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2. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

3. X�K�xØ
,��3���¡,¿I²KÒ.

�! (�K 15 ©) 3�m���IX¥, �ü�V
�©

µ�<

­¡Γ��§� x2 + y2 − z2 = 1. �P��m¥�²¡§§

�Γu��Ô�C. ¦T²¡P�{��z-¶�Y�.

)))µ�²¡Pþ��Ô�C�º:�X0 = (x0, y0, z0).

�²¡PþX0?�p���üü �þα = (α1, α2, α3)Ú β = (β1, β2, β3),¦�β´�

Ô�C3²¡Pþ�é¡¶��.K�Ô��ëê�§�

X(t) = X0 + tα + λt2β, t ∈ R,

λ�Ø�u0�~ê. (5©)

PX(t) = (x(t), y(t), z(t)),K

x(t) = x0 + α1t+ λβ1t
2, y(t) = y0 + α2t+ λβ2t

2, z(t) = z0 + α3t+ λβ3t
2.

Ï�X(t)á3ü�V­¡Γþ,�\�§x2 + y2− z2 = 1,·���é?¿t�÷v��

§

λ2(β2
1 + β2

2 − β2
3)t4 + 2λ(α1β1 + α2β2 − α3β3)t

3 + A1t
2 + A2t+ A3 = 0,

Ù¥A1, A2, A3´�X0, α, β�'�~ê. u´��

β2
1 + β2

2 − β2
3 = 0, α1β1 + α2β2 − α3β3 = 0.

(10©)

1



Ï�{α, β}´²¡Pþ���üü �þ,Kk

α2
1 + α2

2 + α2
3 = 1, β2

1 + β2
2 + β2

3 = 1, α1β1 + α2β2 + α3β3 = 0.

u´��

β2
1 + β2

2 = β2
3 =

1

2
, α1β1 + α2β2 = 0, α3 = 0, α2

1 + α2
2 = 1;

α = (α1, α2, 0), β = (− ε√
2
α2,

ε√
2
α1, β3), ε = ±1.

u´��²¡P�{�þ

n = α× β = (A,B,
ε√
2

),

§�z-¶��e = (0, 0, 1)�Y�θ÷vcos θ = n · e = ± 1√
2
,�π

4
½3π

4
. £15©¤
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�
�� �!(�K 15©)� {an}´4Oê�, a1 > 1. ¦y:
�©

µ�<

?ê
∞∑
n=1

an+1−an
an ln an+1

Âñ�¿©7�^�´ {an}k.. q¯?

êÏ�©1¥� anUÄ�¤ an+1?

yyy²²² ¿©5µe {an}k.,K�� an 6M.

m∑
n=1

an+1 − an
an ln an+1

6
m∑
n=1

an+1 − an
a1 ln a1

=
am+1 − a1
a1 ln a1

6
M

a1 ln a1
.

dd�
∞∑
n=1

an+1−an
an ln an+1

Âñ. (5©)

7�5µ�
∞∑
n=1

an+1−an
an ln an+1

Âñ. du

ln(an+1)− ln(an) = ln

(
1 +

an+1 − an
an

)
6
an+1 − an

an
,

¤±

bn+1 − bn
bn+1

6
an+1 − an
an ln an+1

,

Ù¥ bn = ln an.Ïd,?ê
∑∞

n=0
bn+1−bn
bn+1

Âñ. (10©)

d CauchyÂñOK,�3g,êm,¦�é��g,ê p,k

1

2
>

m+p∑
n=m

bn+1 − bn
bn+1

>
m+p∑
n=m

bn+1 − bn
bm+p+1

=
bm+p+1 − bm
bm+p+1

= 1− bm
bm+p+1

.

dd�� {bn}k.,Ï�p´?¿�. Ï
 {an}k.. (13©)

K¥?ê©1� an ØU�¤ an+1. ~X: an = en
2
Ã., �

∞∑
n=1

an+1−an
an+1 ln an+1

Âñ.

(15©)
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n!y²K£15©¤�Γ = {W1,W2, . . . ,Wr}�r�
�©

µ�<

�Ø�Ó��_n�E�
�¤�8Ü.eT8Ü'uÝ


¦{µ4(=, ∀M,N ∈ Γ,kMN ∈ Γ), y²µΣr
i=1Wi = 0

��=�Σr
i=1tr(Wi) = 0,Ù¥tr(Wi)L«Wi�,.

yyy²²²µ7�5µd,�5����. (2©)

¿©5µÄk§éu�_Ý
W ∈ Γ§kWW1, . . . ,WWr�Ø�Ó .�k

WΓ ≡ {WW1,WW2, . . . ,WWr} = {W1,W2, . . . ,Wr},

=§WΓ = Γ,∀W ∈ Γ. (7©¤

PS = Σr
i=1Wi,KWS = S,∀W ∈ Γ. ?
 S2 = rS,=§ S2 − rS = 0. eλ�S�

A��§Kλ2 − rλ = 0,= λ = 0½r.

(Ü^�Σr
i=1tr(Wi) = 0�§S�A���U�0. ÏdkS − rI�_£~X�S�

��©)Ò���wÑ¤

2g5¿� S(S − rI) = S2 − rS = 0§d�m¦ (S − rI)−1 =�S = 0.y..

(15©)
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µ�<


A(=, A�=�AT�u−A),PÝ
kSé8ÜT�µ

T = {(X, Y )|X ∈ Rn×n, Y ∈ Rn×n, XY = aI + A},

Ù¥I� n�ü 
§Rn×n�¤k¢n��
�¤�8Ü"y²µ?�T¥ü�µ(X, Y )

Ú(M,N),7kXN + Y TMT 6= 0.

yyy²²²µ�y. e XN + Y TMT = 0,Kk

NTXT +MY = 0.

(2©)

,	§d(X, Y ) ∈ T�
XY + (XY )T = 2aI,

=

XY + Y TXT = 2aI.

aqk

MN +NTMT = 2aI.

Ïd§ (
X Y T

M NT

)(
Y N

XT MT

)
= 2a

(
I 0

0 I

)
,

(10©)

?


1

2a

(
Y N

XT MT

)(
X Y T

M NT

)
=

(
I 0

0 I

)
,

�

Y Y T +NNT = 0

¤±

Y = 0, N = 0

��XY = 0,�XY = aI + A 6= 0gñ.y.. (20©)
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Ê!£�K15©¤� f(x) = arctan x, A�~ê. e
�©

µ�< B = lim
n→∞

( n∑
k=1

f
(k
n

)
− An

)
�3,¦A,B.

))):
{{{ I.·�k

A = lim
n→∞

1

n

n∑
k=1

f
(k
n

)
=

∫ 1

0

f(x) dx

= x arctanx
∣∣1
0
−
∫ 1

0

x

1 + x2
dx =

π

4
− ln 2

2
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

éu x ∈
(
k−1
n
, k
n

)
, (1 6 k 6 n),d¥�½n,�3 ξn,k ∈

(
k−1
n
, k
n

)
¦�

f(x) = f
(k
n

)
+ f ′

(k
n

)(
x− k

n

)
+
f ′′(ξn,k)

2

(
x− k

n

)2
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (9©)

u´, ∣∣∣ n∑
k=1

f
(k
n

)
− nA+

n∑
k=1

n

∫ k
n

k−1
n

f ′
(k
n

)(
x− k

n

)
dx
∣∣∣

=
∣∣∣ n∑
k=1

n

∫ k
n

k−1
n

[
f
(k
n

)
+ f ′

(k
n

)(
x− k

n

)
− f(x)

]
dx
∣∣∣

6 M

n∑
k=1

n

∫ k
n

k−1
n

(
x− k

n

)2
dx =

M

3n
,

Ù¥M = 1
2

maxx∈[0,1] |f ′′(x)|.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)

Ïd,

lim
n→∞

( n∑
k=1

f
(k
n

)
− An

)
= − lim

n→∞

n∑
k=1

n

∫ k
n

k−1
n

f ′
(k
n

)(
x− k

n

)
dx

= lim
n→∞

1

2n

n∑
k=1

f ′
(k
n

)
=

1

2

∫ 1

0

f ′(x) dx =
π

8
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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{{{ II.·�k

A = lim
n→∞

1

n

n∑
k=1

f
(k
n

)
=

∫ 1

0

f(x) dx

= x arctanx
∣∣1
0
−
∫ 1

0

x

1 + x2
dx =

π

4
− ln 2

2
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

éu x ∈
(
k−1
n
, k
n

)
, (1 6 k 6 n),d¥�½n,�3 ξn,k ∈

(
k−1
n
, k
n

)
¦�

f
(k
n

)
= f(x) + f ′(x)

(k
n
− x
)

+
f ′′(ξn,k)

2

(k
n
− x
)2
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (9©)

u´, ∣∣∣ n∑
k=1

f
(k
n

)
− nA−

n∑
k=1

n

∫ k
n

k−1
n

f ′(x)
(k
n
− x
)
dx
∣∣∣

=
∣∣∣ n∑
k=1

n

∫ k
n

k−1
n

[
f
(k
n

)
− f(x)− f ′(x)

(k
n
− x
)]
dx
∣∣∣

6 M
n∑
k=1

n

∫ k
n

k−1
n

(k
n
− x
)2
dx =

M

3n
,

Ù¥M = 1
2

maxx∈[0,1] |f ′′(x)|.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)

Ïd,

lim
n→∞

( n∑
k=1

f
(k
n

)
− An

)
= lim

n→∞

n∑
k=1

n

∫ k
n

k−1
n

f ′(x)
(k
n
− x
)
dx

= lim
n→∞

n∑
k=1

nf ′(ηn,k)

∫ k
n

k−1
n

(k
n
− x
)
dx

= lim
n→∞

1

2n

n∑
k=1

f ′(ηn,k) =
1

2

∫ 1

0

f ′(x) dx =
π

8
,

Ù¥ ηn,k ∈
(
k−1
n
, k
n

)
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)

{{{ III.·�k

A = lim
n→∞

1

n

n∑
k=1

f
(k
n

)
=

∫ 1

0

f(x) dx

= x arctanx
∣∣1
0
−
∫ 1

0

x

1 + x2
dx =

π

4
− ln 2

2
.
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

éu x ∈
(k− 1

2

n
,
k+ 1

2

n

)
, (1 6 k 6 n),d¥�½n,�3 ξn,k ∈

(k− 1
2

n
,
k+ 1

2

n

)
¦�

f(x) = f
(k
n

)
+ f ′

(k
n

)(
x− k

n

)
+
f ′′(ξn,k)

2

(
x− k

n

)2
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (9©)

u´, ∣∣∣ n∑
k=1

f
(k
n

)
− nA− n

∫ 1+ 1
2n

1

f(x) dx+ n

∫ 1
2n

0

f(x) dx
∣∣∣

=
∣∣∣ n∑
k=1

n

∫ k+1
2

n

k− 1
2

n

[
f
(k
n

)
− f(x) + f ′

(k
n

)(k
n
− x
)]
dx
∣∣∣

6 M
n∑
k=1

n

∫ k
n

k−1
n

(k
n
− x
)2
dx =

M

3n
,

Ù¥M = 1
2

maxx∈[0,1] |f ′′(x)|.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)

Ïd,

lim
n→∞

( n∑
k=1

f
(k
n

)
− An

)
= lim

n→∞
n

∫ 1+ 1
2n

1

f(x) dx− lim
n→∞

n

∫ 1
2n

0

f(x) dx

=
f(1)

2
− f(0)

2
=
π

8
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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�
�� 8!£�K20©¤� f(x) = 1−x2+x3 (x ∈ [0, 1]),
�©

µ�<

O�±e4�¿`²nd

lim
n→∞

∫ 1

0
fn(x) ln(x+ 2) dx∫ 1

0
fn(x) dx

.

))): ´� f(x)ëY.5¿� f(x) = 1− x2(1− x),·�k

0 < f(x) < 1 = f(0) = f(1), ∀x ∈ (0, 1).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3©)

?� δ ∈ (0, 1
2
),·�k η = ηδ ∈ (0, δ)¦�

mη ≡ min
x∈[0,η]

f(x) > Mδ ≡ max
x∈[δ,1−δ]

f(x).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

u´� n > 1
δ2
�,

0 6

∫ 1

δ
fn(x) dx∫ δ

0
fn(x) dx

=

∫ 1

1−δ f
n(x) dx∫ δ

0
fn(x) dx

+

∫ 1−δ
δ

fn(x) dx∫ δ
0
fn(x) dx

=

∫ δ
0

(
1− x(1− x)2

)n
dx∫ δ

0

(
1− x2(1− x)

)n
dx

+

∫ 1−δ
δ

fn(x) dx∫ δ
0
fn(x) dx

6

∫ δ
0

(
1− x

4

)n
dx∫ δ

0

(
1− x2

)n
dx

+

∫ 1−δ
δ

fn(x) dx∫ η
0
fn(x) dx

6

∫ δ
0

(
1− x

4

)n
dx∫ 1√

n

0

(
1− x√

n

)n
dx

+
(1− 2δ)Mn

δ

ηmn
η

=

4
n+1

(
1−

(
1− δ

4

)n+1
)

√
n

n+1

(
1−

(
1− 1

n

)n+1
) +

(1− δ)
η

(Mδ

mn
η

)n
.

l


lim
n→∞

∫ 1

δ
fn(x) dx∫ δ

0
fn(x) dx

= 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)

=================================================================
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(555: �±^õ«�{`²þã4�¤á. �Kþ,�Ñ

lim
n→∞

∫ 1−δ
δ

fn(x) dx∫ δ
0
fn(x) dx

= 0

�±� 4©,�Ñ

lim
n→∞

∫ 1

1−δ f
n(x) dx∫ δ

0
fn(x) dx

= 0

� 4©. )

=================================================================

éu ε ∈ (0, ln 5
4
),� δ = 2(eε − 1),K δ ∈ (0, 1

2
), ln 2+δ

2
= ε.

,��¡,dcã(Ø,�3 N > 1¦�� n > N �k∫ 1

δ
fn(x) dx∫ δ

0
fn(x) dx

6 ε.

l
qk ∣∣∣∫ 1

0
fn(x) ln(x+ 2) dx∫ 1

0
fn(x) dx

− ln 2
∣∣∣ =

∫ 1

0
fn(x) ln x+2

2
dx∫ 1

0
fn(x) dx

6

∫ δ
0
fn(x) ln x+2

2
dx∫ δ

0
fn(x) dx

+

∫ 1

δ
fn(x) ln x+2

2
dx∫ δ

0
fn(x) dx

6 ln
δ + 2

2
+

ln 2
∫ 1

δ
fn(x) dx∫ δ

0
fn(x) dx

6 ε(1 + ln 2).

Ïd

lim
n→∞

∫ 1

0
fn(x) ln(x+ 2) dx∫ 1

0
fn(x) dx

= ln 2.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)
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