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3'�5)��P −ABC�#�d5�T

#, !%�8.e)����g��5
" ((
L'�P )6@7C, 6�f%g��@h��
5
_-P1AP2BP3C (g�f(�M�8�),
�h1.

������������
���

��
��

��
��

��
�����
��
��
��
��
��
� ����������������������������

��	����	����	��

�������	 	 
 
 
 	 � � � � � �A

B

C

P1
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� 1

�P<:OP�aI�@h��5+,-2?
�8�:

M81 )����@h�+,-�M6G

�*>�g�"5+�,�,#�:10 180
#.

e\:')��P−ABC�"P��@h�

+,-P1P2P3 (P = P1 = P2 = P3), �PP1�

A� P2����L, 0�∠P1AC + ∠CAB +
∠BAP2 = 180◦, BN�X,

∠PAC + ∠CAB + ∠BAP = 180◦.
0�
"Ag�+5#��,#�:10 180
#. �8, �0
"Bg�
"Cg�9B#h.
��
"Pg, d0P1P2P3�+,-,N∠P1 +
∠P2 + ∠P3 = 180◦, 
�∠APB + ∠BPC +
∠CPA = 180◦. !��0
"P , �9B#h.

��, !%)��P − ABC�"5+�,

�,#�:10180#.�P∠PAC+∠CAB+
∠BAP = 180◦, 0��d
"P?M��@h

P1AP2BP3C�, P1� A� P2����L.
�8, P2� B� P3����L, P3� C� P1

����L. �5�@hP1AP2BP3C�+,-

P1P2P3. �2L, �8�e, d)���A�

"?M��@h��+,-.
�P, &��<�/�5<�: �OA<�

+,-���5)����@h? �1�%, 5
/�+,-P��5)����@h? �8;
����5#�:�0�5+,-P1P2P3, .e
+,-W#�i�5�L�. 'A� B� C6@

�P1P2� P2P3� P3P1��",'AB� BC� CA

�9:, !%�8��.+,-P1P2P3�9:

9#�5)��P −ABC,I�P�.P1� P2�

P3;Y�#�
". 6�8j+,-P1P2P3�

�QR�, )��P −ABC�d+,-P1P2P3

9��. 4
, 5�e+,-N�5)����
@h.

M8 2 +,-P1P2P3��QR�M6G

�*>�P1P2P3��5�,+,-.
e\: �+,- P1P2P3 ��QR�, 6

P1P2P3N��5)��P−ABC��@h. �
5,dM81, e)���"5+�,�,#�:
10 180#. �+,-P1P2P3�, '∠P1 = α,
∠P2 = β, ∠P3 = γ,6α+β+γ = 180◦. 
S

"P !��+�,, 6∠CP1A = α, ∠AP2B =
β, ∠BP3C = γ. 0�, d? [1]	, β + γ > α.

�α + β + γ > 2α, �2α < 180◦, 0α < 90◦.
�8� β < 90◦, γ < 90◦. �5, +,-P1P2P3

��5�,+,-.
��, !%+,-P1P2P3��,+,-, 6

g�+5A,α� β� γ/��,, �α+β +γ =
180◦, 'A� B� C6@�P1P2� P2P3� P3P1

��", �8�e�AB� BC� CA�9:, �
�.+,-P1P2P3-��5�<#�5)��

P − ABC. d0P "�+5,�α� β� γ, �
α + β + γ = 180◦ < 360◦, α + β > γ (��
γ < 90◦), !�d
"P !?M�+�,��

QR�. c��AC//P2P3, !�∠P1AC = β.
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�8∠BAP2 = α, ∠CAB = γ, �5∠BAP2 +
∠P1AC +∠CAB < 360◦, �∠BAP2+∠P1AC

> ∠CAB,!�d
"A!?M�+�,B��

QR�. �8d
"B�
"C?M�+�,

B��QR�. �53_? [1], )��P−ABC

�9#. 0�+,-P1P2P3��QR�.
*9 !%)��P −ABC��@h�+

,-, 6g�)5+�,�1��,B�&.
e\: 'e)��P − ABC!h2!�, 6


"P g�+5,T
P �)����ÆO�

�,Wk���34�α, β, γ. 
M8�e\
��W�, e�9�
"A� B� C��"�5

�#h. �9�e.
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� � � � � � � � � � � � � � � � � � � � � �A

B

C

P

� 2

)����@h�O�+,-���")

���'P�l@.
M8 3 )��P − ABC��@h�+,

-�M6G�*>�e)���"���' (0
Y�0)
"� *')P#/�.

e\:!%)��P−ABC��@h�+,

-P1P2P3,6A�B�C6@�P1P2�P2P3�P3P1

��". ' |PA| = a, |PB| = b, |PC| = c, �P
�+,-P1P2P3�, d0BC��*�, N

|BC| =
1
2
|P1P2| =

1
2
(|P1A| + |AP2|)

=
1
2
(a + a) = a = |PA|.

�8, |CA| = b = |PB|, |AB| = c = |PC|.
0�, )��P −ABC�"���'P#/�.
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� 3

!%)��P −ABC�"���'P#/

�, (L' |PA| = |BC| = a, |PB| = |CA| =
b, |PC| = |AB| = c, �P�)��P −ABC�

�@hP1AP2BP3C��)5 +,-CP1A�

BAP2� P3CB��ABC��1�, �h 3. 0
�, P1A//BC, AP2//BC,
�P1AP2���J,
�8, P2BP3��P3CP1����J. !��@
hP1AP2BP3C�+,-P1P2P3.
M8 4 )��P − ABC��@h�+,

-�M6G�*>�e)���"5����

1�+,-.
e\: !%)��P − ABC��@h�+

,-, 6dM8 3	, e)���"���'P
#/�, 6dM8 3�e\	, �@h��)5
 +,-CP1A� BAP2� P3CB��ABC�

�1�+,-, Ne)���"5����1�
+,-.

��, !%)��P − ABC�"5���

�1�+,-. !%�;+,-�+_Pm(/
1. '�+,-ABC�, |AB| = c, |BC| =
a, |CA| = b. !% |PA| = c, 6+,-PAB

(�F�ABC�1. !% |PA| = b, 6+,-
PAC(�F�ABC�1. 0� |PA| = a, 
�
|PB| = b, |PC| = c. NdM8 3	)��P −
ABC��@h�+,-.
M8 5 )��P − ABC��@h�+,

-�M6G�*>�e)���"5+�,�

1 (5�G�*��,B��&�).
e\:G�GN�M82�*9, �5��,

B�&. !��8(�e\M6G.
!%)��P − ABC"5+�,�1. '

�
"�+�,d� �α� β� γ�+5,!

?M. d0)���"5#��+,-, �+,
-�A,:�180#, 
n<�e)���"5
+�,�1��2, N4(α + β + γ) = 4× 180◦.
0� α+ β + γ = 180◦. !�e)���"5+
�,�,#�:�10180#. dM81, e)�
���@h�+,-,
�B*� +�,��
,B��&�.
.�, �8�%"+,-9��)��

P − ABC���. !% |PA| = a, |PB| = b,
|PC| = c, �P)��P −ABC���� V =√

2
12

√
(a2+b2−c2) (a2+c2−b2) (b2+c2−a2).
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�Æ"? [2]�����e\L=�9. U
;n<�

−→
PA = −→a ,

−→
PB =

−→
b ,

−→
PC = −→c !?

M�C	
�����V ′10−→a ,
−→
b , −→c �=

Y��>�,
∣∣∣(−→a ,

−→
b ,−→c

)∣∣∣, �1�%, V ′ =√(−→a ,
−→
b ,−→c

)2

.

'−→a = (a11, a12, a13),−→
b = (a21, a22, a23),
−→c = (a31, a32, a33), �P

(−→a ,
−→
b ,−→c

)2

=

∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣
2

=

∣∣∣∣∣
⎛
⎝ a11 a12 a13

a21 a22 a23

a31 a32 a33

⎞
⎠
⎛
⎝ a11 a21 a31

a12 a22 a32

a13 a23 a33

⎞
⎠
∣∣∣∣∣

=

∣∣∣∣∣∣
−→a · −→a −→a · −→b −→a · −→c−→
b · −→a −→

b · −→b −→
b · −→c

−→c · −→a −→c · −→b −→c · −→c

∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣

a2 a2+b2−c2

2
a2+c2−b2

2
a2+b2−c2

2
b2 b2+c2−a2

2
a2+c2−b2

2
b2+c2−a2

2
c2

∣∣∣∣∣∣∣∣∣∣
=

1
2
(a2 + b2 − c2)(b2 + c2 − a2)(c2 + a2 − b2).

0�, V =
1
6
V ′

=
1
6

√
1
2
(a2+b2−c2) (b2+c2−a2) (c2+a2−b2)

=
√

2
12

√
(a2+b2−c2) (b2+c2−a2) (c2+a2−b2).

n 1: 
L=��0#��8B��oHb
%W�"��'P#/1�)��FVQR�

G�*>�� a� b� c�_P�+,-�QR

�g�5�,+,-. �����a� b� c�_

P�+,-�e)����5�,g+
��Q
R. I3
��0#���W�3#A�J�#
GC�0W, 0�g(10W, 
�e+,-(
��,+,-. �g�?,+,-, (L'_P
� c�_!��,�?,, 6+,-�` ,/
��,, 0�d��M8, a2 + b2 − c2 < 0, c2 +
a2 − b2 > 0, b2 + c2 − a2 > 0, 
�3#A�J
�#��, ��! 0�, e+,-G��,+,
-.
n2:M84�M�*>���1��:“e)

���"5���/����”. ����d?
[3]��5
�<�3:

“�(�@A&B�C�D�&CE, FG
HICJKL&.”
0	L=�9#h (e<���i��? [3]�26

).
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;&O4P<��E?���5/���<�,
g:�+���<��OP��. ����, “�
,%,”�E?�:

1.“�,%,”(*%��%�p2�>#�
%�p2,, 0Cj2.

2.����5p2,f(a)��	���H
bB��, ��“�”� �.

3.p2�&e��;G?, �;G?++�
+,G� �jG� 
�G1, �H^�Q“R”, �
�	p2,f(a):!%p2,f(b)-H��.

�/N�� �����E?. �V��.
5G4���.
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�����Æ

� f(b)

������

Æ�, � f(a)
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F W

!% A�����QDk�1�“�,%
,” ��<��#,�NI��5�8%5��.
��;)Æ�, �"+,G� 
�GNFV�9
���; 3�6�[�"�. 1��, �I��
2��FWCD.




