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�©

5¿: 1. c4�K´7�K, 2l 5–10�K¥?ÀnK, KÒ�W\þ¡�L¥.

2. ¤k�KÑL�3dÁò��µ�m>,�3Ù§�þ�ÆÃ�.

3. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

4. X�K�xØ
,��3���¡,¿I²KÒ.

�! (�K 20©)W�K (z�K 5©)
�©

µ�<

(1) �¢�
H1 =

(
0 1

1 0

)
§Hn+1 =

(
Hn I

I Hn

)
§n ≥ 1§Ù¥I´�HnÓ��ü 

�
©K rank (H4) = 10.

(2) lim
x→0

ln(1 + tan x)− ln(1 + sin x)

x3
=

1

2
.

(3) � Γ��m�


x = π sin

t

2
,

y = t− sin t,

z = sin 2t

, t ∈ [0, π] .K1�.�È©
∫

Γ

esinx
(

cosx cos y dx−

sin y dy
)

+ cos z dz = −2.

(4) ��g.f(x1, . . . , xn) = (x1, . . . , xn)A


x1

x2

...

xn

�Ý
A�


1 a a · · · a

a 1 a · · · a
...

...
...

...
...

a · · · a 1 a

a a · · · a 1


,

Ù¥n > 1, a ∈ R.Kf3��C�e�IO/� ((n− 1)a+ 1)y2
1 − (a− 1)y2

2 − · · · − (a− 1)y2
n.

ëëë������YYY. (1)Hn´m = 2n�é¡�
§�3���
P¦�P−1HnP = D´é

1



��
©l§Hn+1 =

(
P O

O P

)(
D I

I D

)(
P O

O P

)−1

�

(
D I

I D

)
�q©�Hn�

¤kA��´λ1, λ2, · · · , λm§KHn+1�¤kA��´λ1 + 1, λ1 − 1, λ2 + 1, λ2 −
1, · · · , λm + 1, λm − 1©|^êÆ8B{N´y²µHn�¤kØÓA���{n −
2k | k = 0, 1, · · · , n}§¿�z�A��n − 2k��êê�Ck

n =
n!

k!(n− k)!
©Ï

d§ rank (H4) = 24 − C2
4©

�{�µ��^©¬
�Ð�C�=�.

(2)555: |||^̂̂ Lagrange¥¥¥���½½½nnn���±±±{{{zzzOOO���.

lim
x→0

ln(1 + tan x)− ln(1 + sin x)

x3
= lim

x→0

tanx− sinx

x3
= lim

x→0

1− cosx

x2
=

1

2

(3) -2.

(4)�I¦ÑA��ÜA��=�.w,A+ (a− 1)I ��6 1. � A+ (a− 1)I �

"�m��ê� > n− 1,l��A�n�A���

λ1 = 1− a, λ2 = 1− a, · · · , λn−1 = 1− a, λn.

5¿� trA = n,��λn = (n− 1)a+ 1. (J§f3��C�e�IO/�((n− 1)a+

1)y2
1 − (a− 1)y2

2 − · · · − (a− 1)y2
n.

2
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µ�<

¡

S :
x2

a2
+
y2

b2
+
z2

c2
= 1, a, b, c > 0

9S	Ü�:A(x0, y0, z0)§LA:��S ���¤k���¤I¡Σ. y²µ�3²

¡Π§¦���S ∩ Σ = S ∩ Π¶Ó�¦Ñ²¡Π��§.

)))µ){�µ

Ï�A3S�	Ü§�k

x2
0

a2
+
y2

0

b2
+
z2

0

c2
− 1 > 0. (1)

éu?¿�M(x, y, z) ∈ S ∩ Σ§ë�A,M���P�lM§Ùëê�§���

x̃ = x+ t(x− x0), ỹ = y + t(y − y0), z̃ = z + t(z − z0), −∞ < t < +∞. (2)

�\ý¥¡��§�

(x+ t(x− x0))2

a2
+

(y + t(y − y0))2

b2
+

(z + t(z − z0))2

c2
= 1.

�n�

x2

a2
+
y2

b2
+
z2

c2
+ t2

(
x2

a2
+
y2

b2
+
z2

c2
+
x2

0

a2
+
y2

0

b2
+
z2

0

c2
− 2

(x0

a2
x+

y0

b2
y +

z0

c2
z
))

+ 2t

(
x2

a2
+
y2

b2
+
z2

c2
−
(x0

a2
x+

y0

b2
y +

z0

c2
z
))

= 1.

(5©)

Ï�:M3ý¥¡Sþ§x2

a2
+ y2

b2
+ z2

c2
= 1. ¤±þªz�

t2
(

1 +
x2

0

a2
+
y2

0

b2
+
z2

0

c2
− 2

(x0

a2
x+

y0

b2
y +

z0

c2
z
))

+ 2t
(

1−
(x0

a2
x+

y0

b2
y +

z0

c2
z
))

= 0.

(3)

dulM�S3M:��§�§(3)k����t = 0. �k

x0

a2
x+

y0

b2
y +

z0

c2
z − 1 = 0. (4)

d�d(1)�§�§(3)�Ä�Xêz�

x2
0

a2
+
y2

0

b2
+
z2

0

c2
− 1 > 0.

3



AO/§(4)�XêþØ�"Ï´��²¡�§§(½�²¡P�Π. þã�í�y

²
S ∩ Σ ⊂ Π§ly²
S ∩ Σ ⊂ S ∩ Π.

(12©)

��§éu��S ∩ Πþ�?�:M(x, y, z)§d(3)!(4)üª=�§dA!Mü

:(½���lM�½3:M�S��. �d½Â§lM3I¡Σ þ. AO/§M ∈ Σ.

dM�?¿5§S ∩ Π ⊂ S ∩ Σ.

(Ø�y. (15©)

){�µ

Ï�A3S�	Ü§�k

x2
0

a2
+
y2

0

b2
+
z2

0

c2
> 1 > 0. (5)

éu?¿�M(x1, y1, z1) ∈ S ∩ Σ§ý¥¡S3M:��²¡�§�±��

x1

a2
x+

y1

b2
y +

z1

c2
z − 1 = 0.

Ï�ë�MÚAü:���´S3:M���§¤±A:3þã�²¡þ. �

x1

a2
x0 +

y1

b2
y0 +

z1

c2
z0 − 1 = 0.

u´§:M(x1, y1, z1)3²¡£5¿§d£6¤ª§x0, y0, z0Ø��0¤

Π :
x0

a2
x+

y0

b2
y +

z0

c2
z − 1 = 0

þ§=kM ∈ S ∩ Π.

(10©)

��§éu?¿�M(x1, y1, z1) ∈ S ∩ Π§k

x0

a2
x1 +

y0

b2
y1 +

z0

c2
z1 − 1 = 0.

KS3M:��²¡
x1

a2
x+

y1

b2
y +

z1

c2
z − 1 = 0

ÏLA(x0, y0, z0):§ÏM,A�ë�3:MÚý¥¡S��§§3I¡Σþ. �M ∈
S ∩ Σ.

(Ø�y. (15©)
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�©

µ�<

AB −BA = C, AC = CA, BC = CB.

1. y²µC´�"�
¶

2. y²µA,B,CÓ��quþn�
¶

3. eC 6= 0,¦n����.

yyy²²².
1. �C�ØÓA���λ1, . . . , λk,Ø��CäkJordanIO.µC = diag(J1, . . . , Jk),

Ù¥Ji�A��λiéA�Jordan¬. éÝ
B��C�Ó�©¬§ B = (Bij)k×k.

dBC = CB��JiBij = BijJj , i, j = 1, 2, . . . , k. ù�é?¿õ�ªpk

p(Ji)Bij = Bijp(Jj).�p�Ji���õ�ª§K�Bijp(Jj) = 0.�i 6= j�§p(Jj)�

_§lBij = 0.Ïd§B = diag(B11, . . . , Bkk).Ón§A = diag(A11, . . . , Akk).

d AB − BA = C�AiiBii − BiiAii = Ji, i = 1, . . . , k. �Tr(Ji) = Tr(AiiBii −
BiiAii) = 0, i = 1, 2, . . . , k. lλi = 0,=C��"�
. (5©)

2. -V0 = {v ∈ Cn |Cv = 0}. é?¿v ∈ V0, duC(Av) = A(Cv) = 0, Ï

dAV0 ⊆ V0. Ón§BV0 ⊆ V0. u´�30 6= v ∈ V0Úλ ∈ C¦�Av = λv"

PV1 = {v |Av = λv} ⊆ V0, dAB − BA = C�§é?¿u ∈ V1, A(Bu) =

B(Au) +Cu = λBu. � BV1 ⊆ V1. l�30 6= v1 ∈ V19µ ∈ C¦� Bv1 = µv1,

Ó�kAv1 = λ1v1, Cv1 = 0. òv1*¿�Cn ��|Ä{v1, v2, . . . , vn}, -P =

(v1, . . . , vn)§K

AP = P

(
λ x

0 A1

)
, BP = P

(
µ y

0 B1

)
, CP = P

(
0 z

0 C1

)
.

¿�A1, B1, C1÷vA1B1−B1A1 = C1, A1C1 = C1A1, B1C1 = C1B1. dêÆ8B

{=���, A,B,CÓ��quþn�
" (10©)

3. �n ≥ 3�§�A = E12, B = E23, C = E13§KA,B,C÷vK¿"én = 2,Ø

�� C =

(
0 1

0 0

)
. KkAC = CA�A =

(
a1 a2

0 a1

)
. aqdkBC = CB�B =(

b1 b2

0 b1

)
. u´AB − BA = 0§ù�AB − BA = Cgñ��÷vC 6= 0��

�n�3.

(15©¤

5



o!£�K20©¤� f(x)3 [0, 1]þk��ëY�
�©

µ�<

¼ê,� f(0)f(1) > 0. ¦y:∫ 1

0

|f ′(x)| dx 6 2

∫ 1

0

|f(x)| dx+

∫ 1

0

|f ′′(x)| dx.

)))��� �M = max
x∈[0,1]

|f ′(x)| = |f ′(x1)|, m = min
x∈[0,1]

|f ′(x)| = |f ′(x0)|.Kk

∫ 1

0

|f ′′(x)| dx >

∣∣∣∣∫ x1

x0

f ′′(x) dx

∣∣∣∣ = |f ′(x1)− f ′(x0)| >M −m.

(5©)

,��¡,k
∫ 1

0
|f ′(x)| dx 6M

∫ 1

0
dx = M.�,�Iy²

m 6 2

∫ 1

0

|f(x)| dx. (2)

e f ′(x)3 [0, 1]¥k":,K m = 0.d� (2)w,¤á. y3b� f ′(x)3 [0, 1]

þÃ":,Ø�� f ′(x) > 0,Ï f(x)î�4O.e¡©ü«�/?Ø. (10©)

�/ 1. f(0) > 0.d� f(x) > 0 (x ∈ [0, 1]).d f ′(x) = |f ′(x)| > m,�∫ 1

0

|f(x)| dx =

∫ 1

0

f(x) dx =

∫ 1

0

(f(x)− f(0)) dx+ f(0)

>
∫ 1

0

(f(x)− f(0)) dx =

∫ 1

0

f ′(ξ)x dx >
∫ 1

0

mxdx =
1

2
m

�, (2)¤á. (15©)

�/ 2. f(0) < 0.d�k f(1) 6 0,�â f �4O5,k f(x) 6 0 (x ∈ [0, 1]).∫ 1

0

|f(x)| dx = −
∫ 1

0

f(x) dx =

∫ 1

0

(f(1)− f(x)) dx− f(1)

>
∫ 1

0

|f(1)− f(x)| dx =

∫ 1

0

|f ′(ξ)|(1− x) dx >
∫ 1

0

m(1− x) dx =
1

2
m.

d�, (2)�¤á. 5µdf(0)f(1) > 0,�Ø��f(x) > 0, x ∈ [0, 1].���Ä�/ 1.

(20©)

6
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��� Ê!£�K10©¤� G �+§�÷vµ∀x, y ∈
�©

µ�<

G, (xy)2 = (yx)2. y²µ∀x, y ∈ G,, �� xyx−1y−1 ��

Ø�L2.

yyy²²². ky x2y = yx2. ¯¢þk

x2y = ((xy−1)y)2y = (y(xy−1))2y = yxy−1yx = yx2.

(3©¤

2y x−1y−1x = xy−1x−1. ù�d

x−1y−1x = x(x−1)2y−1x = xy−1(x−1)2x = xy−1x−1

wÑ. (6©)

���y(xyx−1y−1)2 = e. ù´Ï�

(xyx−1y−1)2 = xy(x−1y−1x)yx−1y−1 = xy(xy−1x−1)yx−1y−1

= (xyx)(y−1x−1y)x−1y−1 = xyx(yx−1y−1)x−1y−1 = (xy)2(x−1y−1)2 = (xy)2(xy)−2 = e

y.. (10©)
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8!£�K10©¤�E ⊂ Rn��ÿ8÷vm(E) <
�©

µ�<

∞. �f, fk ∈ L2(E),3EþA�??kfk → f§�

lim sup
k→∞

∫
E

|fk(t)|2dt 6
∫
E

|f(t)|2dt <∞.

¦yµ

lim
k→∞

∫
E

|fk(t)− f(t)|2dt = 0.

yyy²²²µµµky?�F ⊂ Ek

lim
k→∞

∫
F

|fk(t)|2dt =

∫
F

|f(t)|2dt. (∗)

dFatouÚn ∫
F

|f(t)|2dt =

∫
F

lim inf
k→∞

|fk(t)|2dt

6 lim inf
k→∞

∫
F

|fk(t)|2dt 6 lim sup
k→∞

∫
F

|fk(t)|2dt

= lim sup
k→∞

[ ∫
E

|fk(t)|2dt−
∫
E\F
|fk(t)|2dt

]
6 lim sup

k→∞

∫
E

|fk(t)|2dt− lim inf
k→∞

∫
E\F
|fk(t)|2dt

6
∫
E

|f(t)|2dt−
∫
E\F

lim inf
k→∞

|fk(t)|2dt

=

∫
E

|f(t)|2dt−
∫
E\F
|f(t)|2dt =

∫
F

|f(t)|2dt.

Ïd(∗)¤á" (4©)

du|f |2�È§?�ε > 0§�3δ > 0¦�?��ÿ8F ⊂ E÷vm(F ) < δ�§

k ∫
F

|f(t)|2dt < ε

12
, (∗∗)

(6©)

d�JâÅ½n§�3Eδ ⊂ E§¦�m(E \ Eδ) < δ§�3Eδþfk��/Âñ�

f"Ïd�3N1§?�k > N1§ t ∈ Eδk

|fk(t)− f(t)| 6
[ ε

3(1 +m(E))

]1/2

.

8
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dum(E \ Eδ) < δ§|^(**)·�k∫
E\Eδ
|f(t)|2dt < ε

12
.

d(*)·�k

lim
k→∞

∫
E\Eδ
|fk(t)|2dt =

∫
E\Eδ
|f(t)|2dt,

��3N2§¦�?�k > N2k ∫
E\Eδ
|fk(t)|2dt <

ε

12
.

-N = max(N1, N2)§K�k > N§k∫
E

|fk(t)− f(t)|2dt

=

∫
Eδ

|fk(t)− f(t)|2dt+

∫
E\Eδ
|fk(t)− f(t)|2dt

6
ε

3(1 +m(E))
m(Eδ) + 4

∫
E\Eδ
|fk(t)|2dt+ 4

∫
E\Eδ
|f(t)|2dt

<
ε

3
+
ε

3
+
ε

3
= ε.

(10©)
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Ô!£�K10©¤®�ý�Î¡Sµ
�©

µ�<
r(u, v) = {a cosu, b sinu, v}, −π 6 u 6 π, −∞ < v < +∞.

£1¤¦Sþ?¿ÿ/���§¶

£2¤�a = b. �P = (a, 0, 0), Q = (a cosu0, a sinu0, v0) (−π < u0 < π, −∞ <

v0 < +∞). �ÑSþë�P,Qü:��á���§.

)µ£1¤¦Sþ�?¿ÿ/���§.

){�µ

ru = {−a sinu, b cosu, 0}, rv = {0, 0, 1},

¤±§S�ü {�þ�

n =
ru × rv
|ru × rv|

= (a2 sin2 u+ b2 cos2 u)−
1
2{b cosu, a sinu, 0}. (6)

�γ´Sþ�?¿ÿ/�§Ù«�Iëê�§6��

u = u(t), v = v(t), t ∈ R. (7)

Äk§du?¿¡þ���£XJ�3�{¤Ñ´ÿ/�§Sþ��1�

£=u =~ê¤þ�ÿ/�.u´�I¦÷v^�u′(t) 6= 0�ÿ/�.d�§��γ�

ëêC�¦�§�±^wª¼êv = f(u)£u ∈ [−π, π]¤5L«. u´§γ��þªë

ê�§z�

r(u) = {a cosu, b sinu, f(u)}, u ∈ [−π, π]. (8)

'uëêu¦�§�

r′(u) = {−a sinu, b cosu, f ′(u)}, r′′(u) = {−a cosu,−b sinu, f ′′(u)}. (9)

¤±§γ�ü ��þ�

T(u) = |r′(u)|−1r′(u) = |r′|−1{−a sinu, b cosu, f ′(u)}. (10)

XJs´�γ�l�§Kk ds
du

= |r′(u)|. u´γ�Ç�þ�

dT

ds
=
dT

dt
· dt
ds

=
(
r′′|r′(u)|−1 + r′

dt
(|r′|−1)

) dt
ds

=r′′|r′|−2 − r′|r′|−3 · |r′|′. (11)

10



6
¶

:
O
�
y
Ò

:
¤
3
�
�

:
�
)
�
 
Ò

:
;
�

:

���

����
µ
�

�
K
�
Ø
�
�
L
d
�

���

���
Ïd§�γ3¡Sþ�ÿ/Ç�

κg =

(
dT

ds
,n,T

)
= |r′|−2(r′′,n,T).

¤±§γ´ÿ/���=�(r′′,n,T) ≡ 0. 2d(6), (9)Ú(10)§dª�du∣∣∣∣∣∣∣∣
−a cosu −b sinu f ′′(u)

b cosu a sinu 0

−a sinu b cosu f ′(u)

∣∣∣∣∣∣∣∣ ≡ 0.

þª�du

f ′′(a2 sin2 u+ b2 cos2 u) = f ′(a2 − b2) sinu cosu. (12)

£i¤f ′ ≡ 0. Kv = f(u) ≡ c´~ê§�γ´Sþ����§=ý�

x2

a2
+
y2

b2
= 1, z = c.

£ii¤f ′ 6= 0. K(12)�du�©�§

(log |f ′|)′ =f
′′

f ′
=

(a2 − b2) sinu cosu

a2 sin2 u+ b2 cos2 u

=
1

2
· (a2 − b2)(sin2 u)′

(a2 − b2) sin2 u+ b2

=
(

log(a2 sin2 u+ b2 cos2 u)
1
2

)′
.

ü>'uu?1È©§� f ′ = c(a2 sin2 u+ b2 cos2 u)
1
2 , 0 6= c ∈ R. 2È©=�

f = c

∫
(a2 sin2 u+ b2 cos2 u)

1
2du, 0 6= c ∈ R. (13)

¤±§Sþ�ÿ/��Xena�µ

£i¤Sþ��1�£v =~ê¤¶£ii¤Sþ�î�ý�£u =~ê¤¶£iii¤

�(8)§Ù¥¼êfd(13)(½. (8©)

){�µ

rý�Î¡÷�^�1�}mÐ�²¡þ����/«�µ

s1 < s < s2, −∞ < v < +∞,

Ù¥s = s(u)´ý�

r(u) = {a cosu, b sinu, 0}, −π 6 u 6 π

11



�l�¼ê.

Ï�rÎ¡Ðm�²¡éA�C��±¡þ��l�ØC§��C�

£=�å¤rÿ/�C�ÿ/�§¤±®�ý�Î¡þ�ÿ/�éAuþã�/«

�¥�ÿ/�=��.

�â²¡þ����§§�/«�¥���§�

As+Bv + C = 0.

,��¡§dl��©úª�µ

ds = |r′(u)|du =
(
a2 sin2 u+ b2 cos2 u

) 1
2 du.

��

s =

∫ (
a2 sin2 u+ b2 cos2 u

) 1
2 du.

¤±§®�ý¥¡þ¤¦�ÿ/��§�

A

∫ (
a2 sin2 u+ b2 cos2 u

) 1
2 du+Bv + C = 0, A,B Ø�� 0.

(i)XJA = 0§Kkv =~ê§éAý�Î¡þ�î�ý�¶

(ii)XJB = 0§Kk∫ (
a2 sin2 u+ b2 cos2 u

) 1
2 du =~ê§

=u =~ê§éAý�Î¡þ��1�¶

(iii)XJA 6= 0§B 6= 0§Kk

v ≡ f(u) = c

∫ (
a2 sin2 u+ b2 cos2 u

) 1
2 du, c 6= 0.

(8©)

£2¤dub = a§d(13)(½�ÿ/��§(8){z�

r(u) = {a cosu, a sinu, c1u+ c2}, c1, c2 ∈ R, c1 6= 0. (14)

Ïd§éu�½�:Q(a cosu0, a sinu0, v0)§

£i¤XJu0 = 0§K¤¦��á��ë�P,Q��1�ãµ0 6 v 6 v0¶

£ii¤XJv0 = 0§K¤¦��á��ë�P,Q���ý��lãµu0 6 u 6

0£XJu0 < 0)½0 6 u 6 u0£XJu0 > 0)¶

12
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£iii¤XJu0 6= 0, v0 6= 0§K�ÿ/�ÏLP:�§��c2 = 0. 2-c1u0 = v0§

�c1 = u−1
0 v0. l¤¦��á��§�

r(u) = {a cosu, a sinu, (u−1
0 v0)u},

Ù¥�u0 < 0�§u ∈ [u0, 0]¶�u0 > 0�§u ∈ [0, u0]. (10©)
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l!£�K10©¤í�¦)�5�§|��ÝFÝ
�©

µ�<

{�O��ª§¿y²T�ª²k�ÚS��Âñ"

)))����Än��5�§|Ax = b,ùpA�n�¢é¡

�½�
§b�n���þ"¦)T�§|�du¦�g¼

ê

f(x) :=
1

2
xTAx− bTx

����"S�{¦)T¯K����ª�µ

xi+1 = xi + αidi, i = 0, 1, 2, . . . ,

Ù¥x0��½Ð�§xi´x�1iÚS��§di´1iÚc?��§αi�Ú�"À

�αi¦�f(xi + αidi)���e§´�

αi =
dTi ri
dTi Adi

,

Ù¥ri = b− Axi�í�"w,í�÷v4í'X

ri+1 = b− A(xi + αidi) = ri − αiAdi.

3�ÝFÝ{¥§·��¦S���*dA-��§=dTi Adj = 0, i 6= j, ¿

�ri�rj (i 6= j)*d��§Ïd§�±�E�Ý��diXeµ

d0 = r0, di+1 = ri+1 + βi+1di, i = 0, 1, 2, . . . ,

ddi�di+1 A-���

dTi Adi+1 = dTi A(ri+1 + βi+1di) = 0, i = 0, 1, 2, . . . ,

�

βi+1 = −dTi Ari+1

dTi Adi
.

du

dTi Ari+1 = rTi+1Adi =
1

αi
rTi+1(ri − ri+1) = − 1

αi
rTi+1ri+1,

±9

dTi ri = (ri + βidi−1)T ri = rTi ri,

14
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Ù¥^�
dTi−1ri = 0. ò±þüª�\βi+1�L�ª=��

βi+1 =
rTi+1ri+1

rTi ri
.

u´¦)�5�§|Ax = b��ÝFÝ{Xeµ

d0 = r0 = b− Ax0, αi =
rTi ri

dTi Adi
,

xi+1 = xi + αidi, ri+1 = ri − αiAdi

βi+1 =
rTi+1ri+1

rTi ri
, di+1 = ri+1 + βi+1di,

i = 0, 1, 2, . . . , n. (5©)

e¡·�y²§�ÝFÝ{�õ3nÚ��)�°(�"¢Sþ§d Axi+1 =

Axi + αiAdik§

Axn = Ax0 + α1Ad1 + . . .+ αn−1Adn−1.

ù�

dTi (Axn − b) = dTi (Ax0 − b) + αid
T
i Adi, i = 0, 1, . . . , n− 1.

e¡·�`²þªm>�""¢Sþ§

αid
T
i Adi = dTi (b− Axi) = dTi (b− Ax0) +

i∑
k=1

dTi (Axk−1 − Axk)

= dTi (b− Ax0)−
i∑

k=1

αk−1d
T
i Adk−1 = dTi (b− Ax0).

�Ò´`§Axn − b�¤kdi��§i = 0, 1, . . . , n− 1. lAxn = b. (10©)

15



Ê!£�K10©¤�¼êf(z)3ü �|z| < 1S)
�©

µ�<

Û§3Ù>.þëY.e3 |z| = 1þ|f(z)| = 1. y² f(z)�

kn¼ê.

yyy²²²µµµÏ¼êf(z)3ü �|z| < 1S)Û,3 |z| = 1

þ|f(z)| = 1,Kf(z)3ü �|z| < 1S�":�kk�õ�,��z1, z2, . . . , zn £k

":�k�ü":¤. (2©)

�C�

fk(z) = eiαk
z − zk
1− zkz

(1 6 k 6 n),

αk �¢ê. Kfk(z) r|z| < 1 �/N��|fk(z)| < 1, �� |z| = 1 �|f(z)| = 1§

fk(zk) = 0(1 6 k 6 n). (5©)

�¼ê

F (z) = Πn
k=1f

−1
k (z)f(z) = f(z)e−iαΠn

k=1

1− zkz
z − zk

,

Ù¥α = Σn
k=1αk. K¼êF (z)3ü �|z| < 1 S)Û§vk":§3 |z| = 1

þ|F (z)| = 1 (7©)

d)Û¼ê�������n§33 |z| 6 1þF (z) = C(~ê)§�|C| = 1.

u´

f(z) = CeiαΠn
k=1

z − zk
1− zkz

= C
′
Πn
k=1

z − zk
1− zkz

�kn¼ê. (10©)
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��� �!£�K10©¤�X1, X2, · · · , Xn´ÕáÓ©Ù
�©

µ�<

��ÅCþ,Ùk�Ó�©Ù¼êF (x)Ú�Ý¼êf(x). y

é�ÅCþX1, X2, · · · , XnU��^S#ü�� Xn1 6

Xn2 6 · · · 6 Xnn.

(a) ¦�ÅCþ(Xn1, Xnn)�éÜVÇ�Ý¼êf1n(x, y);

(b) XJXi (i = 1, 2, · · · , n)Ñl«m[0, 1]þ�þ!©Ù§¦�ÅCþU = Xnn +

Xn1��Ý¼êfU(u).

)))µµµ (a)P(Xn1, Xnn)�éÜ©Ù¼ê�FXn1Xnn(x, y).

ex < y,K

FXn1Xnn(x, y) = P (Xn1 6 x,Xnn 6 y)

=P (Xnn 6 y)− P (Xn1 > x,Xnn 6 y)

=P (X1 6 y,X2 6 y, · · · , Xn 6 y)− P (x < X1 6 y, x < X2 6 y, · · · , x < Xn 6 y)

=[F (y)]n − [F (y)− F (x)]n.

ex > y,K FXn1Xnn(x, y) = P (Xn1 6 x,Xnn 6 y) = P (Xnn 6 y) = [F (y)]n.

�(Xn1, Xnn)�éÜ�Ý¼ê�

f1n(x, y) =

{
n(n− 1)[F (y)− F (x)]n−2f(x)f(y), x < y,

0, Ù§.

(4©)

(b)duXiÑl«m[0, 1]þ�þ!©Ù§¤±

f(x) =

{
1, 0 < x < 1

0, Ù§
, F (x) =


0, x 6 0,

x, 0 < x < 1,

1, x > 1.

u´d£a¤�(Xn1, Xnn)�éÜ�Ý¼ê�

f1n(x, y) =

{
n(n− 1)(y − x)n−2, 0 < x < y < 1,

0, Ù§.

(6©)
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=�{�>Pv = xnn − xn1,K

{
u = xnn + xn1

v = xnn − xn1

⇔

{
xn1 = u−v

2

xnn = u+v
2

,TC��ä

�'1�ªJ = ∂(xn1,xnn)
∂(u,v)

= 1
2
§Kd(Xn1, Xnn)�éÜ�Ý�(U, V )�éÜ�Ý�

fUV (u, v) = f1n

(
u− v

2
,
u+ v

2

)
|J |

=

{
n(n−1)

2
vn−2, 0 < v < 1, 0 < u− v < 2, 0 < u+ v < 2,

0, Ù§.

KU = Xnn +Xn1��Ý¼ê

fU(u) =

∫ ∞
−∞

fUV (u, v)dv

=


n(n−1)

2

∫ u
0
vn−2dv = n

2
un−1, 0 < u < 1,

n(n−1)
2

∫ 2−u
0

vn−2dv = n
2
(2− u)n−1, 1 < u < 2,

0, Ù§.

(10©)

=�{�>¦U�©Ù¼êFU(u). w,U�����´[0, 2].

¤±§�u 6 0�§FU(u) = P (U 6 u) = 0;�u > 2�§FU(u) = 1;

�0 < u < 1�§

FU(u) = P (U 6 u) =

∫ ∫
x+y6u

f1n(x, y)dxdy =

∫ u/2

0

dx

∫ u−x

x

n(n− 1)(y − x)n−2dy =
1

2
un;

�1 < u < 2�§

FU(u) = P (U 6 u) =

∫ ∫
x+y6u

f1n(x, y)dxdy

=

∫ u−1

0

dx

∫ 1

x

n(n− 1)(y − x)n−2dy +

∫ u/2

u−1

dx

∫ u−x

x

n(n− 1)(y − x)n−2dy

= 1− 1

2
(2− u)n.

�U = Xnn +Xn1��Ý¼ê

fU(u) =


n
2
un−1, 0 < u < 1,

n
2
(2− u)n−1, 1 < u < 2,

0, Ù§.

(10©)
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