebra 
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over K ．Then V is said to be a left—symmetric algebra，or Koszul-Vinberg algebra
，
if 

· (Y·z)一( ·Y)·z=Y·( ·z)一(Y· )·z， V ，Y，z∈ 

H V is a left—symmetric algebra．then the operation 

【 ，引= ·Y—Y· 

(4．1) 

(4．2) 

is skew-sym metric and satisfies Jacobi identity． Thus every left—sym metric algebra has a 

underlying Lie algebra structure． Conversely if L is a Lie algebra over K ，then a left~ 

sym metric operation satisfying(4．1)，(4．2)on the vector space L will be called a compatible 
left-sym metric algebra stru ctur e on L，or simply a left—symmetric stru cture on L． 

Proposition 4．1．【9J巧 a Lie algebra L has a nonsingular derivation D，then it admits a 

le~-symmetric structure which given by 

· Y=D一 (Ix，D( )】)， V ，Y∈L． (4．3) 

This le~-symmetric structure 诂called an adjoint Z 一symmetric structure． 

W e are now going to seek nonsingular  derivation in the variations of G2．As before，F 

always denotes an  algebraically closed field with char acteristic 2． 

Lem m a 4．1．Let L = V3G， = axl ) 3+ 口 ) 5+Xl 4 5，P=~o(adL ) 一l，where 
口s in Theorem 1．2．Then 

(1)ad and P are outer derivations of G． 

(2)D =ad +P+a~iL(Zl+X3)is a nonsingular derivation of G．Let D=a-I／ D ， 
then D 4=idL． 

Lem m a 4．2． Le t L = V4G，D = ad + Pl+ ~ILZl+ ~KiLZ3，where ，Pl are 口s讥 

Theorem 2．1．Th en D 妇a nonsingular derivation of V4G． 

Lemma 4．3．Let L=V5G，D=adL~l+adL(xl+x2)，where l is口s讥 Theorem 2．2． 

Th en D is a nonsingular derivation of V5G． 

Lem m a 4．4．Le t 

L：’V6G， =Xl 2 +口一 l + ) 3 4+az~)x4+s l 4 5+x2 3 5． 
en 

(1)ad 妇an outer derivation of V6G． 

(2)D=ad +a~iL(Zl+h2)is a nonsingular derivation ofV6G． 
W ith these lemmas an d Proposition 4．1，we have 

Theorem  4．1．The nonrestricted simple Lie algebras G，V4G， G and V6G all admit 

adjoint le~-symmetric structures，which are given by(4．3)，where D is the nonsingular 
derivations of G，i=3，4，5，6 given讥 Lemmas 4．1_4．4． 

Notes：In fact，the Lie algebras G，i= 3，4，5，6 have more nons ingular deriva tions ． 

For example， G has nonsingular derivations D2，D4，D8(where D is as in Lemma 4．1(2))． 

But the Lie algebra G2 does not have nonsingular derivations(see【10])and does not admit 
adjoint left—symmetric structures．There are Lie algebras which do not have nonsingular 

deriva tions ，but admit left—symmetric stru ctur es．Fo r example，the Cartan type Lie algebra 

W(m，n)(cf．【2】)． 

Let L=G2，V =(Xl，x2，，3，，4)0 Lo，where Lo=(el，e2，hi，h2)as in§1．Then V is 

isomorphic to骞【(3，F)．So we may use the same calculation for the derivation algebras of the 
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variations of G2 to prove that every derivation of zt(3，F)is an inner derivation．It follows 

that声【(3，F)do not have nonsin~ av derivations，and do not admit adjoint structures．But 

it has a left—symmetric structure(see[81)．Moreover，we can also show that与【(3，F)has a 

unique nondegenerate associative form (not the Killing form)． 

Remark 4．1．By calculation，we find that the variations of与【(3，F)(i．e．Lie algebra 

， ， )in【1】are all restricted，and are all isomorphic to毒【(3，F)．So they aLre not new 

simple Lie algebras as asserted in[11． 
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