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LIE ALGEBRA K (n,u;m) OF CARTAN TYPE OF
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Abstract

Let K (n, p;, m), n=2r+1, denote the Lie algebra of pharaoteristie p=2, which ix
defined in [4]. In the paper the restrictability of K(n, uy m) is disoussed and it is proved
that, when r=1 (mod 2) and r>1, I{ad H=n+1if and only if Os=fE{z™). Then tha
juvariance of some filtrations of K(n, g, m) and the condition of igomorphism of Kim,
iy, ) and K (n', pj, m") s obtained. Biesides, the generators and the derivation algebea
of Kin, i, m) are disonssed, The resulte also hold, when rexl) (mod 2) and r=0,

§ 0. Introduetion

Lot F bo a field of charncteristio p=2, N be the set of nonnegative Integers,
n=2r-+1 be a positive odd number, If a=(ay, @z, *+*, a.) . b= (b;, by, +, B)EN"

@
wo dofine that a<b « a<b, i=1, 2, =, nj a<bSa<bh and a=h. We lat (b)—

1)

Let A(n) congist of all formal sums of the indepent elements {z° a€N"} over
F and give it the structure of an assoclative nlgebra by dofining
+
202" - (ﬂ b)m"', a, hEN.
il
Teot m= (my, Mg, *-+, ™,), Where my, <, 7, are positive integers. We put
= (2™ =1, oor, 1), gy=(Fiz, ***) Sin) = (2™ —1)a, where =1, ++ n. Then
A(n, m) =@ Fr* is an associative subalgebra of A(n)(see [1]). Define apecial

derivations Dy, -, D, of A(n, m) by
Dl{m‘}-m’-h1
where a*=0, if bEN". Lot py, j=1, 2, ---, 2r, be 2r elements of F such that

Jyt F'l"']" j-ll L 2I'r'r
where
p {j-r-r, if 1<j<r,

j—r, if r<g<2r.

—
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In A(n, m) we define Lie operation as following

U 91 =( 2+ B D,) (DDA)+( 1+ Zua D) ) Dy(5) + E D) D
Then A (n, m) becomes & Lie algebra which is denoted by K'(n, w;, m) (see [4]).
Let K (n, py, m) = K'(n, s, m)®. By Theorem 1 of [4] and (II) of [3] we
know that K (n, py, m) is u simple Lie algebra and

"(n, py, m), if rml(2),
K (n, py, m)= @ Fa*, if r=0(2),

[

where we abbreviate (mod 2) to (2).
Let |a| =3laq lal = lal+au=3, K (n, u, m),=<la*| la] ~i}>. Then

K (n, g, m) = __e'@'ffn. g, 1),
is a Z-graded Lie algebra. If rm1(2), then s=|#|; if r=0(2), then s=|+] -1.

§ 1. Intrinsic Property

Theorem 1. K (n, j;, m) is a restricied Lie algebra if amd only if m=1,
where 1e=(1, 1, +», 1).
Proof Buppose m=1. We know that K'(n, gy, D)={DEW (n, 1)| Dw€ Aln,

1yw}, where mr&ﬂ.+§ prgday(see [4]). Let DEK (n, py, 1) and D =qw. Then

o= Dtiw) = (Dhi)w+u{Do)=(Du+u*)w. Bince Win, 1)=Der A(n, 1) iz &
restricted Lie algebra, D*E€W (n, 1). Henoe D*€ K'(n, py, 1). Consequently K'(n,
py, 1) is restrieted. If r=1(2), then K (n, gy, 1) =K"(n, g, 1) 15 restrioted.

Let r=0(2) and 2°€ K (n, s, 1). Buppose (") P =v+ka", kEF, vEK (n, iy, 1).
Then

(@)%, 1] = [, [, 1]] = @)+ 33 paatiat-+r-gs-
+” g_:'"lm"-"#"u{u' if a%as,, (IJ
=] 1, ifg=s.

Also [(a*)™, 1] = [0+ k", 1] =D.w+kz*="™. Hence the coefficient of @*=" is k.
By (1), k=0. Then K (n, uy, 1) is restrioted.

Conversely, suppose K (n, py, m) is restricted. Then (ad1)? is an inner deriva-
tion. IT (ad1)*20, then the degree of homogencous derivation (ad1)? is equal to
—4, because 1€K (n, py, m)_y. Since the degree of any homogeneous inner
derivation of K (n, gy, m) is gréater than —3, (adl)*=0. Hence

&%~ e (ad1)*(27%) =0,
Then m,=1.
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Since the dogree of homogeneous inner derivation (adz™)?, 1<i<2r, is equal to

—2, (ada")?=ad(al), where a€ F. Then
e [ul. EF] - E“dm';}’{z'l'—ﬂ} - gt M=
Therefore my-=1, 4’ =1, +==, 2r. Thus m=1,

Following [1] we let dege®= |a|+a, If @ is a linear combination of hasis
cloments of the same degreo , then = is called a homogeneous element and we set
deg a=k.

Lemmal, ILetz=Sea®EK (n, py m), where e, € F. Suppose cox* is a term of

(1) If [2*™, c®] %0, then[a*™, o] %0,

(11) If [a"*"e, eu2®] 0, then [o"7%,, x] 0.

Proof 1If eyr® is another term of z, where b#a, it is easy to see that [2™, cu"]
and [2™, oy®] eannot cancel. Henoe [2™, 2] =0, The proof of (ii) is gimilar.

Lemma 2. Let o= o€ K (n, 1y, m). Suppose o° is a term of @ and a,~0(2).

(1) If a=0(2) and [2™*", 2*] %0, then [«™*", o] 40,

(i) If a=a,=0(2), amap=m=ay=0(2), d—8+8ey+ex+ex, then  either
[a**", 5] or [a™**, x] is nomzero; eithor [a**, &) or [2**", 2] d& nonsero.

Proof (i) Obviously, [e™", o*]=as®*"+g"*“"%,  where atF. Suppose
o™ 0. Lot e’ bon termof @ and b#a. Then [o™*", o] =88z’ ",

e T
1 ) :

If b+e,=g+e, then b=a. It contradiots beea. If b—gpte =ata, then b=
1(2) because a,=0(2). Hence 8;=0. Then in [«™*", 2] the term «*** cannot be
eanceled. This implies [«**", x] 0.

Suppose ar® w0, Then z**“~wl because [a"**, g 0. In [z™*", o] the
only possible term to cancel #*~*“** aceurs in [o™*", op*~*retn]. By somputation
we see this term is woro, Henoe [, z] =0,

(ii) Since ay#0(2) and a,=0(2), a* " %0and [2™*%, o] =axt*4 g0 00
0, In [#"*", «] the only possible term to cancel z*~*¢*™ oeours n [2™**, [0 L]
=g (85— ) e+ where 3€ F. If ¢(5— u) %1, then [o"*", z] % 0. If ¢(8—py) =1,
then ¢(8— ) %1 bocause % . Thus we obtain [a™*™, #] %0.

Using the above method we can also prove the remaining part of (11).

Lemma 8. Let o="S0,*€ K (n, g, M) in which every ferm cya® satisfies b=
1(2). Suppose o*€ K (n, py, m) and d,=1(2). If there eriste some term cg® of @
such that [2%, e.2°] %0, then [, =] %0,

Imitating (i) of Lemma 1 we can prove this Jemma.

Lemma &, Suppose r=3. Let g be a homogeneous element of K (n. py m) and
D.(g) %0, [g, 21 =0, [g, & %0, i=1, 2, 3. Then there exists & basis eloment a’, with

where &, ,€ F and B;—u;(
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deq o >3, such that [g, *] 0.
Proof Let g=ZXee", s=max{d,|e;%0}. We write g=2"+ ..., where a,=1.
Since [+ 4] =(1—pu)2"e®* ™+ 2% and [g, @] =0, a;»=0, §=1, 2, 3. If some

ay is 0dd, 1<i<3. Let &-gs.r-ﬁﬁ, Then [2°, #"] =g**¥=*t% %0 and [g, a*] % 0.

Buppose that a;, ¢=1, 2, 3, are even numbers. If some g; is nongore, lot b=
[

> 8,—&y, then [2° «*] %0 and [g, *] 0.
=1
IMa=0, t=1, 2, 8, then a=4Fks,, }>1. Lot b= 2. Thon [2% 2] =at""40,
il

In [g, ] the only possible term to cancel #***~* ocours in [ox™Mstee ] By
computation we know that [ex®Frtete 24 =0, Hence [g, «*] %0.

Lemma 5. Suppose r=1(2). If o is a nonzero homogeneous element of K(n,
Py M), €D, then there exist two basis elements by, by, with deg b,>1, i=1, 3,
such that [by, «] and [bs, ] are linearly independent.

Proof Let g=3ee®, where e, EF,

(A) Assume there exists a nongero term ¢e® such that 5,=0(2). We oan set
me=g®-} e, where a,=0(2). Let nm1+2m.

1. a%0. Then [z, 2*]=as*%0. By () of Lemma 1 we have [2, x] 40,

If ay=1(2), 4=1, 2, .-, 3r, then a=1+4r=0. It contradicts a%0. Henoce thore
exigts some a; (i<2r) such that a,=0(2). Then [a"™*", 29 =ae™* | g*+m=r i) By
(i) of Lemma 2, [o"***, &] %0. Bacause the degrees of [s¢", 2] and [w=*%, ] are
different, they are linearly independent.

2. a=0.

(i) There exists somo a;(#=<2r) such that a,%e.(2). Without loss of gonerality,
we sot @ =0(2) and ae0(2). Then [w=ty, 2] wy*~twtmu(, By (i) of Lemma 2,
@™, 2] %0. Bince [«"*", 7] =2*%0, by (i) of Lemmal, [a*, &] %0, [a'tw, z]
and [#**** 2] are linearly tndependens.

(1) ny=a(2), £=1, 2, +=, 2r.

(if)=(a). Assume there exists some a; ( j<<2r) such that a;=0 (2). Then Bge=s
0(2), Becguse a=0, there exists some a, (i< 2r) such that a,=0(2), Then a0 (2) .
By (ii) of Lemma 2, at least one of [#™**, &] and [#™**, &] is nonzero. Wo can
assume [@™* @] %0, Beesuse a=0 and rm=1(2), there oxists also K (bdej, ', k<2r)
such that @=0(2). Let d =e;+ap+ey-+ep. By (ii) of Lemma 2, st loast one of [,
#] and [2"**, 7] is nonzero. It is linearly independent of [z™*%, #].

(ii)-(b). a;=0(2), é=1, 2, -, 2r,

IT some term eye® of @ satisfies b.=0(2) and b,=0(2) for some i(i<2r), then we
can set we=g*+---. This comes to the case of (ii)-(a). Henoe we can sssumo that
any term o2® of = with b,=0(2) satisfies b,%0(2), i=1, 2, .--, 2r,
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Lot j=2r, Then sy=a.£0(2). By (ii) of Lemma 2, without loss of gensrality,
we suppose that [¢"*%, 2] %0, 8ince a,=0(2) and a;=a;=0(2), we have [awtoe,
@] =at-lrttada (),

I [a™t®e, o] =0, tnen x contains the nonzero term ea® "4 oo that In [et*e,
&] the term &" **** gan be caneelled. Then we affirm [a™t%*% )0, In fact,
obviously [gftutts, pat-artotin] —gpttteda(), In [o"™*4*% 2| the only posstble term
to canael ex®™ ™ poours in (o™ eg®], where §,=0(2). By the sssumption of
(ii)~(b) we have b=by=0 (2). Then we oblain [e*=****+ pu*] =0 by direct
ecomputation. Henoe the term ex®™ cannot be cancolled and [zt 4% 4] %0, It is
Linearly independent of [e™*", &].

Suppose [e™*e )20, If it & linearly independent of [&™** 2], we are
throngh, 1T [w*** o] =Fk[z"*", ¢], where 0% k€ F, then g**+*= ig glao 4 term of
bl o], We sot o o®+ e+ and B[e"** o] vontaing the term g0+,

We aftirm that b,#0(2). In fact, If 5,=0(2), we have bmb;,#0(2) by the
assumption of (ii)—(b). Then k[a™***, c;a"] =koyr'***, Hence } —a,t 8,=a—#.+
&, Then by=0(2). It contradicts f,%0(2). The atfirmation holds.

Binece §,20(2), we bave b[a'"*"", o] = b8 where 8€ F. Thercfore b4-ay =
—aert e, We hove by=a—2, b=a,+1 and by=a; (I35, n). Then

1 FB‘ pyly=1- \ _Hr]ﬂ]"ﬂ--ﬂ-

Henoe [, 04" =atde0. By (1) uf Lemma 1, [#™, 5]%0. It {a lincarly
independent of [, o],

(B) Every term ee® of ¢ satisfies b=1(2). We sot g=a*+.--. Lot B=
Ur
:.'f’_"..mm.

1. Ba0. Then [#™, +*] = Bs"%0. Hence [¢*, &) %0 by (1) of Lemma 1.

1-(a}. Buppose there exist ¢ and a; (i2j, 4, j<in)_such that a=a= 0(2),
Thl'll rml'ﬂ_‘.'.ﬁl _r,n] el {J-LL ‘ﬂ T ijﬂ.l '.:':ﬂ] - {.I"-h I-,Bjm'"’,, [ﬂ:l“'“‘""'. r.:‘] i [,.H-rl",#-j“"'
Fram ot I 18 easy to see that ab least one of them s nongero. We oun suppose
[#%7 4, 2] s . By Lemma 3, [« 2] %0, Il is linearly independent of [, «].

1-(b). Bupposs there is only one @, (i<2¢) such that a=0(2). Then wu,+
i
r‘ﬂ tygg=r=1(2). Henoe [£™*" o] =2"*%%0. By Lemma 3, [2*** |40, It s
-]

Linearly | ndependent to [o™, o].
1-(o): a0 . 4=1, 3, «.s B,
If g <<2%=—1, wo lot h=2""—g. . We know that

(?;1)-1{2), ()

where 5, ¢ arc possitive integers and 1<i<2'-6. Hence [a**, o] mg*t?-1Faie(),
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"hen [e™=, r]=U. Since @, %" — 1L and a,=1(2), h=1. I'hen [, =] and [, o]
ave Linegrly independent,

If @, =2%— 1, since wd {&*>, we have 2*w*. Then there exists some a,(i<2r)
puch that a<<2%—1, Lot h=2"—1—a;. Using (4) we have [ 28] wytthid),
Henow [t o] =0, It i3 linearly indopendent of [o™, x].

2, B=l
2—(u), Suppose there exists some @ (i<2r) such that s,=a.=0(2), Then
[urmitebte, o e gttt covda (). Wa nlso have [o™F, @] = et e [atmie ] =

o™t Obvionsly st least one of them is nonzero. It (s linearly inde-pendent
'..If [,.r."' H.+l.u. ;] .

4-{b). Buppose there is not any & which sstiches a=e,=0(2). Then there
=

exigte some ay such that @=0(2) and p=0 (otherwise we have i;p.u.—ar#u, it
s

contradiots 8=0). Then [&™*", @] = w1l

Since a;=0(2), by the supposition of 2-(b), a;y=0(2), Then [a%*"e, o] =g
0, By (ii) of Lemma 1, [2***, &] 0, It 18 linearly independent of [a™*, »]. The
proof of this lomma is completed,

Lemma 8, [Fei (¢, 4C1 aC A}COK (n, uy, m), where I and A are finite sels.
Suppose for every a© A there owists a linear lrangformation D, such that D,y %0
Jor any i €1 and {D,(go) |$EL, bCE A, Dlg,) %0} are linerly indepondent. Then
{gul4E 1, u € A} are linearly independent.

Proof Suppose i ;,:_'” Huga=U, where B, F. For auy € A, we have a Linoar

trangformution By, Then 0=y “E‘ Buflal = E;.‘:Bwnh[ym" “E Balh(ga) +

> Bullige). Blince Dyigs) 0 for any €L and (g4 €L, aC€ A, Dyig,)

o T Y

s (0} wre lUneuwrly independent, Bo=0 for any ¢ € 1. Hencs the lumma holds.
Corallary 1. Let [gsw= A K (0, gy m), where A i a finite sef. Suppose for

any DE A there eaists @ Vovar ramsformation Dy, such that D, =0 and {8,00) |b

€4, D, =0} are linearly indopendent. Then {ge w© A} are lnearly independent,
Following {11, we lst I'd) =dim{Im d), where d€ Dery K (n, py, ). If M I5

pauhaet of Deve (K (. wy m0 Y, welst TUM) = min T(d).

LS

Theorem 3, ILel r=1(2) and v -1, If U=fCla, then l{ad f)=n+1; &f
[e<a™y, they {{adf)>n+1.

Proof Let O%ea®€{a"p. Then [ex®, 1], [es. o], [ea™, 0" Ji=1, 2, =, 2,
are linearly indepondent. If deg a®>1 and ass, then [er’, *]=0. Henos
Ilnd {ee™))=n-1.

Lt f&<2*>. We shall prove I'(ad f)>-n 1. Let ¢ be the nonzero homogenoons
pirt of £ with the least degree. It s suitivicnt to prove Ilad g) >nt 1. Let ¥ =<{am,
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af, sos, @™y, Then [&, y] €F, Vo, yEV, Henes ¥ is a symplestic space (see [1]).
Let V= {z€V|[g, ] =0}. Suppose dim };=4#. By Lemma 1.5 0of [1] and Witt's
Aheorem we can directly nssuroe that {a®, o™, ., g, 2™ o', ... g%} jsa basis of
Vo 3
1. [g9.1]=D.(g) =0, Then [g. 2] =D (g), i=1, +:-, 2r.
(1) ¢=2r, Then Dy (g) =0, i'=1, -+, 2r. Hence we can assume g=1. Sinee
(1, «™]. [1, a'*d], [1, gfetnitats] [1, g%, d=1 .-, 3, are lindependent,
I(ad g) >n-t1. .

(L) #<<2r. Lot J = {1, 1", =, u; o', w41, -, $—u}, Jo={1, 1, -, u, u'}.
T={1, 2, +, n—1}\J. We aftirm that '

(*). {D(g) i€} are Linearly independent.

In fact, if “2743.1}.4 (g) =0, then Eﬁ.[y..m“] = Henea [g, E;B}z"] =0. Then

;;r,&.m"é Vg Congequently A,=0, ¥i €J. Then the affirmation helds.
(i)=A. Lot Tes{ Fﬂﬁ |ky=0or 1}, Ty={a€T||al =A}, whore O<<A<3u. It

o= [g, «***], where i€J, a€T;. Then gy, =D (g) «*. Buppose a =g, + gy, ---&, &
. Then 1y, By, ++, hEJo. Lot Dy=DyD;+- Dy Since Dy (g) = [g, a**] =0 for 1€J,,
D, fﬂ} =0, Henog -Dn{.quj "Dn'::}):":ﬂ'j“:’} -Dl‘(ﬂnf.y\”@"‘f'ﬂ:r{ﬂ'] "Dt"'[.ﬂ'}- whers
1€J, ncT,. f bET, and biea, then D,(gs) =Da(Dy(g)a*) =0, By (*} and Lemma
6, {gu|i€J, aE T} are linearly independent.

Lot A=0, 1, <=, 2u. Weget (n—1—2)2" linearly independent elemenis in
Im(ad g).

(11)-B, For §€J we have D, [g, #] =D, (Dy (g) s+ 0"+ 3 pisetiaD}(g))
J=7

=Dy (). By (), {D.[g. «™**]|i€T} are linearly independent and so are {[g..
™) [{€J}. Wealso got n—1—1 linearly indepent cloments in Tm (ad g).
(i) —0, Tet Jy={(u-+1}", (u4+2)", (4—u)"}. Hw{‘z} by | bye=0 or 1}, Hy=

{a€H||a| =4}, where 2<A<¢—2u. Let g,= [g, &™**] where s € H,.

Tt Is casy to prove that {I,(g,) |6 € H,] are linearly independent, Consequently,
{¢.|a€ H,} are linearly Independent. Let h=2, 8, -, t—2u. We got 2% — (§—2u)
=1 linearly independent eloments in Im(ad g¢).

It is casy to soe that all elements we abtain in (if)-A, (ii}-B and (i)-O are
linearly independent. Then Ilad g) = (n—1—#) 2%4 (a—1 —#) 42" ™_ (§ -2u) —
1. Lt 8=1—2u. 8ince r=1(2) and r>1, we have n=>7. Then [(ad ¢)>(n—1-5—
(2% 1)+ B -1 (n—1r8) X2+ — s 130+ 2+ (n—5+2—88) >nd-1,

2. [g,1]1%0. .

(1) Vo0, I u, yEV, end [&, y]1=1, then [g,3]1=[g. [+, ¥1]=[x [g, ¥]11+
[y, [g. ©]]=0. Ii contradicts [g, 1] 0. Henee ¥, is lotally fsotopio subspace of
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F. Then u=0 and {z™, ", +--, £} isa basis of V. Let J={1, 2, ===, §}. J'={1', 2,
e f}r :-{1! 2, =y ﬂi"'l}.\J1 J!"'J"I,Jl'c Lt H-{gr hﬁ;+hh[l€.ﬂ. i]’- ki""ﬂ or

1}, H,={ac H||a! =i}, where 0<A<{+1, Wo shall prove by induction on & that
{[g. =*]1 |a € H,} are lincarly independent.

Since [¢, 1] %0, the conclusion is right for A=0. The conoclusion is also right
for h=1, because {[g, "] |[{E€J} are linearly independent. Let A>>1 and supposs
{[¢, "] |6 € H,_;} are linearlyindependent.

Let u§| kilg, 2] =0, where k, € F. Let i €J". 8ince [g, #*'] =0, we have

0= 3 kg, #1. 1= Shllg, 41, #]

-igj. i‘[y‘ [m.- m“l]] -I§lk- [y‘ m._..].
If a— 8,0, then 2**%=0, Hence 3 13 ks[g, o*"] =0. If a€H, and a—g>0,

s € Hg.a—

then a— &€ H;—y. Henoe, by induction hypothesis, k,=0, Let b be any element of
H,. There exists some £ €J' such that h—a € H, ;. By above proof, we have k=0,
This implies {[¢, 2*] |a€ H,} are linearly Independent, Let A=0, 1, -« ¢+1. We
have

I{pd g)>20+2'(n—1—-2¢) =2'(n—2¢).
I a=% or n="T(1%8), it is easy to see that 2(n—2¢) >u+1. If =T and =2 hy
Lemma 4, I{ad g) 22 (n—28) +1>n+1.

(if) V,=0. Then [g, 1], [¢, 2™], i=1, «=-, n=1, are linearly independent.
Sinee fE ™, g€ {x"y. Using Lemma 5 we have I'(ad g)>n+1. The theorem is
proved.

Imitating the proof of Lemma 5, we have

Lemma 7, Suppose r=0(2) and r%0, If 2 i+ a nonzere homogeneous element
of Kin, iy, m), then there erists a basis element b, with deg b>1, such that [b, r] 0.

Imitating the proof of Theorem 2, we get

Theorem 3. Suppose v=0(2) and r40. If 0% f€ e, then I(ad f| g, um) =
n. If O fE K (n, g, m), then I(ad f)=n.

Lot r=1(2) and r>>1. Suppose R is the normalizer of {z*> in K(n, w;, m).
Then R=<{z*|deg #*=>2%. Using Theorem 2, we have

Corollary 2. Let r=1(1) and r>>1, Then <z iz an invarient subspace of
K (n, py, mt) and R i2 an invariast subalgebra of K (n, p,, m).

Following [1] we have the filtrations

K (s, g, MY =L 350 55 L,=0, (1.1)
KEn, p, m)=L_12L¢o---2L, =0, 1.2)
where L., =VER, Li=R, Li={z€L|[z, Li]lCh}, i>1; Li=R, Li={xE

) A 0y Pt O .-2 gmep gt (n 9y s'-"§ 2% (n+1).
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Using Corollary 2 and imitating the proof of Theorem 3.1 of [1], we hove

Theorem 4. Let r=1(2) and r=>1. Then filtrations (1.1) and (1.2) are both
dntrinsically determined.

Using Theorem 4 and imitating the correponding proofs of [1] and [5] wo
have

Theorem 5. Let r=1(2) and v>1. Then K (n, py, ) and K (o', wfy, m') ere
Ssomorphic if and only if n=n', m,=miys and {{ms, My}, <o, [me, My}}={iml
My}, <o, {ml, mi}}.

Remark, If r=1, then Theorem 2 becomes invalid. Tn fact, if m=1, then

[1. o™ it g m"*“'. ﬂ"*hr m-ﬂﬂ*‘ _.-ﬁni-hh'}

consists of basis of K (3, uy, 1). It is easy to see that I (ad 1) =n+1, Now Theorom
2 is not correot,

$2. Generators and Derivation Algebra

Lot d={a"*, 4, j=1, 2, «-+, p; ™, O<g<m,, §=1_ +=s, n}.

Theorem 8, K (n, 2, m) is generated by A.

Proof We only prove this theorem in the case of r=1(2). When r=0(2), the
proof is essentinlly the same.

Lot ¥ be the subalgobra generated by 4. Then 1=[a%, o] €F, it m
(2%, ™+ EF, atttertim [gretrend o] €Y, j<n,

(1) #™EY, ko, <%, =1, -, 2r,

We use induction on k. Let =2/, where h=1(2). We ean suppose that k>2,

(a) §=0. Then k=1(2). Honce s* — [afets (gi=2] S FF,

(b) j>0. By hypothesis of induction, o™, @ MEY . Thep @ik .
[ttt gt € F, gt ¥he [50410, powter] — ¥t € F  Honoo o e [t 3
zih—*’-'h] &eF.

(2) a*™ ¥, ko, <.

We use induction on k=2, where h=1(2), If J=0, then a®1rete’ . [ph-10a
mu-n.-] [ Y. Since wﬁ—l:li—-l-l'rl-ll"_ [-'H“'”"‘. mrui-n'-:-ﬂ] EF, A [-m-d«m1I ﬁl.i-:l.h“n*J =
oL ek eyt (=3

If j=0, then o™ = [p'*+30e 0-3 0] cF,

(3) o* e ¥, ka<n, loyrsiaye.

() key<w,, lop<m. aMtin o [a®42m U+le] P,

(b) ka;=w,, do-<v,e.

(b)~(i). 7 >u,. Then a™He = [g4e¢, z] 4 gminC T, If [=0(2), then ot
= [afFe-nitind g@ia] e ¥, If Im1(2), then (I+1)8<w-. Henoce g7 = [plu-sisisln,
Ll =5 &
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(B)~(30). 7y=8, I 1=1(2), thep &+ = [+, o] €Y, If 1=0(2), then
g o [emteted gie'] €F, Hepoe o' = [, o't €Y,
(¢) ko=, lar="y.
L P = (&)
Then a*»+*+* = [g**+*, g==*] €Y. Henoo a"** = [p%~*, a’=+*+*] €Y.
(4) ghmtretrtC ¥ pa e, k=1, <, 2r. -
Sinte  abtwhednd o [pmbnt ] CF, getva [geetitel gv] €Y, (i

If b=1(2), by identity (1), ™7+ = [a*tw, g7 €Y,
If k=0(2), then (k-+1)s, <%, and p+1=1(2). Henoe

EFM!,.+ Fab (Tt =) o [Emum Tk’ ; ﬂ"‘] E Y? f fiﬂf

Then [ﬁﬂrlh-ﬁa" m-ﬂ] - p“mlr..-rn-r1-*-|_mti-l-lh-ﬂu—nwl:n'w-lﬂe Y' [ﬂ_._ﬂ'l-zjlnd-ﬂfl'l'l"—‘i:']!
r"'] .,_.ﬂ_..ﬂl‘l1-'IH-IF+EEHIH-+{1I-|:H~‘~IF-I#}E Y. We a,dﬂ the rlght gides uf above two
identites, then a™=+ws'c},

(B) a*t ' €Y i, i, j<2r.

If pys0, then ghtee+s —L[af'""""". ) EY. If py=0, then afitt/*% =

iy

[ptn-wttrs goi] et € . Henos g™+ = [ahitereed ghta'] € Y.

{E'J I.rﬂ'l- o= ‘ln-l-‘l-ﬂ-rf-l-i,.-il;'r,-lf}r 5 B Tek TR H Ty y Then e, & E Ir‘

'H:.r (1) and (), a™* 7 = [t =0 ety 40 EY. If pysel), by {141y, gt T T AT

-Fl-[w'-"mﬂ*--f'n St €Y., By (8), o=[umtwtrty, g €Y, §=[lo
.il'

L], gt €Y.,

If ;% 0, symmetrigally, wo can got.g'=t*+1ireig Y and 8, c €Y.

(7) Lt ng (k) = p-vetw+v-3r Then mgy (1), ny(0) EY .

8inoe r=3, there is | such that 1<1<n and 1€ {1, j. ', '} If 140, by (6),

my(1)aft= %E& gheten] €Y. Henoo ny(l) = [ny(De®, &1 —mllna(Da", =,
i

1] €Y.
If =0, then %0, Symmetrically, we can get 74(1)EY. If psU. then

v;.-JI:ﬂ}a:"-”L [n(1), 2] €F. Henca 7,y(0) = [ny(0)a*, a*] €Y. If s, symme-
-

trically, we have ny(0) €Y.
(8) Lot @y(k) =g trvtns=dvin  Then Qu(F) cY.
We use induction on h. If s=1(2), by (4), (k) -%[I"“"H"- QB EY,

Buppose h=0(2), then h-+15r. I ke<tm,, by (T) « Qi (B)=[Qus (1), e aal0)]
CY. I bay=,. by (T), Quea(B}=[Qa-s(B), ms asa(DD]¥.
Using following identites
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[Qs (R)atesatisansgrans] — Qu(h —1) yy-+ Qy (k) o =Tmt s
[Qu k)t tbrans, o] = Qs (B—1)ys T Qi) yt Ui Ruad, (iv)
where Y= (B1) pog g gt Gt tman’
Vo= (b 1) plgn gy a2 Fantitnns
using induction on d= (2™ —1) - (2% —1) — (4 +1), we have (k) EY.
(9) 2°€¥, 0<g<r.
By (8), Q.(a.) €Y. Using the identitos (iv) and induetion on

d=F (@=1)+ @1 (@ +ap),
=1 L

we dan prove that z"'E ¥.

Theorem 7, [Let r=1(2) and r~1. Then Deor K (n, py, m) =adK (n, uy, m)@®
M, whera M ={D!"|i=1, --- n, l<ib<m—15,

Proof YDEDer K(n, py, m), by (i) and (ii1) in the proof of Theorem 4.1 of
paper [2] (now G'=0 in [2]), we know that there exists JEK (n, joy, m) such that
D® = D-adg satisfies DB (%) e {), DB gie) DOt ), o1, ven, D,

We affirm that D™ (") =0, 1<, J<2r, j%i, i'. In fact, applying D™ to the

identities [z"*% 1] =0 and

0, if T ', §,

g or 2" fe=4or{",

by Lemma 4.2 of [2], we have DM(c"**)wal, aC F. Applying D™ to the
indentity [«"*™, 2"*]=g"*% we have [el, #*7**] =al. Then al=0 and
D (g w (),

Binoe [a™*", 1] mag™, [a™=tn 2] = prge (14 8g) 244 8, o=, applying D™, by
Lemmau 4.2 of [2], we have D™ (z***) =ql, ac F. Applying D™ to the identity
(™%, @' **] wgth we huve DO (g4} (),

Using Theorem 6, imitating the proof of part (iv) of Theorem 4,1 in [2], we
have DEadK (n, py, m) M.

Similarly, using Theorem 6, we can prove

Theorem B, Lei r=0(2) and v40, Then Der K (n, pym) =ad K (n, s, m)@®
ada™ | kin,u, m DM

Using Theorem 3 and Theorem 8, imitating the proof of Theorem 2.3 of [1],
we have

Theorem B, Let r=0(2) and r>0. Then

(I} I(Der K (n, gy, m)}) =n. (1I) YDE Der K (n, iy, ), L(D) =nif and onby
if O DE Gad o5,

By Theorem 9, {ad =™ is an invariant subspace of Der K(n, py, m). Let R =
<ax*|deg 2°=2, adwzd.

Corollary 8. Let r=0(2) and r>0. Then R' is an invariant subalgebra of

e, o] ={
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K{ﬂrp JI'h m]m

Proof Let a be an automorphism of K(n, ;. m). Then Di»oDo™?, YDE
Der K (n, gy, m), is an automorphism of Der K (n, py, m). Hence odad o=
nd 2>, Since R ={y€K(n, p, m)|{ad ™ () =0}, {ad 2> (cR') =oadz o™
(o R =0. Therefore o(R)CR and R’ is an invariant subalgebra.

When r=0(2) and r>0, we also have the filirations

Kin, gy m) =L DL D, =0, (2.1)
K (n, pg m) =L Lo L, =0, 2.2
where I, =V@R, I,=FR', I, ={s€ L, [z L.}, izl Li=R, Li={z€
ta | [o, DLl liy), &l.
Thus the results of Throrem 4 and Theorem 5 hold for r=0(2) and r>1.
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