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5¿: 1. �Áò�6�K.

2. ¤k�KÑL�3dÁò��µ�m>,�3Ù§�þ�ÆÃ�.

3. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

4. X�K�xØ
,��3���¡,¿I²KÒ.

�! (�K 20©z�K� 5©)W�K
�©

µ�<

(1) �¢�
H1 =

(
0 1

1 0

)
§Hn+1 =

(
Hn I

I Hn

)
§n ≥ 1§Ù¥I´�HnÓ��ü 

�
©K rank (H4) = 10.

(2) lim
x→0

ln(1 + tan x)− ln(1 + sin x)

x3
=

1

2
.

(3) � Γ��m�


x = π sin

t

2
,

y = t− sin t,

z = sin 2t

l t = 0� t = π ��ã. K1�.�È©

∫
Γ

esinx
(

cosx cos y dx− sin y dy
)

+ cos z dz = −2.

(4) ��g.f(x1, . . . , xn) = (x1, . . . , xn)A


x1

x2

...

xn

�Ý
A�


1 a a · · · a

a 1 a · · · a
...

...
...

...
...

a · · · a 1 a

a a · · · a 1


,

Ù¥n > 1, a ∈ R.Kf3��C�e�IO/� ((n− 1)a+ 1)y2
1 − (a− 1)y2

2 − · · · − (a− 1)y2
n.

1



ëëë������YYY. (1)Hn´m = 2n�é¡�
§�3���
P¦�P−1HnP = D´é

��
©l§Hn+1 =

(
P O

O P

)(
D I

I D

)(
P O

O P

)−1

�

(
D I

I D

)
�q©�Hn�

¤kA��´λ1, λ2, · · · , λm§KHn+1�¤kA��´λ1 + 1, λ1 − 1, λ2 + 1, λ2 −
1, · · · , λm + 1, λm − 1©|^êÆ8B{N´y²µHn�¤kØÓA���{n −
2k | k = 0, 1, · · · , n}§¿�z�A��n − 2k��êê�Ck

n =
n!

k!(n− k)!
©Ï

d§ rank (H4) = 24 − C2
4©

�{�µ^©¬Ý
Ð�C���O�=�.

(2)555: |||^̂̂ Lagrange¥¥¥���½½½nnn���±±±{{{zzzOOO���.

lim
x→0

ln(1 + tan x)− ln(1 + sin x)

x3
= lim

x→0

tanx− sinx

x3
= lim

x→0

1− cosx

x2
=

1

2

(3) -2.

(4)�I¦ÑA��ÜA��=�.w,A+ (a− 1)I ��6 1. � A+ (a− 1)I �

"�m��ê� > n− 1,l��A�n�A���

λ1 = 1− a, λ2 = 1− a, · · · , λn−1 = 1− a, λn.

5¿� trA = n,��λn = (n− 1)a+ 1. (J§f3��C�e�IO/�((n− 1)a+

1)y2
1 − (a− 1)y2

2 − · · · − (a− 1)y2
n.

2
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µ�<

¡

S :
x2

a2
+
y2

b2
+
z2

c2
= 1, a, b, c > 0

9S	Ü�:A(x0, y0, z0)§LA:��S ���¤k���¤I¡Σ. y²µ�3²

¡Π§¦���S ∩ Σ = S ∩ Π¶Ó�¦Ñ²¡Π��§.

)µ){�µ

Ï�A3S�	Ü§�k

x2
0

a2
+
y2

0

b2
+
z2

0

c2
− 1 > 0. (1)

éu?¿�M(x, y, z) ∈ S ∩ Σ§ë�A,M���P�lM§Ùëê�§���

x̃ = x+ t(x− x0), ỹ = y + t(y − y0), z̃ = z + t(z − z0), −∞ < t < +∞. (2)

�\ý¥¡��§�

(x+ t(x− x0))2

a2
+

(y + t(y − y0))2

b2
+

(z + t(z − z0))2

c2
= 1.

�n�

x2

a2
+
y2

b2
+
z2

c2
+ t2

(
x2

a2
+
y2

b2
+
z2

c2
+
x2

0

a2
+
y2

0

b2
+
z2

0

c2
− 2

(x0

a2
x+

y0

b2
y +

z0

c2
z
))

+ 2t

(
x2

a2
+
y2

b2
+
z2

c2
−
(x0

a2
x+

y0

b2
y +

z0

c2
z
))

= 1.

(6©)

Ï�:M3ý¥¡Sþ§x2

a2
+ y2

b2
+ z2

c2
= 1. ¤±þªz�

t2
(

1 +
x2

0

a2
+
y2

0

b2
+
z2

0

c2
− 2

(x0

a2
x+

y0

b2
y +

z0

c2
z
))

+ 2t
(

1−
(x0

a2
x+

y0

b2
y +

z0

c2
z
))

= 0.

(3)

dulM�S3M:��§�§(3)k����t = 0. �k

x0

a2
x+

y0

b2
y +

z0

c2
z − 1 = 0. (4)

d�d(1)�§�§(3)�Ä�Xêz�

x2
0

a2
+
y2

0

b2
+
z2

0

c2
− 1 > 0.

3



AO/§(4)�XêþØ�"Ï´��²¡�§§(½�²¡P�Π. þã�í�y

²
S ∩ Σ ⊂ Π§ly²
S ∩ Σ ⊂ S ∩ Π.

(12©)

��§éu��S ∩ Πþ�?�:M(x, y, z)§d(3)!(4)üª=�§dA!Mü

:(½���lM�½3:M�S��. �d½Â§lM3I¡Σ þ. AO/§M ∈ Σ.

dM�?¿5§S ∩ Π ⊂ S ∩ Σ.

(Ø�y. (15©)

){�µ

Ï�A3S�	Ü§�k

x2
0

a2
+
y2

0

b2
+
z2

0

c2
> 1 > 0. (5)

éu?¿�M(x1, y1, z1) ∈ S ∩ Σ§ý¥¡S3M:��²¡�§�±��

x1

a2
x+

y1

b2
y +

z1

c2
z − 1 = 0.

Ï�ë�MÚAü:���´S3:M���§¤±A:3þã�²¡þ. �

x1

a2
x0 +

y1

b2
y0 +

z1

c2
z0 − 1 = 0.

u´§:M(x1, y1, z1)3²¡

Π :
x0

a2
x+

y0

b2
y +

z0

c2
z − 1 = 0

þ§=kM ∈ S ∩ Π. (12©)

��§éu?¿�M(x1, y1, z1) ∈ S ∩ Π§k

x0

a2
x1 +

y0

b2
y1 +

z0

c2
z1 − 1 = 0.

KS3M:��²¡
x1

a2
x+

y1

b2
y +

z1

c2
z − 1 = 0

ÏLA(x0, y0, z0):§ÏM,A�ë�3:MÚý¥¡S��§§3I¡Σþ. �M ∈
S ∩ Σ.

(Ø�y. (15©)
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µ�<

v

AB −BA = C, AC = CA, BC = CB.

1. y²µC´�"�
¶

2. y²µA,B,CÓ��quþn�
¶

3. eC 6= 0,¦n����.

yyy²²².
1. �C�ØÓA���λ1, . . . , λk,Ø��CäkJordanIO.µC = diag(J1, . . . , Jk),

Ù¥Ji�A��λiéA�Jordan¬. éÝ
B��C�Ó�©¬§ B = (Bij)k×k.

dBC = CB��JiBij = BijJj , i, j = 1, 2, . . . , k. ù�é?¿õ�ªpk

p(Ji)Bij = Bijp(Jj).�p�Ji���õ�ª§K�Bijp(Jj) = 0.�i 6= j�§p(Jj)�

_§lBij = 0.Ïd§B = diag(B11, . . . , Bkk).Ón§A = diag(A11, . . . , Akk).

d AB − BA = C�AiiBii − BiiAii = Ji, i = 1, . . . , k. �Tr(Ji) = Tr(AiiBii −
BiiAii) = 0, i = 1, 2, . . . , k. lλi = 0,=C��"�
. £5©)

2. -V0 = {v ∈ Cn |Cv = 0}§w,V0 ��.é?¿v ∈ V0,duC(Av) = A(Cv) =

0,ÏdAV0 ⊆ V0. Ón§BV0 ⊆ V0. u´�30 6= v ∈ V0Úλ ∈ C¦�Av = λv"

PV1 = {v |Av = λv, v ∈ V0} ⊆ V0, dAB − BA = C�§é?¿u ∈ V1,

A(Bu) = B(Au) + Cu = λBu. � BV1 ⊆ V1. l�30 6= v1 ∈ V19µ ∈ C¦�
Bv1 = µv1,Ó�kAv1 = λ1v1, Cv1 = 0. òv1*¿�Cn ��|Ä{v1, v2, . . . , vn},
-P = (v1, . . . , vn)§K

AP = P

(
λ x

0 A1

)
, BP = P

(
µ y

0 B1

)
, CP = P

(
0 z

0 C1

)
.

Ù¥A1, B1, C1�n−1�E�
�÷vA1B1−B1A1 = C1, A1C1 = C1A1, B1C1 =

C1B1. dêÆ8B{=���, A,B,CÓ��quþn�
. (10©)

3. �n ≥ 3�§�A = E12, B = E23, C = E13§KA,B,C÷vK¿"én = 2,Ø

�� C =

(
0 1

0 0

)
. KkAC = CA�A =

(
a1 a2

0 a1

)
. aqdkBC = CB�B =(

b1 b2

0 b1

)
. u´AB − BA = 0§ù�AB − BA = Cgñ��÷vC 6= 0��

�n�3.

(15©¤
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o!£�K20©¤� f(x)3 [0, 1]þk��ëY�
�©

µ�<

¼ê,� f(0)f(1) > 0. ¦y:∫ 1

0

|f ′(x)| dx 6 2

∫ 1

0

|f(x)| dx+

∫ 1

0

|f ′′(x)| dx.

)))��� �M = max
x∈[0,1]

|f ′(x)| = |f ′(x1)|, m = min
x∈[0,1]

|f ′(x)| = |f ′(x0)|.Kk

∫ 1

0

|f ′′(x)| dx >

∣∣∣∣∫ x1

x0

f ′′(x) dx

∣∣∣∣ = |f ′(x1)− f ′(x0)| >M −m.

,��¡,k
∫ 1

0
|f ′(x)| dx 6M

∫ 1

0
dx = M.�,�Iy²

m 6 2

∫ 1

0

|f(x)| dx. (2)

(10©)

e f ′(x)3 [0, 1]¥k":,K m = 0.d� (2)w,¤á. y3b� f ′(x)3 [0, 1]

þÃ":,Ø�� f ′(x) > 0,Ï f(x)î�4O.e¡©ü«�/?Ø.

�/ 1. f(0) > 0.d� f(x) > 0 (x ∈ [0, 1]).d f ′(x) = |f ′(x)| > m,�∫ 1

0

|f(x)| dx =

∫ 1

0

f(x) dx =

∫ 1

0

(f(x)− f(0)) dx+ f(0)

>
∫ 1

0

(f(x)− f(0)) dx =

∫ 1

0

f ′(ξ)x dx >
∫ 1

0

mxdx =
1

2
m

�, (2)¤á.

�/ 2. f(0) < 0.d�k f(1) 6 0,�â f �4O5,k f(x) 6 0 (x ∈ [0, 1]).∫ 1

0

|f(x)| dx = −
∫ 1

0

f(x) dx =

∫ 1

0

(f(1)− f(x)) dx− f(1)

>
∫ 1

0

|f(1)− f(x)| dx =

∫ 1

0

|f ′(ξ)|(1− x) dx >
∫ 1

0

m(1− x) dx =
1

2
m.

d�, (2)�¤á.

5µdf(0)f(1) > 0,�Ø��f(x) > 0, x ∈ [0, 1].���Ä�/ 1. (20©)
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��� Ê!£�K15©¤� α ∈ (1, 2), (1−x)α�Maclaurin
�©

µ�<

?ê�
∞∑
k=0

akx
k, n × n¢~êÝ
 A��"Ý
,I�ü 


. �Ý
�¼ê G(x)½Â�

G(x) ≡
(
gij(x)

)
:=

∞∑
k=0

ak(xI + A)k, 0 6 x < 1.

Áyéu 1 6 i, j 6 n,È©
∫ 1

0

gij(x) dxþ�3�¿©7�^�´ A3 = 0.

)))���: {{{ I. A��"Ý
�kAn = 0. P f(x) = (1− x)α,� j > k�,P Cj
k = 0,

G(x) =
∞∑
k=0

ak(xI + A)k =
n−1∑
j=0

∞∑
k=0

akC
j
kx

k−jAj

=
n−1∑
j=0

f (j)(x)

j!
Aj, x ∈ (−1, 1).

(6©)

ek 2 < m < n¦� Am 6= 0, Am+1 = 0,K

lim
x→1−

(1− x)m−αG(x) =
α(α− 1) . . . (α−m+ 1)

m!
Am.

em > 3,Km− α > 1,d�,
∫ 1

0

G(x) dxuÑ. (11©)

,��¡,em 6 2,Km− α < 1,d�
∫ 1

0

G(x) dxÂñ.

o�,¦�éu 1 6 i, j 6 n,È©
∫ 1

0

gij(x) dxþ�3�¿©7�^�´ A3 = 0.

(15©)

{{{ II. ^ JordanIO.��L«Ñ G(x).

7



8!£�K15©¤k.ëY¼êg(t) : R → R ÷
�©

µ�<

v1 < g(t) < 2. x(t), t ∈ R´�§ ẍ(t) = g(t)x�üN�).

¦yµ�3~êC2 > C1 > 0÷v

C1x(t) < |ẋ(t)| < C2x(t), t ∈ R.

yyy²²²���. -y = x
′
(t)

x(t)
, Ky ½Ò. Ø�y(t) > 0(ÄK�Ät → −t). ey(Ø

éC1 = 1, C2 =
√

3¤á.

e�3t0, y(t0) >
√

3⇒

y
′
(t) =

x
′′
(t)x(t)− x′(t)2

x2(t)
= g(t)− y2 < 2− y2 < −1, t < t0

Ky
′
(t) |t<t0< 0. (5©)

⇒ y
′

y2−2
< −1, t < t0

⇒
∫ t0
t

y
′
ds

y2−2
< t− t0, t < t0

⇒ t > t0 + 1
2
√

2
lny(s)−2

y(s)+2
|t0t > −L > −∞, L > 0���~ê. ù�y(t)3Rþk½Â

gñ. (10©)

e�3t0, y(t0) < 1Ky
′
= g(t)− y2 > δ > 0, t < t0. ù⇒ ∃t1 < t0, y(t1) < 0. gñ.

(15©)

yyy²²²���. Ø��x(t) 4O£ÄK�Ä�§ẍ = g(−t)x¤. 5¿�ẍ = g(t)x > 0

⇒ x(−∞) = ẋ(−∞) = 0. (5©)

ẋẍ = g(t)xẋ

⇒ 1
2
ẋ(t)2 =

∫ t
−∞ ẋẍds =

∫ t
−∞ g(s)xẋds

⇒
∫ t
−∞ xẋds <

1
2
ẋ(t)2 < 2

∫ t
−∞ xẋds

⇒ 1
2
x(t)2 < 1

2
ẋ(t)2 < x(t)2

⇒ x(t) < ẋ(t) <
√

2x(t). (15©)
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