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5¿: 1. c4�K´7�K, 2l 5–10�K¥?ÀnK, KÒ�WXþ¡�L¥.

2. ¤k�KÑL�3dÁò��µ�m>,�3Ù§�þ�ÆÃ�.

3. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

4. X�K�xØ
,��3���¡,¿I²KÒ.

�! (�K 20©)W�K (z�K 5©)
�©

µ�<

(1) � x4+3x2+2x+1 = 0� 4��� α1, α2, α3, α4,K1�ª

∣∣∣∣∣∣∣∣∣∣
α1 α2 α3 α4

α2 α3 α4 α1

α3 α4 α1 α2

α4 α1 α2 α3

∣∣∣∣∣∣∣∣∣∣
= 0.

(2) �a�¢ê§'u x��§ 3x4 − 8x3 − 30x2 + 72x + a = 0kJ��¿©7�^

�´ a÷v a > 27 or a < −37.

(3) O�­¡È©I =
∫∫
s

axdydz+(z+a)2dxdy√
x2+y2+z2

(a > 0�~ê),Ù¥S : z = −
√
a2 − x2 − y2,

�þý. I = −π
2
a3.

(4) PüA���1§2�2�¢é¡Ý
�N�Γ. ∀A ∈ Γ, a21L«A�(2, 1) ���.

K8Ü∪A∈Γ{a21}���� = −1
2

.

ëëë������YYY. Ï�Tõ�ªÃ3g��§�4���Ú�0"1�ª�z��\�1

��=��1�ª��0"

ëëë������YYY. P: f(x) = 3x4−8x3−30x2 +72x+a. f ′(x) = 12x3−24x2−60x+72 =

12(x3− 2x2− 5x+ 6) = 12(x− 1)(x− 3)(x+ 2). f 3 −2Ú 3��4�� −152 + aÚ

−27 + a, f 3 1��4�� 37 + a.

Ïd,��=� a > 27½ a < −37��§kJ�.
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))): -­¡ S1 :

{
x2 + y2 6 a2

z = 0
,�eý§KS1 ∪ S�4e�¥¡�Sý.

�ÙSÜ«��Ω§-D�xOy²¡þ���x2 + y2 6 a2§K|^pdúª§�

I =
1

a

{∫ ∫
S∪S1

−
∫ ∫

S1

[axdydz + (z + a)2dxdy]
}

=
1

a

[
−
∫ ∫ ∫

Ω

(3a+ 2z)dv +

∫ ∫
D

a2dxdy
]

=
1

a

[
− 2πa4 − 2

∫ ∫ ∫
Ω

zdv + πa4
]

=− πa3 − 2

a

∫ 2π

0

dθ

∫ a

0

rdr

∫ 0

−
√
a2−r2

zdz

=− π

2
a3.

ëëë������YYY. A = Q

(
1 0

0 2

)
QT ,Q�L�

(
cos t − sin t

sin t cos t

)
½

(
cos t sin t

sin t − cos t

)
.

�a21 = − sin t cos t,á=�(J"
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µ�<

¡Γ��§�z = 1
2
(x2 + y2). �P��m¥�²¡§§��

Ô¡Γu­�C. ¯µC´Û«a.�­�ºy²\�(Ø.

)µ����Ô�½�ý� £5©¤

1)XJ²¡P²1uz−¶§K��­�C = Γ ∩ P�±²L±z−�^=¶�^=§

¦�P²1uyz−²¡§C�/GØC.¤±�Ø��P��§�x = c,��C��§

�z = 1
2
(c2 + y2). òCÝK�yz−²¡þ§���Ô�z − c2

2
= 1

2
y2. du²¡P²1

uyz−¶§�����Ô�. £10©¤

2)XJ²¡PØ²1uz−¶§·��P��§�z = ax+ by + c. �<^=�Ô¡Γ�

�§�z = 1
2
(x2 + y2)§��

(x− a)2 + (y − b)2 = a2 + b2 + 2c := R2.

òC = Γ∩PR�ÝK�xy−²¡§���±(x− a)2 + (y− b)2 = R2. -Q´±ù��

�.��Î§KC�´�ÎQ�²¡P���.3�ÎQ¥lþ½le���»�R�

¥N§§�²¡P��uF1ÚF2§��ÎQ��u�D1ÚD2. éC = Q ∩ Pþ�?¿
�:A,LA:��Î1���D1uB1,��D2�B2. K�ãB1B2�½�. ù�§du

¥������§��

|AF1|+ |AF2| = |AB1|+ |AB2| = |B1B2|,

�~ê. �­�C�ý�. £15©¤
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n!y²K£15©¤�n��
A,B÷v:�(ABA) =
�©

µ�<

�(B)©y²µAB�BA�q©

yyy²²²: �

A = P

(
Ir O

O O

)
Q, B = Q−1

(
B1 B2

B3 B4

)
P−1

Ù¥P,Q´�_�
§B1´r��
§Kk £5©¤

AB = P

(
B1 B2

O O

)
P−1, BA = Q−1

(
B1 O

B3 O

)
Q, ABA = P

(
B1 O

O O

)
Q.

d rankABA = rankB1 = rankB��§�3Ý
X, Y¦�B2 = B1X, B3 = Y B1©

l
k

AB = P

(
I −X
O I

)(
B1 O

O O

)(
I X

O I

)
P−1,

BA = Q−1

(
I O

Y I

)(
B1 O

O O

)(
I O

−Y I

)
Q.

Ïd§AB�BA�q© £15©¤
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µ�<

ϕ(x) ,¡ ϕ ∈ S ,XJ ∀m, k > 0k

sup
x∈R
|xmϕ(k)(x)| < +∞.

e f ∈ S ,�½Â f̂(x) :=

∫
R

f(y)e−2πixy dy (∀x ∈ R). y²: f̂ ∈ S ,�

f(x) =

∫
R

f̂(y)e2πixy dy, ∀x ∈ R.

yyy²²²: du f ∈ S ,Ïd�3M1 > 0¦�

|2πixf(x)| 6 M1

x2 + 1
, ∀x ∈ R. (1)

ù�,
∫
R

(−2πiy)f(y)e−2πixy dy'u x ∈ R��Âñ,l
�� £2©¤

d

dx
f̂(x) =

∫
R

−2πiyf(y)e−2πixy dy. (2)

£4©¤

Ón��

dn

dxn
f̂(x) =

∫
R

(−2πiy)nf(y)e−2πixy dy. (3)


|^©ÜÈ©á=��

(f (n))∧(x) = (2πix)nf̂(x), ∀n > 0. (4)

(Ü (3)—(4)¿|^ f ∈ S ,��é?Ûm, k > 0,

xm
dk

dxk
f̂(x)

=
1

(2πi)m

∫
R

dm

dym

(
(−2πiy)kf(y)

)
e−2πixy dy

5



3 Rþk.. l
 f̂ ∈ S . u´,
∫ +∞

−∞
f̂(y)e2πixy dyÂñ,


∫ A

−A
f̂(y)e2πixy dy

=

∫ A

−A
dy

∫ +∞

−∞
f(t)e2πi(x−t)y dt

=

∫ A

−A
dy

∫ +∞

−∞
f(x− t)e2πity dt

=

∫ +∞

−∞
dt

∫ A

−A
f(x− t)e2πity dy

=

∫ +∞

−∞
f(x− t)sin(2πAt)

πt
dt

=

∫ +∞

−∞

f(x− t)− f(x)

πt
sin(2πAt) dt+ f(x). (5)

£15©¤

þª¥�1����O�£Xµ^©ÜÈ©{¤�§��

lim
A→+∞

∫ +∞

−∞

f(x− t)− f(x)

πt
sin(2πAt) dt = 0. (6)

(Ü (5)Ú (6)=�(Ø. £20©¤
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�©

µ�<

1 Ú 0 ©O�F�ü �Ú"�. eϕ �Ù\+(F,+)�Ù

¦{�+(F, ·)�Ó�§=∀x, y ∈ Fkϕ(x+ y) = ϕ(x)ϕ(y).

y²µϕ�oòF �¤k�Nì�0§�oòF�¤k�N

ì�1.

yyy²²²: b½ϕØð�0,K∃a ∈ F ¦�ϕ(a) 6= 0. £2©¤

u´dϕ(0 + a) = ϕ(a)�

ϕ(a) = ϕ(0)ϕ(a)��ϕ(0) = 1. £5©¤

?
∀x ∈ F k
1 = ϕ(0) = ϕ(x+ · · ·+ x︸ ︷︷ ︸

p

) = (ϕ(x))p,

(ϕ(x))p − 1 = 0.

5¿�ChF = p, p��ê,�k∀a, b ∈ F

(a+ b)p = ap + bp;

?


(a− b)p = ap − bp.

(Jd(ϕ(x))p − 1 = 0á�

(ϕ(x)− 1)p = 0,

ϕ(x) = 1. y.. £10©¤
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8!£�K10©¤ 1) � E ´n©Cantor8, y²
�©

µ�<

χE(x)Ø´ [0, 1]þ�k.C�¼ê.

2)� E ⊂ [0, 1],y² χE(x)3 [0, 1]þk.C��¿�

^�´ E �>.:8´k�8.

1)���: χE(x)Ø´ [0, 1]þ�k.C�¼ê.

� [0, 1]�©y ∆ : 0 = x0 < x1 < x2 < · · · < xn−1 < xn = 1,Ù¥ x0 ∈ E, x2 ∈
E, · · · , xn ∈ E; x1 /∈ E, x3 /∈ E, · · · , xn−1 /∈ E.

�EXeµ∀ n > 1,k� x0 = 0, x2, x4, · · · , xn−2 ∈ E, xn = 1,d E ��E�:

[x0, x2], [x2, x4], · · · , [xn−2, xn]¥kÃ¡õØáu E�:, � x1 ∈ (x0, x2) \ E, x3 ∈
(x2, x4) \E, · · · , xn−1 ∈ (xn−2, xn) \E. u´

n∑
i=1

|χE(xi)− χE(xi−1)| = n,� n→∞�,

n∑
i=1

|χE(xi)− χE(xi−1)| → ∞, =
1∨
0

(χE(x)) = +∞. £3©¤

2)yyy²²²: ⇒)�y{. b� E kÃ¡õ>.:{cj}∞j=1.

∀ n > 1, E [0, 1] �©y ∆ Xeµ� x0 = 0, 3 {cj}∞j=1 ¥?� n �:U

��ü�P� {c1, c2, · · · , cn}. d>.:�½Âµ∀ ε > 0, U(ci, ε) ∩ E 6= ∅ �
U(ci, ε) ∩ CE 6= ∅ (1 6 i 6 n),é 0 < ε < 1

2
min{ci+1 − ci; i = 1, 2, · · · , n− 1},

ex0 ∈ E,� x1 ∈ (x0, c1+ε)∩CE, x2 ∈ (x1, c2+ε)∩E, x3 ∈ (x2, c3+ε)∩CE, x4 ∈
(x3, c4 + ε) ∩ E, · · · .

exn−2 ∈ CE,� xn−1 ∈ (xn−2, cn−1 + ε) ∩ E, xn = 1.

u´
n∑
i=1

|χE(xi)− χE(xi−1)| > n− 1,� n→∞�,
n∑
i=1

|χE(xi)− χE(xi−1)| → ∞,

=
1∨
0

(χE(x)) = +∞,� χE(x)3 [0, 1]þk.C�gñ,�b�Øý. £7©¤

⇐)� c1, c2, · · · , cm´ E �>.:, mk�.

é?¿ [0, 1]�©y ∆ : 0 = x0 < x1 < x2 < · · · < xn−1 < xn = 1, n��«m

[xi, xi+1] (0 6 i 6 n− 1)¥�õ m�¹k {ci}mi=1 �:,�= [xi, xi+1] (0 6 i 6 n− 1)

¥�õm��«m¥Qk E �:Ó��k CE �:. d χE(x)�½Âk

|χE(xi)− χE(xi−1)| =

{
1, xi ∈ E, xi−1 ∈ CE or xi ∈ CE, xi−1 ∈ E,
0, xi, xi−1 ∈ E or xi, xi−1 ∈ CE.

u´
n∑
i=1

|χE(xi)− χE(xi−1)| 6 m⇒
1∨
0

(χE(x)) 6 m <∞. £10©¤
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µ�<

Ï1w��K­¡§LSþz�:Ñ�3ØÓ�n^��

á3­¡Sþ. y²µS´²¡��Ü©.

y²µ�k1Úk2�­¡S�ü�Ì­Ç,§éA�ü 

Ì���e1Úe2. �v´p ∈ S:?ü ��þ§§�e1����θ. K÷v���{­Ç

�

kn(v) = k1 cos2 θ + k2 sin2 θ.

£3©¤

3p ∈ S:Pσ�­¡{�þNÚvÜ¤�²¡,§�­¡S�­�C, C¡�S÷v���

{��.K{­Çkn(v)�u{��C3²¡σþ p:?��é­Ç.Ï�p:?÷n�

ØÓ��v1, v2, v3�{��C���§��3ØÓ�θ1, θ2Úθ3, 0 6 θ1, θ2, θ3 < π¦�

kn(v1) = k1 cos2 θ1 + k2 sin2 θ1 = 0;

kn(v2) = k1 cos2 θ2 + k2 sin2 θ2 = 0;

kn(v3) = k1 cos2 θ3 + k2 sin2 θ3 = 0.

£6©¤

XJ(k1, k2) 6= (0, 0),K�3ε1 = ±1, ε2 = ±1k

sin θ1 cos θ2 + ε1 cos θ1 sin θ2 = sin(θ1 + ε1θ2) = 0;

sin θ1 cos θ3 + ε2cosθ1 sin θ3 = sin(θ1 + ε2θ3) = 0;

sin θ2 cos θ3 − ε1ε2 cos θ2 sin θ3 = sin(θ2 − ε1ε2θ3) = 0.

du0 6 θ1, θ2, θ3 < π,�k

θ1 + ε1θ2 = 0, θ1 + ε2θ3 = 0, θ2 − ε1ε2θ3 = 0.

u´íÑθ1, θ2Úθ37kü��Ó§gñ. �3­¡S�?Û:pkk1 = k2 = 0.

£8©¤

ddíÑWeingartenC�W ≡ 0. ò­¡Sëêz�x(u, v),§�{�þ�N(u, v). Kk

W (xu) = −Nu = 0, W (xv) = −Nv = 0.

�{�þN�~�þ. 2d

xu ·N = xv ·N = 0,

��x ·N = c�~ê. �Sá3�Ü²¡þ.

£10©¤
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l!£�K10©¤�Ä¦)��~�©�§Ð�¯
�©

µ�<

K  y′ = f(x, y)

y(x0) = y0

�Runge-Kutta{.

(1)(½e�n?n�Runge-Kutta{¥�¤kA½ëêµ

yn+1 = yn + h(c1K1 + c2K2 + c3K3) (7)

Ù¥

K1 = f(xn, yn), K2 = f(xn+ah, yn+b21hK1), K3 = f(xn+a3h, yn+b31hK1+b32hK2).

(2)?ØþãRunge-Kutta�ª�­½5"

)))µµµ 1. éy′ = f(x, y)ü>�È©�µ

y(xn+1) = y(xn) +

∫ xn+1

xn

f(x, y(x))dx.

dSimpsonúªk

y(xn+1) = y(xn)+
h

6
[f(xn, y(xn)) + 4f(xn + h/2, y(xn + h/2)) + f(xn+1, y(xn+1))]+O(h5)

(8)

Ïd�-c1 = 1/6, c2 = 4/6, c3 = 1/6" £2©¤

-yn = y(xn)"ò (7)�(8)üª�~�µ

y(xn+1)− yn+1 =
2h

3
[f(xn + h/2, y(xn + h/2))− f(xn + a2h, yn + b21hK1)]

+
h

6
[f(xn+1, y(xn+1))− f(xn + a3h, yn + b31hK1 + b32hK2)]

·��IÀ�ëêa2, a3, b21, b31, b32¦�þªmà�O(h4)"

5¿�y′(xn) = f(xn, y(xn))§¿Pfn = f(xn, y(xn))§òy(xn + h/2)�TaylorÐ

m�

f(xn + h/2, y(xn + h/2))− f(xn + a2h, yn + b21hK1)

= f(xn + h/2, y(xn) + hfn/2 + h2y′′(xn)/8 +O(h3))− f(xn + a2h, yn + b21hK1)

10
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�¦þª���¦�°Ý§A�a2 = 1/2, b21 = 1/2"u´|^TaylorÐmk

f(xn + h/2, y(xn + h/2))− f(xn + h/2, yn + hK1/2) =
h2

8
y′′(xn)fy(xn, yn) +O(h3)

,��¡

f(xn + h, y(xn + h))− f(xn + a3h, yn + b31hfn + b32hf(xn + h/2, yn + h/2fn))

= f(xn + h, y(xn) + hfn + h2y′′(xn)/2 +O(h3))

− f(xn + a3h, yn + (b31 + b32)hfn + b32h
2/2(fx(xn, yn) + fy(xn, yn)fn) +O(h3))

�¦þª���½°Ý§A-a3 = 1, b31 + b32 = 1"5¿�y′′(xn) = fx(xn, yn) +

fy(xn, yn)fn,2g|^TaylorÐm�

f(xn + h, y(xn + h))− f(xn + a3h, b31hfn + b32hf(xn + h/2, yn + h/2fn))

=
h2

2
(1− b32)y′′(xn)fy(xn, yn) +O(h3).

nÜþªÃª�

y(xn+1)− yn+1 =
h3

12
(2− b32)y′′(xn)fy(xn, yn) +O(h4)

-h32 = 2§=��
n?n�Runge-Kutta�ª�¤këê" £7©¤

2. e¡?Øn?n�Runge-Kutta�ª�­½5"é�©�§y′ = λyA^þ

ãRunge-Kutta�ª�µ

K1 = λyn, K2 = λ(1 +
1

2
λh)yn K3 = λ(1 + λh+ (λh)2)yn

l
k

yn+1 = (1 + λh+
1

2
(λh)2 +

1

6
(λh)3)yn

��ª­½^�´

|1 + λh+
1

2
(λh)2 +

1

6
(λh)3| < 1

£10©¤
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Ê!£�K10©¤�¼êf(z) 3ü �|z| < 1 S
�©

µ�<

)Û§¿�|f(z)| 6 M(M > 0), M�~ê. y² |f ′
(0)| 6

M − |f(0)|2
M

.

yyy²²²µµµ-w = w(z) = f(z)
M

,�C�

F (z) = w(z)−w(0)

1−w(0)w(z)
,ùpw(0) = f(0)

M
. £4©¤

KTC�rü �|w| < 1N��|F (z)| < 1. d��[Ún

|F ′(0)| 6 1. £6©¤

du

F ′(z)|z=0 =

(
w(z)− w(0)

1− w(0)w(z)

)′
|z=0 =

w′(0)

1− |w(0)|2
=

f ′(0)M

M2 − |f(0)|2
,

K

| f ′(0)M

M2 − |f(0)|2
|6 1, |f ′(0)|M 6 |M2 − |f(0)|2|

du3ü �|z| < 1S|f(z)| 6M(M > 0)§AO/|f(0)| 6M .u´

|M2 − |f(0)|2| = M2 − |f(0)|2

=

|f ′(0)|M 6M2 − |f(0)|2.

y.. £10©¤
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µ�<

S�§�P (Xn = 0) = P (Xn = a) = 1
2
, Ù¥~êa > 0.

PYn =
∑n

k=1
Xk

2k
. ¦Yn�A�¼ê§¿y²Ù©ÙÂñu

«m[0, a]þ�þ!©Ù.

)))µµµ Xk�A�¼ê�

fXk
(t) = EeitXk =

1

2

(
eiat + 1

)
= exp

{iat
2

}
cos

at

2
(k = 1, 2, · · · ).

£2©¤

¤±Xk

2k
�A�¼ê� fXk/2k(t) = fXk

(t/2k) = exp
{

iat
2k+1

}
cos at

2k+1 ,u´A^

cos
at

22
cos

at

23
· · · cos

at

2n+1
=

1

2n
×

sin at
2

sin at
2n+1

�Yn�A�¼ê�

fYn(t) =
n∏
k=1

fXk/2k(t)

= cos
at

22
cos

at

23
· · · cos

at

2n+1
exp

{
iat
[ 1

22
+

1

23
+ · · ·+ 1

2n+1

]}
=

1

2n
×

sin at
2

sin at
2n+1

exp
{iat

2

(
1− 1

2n

)}
.

£6©¤

A^limn→∞
sin at

2n+1
at

2n+1
= 1, limn→∞

1
2n

= 0±9 exp
(
iat
2

)
− exp

(
− iat

2

)
= 2i sin at

2
�

lim
n→∞

fYn(t) =
2

at
exp

(iat
2

)
sin

at

2
=

1

iat
[exp(iat)− 1].

du«m[0, a]þþ!©Ù�ÅCþ�A�¼êϕ(t) = 1
iat

[exp(iat)− 1],¤±Yn�©Ù

Âñu«m[0, a]þ�þ!©Ù. £10©¤
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