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5¿: 1. ¤k�KÑL�3dÁò��µ�m>, �3Ù§�þ�ÆÃ�.

2. �µ��>�Õ�K, �µ�	Ø�k6¶9�'IP.

3. X�K�xØ
, ��3���¡, ¿I²KÒ.

�! (�K 15 ©) ®��m�ü^��

l1 :
x− 4

1
=
y − 3

−2
=
z − 8

1
,

l2 :
x+ 1

7
=
y + 1

−6
=
z + 1

1
.

1¤y² l1 Ú l2 É¡¶

2¤¦ l1 Ú l2 úR��IO�§¶

3¤¦ë� l1 þ�?�:Ú l2 þ�?�:�ã¥:�;,����§"

(1) yyy²²²µ l1 þk: r1 = (4, 3, 8)§���þ� v1 = (1,−2, 1)"
l2 þk: r2 = (−1,−1,−1)§���þ� v2 = (7,−6, 1)"
q

(r1 − r2, v1, v2) =

∣∣∣∣∣∣∣∣
5 4 9

1 −2 1

7 −6 1

∣∣∣∣∣∣∣∣ 6= 0,

�l1 Ú l2 É¡" (3©)

(2) l1þ�?�: P1 = r1 + t1v1 � l2þ�?�: P2 = r2 + t2v2 �ë�����

þ�

−−→
P1P2 = r2 − r1 + t2v2 − t1v1

= (−5 + 7t2 − t1,−4− 6t2 + 2t1,−9 + t2 − t1).

úR�����þ�

v = v1 × v2 =

∣∣∣∣∣∣∣∣
i j k

1 −2 1

7 −6 1

∣∣∣∣∣∣∣∣ = (4, 6, 8).
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d
−−→
P1P2 � v ²1µ

(−5 + 7t2 − t1) : (−4− 6t2 + 2t1) : (−9 + t2 − t1) = 4 : 6 : 8

�

t1 = −1, t2 = 0.

�:r2 + 0v2 = (−1,−1,−1)3úR�þ§l
úR��IO�§�

x+ 1

4
=
y + 1

6
=
z + 1

8
.

(9©)

(3) P1 = r1 + t1v1 � P2 = r2 + t2v2 �¥:�

1

2
(3 + t1 + 7t2, 2− 2t1 − 6t2, 7 + t1 + t2).

Ïd¥:;,���²¡§²¡�{�þ�

v = v1 × v2 = (4, 6, 8).

q:1
2
(3, 2, 7)3²¡þ§�;,��§�

4x+ 6y + 8z − 40 = 0.
(15©)

�!(�K 15 ©) �f ∈ C[0, 1] ´�K�î�üNO¼ê"
1¤y²µé?¿n ∈ N§�3��� xn ∈ [0, 1]§¦�

(
f(xn)

)n
=

∫ 1

0

(
f(x)

)n
dx.

2¤y²µlimn→∞ xn = 1.

yyy²²²: 1¤

f(0)n ≤
∫ 1

0

(
f(x)

)n
dx ≤ f(1)n,

dëY¼ê�0�5��� xn ��35" (3©)

du f ´î�üN¼ê§xn ´���" (5©)

2¤é?¿�� ε > 0, d f ��K5ÚüN5§

(
f(xn)

)n ≥ ∫ 1

1−ε

(
f(1− ε)

)n
= ε
(
f(1− ε)

)n
,

�

f(xn) ≥ n
√
εf(1− ε),

l


lim inf
n→∞

f(xn) ≥ f(1− ε).
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d f �üN5§

lim inf
n→∞

xn ≥ 1− ε.

d ε �?¿5, lim xn = 1. (15©)

n! (�K 15 ©) � V �4«m [0, 1] þ�N¢¼ê�¤�¢�þ�m§Ù¥

�þ\{�Xþ¦{þ�Ï~�" f1, . . . , fn ∈ V . y²±eü^�dµ

1¤f1, . . . , fn �5Ã'¶

2¤∃a1, . . . , an ∈ [0, 1] ¦� det(fi(aj)) 6= 0, ùp det L1�ª.

yyy²²² 2)⇒ 1). �Ä�§ λ1f1 + · · · + λnfn = 0. ò a1, . . . , an ©O�\§��§

| 
λ1f1(a1) + · · ·+ λnfn(a1) = 0

...

λ1f1(an) + · · ·+ λnfn(an) = 0

5¿�þã�§|�XêÝ
� (fi(aj))
T , Ïdd det(fi(aj)) 6= 0 ���� λ1 =

· · · = λn = 0. (6©)

1)⇒ 2). ^8B{. Äk§ n = 1�§(Øw,"

Ùg§�n = k�(Øý"Kn = k+1�§df1, . . . , fk+1 �5Ã'�§ f1, . . . , fk

�5Ã'. Ïd∃a1, . . . , ak ∈ [0, 1] ¦�det(fi(aj))k×k 6= 0"*	¼ê

F (x) = det


f1(a1) · · · f1(ak) f1(x)

...
...

...

fk(a1) · · · fk(ak) fk(x)

fk+1(a1) · · · fk+1(ak) fk+1(x)

 .

U����Ðm�

F (x) = λ1f1(x) + · · ·+ λkfk(x) + λk+1fk+1(x),

Ù¥ λ1, . . . , λk+1þ�~þ"5¿� λk+1 6= 0, Ïddf1, . . . , fk+1 �5Ã'� F (x)Ø

ð�0, l
∃ak+1 ∈ [0, 1]¦�F (ak+1) 6= 0. ½= a1, . . . , ak+1 ∈ [0, 1], det(fi(aj)) 6= 0.

y." (15©)

o!(�K 15 ©) � f(x) 3 R þk���¼ê, f(x), f ′(x), f ′′(x) Ñ�u", b

��3�ê a, b ¦� f ′′(x) 6 af(x) + bf ′(x) é�� x ∈ R ¤á.

(i) ¦y: lim
x→−∞

f ′(x) = 0;

(ii) ¦y: �3~ê c ¦� f ′(x) 6 cf(x).

(iii) ¦¦þ¡Ø�ª¤á���~ê c.

yyy²²²: d^�� f 9 f ′ ´üN4O��¼ê§Ïd lim
x→−∞

f(x) Ú lim
x→−∞

f ′(x) Ñ

�3" (2©)

1 3 �£� 5 �¤



�â�©¥�½n§é?¿ x �3 θx ∈ (0, 1) ¦�

f(x+ 1)− f(x) = f ′(x+ θx) > f ′(x) > 0.

þª�>� x→ −∞ �4�� 0§Ï
k lim
x→−∞

f ′(x) = 0. (5©)

� c = b+
√
b2+4a
2

. K c > b > 0, � a
b−c = −c. u´�â^�k

f ′′(x)− cf ′(x) 6 (b− c)f ′(x) + af(x) = (b− c)(f ′(x)− cf(x)).

ù`²¼ê e−(b−c)x(f ′(x)− cf(x)) ´üN4~�"5¿�T¼ê� x→ −∞ �4�
� 0§Ïdk f ′(x)− cf(x) 6 0. =§f ′(x) 6 cf(x). (10©)

~ê c ´�Z�§ù´Ï�é¼ê f(x) = ecx k f ′′(x) = af(x) + bf ′(x). (15©)

Ê! (�K 20 ©) � m ��½���ê. y²µé?Û���ê n,l, �3 m �

�
 X ¦�

Xn +X l = I +



1 0 0 · · · 0 0

2 1 0 · · · 0 0

3 2 1 · · · 0 0
...

...
...

. . .
...

...

m− 1 m− 2 m− 3 · · · 1 0

m m− 1 m− 2 · · · 2 1


.

yyy²²² 1¤- H =


0

1
. . .
. . . . . .

1 0

, K¤¦��§C�

Xn +X l = 2I + 2H + 3H2 + · · ·+mHm−1.
(3©)

2)�	/X



1 0 0 · · · 0 0

a1 1 0 · · · 0 0

a2 a1 1 · · · 0 0
...

...
...

. . .
...

...

am−1 am−2 am−3 · · · 1 0

am am−1 am−2 · · · a1 1


�Ý
 X, Kk X = I + a1H +

a2H
2 + · · ·+ amH

m−1. (J§

Xn = (I + a1H + a2H
2 + · · ·+ amH

m−1)n

= I + (na1)H + (na2 + f1(a1))H
2 + · · ·+ (nam + fm−1(a1, · · · , am−1))Hm−1,

Ù¥ f1(a1) d a1 (½§ . . .§ fm−1(a1, · · · , am−1) d a1, · · · , am−1 (½.

1 4 �£� 5 �¤
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X l = I + (la1)H + (la2 + g1(a1))H
2 + · · ·+ (lam + gm−1(a1, · · · , am−1))Hm−1.

(12©)

3) *	e��§|
(n+ l)a1 = 2,

(n+ l)a2 + (f1(a1) + g1(a1)) = 3,

· · ·
(n+ l)am +

(
fm−1(a1, . . . , am−1) + gm−1(a1, · · · , am−1)

)
= m.

���wÑT�§|k)"·K�y" (20©)

8!(�K 20 ©) � α ∈ (0, 1), {an} ´�ê��÷v

lim inf
n→∞

nα
(

an
an+1

− 1

)
= λ ∈ (0,+∞).

¦y lim
n→∞

nkan = 0, Ù¥ k > 0.

yyy²²²µµµ d^���l,�m© {an} üN4~"Ïd§

lim
n→∞

an = a > 0.

e a > 0, K� n ¿©��§

an − an+1

1/nα
= nα

(
an
an+1

− 1

)
an+1 =

λa

2
> 0.

Ï�
∞∑
n+1

1

nα
uÑ§¤±

∞∑
n=1

(an− an+1) �uÑ§�d?êw,Âñ� a1− a. ù´g

ñ�¤±Ak a = 0. (10©)

- bn = nkan. Kk

nα
(

bn
bn+1

− 1

)
=

(
n

n+ 1

)k [
nα
(

an
an+1

− 1

)
− nα

(
(1 +

1

n
)k − 1

)]
.

Ï� (1 + 1
n
)k − 1 ∼ k

n
(n→∞), ¤±dþª9^���

lim inf
n→∞

nα
(

bn
bn+1

− 1

)
= λ, (n→∞).

Ïddm©¤y§�� lim
n→∞

bn = 0, =§ lim
n→∞

nkan = 0. (20©)
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