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e��ê m, nþU�¤o��ê�²�Úµ

m = A2 + B2 +C2 + D2, n = a2 + b2 + c2 + d2,

KÙÈ mn´Ä�UL¤o��ê�²�Ú?

¯¢þ

mn = (A2 + B2 +C2 + D2)(a2 + b2 + c2 + d2)

= (Aa − Bb −Cc − Dd)2 + (Ab + Ba −Cd + Dc)2

+(Ac +Ca − Db + Bd)2 + (Ad + Da − Bc +Cb)2.

��éþª�mü>ÐmÒ��yTªf��(5,���Ñù�ªf
ÒØ@oN´.e¡·�òlM��îo�ê�£\Ã5)ûùa¯K.

5: 3êØ¥kù����(Ø:z���êÑ�±L«¤o��ê�²�
Ú.Ïd/Ï±þ�Úf,��y²T(Øé¤k�ê¤á=�.

pdQy²
:/X 4n + 1��ê�±L«�ü��ê�²�Ú(=�L
�o��ê�²�Ú,�ü��"�²�).~X: 5 = 4 · 1 + 1 = 22 + 12.

2 MMM������îîîooo���êêê999ÙÙÙÝÝÝ
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�

H = {a + bi + c j + dk | a, b, c, d ∈ R}.
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K H´M��îo�êN1.§� Rþ�(Ü�ê, 1, i, j, k�Ù�|Ä,¡�
M��îo�ê.Ù$�Xe:

i2 = j2 = k2 = −1, i j = k, jk = i, ki = j, ji = −k, k j = −i, ik = − j.

·�½Â:

R =
{  α β
−β̄ ᾱ

 ∣∣∣ α, β ∈ C} ⊆ M2(C).

K R� M2(C)� R(Üf�ê(kü � E2 ).

{Ñy²:Ï� E2 ∈ R ,¤± R´��8Ü.q

αα1 − ββ̄1 = ᾱᾱ1 − β̄β1 , αβ1 + βᾱ1 = −(−β̄α1 − ᾱβ̄1),

α − α1 = ᾱ − ᾱ1 , β − β1 = −β̄ + β̄1.

K  α β
−β̄ ᾱ

  α1 β1

−β̄1 ᾱ1

 =  αα1 − ββ̄1 αβ1 + βᾱ1

−β̄α1 − ᾱβ̄1 ᾱᾱ1 − β̄β1

 ∈ R,

 α β
−β̄ ᾱ

 −  α1 β1

−β̄1 ᾱ1

 =  α − α1 β − β1

−β̄ + β̄1 ᾱ − ᾱ1

 ∈ R.

¤± R� M2(C)�f�,$^Ý
�$�5�,N´y² (R,+)�� R -��
÷v:

r(xy) = (rx)y = x(ry) ∀r ∈ R,∀x, y ∈ R.

� R� R -�ê.

P

E2 =

 1 0
0 1

 , I =
 i 0

0 i

 , J =
 0 1
−1 0

 , K =
 0 i

i 0

 ∈ R.

- α = a + bi, β = c + di,Keª¤á: α β
−β̄ ᾱ

 = aE2 + bI + cJ + dK.

¤± E2, I, J, K � R��|Ä.qN´O�:

I2 = J2 = K2 = −E2, IJ = K, JK = I, KI = J, JI = −K, KJ = −I, IK = −J.
1 R´��kü ���§e R¥z��"�Ñ�_§K¡ R���Ø�.����Ø�¡�N.
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l·��±½Â±eÓ�:

ρ : H −→ R

a + bi + c j + dk 7−→
 α β
−β̄ ᾱ

 = aE2 + bI + cJ + dK.

{Ñy²:���XeÄ�m�éA:

1 7→ E2, i 7→ I, j 7→ J, k 7→ K.

w,: ρ(x + y) = ρ(x) + ρ(y), ρ(rx) = rρ(y). qdÄ�m$���q5U�
� ρ(xy) = ρ(x)ρ(y) ¤á, � ρ ´Ó��. Ï�§�Ñ´ R (Ü�ê, � ρ �
H −→ R� R(Ü�êÓ�.dd,·�ro�êN^Ý
�/ª\±
L«.

E,P α = a + bi, β = c + di,K

det
 α β
−β̄ ᾱ

 = |α|2 + |β|2 = a2 + b2 + c2 + d2 = n.

P α1 = A + Bi, β1 = C + Di,K

det
 α1 β1

−β̄1 ᾱ1

 = |α1|
2 + |β1|

2 = A2 + B2 +C2 + D2 = m,

det
 α β
−β̄ ᾱ

  α1 β1

−β̄1 ᾱ1

 =  αα1 − ββ̄1 αβ1 + βᾱ1

−β̄α1 − ᾱβ̄1 ᾱᾱ1 − β̄β1

 = |αα1 − ββ̄1|
2 + |αβ1 + βᾱ1|

2

= (Aa − Bb −Cc − Dd)2 + (Ab + Ba −Cd + Dc)2

+(Ac +Ca − Db + Bd)2 + (Ad + Da − Bc +Cb)2.

q31�ª$�¥k det(X) det(Y) = det(XY) ,¤±

det
 α β
−β̄ ᾱ

 det
 α1 β1

−β̄1 ᾱ1

 = det
 α β
−β̄ ᾱ

  α1 β1

−β̄1 ᾱ1

 .
����Úf¥�ª¤á.

e¡·�/ÏÝ
�$�5Ïé Hþ�$�5�.
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- x = a + bi + c j + dk,K x̄ = a − bi − c j − dk,�

ρ(x̄) =
 a − bi −c − di

c − di a + bi

 =  ᾱ −β
β̄ α

 =  α β
−β̄ ᾱ

′ = ρ(x)
′
.

K

ρ(ȳx̄) = ρ(ȳ)ρ(x̄) = (ρ(y))′(ρ(x))′ = ((ρ(x))(ρ(y)))′ = ρ(x)ρ(y)
′
= ρ(xy)

′
= ρ(xy).

Ï� ρÓ�,¤±, xy = ȳx̄. (ù����Eê��Ý$�Ø��)

Ï�

|x|2 = x · x̄ = (a + bi + c j + dk)(a − bi − c j − dk) = a2 + b2 + c2 + d2.

¤±

det(ρ(x)) = det
 α β
−β̄ ᾱ

 = a2 + b2 + c2 + d2 = |x|2.

Kd

det(ρ(x)) det(ρ(y)) = det(ρ(xy)).

�, |x|2|y|2 = |xy|2,= |x| |y| = |xy|.

�

X =
 α β
−β̄ ᾱ

 =  a + bi c + di
−c + di a − bi

 ,
K

XX
′
=

 a + bi c + di
−c + di a − bi

  a − bi −c − di
c − di a + bi


=

 a2 + b2 + c2 + d2 0
0 a2 + b2 + c2 + d2


= (det X)E2 = X

′
X.

¤±, X∗ = X
′
K X−1 =

1
det X

X∗ =
1

det X
X
′
.= x−1 =

1
|x|2

x̄.u´·��±��

(xy)−1 =
1
|xy|2

xy =
1
|x|2|y|2

ȳx̄ =
1
|y|2

ȳ
1
|x|2

x̄ = y−1x−1.

~K: 3 H ¥¦) x2 = a (a ∈ R).

):� x = e + bi + c j + dk ∈ H.
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1. �a > 0�:

-

y =
x
√

a
=

e + bi + c j + dk
√

a
.

K�§C� y2 = 1.d�, |y|2 = 1,�

y = y−1 · y · y = y−1 · y2 = y−1 · 1 = y−1 =
1
|y|2

ȳ = ȳ.

l�

y =
e
√

a
, b = c = d = 0.

Ïd,
e
√

a
= ±1,¤±, x = e = ±

√
a,���§�)8� {

√
a, −
√

a }.

2. �a < 0�:

-

y =
x
√
−a
=

e + bi + c j + dk
√
−a

.

K�§C� y2 = −1.d�, |y|2 = 1,�

y = y−1 · y · y = y−1 · y2 = y−1 · (−1) = −y−1 = −
1
|y|2

ȳ = −ȳ.

l�

y =
bi + c j + dk
√

a
, e = 0.

Ïd

1 = |y|2 =
b2 + c2 + d2

−a
.

¤± b2 + c2 + d2 = −a.���§�)8� {bi + c j + dk | b2 + c2 + d2 =

−a, b, c, d ∈ R}.

3. �a = 0�:

x2 = 0,Ï�, H���Ø�,�, Hþvk�""Ïf,¤± x = 0,=d�
�§)8� {0}.
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��·�2w�
k��(J:´�,

R + RI,R + RJ,R + RK � C.

��©O½Â I 7→ i, J 7→ i, K 7→ i=�.u´

M =
{  a b
−b a

 ∣∣∣ a, b ∈ R} = R + RJ � C,

a + bi 7→ aE2 + bJ =
 a 0

0 a

 +  0 b
−b 0

 =  a b
−b a

 = X ∈ M.

ù´Eê�Ý
¢y.(é¡©))

5:3Ý
�ÆS¥,·���,?Û��Ý
Ñ�±©)¤��é¡Ý

Ú���é¡Ý
�Ú,ù�(Ø�y²�~{ü=:

X =
X + X′

2
+

X − X′

2
.

ù�(Øwå5Ãv�§�¯¢þ§�ÐéAXEê x = a + bi �¢
ÜÚJÜ�©). (3Ùþ�±?Ø§��Ú! ¦! _! �Ý! ��)
-x = a + ~u, y = a′ + ~v,½Â

x · y = aa′ − (~u,~v) + (a~v + a′~u + ~u × ~v).

This is a wonderful formula ! (§�¹
�þ��Ü$�)

¯Kg�:

1!� P ⊂ R´f�

HP = {a + bi + c j + dk | a, b, c, d ∈ P}.

K HP � H�fØ�.

2!eþã� P = Zp ,K HP �´Ø�íº

3! I = {a + bi + c j + dk | a, b, c, d ∈ C},K I ´Ä�Ø�?

y²µ 1!Ï� P��,��3�� a ∈ P ⊂ HP ,� HP ��.q P���
�,¤± ab ∈ P , a − b ∈ P ∀a, b ∈ P ,K´y

xy = (a + bi + c j + dk)(e + f i + s j + tk) ∈ HP,
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x − y = (a + bi + c j + dk) − (e + f i + s j + tk) ∈ HP.

Ù¥ a, b, c, d, e, f , s, t ∈ P,¤±, HP � H�f�.w, P¥�ü �=� HP

¥ü �.qÏ�

x · x̄ = (a + bi + c j + dk)(a − bi − c j − dk) = a2 + b2 + c2 + d2.

P ⊂ R´f�,e x , 0K l = a2 + b2 + c2 + d2 , 0§�

±a
l
,
±b
l
,
±c
l
,
±d
l
∈ P.

Ïd,

x−1 =
x̄
l
=

a
l
+
−b
l

i +
−c
l

j +
−d
l

k ∈ HP.

= HP ¥�"�k_�,¤± HP��Ø�.

2!Ï� p ��ê, dÚf¥�5�� p �L�o��ê�Ú, =k
a, b, c, d ∈ Z+ ¦ p = a2 + b2 + c2 + d2. Ù¥, a, b, c, d ¥��kn���u p
, Ø�� a < p , K3� P = Zp þ a , 0 , � x = a + bi + c j + dk , 0 , �
xx̄ = a2 + b2 + c2 + d2 = p = 0 ,¤± xÃ_�,�d�, HP Ø´Ø�.

3!� 0 , x = 1+
√
−1i+0 j+0k ∈ I,� x · x̄ = a2+b2+c2+d2 = 1+ (−1) = 0

¤± x´�""Ïf( xÃ_�),� I Ø´Ø�.
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