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(1) 0; (2) p > 1; (3) 3
√

2π;

(4) (1, 0, 1), ½(−1, 0,−1), ½(1, t,−1), ½(−1, t, 1), t ∈ R.

�!(�K15©) du/Xαx + βy + γ = 0�²¡�S�U�u��½�8,

¤±�±�²¡σ��§�

z = αx+ βy + γ,

§�S�����. -x = cos θ, y = 1√
2

sin θ, Kσ�S����L«�

Γ(θ) =
(

cos θ,
1√
2

sin θ, α cos θ +
1√
2
β sin θ + γ

)
, θ ∈ [0, 2π].

duΓ(θ)´���, ¤±§���½:P (a, b, c)�ål�~êR. u´kð

�ª

(cos θ − a)2 +
( 1√

2
sin θ − b

)2
+
(
α cos θ +

1√
2
β sin θ + γ − c

)2
= R2.

|^

cos2 θ =
1

2
(1 + cos 2θ), sin2 θ =

1

2
(1− cos 2θ)

·��±òþª�¤

A cos 2θ +B sin 2θ + C cos θ +D sin θ + E = 0,

Ù¥A, B, C, D, E�~ê. duù���§é¤kθ ∈ [0, 2π]ð¤á, ¤

±A = B = C = D = E = 0.

AO/, ·���

A =
1

2
(α2 + 1)− 1

4
(β2 + 1) = 0, B =

1√
2
αβ = 0.
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u´��α = 0, β = ±1, ²¡σ�{�þ�

(−α,−β, 1) = (0, 1, 1) ½ (0,−1, 1)

��"�ê.

n!(�K15©)

y² �3�_�
T , ¦�T−1AT = Ã�é�
. -T−1BT = B̃,

KB̃�¢é¡�
, �

tr((AB)2) = tr((ÃB̃)2), tr(A2B2) = tr(Ã2B̃2).

-Ã = diag(a11, · · · , ann), B̃ = (bij)n×n. K

tr((ÃB̃)2) =
n∑

i,j=1

aiiajjbijbji

=
∑

16i<j6n
2aiiajjb

2
ij +

n∑
i=1

a2iib
2
ii,

tr(Ã2B̃2) =
n∑

i,j=1

a2iib
2
ij

=
∑

16i<j6n
(a2ii + a2jj)b

2
ij +

n∑
i=1

a2iib
2
ii.

u´

tr((ÃB̃)2)− tr(Ã2B̃2) = −
∑

16i<j6n

(aii − ajj)2b2ij 6 0.

o!(�K20©)

y² �Γ��%�O, αi = 1
2
∠BiOBi+1, Bn+1 = B1, KPA = 2

n∑
i=1

tanαi,

PB = 2
n∑
i=1

sinαi.

ky: �0 < x < π
2
�, k

tan
1
3 x sin

2
3 x > x. (1)
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-g(x) = sinx
cos1/3 x

− x, Kg(0) = 0,

g′(x) =
cos4/3 x+ 1

3
cos−2/3 x sin2 x

cos2/3 x
− 1

= 2 cos2 x+1
3 cos4/3 x

− 1

> 3
3√
cos2 x·cos2 x·1
3 cos4/3 x

− 1 = 0,

�g(x)î�üN4O, Ïg(x) > g(0) = 0. (1)ª�y.

P
1/3
A · P 2/3

B = 2

(
n∑
i=1

tanαi

) 1
3
(

n∑
i=1

sinαi

) 2
3

= 2

(
n∑
i=1

(tan1/3 αi)
3

) 1
3
(

n∑
i=1

(sin2/3 αi)
3
2

) 2
3

> 2
n∑
i=1

tan1/3 αi · sin2/3 αi

> 2
n∑
i=1

αi = 2π.

Ê!(�K10©)

y² Äk, -G1 = (u1), G2 = (v1), G3 = (u2), G4 = (v2),

T = {g1g2 | g1 ∈ G1, g2 ∈ G2}, H = {g3g4 | g3 ∈ G3, g4 ∈ G4},

KT!Hþ�G�C��f+. ?�Ú, d(8, 13) = 1��

G1 ∩G2 = {e}, G3 ∩G4 = {e}.

(J, T = G1G2�S�È©), H = G3G4�S�È©).

Ùg, ©OO�u1v1�u2v2��.

e(u1v1)
x = e,Kux1v

x
1 = e,dT = G1G2�S�È©)�u

x
1 = vx1 = e,l

8 | x, 13 | x,�o(u1v1) = 8×13,=kT = (u1v1). Ón�: o(u2v2) = 8×13,

=kH = (u2v2). 5¿�u1v1 = u2v2, �T = H.

1n, u2 ∈ G3 ⊆ H = T , �u2�L�: u2 = g1g2, g1 ∈ G1, g2 ∈ G2. (

Ju82 = g81g
8
2, =g82 = e.
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-g2 = vt1, u´v
8t
1 = e, �13 | 8t, �g2 = e, dd�u2 ∈ G1. Ón�

�v2 ∈ G2.

1o, 2g�Ä�u1v1 = u2v2±9T = G1G2�S�È©), Ïd

ku1 = u2, v1 = v2.

��, ��O���, u1u2���4, v1v2���13.

8!(�K10©)

y²-E1 = E−Q,Ù¥Q´knê8,KE1ÃS:,�m(E1) = m(E).

(i) �348E2 ⊂ E1, ¦�a < m(E2) < m(E1) = m(E).

ém(E1) > a + q > a��¢êq, dÿÝ�ëY5�, �3A ⊂ E1,

¦�m(A) = a + q. d�ÿ8�½Â, é q
2
, �348E2 ⊂ A, ¦�m(A −

E2) < q
2
, u´m(E2) = m(A) − m(A − E2) > a + q − q

2
= a + q

2
> a.

qm(E2) 6 m(A) = a+ q < m(E1), =a < m(E2) < m(E1) = m(E).

(ii) -f(x) = m(E2 ∩ [−x, x]), x ∈ R, �yf(x)´ëYüO¼ê,

�f(0) = 0, lim
x→+∞

f(x) = m(E2) > a.

dëY¼ê�0�½n�: �3r > 0, ¦�f(r) = m(E2 ∩ [−r, r]) = a.

-F = E2 ∩ [−r, r], KF�ÃS:�k.48, �F ⊂ E, m(F ) = a.

Ô!(�K10©)

y² �e1, e2, e3��γ�FrenetIe:

e1 =
dγ

ds
, e2 =

1

k
· d2γ

ds2
, e3 = e1 × e2.

Kk
de1
ds

= ke2,
de2
ds

= −ke1 + τe3,
de3
ds

= −τe2,

Ù¥τ��γ�LÇ.

�β = e2 : [0, `]→ S2, �¥¡þ�{ü4�, §�l�ëê�s̃. u´

k
dβ

ds
= −ke1 + τe3,

ds̃

ds
=
√
k2 + τ .
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¥¡3β(s):�ü {�þ�β, �β(s)���þ�dβ
ds

= −ke1 + τe3, ¤±

�β(s)3¥¡þ�{�þẽ2�

ẽ2 =
β × dβ

ds∣∣β × dβ
ds

∣∣ =
1√

k2 + τ 2
(τe1 + ke3).

u´, �β3¥¡þ�ÿ/Ç

kg = d2β
ds̃2
· ẽ2 =

(
d2β
ds2

(
ds
ds̃

)2
+ dβ

ds
· d2s
ds̃2

)
· ẽ2

= 1
(k2+τ2)3/2

(
−dk

ds
e1 + dτ

ds
e3
)
· (τe1 + ke3)

= 1
(k2+τ2)3/2

(
k dτ

ds
− τ dk

ds

)
.

�k ∫
B
kgds̃ =

∫ `
0

1
(k2+τ2)3/2

(
k dτ

ds
− τ dk

ds

)√
k2 + τ 2ds

=
∫ `
0

1
(k2+τ2)

(
k dτ

ds
− τ dk

ds

)
ds =

∫ `
0

d
ds

(arctan(τ/k))ds

= arctan τ
k

∣∣`
0
= 0,

Ù¥^�4�5�: k(0) = k(`), τ(0) = τ(`).

duB�{ü4�,§�¤¥¡��üëÏ«�D. dGauss-Bonett½

n, k ∫
B

kgds̃+

∫
D

KdS = 2π.

é¥¡ó, GaussÇK = 1, �«�D�¡È|D| = 2π, �¥¡¡È��

�.

l!(�K10©)

) 1. -q(x) = x3 − p(x). ·�y²q(x)äk/ª: q(x) = xJ2(x), Ù

¥J(x)��gõ�ª. Äk`²q(x)��Ñ�¢ê. ¢Sþq(x)7k�¢

�α1,e,ü���é�ÝE�,Kq(x)äk/ª: q(x) = (x−α1)(x
2 +ax+

b), �a2 − 4b < 0. duq(x) > 0, α1 6 0, q(x) > x(x + a/2)2,
∫ 1

0
q(x)dx >∫ 1

0
x(x+ a/2)2dx. ù�||q(x)||1����gñ! Ïd, q(x)�n��Ñ�¢ê,

��α1, α2, α3.
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eq(x)�n��pØ��, Kαi 6 0,
∫ 1

0
q(x)dx >

∫ 1

0
x3dx >

∫ 1

0
x(x −

1/2)2dx, gñ! Ïdq(x)kü����,�α2 = α3. �q(x) = (x − α1)(x −
α2)

2, ¿�α1 = 0�
∫ 1

0
q(x)dx¬��.

du
∫ 1

0
q(x)dx = 1

12
(6α2

2 − 8α2 + 3), �α2 = 2/3, =p(x) = x3 − q(x) =
4
3
x2 − 4

9
x�, ||x3 − p(x)||1��.

2. -q(x) = x4 − p(x). aqu1�©Û, q(x)��Ñ�¢ê, �Ñ�

�, =q(x) = J2(x), J(x)��gõ�ª. �J(x) = x2 + ax + b, Kf(a, b) :=∫ 1

0
q(x)dx = 1

5
+ 1

2
a+ 2

3
b+ 1

3
a2 + ab+ b2. d

∂f

∂a
=

2

3
a+ b+

1

2
= 0,

∂f

∂b
= a+ 2b+

2

3
= 0

)�

a = −1, b =
1

6
.

Ïd, p(x) = x4 − (x2 − x+ 1
6
)2 = 2x3 − 4

3
x2 + 1

3
x− 1

36
.

Ê!(�K10©)

y² �ε > 0, g(z) = 1 + ε− f(z), Kg(z)3Dþ)Û, g(0) = 1 + ε > 0,

Reg(z) = 1 + ε− Ref(z) > ε > 0. Ï∣∣∣∣g(z)− g(0)

g(z) + g(0)

∣∣∣∣2 =
|g(z)|2 − 2(1 + ε)Reg(z) + (1 + ε)2

|g(z)|2 + 2(1 + ε)Reg(z) + (1 + ε)2
< 1,

¤±, g(z)−g(0)
g(z)+g(0)

´��òDN\D, ò0N�0�)Û¼ê, �âSchwarzÚn,

k ∣∣∣∣g(z)− g(0)

g(z) + g(0)

∣∣∣∣ 6 |z|.
-ε→ 0, ��

|f(z)|
|2− f(z)|

6 |z|.

ü>²��, |f(z)|2 6 |z|2(4− 4Ref(z) + |f(z)|2), =,

(1− |z|2)|f(z)|2 6 4|z|2(1− Ref(z)).
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du(Ref(z))2 6 |f(z)|2, lþª��(
Ref(z) +

2|z|2

1− |z|2

)2

6
4|z|2

(1− |z|2)2
.

dd=�

Ref(z) 6
2|z|

1− |z|2
− 2|z|2

1− |z|2
=

2|z|
1 + |z|

.

�!(�K10©)

) ^AnL«¯�“²ngÁ��, ç¥Ñy3`�¥”, ĀnL«¯

�“²ngÁ��, ç¥Ñy3¯�¥”, CnL«¯�“1nglç¥¤3�

�¥�Ñ��x¥”. Ppn = P (An), qn = P (Ān) = 1 − pn, n = 1, 2, · · · .
�n > 1�, d�VÇúª�

pn = P (An | An−1)P (An−1) + P (An | Ān−1)P (Ān−1)

= P (Cn | An−1)P (n−1) + P (C̄n | Ān−1)P (Ān−1)

= pn−1 · N−1N
+ qn−1 · 1

N

= N−1
N
· pn−1 + 1

N
· (1− pn−1).

Ïd, ��4í�ª

pn =
N − 2

N
· pn−1 +

1

N
(n >).

duÐ©^�p0 = 1, u´d4í'Xª, ¿|^�'?ê¦Úúª, �

pn = 1
N

+ 1
N
· N−2

N
+ · · ·+ 1

N

(
N−2
N

)n−1
+
(
N−2
N

)n
= 1

N

[
1−

(
N−2
N

)n] / (
1− N−2

N

)
+
(
N−2
N

)n
= 1

2
+ 1

2

(
N−2
N

)n
.

�ç¥Ñy3`�¥�VÇ�1
2

+ 1
2
(N−2

N
)n.

eN = 2, Ké?Ûn, kpn = 1
2
.

eN > 2, K lim
n→∞

pn = 1
2
.
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