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5¿: 1. c5�K´7�K, 2l 6–11�K¥?ÀüK, KÒ�WXþ¡�L¥.

2. ¤k�KÑL�3dÁò��µ�m>, �3Ù§�þ�ÆÃ�.

3. �µ��>�Õ�K, �µ�	Ø�k6¶9�'IP.

4. X�K�xØ
, ��3���¡, ¿I²KÒ.

�! (�K 20 ©)W�K (z�K 5 ©)

(1)¢�g. 2x1x2 − x1x3 + 5x2x3 �5�. = z21 + z22 − z23 .

(2) ?ê
∞∑
n=1

n

3n
�Ú = 3

4
.

(3) O�1�.­¡È©��µ I =

∫∫
x2+y2+z2=1

(x2 + 2y2 + 3z2) ds = 8π.

(4) A = (aij) � n �¢é¡Ý
 (n > 1), rank(A) = n− 1, A �z1���Úþ

� 0. � 2, 3, . . . , n � A ��Ü�"A��"^ A11 L« A ��� a11 ¤éA��

ê{fª. Kk A11 = (n− 1)!.

(4))µ1¤�A = n− 1⇒ �A∗ = 1 �Ax = 0�)�m�ê�1.

A�1Ú = 0⇒ A


1
...

1

 = 0 ⇒ Ax = 0 ��|Ä:)X�


1
...

1

.

2)5¿�AA∗ = 0, l
A∗�z��þ/Xa


1
...

1

.qduA�¢é¡Ý
§

�A∗��¢é¡Ý
"�A∗ =


a · · · a
...

...
...

a · · · a

.
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3)�ÄA�õ�ª

f(λ) = |λI − A| = λ(λ− 2) · · · (λ− n).

Ù�g�Xê�(−1)n−1n!. ,��¡§df(λ) = |λI − A|q�§Ù�g�Xê
�(−1)n−1(A11 + · · ·Ann).(J a = (n− 1)!.

�!(�K 15 ©)��m¥½: P ��½�� l �ål� p. �x¥¡¥�z�

¥¡ÑL: P , ���� l ���u�Ñ´½� a. ¦T¥¡x�¥%�;,.

))): ± l � z ¶, ±L: P �R�u z ¶���� x ¶5ïá���IX"�

� P : (p, 0, 0)§ l �ëê�§ l : x = 0, y = 0, z = t.

�¥¡ C �¥%�(x0, y0, z0), du C L: P , K

C : (x− x0)2 + (y − y0)2 + (z − z0)2 = (p− x0)2 + y20 + z20 .

. . . . . . . . . . . . . . . . . . . . . . . . . . 4©

¦ l � C ��:µò l �ëê�§�\ C,

x20 + y20 + (t− z0)2 = (p− x0)2 + y20 + z20 .

=

t2 − 2z0t+ (2px0 − p2) = 0. (1)

dd��ü�)�

t1,2 = z0 ±
√
z20 − (2px0 − p2).

�u� a = |t1 − t2| = 2
√
z20 − (2px0 − p2), l


z20 − 2px0 + p2 − a2

4
= 0. (2)

. . . . . . . . . . . . . . . . . . . . . . . . 10©

��, XJ¥¡ C �¥%÷v(2), XJ C L: P , d��g�§(1)��Oª

∆ = 4z20 − 4(2px0 − p2) = a2 ≥ 0,

�§kü�¢�

t1,2 = z0 ±
a

2
.

l
 C Ú l ��, 
��Ñ5u�� a.

1 2 �£� 11 �¤
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z2 − 2px+ p2 − a2

4
= 0.

. . . . . . . . . . . . . . . . . . . . . . . . 15©

n!y²K£15©¤�Γ =

{(
z1 z2

−z2 z1

)
|z1, z2 ∈ C

}
, Ù¥C LEê�"Áy

²µ ∀A ∈ Γ, A�JordanIO/JA E,áuΓ; ?�Ú��3�_�Ý
P ∈ Γ ¦

�P−1AP = JA.

yyy²²²: éA =

(
z1 z2

−z2 z1

)
, ÙA��§�

0 = |λI − A| = λ2 − 2Rez1λ+ |z1|2 + |z2|2.

∆ = 4(Rez1)
2 − 4(|z1|2 + |z2|2) 6 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . 2©

�/1. ∆ = 0.

d�§z2 = 0, z1 = Rez1, l
A =

(
Rez1 0

0 Rez1

)
= JA ∈ Γ. �P = I=

kP−1AP = JA" . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8©

�/2. ∆ < 0.

d�A �A���

λ1 = Rez1 + i
√
|z1|2 + |z2|2 − (Rez1)2, λ2 = Rez1 − i

√
|z1|2 + |z2|2 − (Rez1)2,

λ2 = λ1, λ1 6= λ2.

l
JA =

(
λ1 0

0 λ2

)
∈ Γ.

y�A 'u λ1����0A��þ

(
x

y

)
. Kk(

z1 z2

−z2 z1

)(
x

y

)
= λ1

(
x

y

)
⇔

{
z1x+ z2y = λ1x

z2x− z1y = −λ1y

��u��A

(
−y
x

)
= λ1

(
−y
x

)
, Ïd

(
−y
x

)
�A 'u λ1����0A�

�þ"-P =

(
x −y
y x

)
,KkP�_§�P ∈ Γ, P−1AP = JA. . . . . . . . . . . . . . . . . 15©

1 3 �£� 11 �¤



o!£�K20©¤�

f(x) =

x sin 1
x
, x 6= 0;

0, x = 0.

¦��~ê α ÷v

sup
x 6=y

|f(x)− f(y)|
|x− y|α

< +∞.

yyy²²²: α ����� 1
2
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2©

e α > 1
2
, � xn = (nπ)−1, yn = ((n+ 1

2
)π)−1. K

|f(xn)− f(yn)|
|xn − yn|α

= 2απα−1n2α−1(1 +
1

2n
)α−1 →∞.

. . . . . . . . . . . . . . . . . . . . . . . . . . 5©

ey sup
x 6=y

|f(x)− f(y)|
|x− y| 12

< +∞.

du f(x) �ó¼ê§Ø�� 0 ≤ x < y. -

z = sup{u ≤ y|f(u) = f(x)},

K z−1 ≤ y−1 + 2π. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .10©

|f(x)− f(y)| = |f(z)− f(y)|

≤
∫ y

z

|f ′(t)| dt ≤ |y − z|
1
2 (

∫ y

z

f ′(t)2 dt)
1
2

≤ |x− y|
1
2 (

∫ y

z

(sin
1

t
− 1

t
cos

1

t
)2 dt)

1
2

s=t−1

= |x− y|
1
2 (

∫ z−1

y−1

(
sin s

s
− cos s)2 ds)

1
2

≤ |x− y|
1
2 (

∫ y−1+2π

y−1

4 ds)
1
2 =
√

8π|x− y|
1
2 .

. . . . . . . . . . . . . . . . . . . . . . . . 20©

Ê!£�K10©¤�a(t), f(t) �¢ëY¼ê§∀t ∈ R k f(t) > 0, a(t) > 1.∫∞
0
f(t)dt = +∞. ®� C2 ¼ê x(t)÷v

x
′′
(t) + a(t)f(x(t)) 6 0,∀t ∈ R.

¦yµx(t) 3[0,+∞) kþ..

yyy²²²: d

x′′(t) ≤ −a(t)f(x(t)) < 0,

1 4 �£� 11 �¤
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x(t)´þà�. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .2©

� limt→∞ x
′(t) �3½� −∞.

e limt→∞x(t) = +∞, K x′(t) > 0, limt→∞ x(t) = +∞. . . . . . . . . . . . . . . . . . . . . . 4©

�

x′(t)f(x(t)) ≤ a(t)x′(t)f(x(t)) ≤ −x′(t)x′′(t),

È©� ∫ t

0

f(x(s)) dx(s) ≤ x′(0)2 − x′(t)2

2
≤ x′(0)2

2
.

- t→∞ � ∫ +∞

0

f(x) dx ≤ x′(0)2

2
,

gñ" . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10©

8!£�K10©¤� a, b ´ü�ØÓ�Eê. ¦÷v�§

(f ′(z))
2

= (f(z)− a)(f(z)− b) (1)

��~ê�¼ê f(z).

))) d (1) ��(
f ′ − f +

a+ b

2

)(
f ′ + f − a+ b

2

)
= −

(
a− b

2

)2

. (2)

. . . . . . . . . . . . . . . . . . . . . . . . . . 2©

dd�� f ′ − f + a+b
2
´Ã":��¼ê. ��

f ′ − f +
a+ b

2
=
a− b

2
eα, (3)

Ù¥ α ´���¼ê. d (2) �

f ′ + f − a+ b

2
= −a− b

2
e−α. (4)

d (3), (4) �

f =
a+ b

2
− a− b

4
eα − a− b

4
e−α, (5)

. . . . . . . . . . . . . . . . . . . . . . . . . . 4©

1 5 �£� 11 �¤



f ′ =
a− b

4
eα − a− b

4
e−α. (6)

é (5) ¦��

f ′ = −a− b
4

α′eα +
a− b

4
α′e−α. (7)

d (6), (7) ��

(α′ + 1) (eα − 1) (eα + 1) = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . 8©

Ïd eα − 1 = 0 ½ö eα + 1 = 0 ½ö α′ + 1 = 0.

e eα − 1 = 0, Kd (5) �� f = b ´��~ê. Ón, e eα + 1 = 0, K f = a �

´��~ê. e α′ + 1 = 0, K α(z) = −z + c, Ù¥ c ´?¿~ê. 2d (5) ��

f(z) =
a+ b

2
− a− b

4
e−z+c − a− b

4
ez−c

=
a+ b

2
− a− b

2
ch (z − c)

. . . . . . . . . . . . . . . . . . . . . . . . . 10©

Ô!£�K10©¤�f(x) ´ R1 þ� Lipschitz ¼ê, Lipschitz ~ê� K, Ké

?¿��ÿ8 E ⊂ R1, þk m(f(E)) 6 K ·m(E).

yyy²²²: (���{{{1) 1) 3K��^�e, é?Û�ÿ8E, km∗(f(E)) 6 K ·m(E).

(1) eE�«m, df �ëY5�: f(E)´«m. qf(x) ´ Lipschitz ¼ê,

k|f(E)| 6 K|E|, = m(f(E)) 6 K ·m(E). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1©

(2) eE�m8, dm8��E�:E =
⋃
n>1

(αn, βn), Ù¥{(αn, βn)} pØ��.

d(1)�:

m∗(f(E)) = m∗
(
f(
⋃
n>1

(αn, βn))
)

= m∗
( ⋃
n>1

f(αn, βn)
)

6
∑
n>1

m∗f((αn, βn)) 6 K
∑
n>1

m((αn, βn)) = K ·m
( ⋃
n>1

(αn, βn)
)

= K ·m(E).

. . . . . . . . . . . . . . . . . . . . . . . . . . 3©

(3) eE��ÿ, K ∀ ε > 0,∃ m8 G ⊃ E, ¦� m(G− E) < ε.

1 6 �£� 11 �¤
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d(2)9 f(G) ⊃ f(E) �:

m∗(f(E)) 6 m∗(f(G)) 6 K ·m(G) = K ·m
(
E ∪ (G− E)

)
6 K ·m(E) +K ·m(G− E)

< K ·m(E) +K · ε.

d ε �?¿5�: m∗(f(E)) 6 K ·m(E). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .6©

2) 3K�^�e§eE �ÿ, Kf(E) �ÿ.

E �ÿ ⇒ ∃Fσ−.8 A =
∞⋃
n=1

Fn, Fn48, A ⊂ E, m(E − A) = 0.

qf(A) =
∞⋃
n=1

f(Fn),df �ëY5�:f(Fn)4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8©

@of(A) ´ Fσ−.8� f(A) ⊂ f(E).

d1)�: m∗
(
f(E − A)

)
6 K ·m(E − A) = 0, = m

(
f(E − A)

)
= 0.


f(E − A) ⊃ f(E)− f(A), l
m
(
f(E)− f(A)

)
= 0, �f(E) �ÿ.

nÜ1) 2)��:é?Û�ÿ8E, kf(E)�ÿ�m(f(E)) = m∗(f(E)) 6 K ·m(E).

. . . . . . . . . . . . . . . . . . . . .10©

(���{{{2) i) ef(x) �R1 þ�ýéëY¼ê, A ⊂ R1,m(A) = 0, K m(f(A)) = 0.

f ∈ AC(R1) ⇒ ∀ ε > 0,∃ δ > 0, é?¿�õ�ê�pØ���m«m

{(ai, bi)}i>1, �
∑
i>1

(bi − ai) < δ �, k
∑
i>1

(
f(bi)− f(ai)

)
< ε.

d m(A) = 0, éþ δ > 0,∃ m8 G ⊃ A,m(G) < δ.

- G =
⋃
k>1

(ck, dk), mk = min
x∈[ck,dk]

f(x) = f(αk),Mk = max
x∈[ck,dk]

f(x) = f(βk).

∵
∑
k>1

(βk − αk) 6
∑
k>1

(dk − ck) < δ, ∴
∑
k>1

|f(βk)− f(αk)| < ε,


 m∗f(G) = m∗
(⋃
k>1

f((ck, dk))

)
6
∑
k>1

|f(βk)− f(αk)| < ε,

q ∵ f(G) ⊃ f(A), ∴ m∗f(A) < ε, d ε �?¿5� m∗f(A) = 0. . . . . . . . . . . . 4©

ii) e f(x) � R1 þ�ýéëY¼ê, A �ÿ, K f(A) �ÿ.

A �ÿ ⇒ ∃Fσ− .8 B =
⋃∞
n=1 Fn, Fn 4, B ⊂ A, m(A−B) = 0

⇒ f(B) =
∞⋃
n=1

f(Fn),d f �ëY5� f(Fn)4, f(B)´ Fσ−.8, f(B) ⊂ f(A).

d i) �µ mf(A−B) = 0.

q ∵ f(A−B) ⊃ f(A)− f(B), ∴ m(f(A)− f(B)) = 0, � f(A) �ÿ. . . . . . .6©

iii) Ø�� E ÿÝk�" f ´ R1 þ� Lipschitz ¼ê ⇒ f(x) � R1 þ�ýé

ëY¼ê ⇒ f
′
(x) 3 R1 þA�??�3� |f ′(x)| 6 K, f

′
3 E þ´ L−�È, =

1 7 �£� 11 �¤



∃Z ⊂ R1,m(Z) = 0, f
′
(x) �3� |f ′(x)| 6 K, ∀ x ∈ E − Z. d i) �µ mf(Z) = 0.

u´

m(f(E)) 6 m(f(E − Z)) +m(f(Z)) = m(f(E − Z))

6
∫
E−Z
|f ′(x)|dm 6

∫
E−Z

Kdm 6 K ·m(E).

. . . . . . . . . . . . . . . . . . . . . . . . . 10©

5µþª�1��Ø�ª�y².

e f(x) 3 R1 þýéëY§ f
′
3 A þ�3È©, K mf(A) 6

∫
A
|f ′ |dm.

yyy²²²: (1) é?Û«m I, mf(I) 6
∫
I
|f ′ |dm.

- max
x∈I

f(x) = f(b), min
x∈I

f(x) = f(a), a, b ∈ I,

K mf(I) = f(b)− f(a) = |
∫
(a,b)

f
′
dm| 6

∫
(a,b)
|f ′ |dm 6

∫
I
|f ′|dm.

(2) f
′
�È ⇒ ∀ε > 0,∃δ > 0,∀e ⊂ E, e me < δ, k

∫
e
|f ′ |dm < ε.

A �ÿ ⇒ éþ δ > 0, ∃ m8 G ⊃ A, m(G− A) < δ. u´
∫
G−A |f

′|dm < ε.

- G =
⋃
k>1

(αk, βk), K

m(f(A)) 6 m(f(G)) 6
∑
k>1

m(f((αk, βk)))

6
∑
k>1

∫
(αk,βk)

|f ′ |dm =

∫
G

|f ′ |dm =

∫
G

|f ′ |dm− ε+ ε

6
∫
G

|f ′|dm−
∫
G−A
|f ′ |dm+ ε =

∫
A

|f ′ |dm+ ε

d ε �?¿5�µmf(A) 6
∫
A
|f ′|dm.

l!£�K10©¤�n��m�­¡S÷vµ

(1)P0 = (0, 0,−1) ∈ S¶
(2)é?¿P ∈ S§

∣∣∣ −→OP ∣∣∣ ≤ 1§Ù¥O´�:.

y²µ­¡S3P0�Gauss­ÇK(P0) ≥ 1"

yyy²²²: 3P0NC�­Ç��I(u, v)§­¡�ëê�§��r(u, v)"Ø�

�r(0, 0) = P0"^E,F,G; L,M,N©OL«­¡r(u, v)�1�Ä�.!1�Ä�

.Xê§KF = M = 0" . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3©

-f(u, v) = 〈r(u, v), r(u, v)〉§Kf(u, v)3(0, 0):�4��1"u´

fu(0, 0) = 2〈ru(0, 0), r(0, 0)〉 = 0, fv(0, 0) = 2〈rv(0, 0), r(0, 0)〉 = 0.

1 8 �£� 11 �¤
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l
­¡S3P0�{�n(0, 0) = r(0, 0)" . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6©

qdu

fuu(0, 0) = 2(E(0, 0) + L(0, 0)), fuv(0, 0) = 0, fvv(0, 0) = 2(G(0, 0) +N(0, 0))

�âf(u, v)3(0, 0)�4��§fuu(0) ≤ 0§fvv(0, 0) ≤ 0"u´§

0 < E(0, 0) ≤ −L(0, 0), 0 < G(0, 0) ≤ −N(0, 0)

l
S3P0�Gauss­Ç

K(P0) =
L(0, 0)N(0, 0)

E(0, 0)G(0, 0)
≥ 1.

. . . . . . . . . . . . . . . . . . . . . . . . . 10©

Ê!£�K10©¤�Ä¦)�5�§|Ax = b�XeS��ª

(αD − C)x(k+1) = ((α− 1)D + CT )x(k) + b,

Ù¥D�¢é¡�½�
§C´÷vC + CT = D − A�¢�
§α�¢ê"eA´
¢é¡�½�
§�αD − C�_§α > 1/2"y²µþãS��ªé?ÛÐ©�

þx(0)Âñ"

yyy²²²: -

G = (αD − C)−1((α− 1)D + CT ),

λ�G�A��§x´éA�A��þ§y = (I −G)x"K

(αD − C)y = (αD − C)x− ((α− 1)D + CT )x

= (D − C − CT )x = Ax.

(αD −D + CT )y = (αD − C − A)y =

(αD − C − A)x− (αD − C − A)Gx =

(αD − C − A)x− ((α− 1)D + CT )x + AGx

= AGx = λAx.

. . . . . . . . . . . . . . . . . . . . . . . . . . 5©

±þü��§üH©O�y�SÈ�

α〈Dy,y〉 − 〈Cy,y〉 = 〈Ax,y〉.

1 9 �£� 11 �¤



α〈y, Dy〉 − 〈y, Dy〉+ 〈y, CTy〉 = 〈y, λAx〉.

. . . . . . . . . . . . . . . . . . . . . . . . . . 8©

±þüª�\�

(2α− 1)〈Dy,y〉 = 〈Ax,y〉+ 〈y, λAx〉

= (1− λ̄)〈Ax,x〉+ λ̄(1− λ)〈x, Ax〉 = (1− |λ|2)〈Ax,x〉.

duα > 1/2§〈Dy,y〉 ≥ 0§ 〈Ax,x〉 > 0§K7k|λ| ≤ 1§e |λ| = 1, K y = 0, l


 Ax = (αD − C)y = 0, ?
x = 0, gñ"Ïd|λ| < 1, =ρ(G) < 1"�S�Âñ"

. . . . . . . . . . . . . . . . . . . . .10©

�!£�K10©¤� R�[0, 1]þ�ëY¼ê�§Ù\{�ÊÏ�¼ê\{§¦

{�ÊÏ�¼ê¦{"I �R ���4��n�"y²µ∀f, g ∈ I, f �g 3[0, 1] þ

7kú��":"

yyy²²²µµµ ef , g 3[0, 1] þÃú�":§KëY¼ê |f |2 + |g|2 3 [0, 1] þð�u0.

(J 1
|f |2+|g|2 ∈ R. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5©

5¿�I��n�§f ∈ I, f ∈ R, l
 |f |2 = ff ∈ I, Ó� |g|2 ∈ I, �

|f |2 + |g|2 ∈ I, ?

1

|f |2 + |g|2
(|f |2 + |g|2) = 1 ∈ R,

gñuI �R ���4��n�. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .10©

��!£�K10©¤�3IS½|þé·I,«Ñ�û¬zc�I¦þX(ü :

ë)´�ÅCþ, XÑl[100, 200]þ�þ!©Ù. zÑÈù«û¬�ë, �±�I[�

�	®3��; e�ÈØÑ
ïÈuó¥, KzëI�s¤��¤^1��. ¦: A|�

õ�À
, âU¦I[�ÂÃ��?

))) �I�|�tëÀ
ý�Ñ�, KI[ÂÃY (ü : ��)´�ÅCþX�¼

êY = g(X), L�ª�

g(X) =

{
3t, �X > t�,

3X − (t−X), �X < t�.

w,, 100 [ t [ 200. d®�^�, �X�VÇ�Ý¼�

f(x) =


1

100
, �x ∈ [100, 200]�,

0, �x∈̄[100, 200]�.
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. . . . . . . . . . . . . . . . . . . . . . . . . . 4©

duY´�ÅCþ, Ïd, K¥¤��I[ÂÃ���n)�þ���, Ï
¯K

=z�¦Y�þ�, =¦E[g(X)]�þ�. {üO���

E[g(X)] =

∫ +∞

−∞
g(x)f(x)dx =

1

100

∫ 200

100

g(x)dx

=
1

100

∫ t

100

[3x− (t− x)]dx+
1

100

∫ 200

t

3tdx

=
1

50

[
− t2 + 350t− 10000

]
.

. . . . . . . . . . . . . . . . . . . . . . . . . . 8©

Ph(t) = −t2 + 350t − 10000. -h′(t) = −2t + 350 = 0, ��t = 175. 
h′′(t) =

−2 < 0. Ïd, �t = 175�¼êh(t)�����, ½=E[g(X)]����. �A|

�175ëù«û¬, U¦I[¼��ÂÃþ���. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10©
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