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ABSTRACT. The affine Weyl group (6’n, S) can be realized as the fixed point set of the
affine Weyl group (Kgn_l, g) under a certain group automorphism « with oz(g) =5.
Let ¢ be the length function of Ay—1. The main results of the paper are to prove the
left-connectedness of any left cell of the weighted Coxeter group (én,E) in the set Ey
for any nice A € Ay, to prove all the partitions (2n — k, k) with 1 < k < n being nice
and to describe all the cells of (6’71,27) in the set Egy, g 1)-

60. Introduction.
0.1. This is a continuation for the study of Kazhdan-Lusztig cells in the weighted
Coxeter group (é’n, Z) in my previous paper [10].

Let Z (respectively, N, P) be the set of all integers (respectively, non-negative
integers, positive integers). For any ¢ < j in Z, denote by [i, j] the set {i,i+1,...,j}.
Denote [1, j], [0, 7] simply by [j], (j] respectively. Let W be a Coxeter group with
S the Coxeter generator set. Lusztig defined a weighted function L on W called
(W, L) a weighted Coxeter group (see 1.1) and extended the concepts of left, right
and two-sided cells from an ordinary Coxeter group to a weighted Coxeter group (see
[3], [7]). Each cell of (W, L) provides a representation of (W, L) and the associated
Hecke algebra. It is a big project for the explicit description of cells in any weighted
Coxeter group.
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0.2. For any n > 1, consider the affine Weyl group ;12”_1 with the Coxeter generator
set § = {s; | i € (2n — 1]}, where s2 = 1, sisj = s;8; if j # i £ 1 (mod 2n) and
SiSi418i = Si+18:Si+1 for any i,j € (2n — 1] (we stipulate so, = sg). Let Egn_l be
the length function of (A,_1,S).

Let o be the group automorphism of Agy_ 1 determined by setting a(s;) = so,—;
for i € (2n—1]. Then the affine Weyl group 5’n can be realized as the fixed point set of
Agn_1 under o with the Coxeter generator set S = {t; | i € (n]}, where t; = ;59
for any i € [n — 1], to = so and t,, = s,,. The restriction to C,, of lg,_1 is a weighted

function on (Cp, S). Hence (Cy, f2,_1) forms a weighted Coxeter group.

It is known that there is a surjective map v from ggn_l to the set Ao, of partitions
of 2n which induces a bijection from the set of two-sided cells of ggn_l to Mg, (see
[6, Theorem 6] and [8, Theorem 17.4 and Proposition 5.15]). Let Ey :=1~*(A\) N C,,
for A € Ag,.

0.3. In our previous paper [10], we described all the cells of the weighted Coxeter
group (5n, Zgn_l) in the sets Fyq2n-x and Fpgq2n-n-2 for all k € [2n] and h €
[2,2n — 2] and also all the cells of the weighted Coxeter group (Cs, 5). In the present
paper, we define two kinds of partitions in A, , called a dual-symmetrizable partition
and a nice partition respectively (see 3.13). We prove that any nice partition must be
dual-symmetrizable (see Lemma 3.5) and conjecture that the converse should also be
true (see Conjecture 3.14). We prove that any left cell of C,, in Ej is left-connected
if A € Ay, is nice (Theorem 3.15). We give some detailed investigation on the set
E(9n—k k) for any k € [n]. We prove that all the partitions (2n—k, k), k € [n], are nice
(see Theorem 4.12), that the set (5, k) is two-sided-connected and forms a single
two-sided cell of C,, (see Theorem 4.13), and that the number of left cells contained
in Egp_gk is 2" ™nl if k = 2m is even and 2"~ !nl if k = 2m + 1 is odd (see

Theorem 4.12).

0.4. The most difficulty part in proving our results is to show the left-connectedness
of a left cell in E\ for our considered partition A. The set € (see 3.2) plays a crucial
role in our proof. Each w €  determines a tabloid T'(w). Any w € C,, N determines
a 2n-self-dual tabloid (see Lemma 3.5). Fix a left cell T' of C,,. We first prove that
the set I' N () is contained in some left-connected component of £, ) (see Theorem

3.12). This implies that any left cell of E) is left-connected for any nice A € Ag,
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(see Theorem 3.15). We prove by a step-by-step reduction in Section 4 that any
partition of the form (2n — k,k), k € [n], is nice (see Lemma 4.11). This proves
the left-connectedness for any left cell of C, in E@n—k,k)- Then the number of left
cells of 5’n contained in F(z,_ 1) can be obtained simply by counting the number
of all the 2n-self-dual tabloids corresponding to a fixed symmetric composition a
with ((a)” = (2n — k, k) (see Theorem 4.12). We conclude that E g, k) forms a
single two-sided cell of én by showing the two-sided-connectedness of E(a,_ 1) (see
Theorem 4.13).

It is shown that the composition a := &(T'(w)) is symmetric for any w € QN C,,.
Conjecture 3.14 states that if A € Ay, is such that there is some symmetric compo-
sition a of 2n satisfying A = {(a)", then X is nice. We expect that our arguments in
Section 4 could be extended to verify this conjecture.

We would like to mention that the successive star-operations applied in Sections
3-4 (e.g., the elements w’, y so obtained from w in (3.11.4) and 4.4 respectively) are
essentially the iterated star operations defined in [8, Chapter 8]. This is a general-
ization of Robinson-Schensted inserting algorithm on the symmetric group (see [8,
Section 21.2]) and is one of powerful tools in getting our results.

0.5. The contents of the paper are organized as follows. In Section 1, we collect some
concepts and known results concerning cells of a weighted Coxeter group. Then we
concentrate ourselves to the weighted Coxeter group (é’n, Zgn_l) in Section 2, many
useful results and technical tools are provided there. In Section 3, we study the
properties for the set 2N C,, and prove that any left cell of C, in E, is left-connected
if A € Ag,, is nice. Finally, we study all the cells of 571 in E(o,_p,k) for any k € [n] in

Section 4.

§1. Cells in Coxeter groups.

In this section, we collect some concepts and results concerning cells of a weighted
Coxeter group, all but Lemma 1.5 follow Lusztig in [7], while Lemma 1.5 is a result
in [10].

1.1. Let (W, S) be a Coxeter system with ¢ its length function and < the Bruhat-
Chevalley ordering on W. An expression w = s185---s, € W with s; € S is called
reduced if r = ¢(w). By a weight function on W, we mean a map L : W — Z

satisfying that L(s) = L(t) for any s,t € S conjugate in W and that L(w) = L(s1) +
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L(s2) 4+ -+ L(s,) for any reduced expression w = s152---5, in W. Call (W, L) is a
weighted Coxeter group.

We say that a weighted Coxeter group (W, L) is in the split case if L = /.

Suppose that there exists a group automorphism a of W with «a(S) = S. Let
W ={w e W | a(w) =w}. For any a-orbit J on S, let w; be the longest element
in the subgroup W; of W generated by J. Let S, be the set of elements w; with J
ranging over all a-orbits on S. Then (W<, S,) is a Coxeter group and the restriction
to W of the length function ¢ is a weight function on W<. We say that the weighted
Coxeter group (W<, /) is in the quasi-split case.

1.2. Let < (respectively, <, <) be the preorder on a weighted Coxeter group (W, L)
defined inL [7]. The equivzﬁenLcIZ relation associated to this preorder is denoted by ~
(respectively, e E}J%) The corresponding equivalence classes in W are called left cells
(respectively, right cells, two-sided cells) of W.

1.3. For w € W, define L(w) = {s € S| sw < w} and R(w) ={s € S | ws < w}.
If y,w € W satisfy y < w (respectively, y < w), then R(y) 2 R(w) (respectively,
L(y) 2 L(w)). In par%icular, if y ~ow (reg)ectively, y w), then R(y) = R(w)
(respectively, L(y) = L(w)) (see [7, Lemma 8.6]).

1.4. In [7, Chapter 13], Lusztig defined a function a : W — N U {oc} in terms of
structural coefficients of the Hecke algebra associated to (W, L).

In [7, Chapters 14-16], Lusztig proved the following results when W is either a
finite or an affine Coxeter group and when (W, L) is either in the split case or in the
quasi-split case.

(1) y LgR w in W implies a(w) < a(y). Hence y oW in W implies a(w) = a(y).

(2) If w,y € W satisfy a(w) = a(y) and y % w (respectively, y % w, Y LgR w) then

~ tively, y ~ ~ w).
yyw (respectively, y WY w)
For any X C W, denote X ! := {z7! |z € X}.

Lemma 1.5. (see [10, Lemma 1.7]) Suppose that W is either a finite or an affine
Cozeter group and that (W, L) is either in the split case or in the quasi-split case.
Let E be a non-empty subset of W satisfying the following conditions:
(a) There exists some k € N with a(z) =k for any x € E;
(b) E is a union of some left cells of W;
(c) E7'=FE.
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Then E is a union of some two-sided cells of W'.

§2. The affine Weyl groups ggn_l and C~'n.

From now on, we restrict our attention to the weighted Coxeter groups (Egn_l,Z)
and (é’n, Z), where { = Zgn_l is the length function of the affine Weyl group Avgn_l.
2.1. The affine Weyl group 22,1_1 can be realized as the following permutation group
on the set Z (see [5, Subsection 3.6] and [8, Subsection 4.1)]:

gzn_lz{w:Z—>Z

2n 2n
(i + 2n)w = (w +2n, Y _(Hw = Zz} .
i=1 i=1
The Coxeter generator set S = {s; | i € (2n — 1]} of Ag,_; is given by

t, ift£4,i+ 1 (mod 2n),
(t)si=< t+1, ift=i (mod 2n),
t—1, ift=i+1 (mod 2n),

for any ¢t € Z and i € (2n — 1]. Any w € Avgn_l can be realized as a Z-indexed
monomial matrix A, = (a;j)i jez, where a;; is 1 if j = (i)w and 0 if otherwise. The
row (respectively, column) indices of A,, increase from top to bottom (respectively,
from left to right). We can conveniently use some familiar operations in linear algebra
on the matrix A,,. For example, the matrix A,,—1 is just the transposition of A,,; while
As,w (respectively, A,s;) can be obtained from A, by transposing the (2ng + i)th
and the (2ng + i + 1)th rows (respectively, columns) for all ¢ € Z.

Let « be the group automorphism of Asy,—1 determined by a(s;) = so,—; for
i € (2n — 1]. In terms of matrix form, for any w € ggn_l, the matrix A,(,) can
be obtained from the matrix A, by rotating with the angle 7 around the point
(gn + %, qn + %) for any q € Z, where we identify A,, with a plane and the positions
(i,7), i,j € Z, of A,, are identified with the corresponding integer lattice points.

The automorphism « gives rise to a permutation on the set IT' (respectively, IT",
IT*) of left cells (respectively, right cells, two-sided cells) of Ag,_1.

The affine Weyl group én can be realized as the fixed point set of ggn_l under «,

which can also be described as a permutation group on Z as follows.

Co={w:Z — 7| (i+2n)w=()w+2n,(w+1—i)w=1, VieZ}
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with the Coxeter generator set S = {t; | i € (n|}, where t; = s;59,,—; for i € [n — 1],
to = so and t,, = s,,. For the sake of convenience, we define s; and t; for any i,j € Z
by setting sgqn+p to be sp and topntq to be t, for any p,q € Z and b € (2n — 1] and
a € (n]. In terms of matrix, an element w € Agpn_y is in Cy, if and only if the matrix
form A, of w is centrally symmetric at the point (¢gn + %, qn + %) for any q € Z.
Let Z, ¢ be the length functions on the Coxeter systems (Zgn_l, g), (5’n, S), respec-
tively. For any € Ag,_1 and k € Z, let my(z) = #{i € Z|i < k and (i)z > (k)xz}.

Then the formulae for the functions £ and ¢ are as follows.

Lemma 2.2. (see [10, Proposition 2.4]) For any w € Agn_1 and @ € Cy, we have

(1) ) = Ercicpean || D050 | = S22 ()

(2) t(x) = 3(0x) +my(2) + Mo (@),
where |a| is the largest integer not larger than a, and |a| is the absolute value of a

for any a € Q.

2.3. Fix m € P. By a partition of m, we mean an r-tuple A := (A1, Ag, ..., A) of
weakly decreasing positive integers Ay > -+ > A\, with >, _; Ay = m for some r € P.
A; is called a part of . Let A,, be the set of all partitions of m.

For any A = (A1,..., \) € Ay, define AV = (g, ..., pi, ) by setting p; = #{k € [r] |
A = j} for any j € [A1], call AV the dual partition of \.

For any A\ = (A1, Ae, ..., \) and p = (u1, p2, oy i) in Ay, we write A < p if

A4+ A < g 4o+ pg for any 1 < k< min{r,t}. This defines a partial order
on A,,. In particular, A < p if and only if u¥ < \V.
2.4. Let P = (E, <) be a partial ordered set (or a poset in short) with the cardinal
|E| of the set E being m € P. By a chain (respectively, antichain) in P, we mean a
sequence aq, s, ..., a, in E satisfying a; < as < - -+ < a, (respectively, neither a; < aj
nor a; < a; holds for any ¢ # j in [r]). We usually identify a chain (respectively,
antichain) ay,as,...,a, in E with the corresponding subset {a1,as,...,a,}. Fix k €
[m]. By a k-chain-family of P, we mean a subset X = Ule X; of E with X; a chain
for any i € [k]. Let dix(P) be the maximally possible cardinal of a k-chain-family
in P. Then there is some t € [m] with d;(P) < d2(P) < --- < di(P) = m. Let
A (P) = dy(P) and A\p(P) = di(P) — dx—1(P) for any k € [2,t]. Then ¢(P) :=
(A1 (P), A2(P), ..., M(P)) € Ay, by a result of C. Greene in [2].
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Fix w € Ag,_1. For any i # j in [2n], we write i <, j, if there exist some p, q € Z
such that both inequalities 2pn + i > 2gn + j and (2pn + i)w < (2gn + j)w hold. In
the matrix form of w, this means that the position (2¢gn + j, (2gn + j)w) is located at
the northeastern of the position (2pn+1, (2pn+i)w). This determines a poset P, :=
([2n], =w). A chain (respectively, an antichain) in P, is called a w-chain (respectively,
a w-antichain). We have that ¥(w) := (A (Py), A2(Py), .., Ar(Py)) € A, and that
w +— (w) is a surjective map from the set Asn_q to Aoy, by [8, Corollary 5.13].
i # j in [2n] are called w-comparable if either i <, j or j <, ¢, and w-uncomparable
if otherwise. It is easily seen that ¢ < j in [2n| are w-uncomparable if and only if
(Hw < (jw < ()w + 2n.

For any a € Z, denote by (a) the unique integer in [2n] satisfying a = (a) (mod 2n).
In the subsequent discussion, we sometimes use the notation ¢ <, j, the phrase of 7, j
being “ w-comparable ” or “ w-uncomparable ” for some i,j € Z, which just mean
that (i) and (j) satisfy the corresponding relation.

2.5. Let Z ¢ be the length functions on the Coxeter systems (Zgn_l, g), (5’n, S), re-
spectively. By the definition in 1.1, we see that the weighted Coxeter group (Egn_l , Z)
is in the split case, while (C,,, £) is in the quasi-split case (see [7, Lemma 16.2]).

Let <, <¢ be the Bruhat-Chevalley orders on the Coxeter systems (ggn_l, g),
(5n,S), respectively. Since the condition x <¢ y is equivalent to x < y for any
T,y € én, it will cause no confusion if we use the notation < in the place of <¢.
Hence from now on we shall use < for both < and <¢.

Let L(z) ={s€ S| sz <z} and R(z)={s €S |axs <a} forx € Ay,_1 and let
Ly)={teS|ty<y}and R(y)={te S|yt <y} foryeC,.

Lemma 2.6. (see [10, Corollary 2.6]) For any x € C, andi € (n],
si € L(x) =  son_; € L(z) <t €L(x)
— (> ({+1)z <= 2n+1—-0)z < (2n—1i)x,
si € R(z) <= s € R(z) < t; € R(x)

= @t > i+ )= 2n+1 i)zt < (2n — i)z !

If z € Ayy_q and s € L(z) and ¢ € R(x) then ¥(sz), (2t) < 1(z) by [8, Lemma
5.5 and Corollary 5.6]. This implies by Lemma 2.6 that if z € C,, and s € £(z) and
t € R(x) then ¥ (sx),(xt) < P(x).
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Lemma 2.7. Let z,y € C, and 2,y € Agp_;.

(1) x ~Y (respectively, x ~ y) in C, if and only if x ~Y (respectively, x ~ y) in
Agp—1 (see [7, Lemma 16.14]).

(2) «’ L< y'if and only if Y(y') < (2’). The set v=1(X\) forms a two-sided cell of
Agn_y forljmy A € Ay, (see [6, Theorem 6] and [8, Theorem 17.4] and [9, Theorem
B)).

By Lemma 2.7 (1), we can just use the notation z ~Y (respectively, x ~ y) for

T,y € 5n without indicating whether the relation refers to ggn_l or C~’n.

2.8. A non-empty subset E of an affine Weyl group W = (W,S) is called left-
connected, (respectively, right-connected) if for any z,y € E, there exists a sequence
To = T,T1,...,T, = y in E such that xi_lxi_l € S (respectively, aci_lxi_l € S) for
every i € [r]. E is called two-sided-connected if for any z,y € E, there exists a
sequence roy = ¥, 1, ...,L, =y in E such that either :L'i_l.fﬂi_l or :ci_lsci_l isin S for
every i € [r].

Geometrically, the elements of an affine Weyl group W can be identified with the
alcoves of a certain euclidean space V' (see [4]). Thus a left-connected set of W is
just such an alcove set E in V that for any A, A’ € E, there is a sequence Ay =
A A, ...,A. = A" in E, where A;_1 and A; share a common facet of codimension 1
in V for any i € [r].

Let FF C E in W. Call F a left-connected component of E, if F' is a maximal
left-connected subset of E. One can define a right-connected component and a two-
sided-connected component of E similarly.

For any A € As,, denote E)y := 5’n NyY~L(N).

Lemma 2.9. (see [10, Lemma 2.18]) Let A € Ag,,.

(1) Any left- (respectively, right-, two-sided-) connected component of ~*(\) is
contained in some left (respectively, right, two-sided) cell of ggn_l.

(2) Any left- (respectively, right-, two-sided-) connected component of Ey is con-
tained in some left (respectively, right, two-sided) cell of 5n

(8) The set E\ is either empty or a union of some two-sided cells of C,.

Corollary 2.10. (see [10, Corollary 2.19]) Let z,y, %',y € Asn_1 satisfy x,y € E
and 2,y € Y~Y(N\) for some X € Agy,.
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(1) If L(y) = £(x) + £(yx~1) then x,y are in the same left-connected component of

FEy and hence x Y-

(2) If L(y) = £(x) + £(x ™ y) then x,y are in the same right-connected component
of E and hence x Y

(3) If U(y) = 0(x") +0(y'=' ") then @',y are in the same left-connected component
of v~Y(\) and hence z' ~ y'.

(4) If 0(y') = (") +E(z' " y') then o',y are in the same right-connected component
of v~Y(\) and hence ' ~ Y.

2.11 i,j € [2n] are called 2n-dual, if i + j = 2n + 1; in this case, we denote j = i
(hence i = j also). Fix w € C,. i € [2n] is called w-wild if i and 7 are w-comparable
and w-tame if otherwise. i € [2n] is called a w-wild head (respectively, a w-tame
head), if i is w-wild (respectively, w-tame) with (i)w < (i)w. In this case, call i a
w-wild tail (respectively, a w-tame tail). In the subsequent discussion, we sometimes
say that some i € Z is w-wild or w-tame, which just means that the integer (i) is

such.

The results in Lemmas 2.12-2.13 below can be checked easily:

Lemma 2.12. (see [10, Lemma 3.2]) Fiz w € C,,. Let i,j, k € [2n].
(i) j <w k if and only if k < j;
Now suppose that j # k are w-wild heads and i is w-tame.
(ii) 7 < k if and only if j, k are w-comparable.
(iii) If j, k are w-uncomparable then so are j, k (respectively, j,k);
(iv) i and k are w-comparable if and only if i <y, k.
(v) {j,i,7} is a w-chain if and only if j is w-comparable with both i and i;
(vi) {j,k,j, k} is a w-chain if and only if j, k are w-comparable.

Lemma 2.13. Let w € én and t > 1.
(1) Let j1 <w J2 <w -+ <w jt be a w-chain and let h <1 in [t].
(1a) If jp, is a w-wild head, then j; is a w-wild head.
(1b) If 5; is a w-wild tail, then jp is a w-wild tail.
(1c) If both jn and j; are w-tame, then j. with ¢ € [h,l] either all are w-tame

heads, or all are w-tame tails.
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(2) Let iy, ia,...,00m € [a+ 1,a+ 2m] satisfy (i1)w < (ix)w < -+ < (igm)w for some
m € [n] with a € {—m,n —m}.

(2a) ip, is either a w-wild tail or a w-tame integer for any h € [m).

(2b) i; is either a w-wild head or a w-tame integer for any l € [m + 1,2m).

(2¢) (i2m+1—n) = (in) for any h € [2m)].

§3. The set (.

In the present section, we define a set {2 of certain finite posets, which includes a

subset of Avgn_l under a certain identification. We characterize the elements of €2 in
Ch (see Lemma 3.5). The main result of the section is to show that for any A € Ay,
and any left cell I' of 5’n in the set Fy, the set I' (2 is either empty or contained in
some left-connected component of E (see Theorem 3.12). This further implies that
for any nice partition A € Ay, any left cell of C, in E, is left-connected (see 3.13
and Theorem 3.15).
3.1. Fix m € P. A generalized tabloid (or a tabloid in short) of rank m is, by
definition, an r-tuple T = (T4, 1%, ..., T,) with some r € P such that T}, j € [r], are
pairwise disjoint subsets of P with >, |7;| = m. By a composition of m, we mean
an r-tuple (aq, a, ..., a,) with some ay, ..., a,,7 € P such that >_;_, a; = m. Let A,
be the set of all compositions of m. We have &(T) := (|Ty,| 5|, ..., |T}|) € Am. Let
C,, be the set of all tabloids of rank m.

For any a = (aq,...,a,) € /~\m, let 41,12, ...,4, be a permutation of 1,2,...,r such
that a;, > a;, > --- > a;,. Then ((a) = (ai,, iy, ...,ai.) € Ay,. Clearly, both
£:Cpy — Km and ( : Km — A, are surjective maps.

3.2. Let Q,, be the set of all posets P = (F, <) with £ C P and |E| = m such that
there is a set partition F = E1UFE5U- - - UE, satisfying:

(i) a < b for any a € E; and b € E; with ¢ < j in [r];

(ii) F; is a maximal antichain in F for any i € [r].

Define T(P) := (E1, Es, ..., E.). Then T(P) € Cp,.

Denote Q = (J,,cp 2m- By a result of C. Greene in [2], we see that the partition
C&(T(P)) is the dual of ¢(P) for any P € Q.

By identifying any w € As,_1 with the poset P,-1 := ([2n], <,,-1), we can regard
w as an element of ()9, and further of Q2 if P,—1 € Q,.

In the most cases of the subsequent discussion, when we mention an element w of
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2, we mean that w is an element in As, 1, or even in C,,, with P,-1 € (o,.

The following known result will be crucial in subsequent discussion.

Lemma 3.3. (see [8, Lemma 19.4.6 and Propositions 19.4.7-19.4.8])

(1) Suppose that y,w € Agp1NQ satisfy E(T(y)) = £(T'(w)). Then y v w if and
only if T(y) =T (w).

(2) For any a € Ao, let A = ¢(a)Y. Then there exists a bijective map from the
set 1§ of all left cells of Agp_1 in »~H(N) to the set £71(a).

3.4. Fix m € [2n]. Denote a°? = (ay,, ..., a2,a1) for a = (ay,as,...,a,) € A,,. Call a
symmetric, if a°? = a.

Denote E = {i | i € E} for any E C [2n] (see 2.11). Denote T = (T3, T3, ..., ;)
and T°P = (T, ..., 15, T}) for any T = (11,75, ..., T;) € Cpp. Then T, T°P € C,,. We
say that T € C,, is 2n-self-dual, if T =T.

If T € C,, is 2n-self-dual then the composition £(T) is symmetric.

Lemma 3.5. (1) The tabloid T(w) is 2n-self-dual for any w € QN C,,.

(2) For any 2n-self-dual T € Ca,, there exists some w € QNC, satisfying T(w) =
T.

(3) If T = (11, Ts, ..., T;) € Cay, is 2n-self-dual with r = 2m + 1 odd, then |T,41|

1S even.

Proof. Let w € C,, and E,E' C [2n]. Denote E <,, E', if a <4, o’ for any a € E and
any a' € E'. We see by Lemma 2.12 that E is a w-antichain if and only if such is
E and that E <,, E’ if and only if E’ <,, E. Fix w € QN C,,. We see that all the

w~l-tame integers in [2n] are pairwise w™!

-uncomparable and hence form a single
w~-antichain whenever they exist. We also see that the elements in any maximal
w~-antichain of [2n] are either all w~!-wild heads, or all w~!-wild tails, or all w~!-
tame integers. This implies by Lemma 2.12 that T'(w) is 2n-self-dual, (1) is proved.
Given any 2n-self-dual T € Ca,. We want to find some w € QN C,, with T'(w) = T.
Write T = (11, T3, ..., T,) with T; = {a;1, a2, ..., ain, } for any i € [r], where n; = |T}|
and a;; < a2 < -+ < @jn,. Then by the assumption of T being 2n-self-dual, we
have n,41_; = n; and @y41—in,+1—; = G4; for any i € [r] and any j € [n;]. Assume
r € {2m,2m + 1} with some m € N. Denote &, := >_._, n; for h € [r + 1] with the
convention that d,.1 = 0. Define w € Aoy by setting, for any [ € [2n],
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apj —2n(m+1—h), if | = 6pq1 +J with h € [m] and j € [ng],
(Dw=< @pmpt1—; +2n(m+1—nh), ifl=040_p+j with h € [m] and j € [ns),
Amil,j, if r=2m+1 and | =040+ J with j € [ny4].

It is easy to check that the element w is in the set QN C, and satisfies T(w) =T.
This proves (2). Finally, (3) follows by the fact that T,,11 = T}, +1 and i # i for any
i€2n]. O

By the results in [8, Subsection 19.4], we see that for any w € Ay, _1, there always
exists some y € 2N Aspy satisfying y > Comparing with this, for any w’ € 5’,1,
there does not always exist any 3’ € QN C,, satisfying y’ ~ w’. For, there might exist
no any symmetric a € A, satisfying ¢(a)¥ = v (w’).

3.6. For any w € C, and t; € L(w), the relation ¥ (t;w) < 1(w) holds in general
by Lemmas 2.6 and 2.7. By [8, Lemma 5.8], we have 1(t;w) = 1(w) if one of the
following cases occurs:

(a) i € [2,n—1] and, either ()w < (i—1)w < (i+1)wor (i+1)w < (i—1)w < ()w;

(b) i € [n—2] and, either (i)w < (i+2)w < (i+1)wor (i+1)w < (i+2)w < () w;

(c) i =0 and, either (1)w < (2)w < (0)w or (0)w < (2)w < (1)w;

(d) i = n and, either (n)w < (n—1)w < (n+ 1w or (n+1)w < (n—1)w < (n)w;

(e) |(D)w — (i + 1)w| > 2n.

The transformation w +— t;w is called a left star operation on w in any of the cases
(a)-(d). 7 — (j)t; is a poset isomorphism from ([2n], <¢,,) to ([2n], <) in the case
(e). Hence t;w and w are in the same left-connected component of E, ) in any of
the cases (a)-(e).

Let X and Y be two subsets of Z. We write X < Y (respectively, X <, Y,
X <, Y) if i < j (respectively, (i)w < (j)w, i <4 j) for any i € X and any j € Y.
In the case of X <,, Y, denote d,(X,Y) := min{(j)w — (J)w | i € X,j € Y}. Now
assume X,Y C [a+1,a+2n] for some a € Z. The relation X <,, Y implies X <,, Y,
but the converse is not true in general. However, in either of the cases (i)-(ii) below:

(i) du(X,Y) > 2n;

(i) X > Y.
the relation X <, Y in [a + 1,a + 2n| does imply X <, Y.
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For any w € C~’n, denote by K, the left-connected component of E ) containing

w.

Lemma 3.7. Let w € E) for some A € Ay, Assume that Ey, E5 C [2n] satisfy the
conditions (1)-(2) below.

(1) m := |Es| > 0 and E1UEy = [2n] such that all elements of Ey are w-wild
heads.

(2) E1 <y Es.
If m < n, then for any p € N, there exists some w, € K,, satisfying the condition
(a) below.

(a) {([m])wp) = ((E2)w) and [m+1,2n] <, [m] with2np < d,, ([m+1,2n], [m]) <
2n(p+1).
If m = n, then for any p € N, there exists some w, € K, satisfying one of the
conditions (d' )-(b') below.

(a') (([n])wp) = ((E2)w) and [n+1,2n] <, [n] with 4np < dy,([n+1,2n], [n]) <
(4p + 2)n.

(V') {(([n+1,2n])w,) = ((E2)w) and [n] <., [n+1,2n] with 4pn+2n < d,,, ([n], [n+
1,2n]) < 4n(p +1).

Proof. We have m < n and Ey C Ey by the assumption (1) on F,. To show our
result, we need only to deal with the case of p = 0.

First assume m < n. Let E] = E; — Ey. Then |Ej| = 2(n —m) > 0 is even
and B = E} and dy,(E1, Ey) = d(E}, Ey). Write dy,(E}, Ey) = 2nq + r with some
g € Nand r € [2n — 1] (note that 2n 1 d,,(E{, E2)). There are uniquely determined
order-preserving bijections 7 : Fs — [m] and 7/ : E] — [m + 1,2n — m|. Let
wo € C,, be given by the requirements that (7(j))wo = (j)w — 2nq for any j € Ey
and (7/(h))we = (h)w for any h € E{, where we do not display the values (I)wq for
| € [2n —m + 1, 2n] since they are determined by the equations (7(1))wo = (7(1))wo
for any [ € E5 (similar treatment for those in the remaining part of the section).
Then it is easily seen that wy can be obtained from w by successively left-multiplying
some t;’s in the case of 3.6 (e) (meaning that wy = ¢;,t;, ,---t;,w for some a € N
and some j; € (n| such that |(jn)zh—1 — (jrn + 1)xn_1| > 2n for every h € [a], where
--t;,w for any h € (a]) and hence wy € K,,. Clearly, wy satisfies the

Th =ty th,

condition (a) in the case of p = 0.
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Next assume m = n. Then E; = E,. Write d(E2, E2) = 4nq + r with some
g € Nand r € [4n — 1]. When r € [2n — 1], let 7 : Es — [n] be the uniquely
determined order-preserving bijection and let wg € én be given by the requirements
that (7(7))wo = (j)w —2ng for any j € Es. When r € 2n+1,4n—1], let 7/ : By —
[n+ 1, 2n] be the uniquely determined order-preserving bijection and let wq € C,, be
given by the requirements that (7/(j))wo = (j)w —2nq for any j € Es. In either case,
wp can be obtained from w by successively left-multiplying some ¢;’s in the case of
3.6 (e), hence wy € K,,. Clearly, wy satisfies the condition (a’) or (b’) in the case of
p=0. O

3.8. Let w € E) for some A\ € Ag,. Assume that Ey, Fy, E3 C [2n] satisfy the
conditions (i)-(iii) below.

(i) ByUE,UE3UE,UE3 = [2n] such that EyUEs consists of some w-wild heads in
[2n], where the case F1 = () and/or E3 = () is allowed,;

(i) If By # () then By <y, Fy <y Es; if By = () then Ey <, Ey <y E3;

(iii) B2 = {a1, a9, ...,a,} is a w-antichain with a1 < as < -+ < a, for some r > 1.
Let |E;| = m; for i € [3]. Denote E%{ = [mgs], E) = [m3 + 1,m3 + mg| and E] =
[m3+ma+1, 2n—mgzg—ms|. There are uniquely determined order-preserving bijections
7+ By — E!, i € [3]. Let wy € C,, be given by the requirements that (7;(j))w; =
(j)w for any i € [3] and j € E;. Then w; can be obtained from w by successively
left-multiplying some ¢;’s in the case of 3.6 (e). We see that wy is in K, and satisfies
the conditions (i')-(iii’) below.

(i) EjUESUELUELUEL = [2n] such that E5UE} consists of some w;-wild heads
in [2n], where the case E] = () and/or E% = () is allowed;

(i') If By # 0 then E| > E} > E} and E{ <y, E} <4, FE}; if E{ = () then
Ey > By > E and Eb <., B} <4, Eb;

(iii") By ={a+1,a+2,...,a+r} is a wi-antichain with a = |Ej].

Let wo = tgion - tarriitarrwy (see 2.1). Then for any [ € [2n], we have

(Dwr, if l ¢ B UE),
(3.8.1) (Dwe = ¢ (I — 1w, iflela+2,a+r],
(a+r)w; —2n, ifl=a+1.
From (3.8.1), we have ((a + 1)ws, (a + 2)wa, ..., (a + r)ws) = ((a + r)ws — 2n, (a +

Dwy, (a+2)wy, ..., (a+r—1)w;). Comparing with the sequences of the column indexes



The cells of the affine Weyl group C, 15

modulo 2n for the entries 1 in the (a+ 1)th, (a+ 2)th,..., (a +7)th rows of the matrix
forms of wy, wy, it looks likely that the sequence ((a+1)wy), ((a+2)wy), ..., {(a+7)w;)
is cyclicly permuted to ((a+ r)wi), ((a+ 1)w1), ((a+2)wy), ..., ((a+7—1)w;) as wy

is transformed to wy. We have Ej| <., E <., Ej if

(3.8.2) E{ #0 and d, (E], E5) > 2n — (a+r)wy + (a+ 1)w;.
and B <., B} <, B if

(3.8.3) E; =0 and (a+r)w; > 3n.

When (3.8.2) (respectively, (3.8.3)) holds, we have d.,(E1, E}) < dy, (E, E}) (re-
spectively, du,(Eb, E}) < du, (Ey, E5)) and dy,(E5, EY) > dy, (B}, E3) and that
we € K,,, since ws can be obtained from w; by successively left-multiplying some
t;’s in the case of 3.6 (e).

Call each of the transformations w; — ws and wsy +— wy an admissible E5-move if
one of the conditions (3.8.2) and (3.8.3) holds. More precisely, call the transformation
wy +— wy a back admissible ES-move, and we — wy a forward admissible E5-move.
By successively applying back (respectively, forward) admissible Ej-moves on w;

“ move ” the entries 1 in the ith rows for all

whenever they are applicable, we can
i € E5 U EL close to (respectively, away from) the point (n + ,n + 1), but with
the entries 1 in the jth rows for all j € [2n] — E} U E} fixed, such that the resulting

element w3 is in K, and satisfies the conditions (i’)-(iii") above with ws in the place

of wi.

3.9. Let w € QN E) for some A € Ag,. Then T'(w) = (11,T5,...,T,) € Cyy, and
E(T(w)) = a:= (a1, az, ..., a,) € Ay, with a symmetric and with T; = Ty41_; for any
i € [r] by Lemma 3.5. Let F; = [a, +ar—1+- -+ a1+ 1,ar+ar_1+ -+ a;41+ai]

for ¢ € [r] with the convention that E, = [a,]. Assume
(3.9.1) Ey <y By <y -+ <y E,. and ((E;)w) =T, for any i€ [r].

If » = 2m is even, then FE; is a maximal w-antichain consisting of some w-wild heads
for any i € [m+ 1,2m]. If r = 2m + 1 is odd, then E,,1; is a maximal w-antichain
consisting of all w-tame integers in [2n| and satisfies F,,11 = E,,11, and F; is a

maximal w-antichain consisting of some w-wild heads for any i € [m + 2,2m + 1].
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An element w € QN C, is called standard if w with T(w) = (Ty,...,T,) and
£(T(w)) = (a1, ..., a,) satisfies the condition (3.9.1). A standard element w of QN C,,

is called minimal if there is no any back admissible E;-move, i € H“gﬂ , r] , applicable

to w, where the notation [z] stands for the smallest integer not smaller that = for
any rational number x. It is easily seen that for any 2n-self-dual T € Cs,,, there

exists a unique minimal standard element in 7-(T) N C,,.

Lemma 3.10. Let w,y € én

(1) If y is obtained from w by some admissible E-moves with E ranging over some
mazximal w-antichains of [2n] each of those w-antichains consists of some w-wild
heads, then w and y are in the same left-connected component of Ey(.)-

(2) If w,y € QN Ey with T(w) = T(y) for some X\ € Ay, then w,y are in the

same left-connected component of Ey.

Proof. (1) follows by the definition of an admissible E-move. Now consider (2). By
successively left-multiplying some ¢;’s in the case of 3.6 (e) and some back admissible
moves on w,y, we can transform w,y to some standard minimal elements w’, 7" in
1N E), respectively. Hence w’ € K,, and 3y’ € K, by 3.6 and 3.8. Since T'(w’) =
T(w)=T(y) =T(y'), we have w’ =y’ by 3.9. This proves (2). O

Let a = (ay,as, ..., a,) € Ay, be symmetric and let a’ = (a}, ab, ..., al.) be defined

by setting

a, iflg[]-{ji+1r—jr+1-j}
0 =4 a1, ifle{ir—jh
a—1, fle{j+1,r+1-j}
for some j € [[5]+ 1,7 — 1] with a; # aj11. Then a’ is also symmetric.
We say that a and a’ can be obtained from each other by a simple neighboring-
terms-transposition. Let A = ((a)V.
Clearly, any two symmetric b, b’ € As,, with ((b) = ¢(b’) can be obtained from

one to the other by a sequence of simple neighboring-terms-transpositions.

Lemma 3.11. In the above setup, there are some w,w" € QNC,, such that &(T(w)) =
a, that {(T(w")) = a’ and that w" € K,,.

Proof. We may assume a; < aji1 without loss of generality. By Lemma 3.5, we
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may take some w € E)\ N Q with T(w) = (T1,...,7;) such that there are some
Eq, Es, E5, B4 C [2n] satisfying the conditions (i)-(iii) below.

(i) EyUE,UEsUE UE,UE3UE, = [2n] with E,UE3UE, consisting of some w-wild
heads in [2n], where E7 = () if and only if j = r/2 and, E4 = () if and only if j = r—1;

(ii) If By # (0 then Ey > Fy > E3 > E4 and E; <, E2 <, FE3 <, FE4 and
dyw(E;, Eiv1) > 2n for any i € [3], where we regard d,,(Fs3, E4) > 2n as an empty
condition if £, = (). If By = @ then Ey > FEy > F5 > E,and Fy <. Es <4 E3 <4 F4
and d,,(E2, Es), dy(Fa, E3), dy(E3, E4) > 2n;

(iii) B = {a+u+l,a+u+2,..,a+u+v}and B3 = {a+ 1,a+2,...,a+ u}

with v = aj, v = a;41 and a = ZZ:J.JFQ ay = |Ey| and
(3.11.1) T; ={{(a+u+i)w) |ie€ ]} and Tjy1 = {{(a+jw)|j € [u]}.

Since both Es and E5 are w-antichains and satisfy the conditions (i)-(iii), we have

that

(iv) (e+u+lw < (a+ 1w < (a+2)w < --- < (a+uw)w < (a+ 1)w + 2n and
(ec+u+lw<(at+u+uw<---<(a+u+v)w<(a+u+1l)w+ 2n.

Let Q = (E1 U E,U Ey, <,). By 3.2, we have
(v) Q@ € Q and

(3.11.2) T(Q) = (Tt ... Tr—j Toiits s Ty Tyats s T0),
where the notation ﬁ stands for the deletion of the component T;.

Define the set A(a;j) of all the elements w € C, with Ey, Ey, Es, By C [2n]
satisfying the above conditions (i),(iii)-(v) together with the condition (ii’) below.

(ii") If By # 0 then Ey > Ey > E3 > E4 and E; <, Fy and E3 <, F4 and
dw(E;, Eiy1) > 2n for any i € {1,3}, where we regard d,,(E3, E4) > 2n as an empty
condition if £, = 0. If By = 0 then Ey > Ey > E3 > E, and Fy <, Es and
E3 <y E4 and dy(Es, Es), dy(E3, Ey) > 2n.

Since the condition (ii) implies (ii’), any w € E) N Q satisfying the conditions
(i)-(v) belongs to the set A(a;j).

For any w € A(a;j), consider the poset P, := (E2 U E3,<,). We have that
Y(w) < A, that ¢ (P)) < 2V1"'~V (see 3.2), and that
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(3.11.2) ¢(w) = X if and only if ¢(P)) = 2V1"~V.

Define a sequence &y : fatutls tatut2s -y latute 0 the set [a+1, a+u] recurrently
as follows. Let i414+1 = a + 1. Now take p € [2,v] and assume that all the i, ,4;’s
with [ € [p — 1] have been defined. Define iq4 4+, to be the smallest £ € [a + 1,a +
u] = {igquri | L € [p— 1]} with (a +u + p)w < (k)w. The sequence &, does not exist

in general.
(3.11.3) The sequence &, exists if and only if ¢(P),) = 2V1"~V.

For w € A(a;j) with ¢(P)) = 2V1"~V (hence ¢¥(w) = A by (3.11.2)), define
w' € C,, by the requirements that for any [ € [2n],

(Dw, if | ¢ By U E3 U Ey U Es,

B L
(I —v)w, ifl —vela+latu] = {iatusp | p € [v]}
(a4+u+pw, ifl—v=1ig4ysp for some p € [v].

Then w’ can be obtained from w by successively applying some left star operations.
More precisely, denote tp ¢ ; = tp41tpia - f; ctpye forany je b+ 1,b+¢], b€ Z

and ¢ € P, where the notation t/; means the omission of the factor ¢;. Then

— . “ .. . .
w = ta+U—17U,1a+u+v+U—1 ta+17uaza+u+2+1ta7u72a+u+1w'

So w" € K, by 3.6 and hence w’ ~w by Lemma 2.10.

Let B, ={a+v+1,a+v+2,...,a+v+u} and Ef = {a+1,a+2,...,a+v}. Then
(a+v+ 1w < (a+v+2)w < - < (a+v+u)w and (a+ 1w’ < (a+2)w' <--- <
(@ +v)w < (a+ 1w + 2n. Hence EY is a w'-antichain. If F) is also a w’-antichain
(ie., (a+v+u)w < (a+v+ 1)w' + 2n), then define w” € C,, by the requirements
that for any [ € [2n],

(Dw' +2n, ifl € E5UE,.

Then (w”) = ¢(w') and L(w") = L(w') + £(w"w'™") by Lemma 2.2. We have
w’ € Q with £(T'(w"”)) = a’. Now assume that E) is not a w’-antichain. Since

v < u, we have a + p & {igruti | | € [v]} for some p € [u]. Take such an integer
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a + p with p largest possible. By the construction of the sequence &,,, we have
((a+v+ D', (a+v+uw') = ((a+u+1)w,(a+p)w) and 2n < (a + v + v)w’ —
(a+v+ 1w =(a+p)w— (a+ u+ 1)w by our assumption on Ej. We claim that

(3.11.5) P = u.

For otherwise, we would have p < u and 4444+, = @ + u. By the construction of the
sequence &, this would imply (a+u+v)w > (a+p)w and further (a +u+v)w—(a+
u+ 1)w > 2n, contradicting the assumption that Fs is a w-antichain. The claim is
proved. Let wi = tqqontaton—1-: taruw and y = topton—1 - tarw. Then we have

that for any [ € [2n],

(Dw, if | ¢ E3U E3,
(3.11.6) (DHw; =< (- 1w, ifl €la+2,a+u,

(a+ww—2n, ifl=a-+1.
and that {(y) = {(w) — £(wy™ ) = £(wy) — (wiy~!) by Lemma 2.6. Then w; is in
A(a; j), which can be obtained from y by successively left-multiplying some ¢;’s in the
case of 3.6 (e) and so w; € K. We can define a sequence £, : i), 115 Ggqutas s lgtuto
from the poset P;, = (E2UE3, =y, ) in the same way as &, from P, = (E;UE3, <,,).
We claim that &,, does exist. For, we have i, ,., = a + 1 since (a + 1)w; =
(a+u)w—2n > (a+u+1)w = (a+u+1)w;. This implies that [, , < darusqe+1
for any g € [2,v] by the construction of the sequence &, and by the facts that
(a+Dwy = (a+1— 1w and (a +u+ m)w; = (a+u+ m)w for any [ € [2,u] and
m € [v]. So the sequence &, does exist by (3.11.5). The claim is proved.

By (3.11.3), the above claim implies ¢)(P,, ) = 2¥1"~V and further ¢(w;) = A by
(3.11.2). Since y € K,, by Corollary 2.10, this implies wy € K.

We define w), wy from w; in the same way as w’, w” from w. If E} is a w}-
antichain, then wY is in Q N K, and satisfies £(T'(w})) = a’. If E} is not a wj-
antichain, then we can find some we € A(a;j) N K, from w; in the same way as w;
from w. By applying induction on (a + u)w — (a + v + 1)w > 0 and by noting that
(a+u)w—(a+u+1)w > (a+u)wy —(a+u+1)w; > (a+u)wy—(a+u+1)ws > --- >0,
we can eventually find some wg, ¢ > 1, in A(a; j) N K, and define wy, wy from w, in
the same way as w’,w” from w such that the set Ej is wj-antichain and that wj is

in QN K, and satisfies {(T'(w;)) = a’. So our proof is complete. [J
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Theorem 3.12. Let I' be a left cell of C~’n.

(1) The set T' N Q is non- empty if and only if there is some symmetric a € Ao
such that ¢(a)¥ = ¥(T).

(2) The set I' N €2 is contained in some left-connected component of Eyry if it is

non-empty.

Proof. The assertion (1) follows by Lemmas 2.7, 3.3 and 3.5. For (2), take any
w,y € I'N Q. Then the compositions a := {(T(w)) and a’ := {(T(y)) are both
symmetric and satisfy ((a) = {(a’) by Lemmas 2.7 and 3.5. Hence a’ can be obtained
from a by successively applying some simple neighboring-terms-transpositions (see
the definition preceding Lemma 3.11). So y € K,, by Lemmas 2.7, 3.3, 3.10 (2) and
3.11. The assertion (2) is proved. [

3.13. A partition \ € Ay, is called dual-symmetrizable, if there exists some symmet-
ric a € Ay, satisfying ((a)¥ = ), and called nice if QN K,, # 0 for any w € E,. By
Lemma 3.5, we see that any nice A\ € Ay, is dual-symmetrizable.

We conjecture that the converse also holds.
Conjecture 3.14. Any dual-symmetrizable X € Ao, is nice.
Theorem 3.15. Let A € Ay, be nice. Then any left cell 0]‘5’n in By is left-connected.

Proof. Let T" be a left cell of C, in E\. We must show that any w,w’ € I" are in the
same left-connected component of I'. Since A is nice, we can take some y € Q2N K,
and ¢y € QN K,. Then y,y’ € QN T by Lemma 2.9. This implies that y,y" are
in the same left-connected component of I' by Theorem 3.12 and Lemma 2.9. Our

result follows. O

84. The cells of C, in the set Eon—kk)-

In the present section, we shall study the cells of én in the set E(2,_j ) for any
k € [n]. The main results are Theorems 4.12 and 4.13. The crucial step in the section
is to prove that Conjecture 3.14 holds in the case of A = (2n — k, k).

First we give a brief description for the elements in F(g,_ 1)-

Lemma 4.1. Let k € [n] and w € C,,.
(1) w is in Eon_kk) if and only if the following two conditions hold:

(1a) The maximal length of a w-chain in [2n] is 2n — k;
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(1b) Any mazimal w-antichain in [2n| has the cardinal < 2.

(2) Let w € E(gy—j i) be such that the set E of all the w-tame heads in [2n] is non-
empty. Then both E and E are w-chains. The set F of all the w-wild heads in [2n]
can be partitioned into at most two parts, say Fy and Fy, such that the elements of

Fy U EUF, are pairwise not 2n-dual and comprise a w-chain of length n.

Proof. The implication “ = " in (1) is obvious. For the implication “ <= " in (1),
let Y(w) =X = (\1,..., \r) € Agy,. Then the condition (la) implies Ay = 2n — k. We
have r > 2 by the assumption k € [n] and r < 2 by the condition (1b). Hence r = 2
and Ao = 2n — (2n — k) = k. So (1) is proved. Then (2) follows by Lemma 2.12 and
by the facts that any i € F is w-uncomparable with any j € E and that [2n] can be

partitioned into exactly two w-chains. [J

Denote by why, () (respectively, tm (), Wty (7)) the number of w-wild heads
(respectively, w-tame integers, w-wild tails) in a w-chain « for any w € Ch.

Given w € E) with A = (A1, A2, ..., \¢) € Ag,, and A\ < 2n. In 4.2-4.6, we shall
transform the element w in several steps, each step proceeds by successively left-
multiplying some ¢;’s, most of them being in the cases of 3.6 (a)-(e), such that all
the intermediate elements, including the resulting element w’, are in the set K, and
that w’ has some special form. For the sake of simplifying the notation, we denote

some intermediate elements again by w from time to time.

4.2. Since w € E)y, we can choose some w-chain v : j1, jo, ..., jx, In Z with j; < j2 <
coo < gy Let r = why(y) 4 tmy (). We see by Lemma 2.13 that for any a € [\], ju
is a w-wild tail if and only if a € [r+ 1, A1]. We may assume the following conditions

(4.2a)-(4.2b) on the w-chain 7 at the beginning.

(4.2a) why, () = Wty (7)-

For otherwise, why,(y) < wty (7). Then we replace v by 7, the latter is obtained
from + by replacing each term d of v by its 2n-dual d := 2n + 1 — d and then by
reversing the order of the resulting terms. Since d is a w-wild head (respectively, a
w-wild tail) if and only if d is a w-wild tail (respectively, a w-wild head), we see that

7 is a w-chain and satisfies why, (7) = Wty () > why, () = Wty (7)-
By (4.2a), we have



22 Jian-yi Shi
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since 7 = why, (77) + tmy, (7).
(4.2b) 0 < jat1 — Ja < 2n for any a € [A\; — 1].

For otherwise, say jat1—ja > 2n for some a € [\; —1]. Let v : j1, j3, ..., 73, be the
sequence ji + 2n, jo + 21, ..., jo + 20, jat1, -, jr,- Then 7 is also a w-chain with an
additional property that j;\l —j1 < ja,—J1- By applying induction on jy, —j1 > A\ —1,
we can eventually get a w-chain v : j{, jg, ..., jy satisfying 0 < ji/,; —j; < 2n for any
a € [A1—1]. By our construction, we have why, (7") = why, (7) and wt, (7") = wt, (),
so the validity of (4.2a) on + implies that on ~”.

4.3. Now we want to transform w to some w’ € K, such that there exist some w’-
chain ' : 41,49, ...,4x, in Z and some r’ € [A{] satisfying the conditions (4.3a)-(4.3b)
below.
(4.3a) ig11 —ig =1 for any a € [r' —1];
(4.3b) 1’ := whyy (7') + tmy (v') =7 > [4L].

If r = 1 then we take w’ to be w and hence there is nothing to do. Now assume that
r > 1 and that there is some a € [r—1] with j,+1—j, > 1. We may take such a number
a smallest possible. Consider the number j, + 1. We have either (j, + 1)w > (jo)w
or (jo + 1w < (jar1)w (that is, we never have (jo11)w < (jo + 1)w < (jo)w) by the
assumption of w € Ey. When (j, + 1)w > (j,)w, let b be the smallest integer in [a]
with (jy)w < (jo+1)w. Let y =t t;, ---t;, - - - t;, w, where the notation ¢ means the
omission of the factor t. Then y is obtained from w by successively applying certain
left star operations and hence y € K,,, where there is a y-chain of length A\; with
Ji+1,jo+1, ..., ja+1,Jar1 asits first a+ 1 terms. When (j, + 1)w < (jar1)w, there
are two possibilities:

1) G +1) = TGl

(2) (Ja +1) # (Ja)-

In the case (1), we see that j, + 4, i € [a], are all w-wild tails with (j, + i) =

<ja—|—1—i>7 hence Ja+1 — Ja > a. Let J = {tjptjzu"'atja} and [ = J — {tja} and
y =wywrw. If j, 41 is a w-wild head, then we have (j,)w—(j,+1)w > 2n by the facts



The cells of the affine Weyl group C, 23

Gasn)w—((a)w+ (a+ Dw) > nand (jo)w > (jas1)w. S0, if (jaJw—(jat+ 1w < 20
then j,+1 must be w-tame, in this case, let H; be the set of all the w-tame integers
in [jo + 1, ja + n] and let Hy be the set of all the w-tame integers in [j, — n + 1, j4].
Then each of H; and H, forms a w-chain and the equality (Hy) = (H;) holds by the
assumption w € E(g,_j ) and by Lemma 4.1(2), where we define (H) := {(h) | h €
H} and H = {W | W € H'} for any H C Z and H' C [2n]. By Lemmas 4.1 (2) and
2.12, we see that there is some w-chain ji, 55, ..., jo/_ 15 Jas Jat+1, Jor 405 -+ 3y, OF length
n whose terms are pairwise not 2n-dual modulo 2n and ji, j3, ..., ji,_1, Jo are all w-
wild heads and Hy = {ja+1,70/40 > Jorget a0d Jor oo, ..y Jy, are all w-wild tails,
where ¢ = |Hy|. So in either case, we have £(y) = £(w) — L(wywr) and y € E2p—j k)
by Lemmas 2.6 and 4.1, hence y € K,, by Corollary 2.10, such that there exists a
y-chain 4’ of length 2n —k with the first a+ 1 terms being j; +a, ja+a, ..., jo + @, jat1
and with why(y’) + tm,(7’) > r. Note that in the case of (jo)w — (jo + 1w < 2n,
we can obtain y = wywrw from w by successively left-multiplying some ¢;’s, though

not all in the case of 3.6 (a)-(e), but still having y € K,,, as shown above.

In the case (2), there exists some i € [j,+2, jo+1] such that (jo+1)w > (jo+2)w >

-> (i — 1w < ({)w (since (Ja41)w > (Jo + 1)w by the assumption). Let h be the
smallest integer in [j1,i — 1] with (h)w < (i)w and let y = tj,t;, 41 ---th---t;qw. In
this case, y is obtained from w by successively applying certain left star operations,
hence y € K,, and there is a y-chain 4’ of length 2n — k with why,(7’) + tm,(7") > r
and with the first a + 1 terms being j; + 1,72 + 1, ..., 70 + 1, Jar1 if ¢ < jaq1 and
j+Lje+1,..,jo+1,h+1if i = j,11. By applying induction first on @ > 1 and

then on j,11 — jo > 1, we can eventually get a required element w’ in K.

4.4. By the result in 4.3, we may assume that w € E(3,_j 1) has a w-chain v :

J1572y ey Jon—k satisfying (4.2a) and j,41 — jo = 1 for any a € [r — 1], where r =

why, (77) +tmy, (7). Let ¢ € P be the smallest number satisfying (j,. +c+1) = (j, + ¢).
We want to transform w to some w’ € K, such that there exists some w’-chain
~" of length 2n — k with the first » terms being j; + ¢, j2 + ¢, ..., j» + ¢ and with
r = why (") + tmyy (7'). If ¢ = 0 then we can take w’ to be w. Now assume ¢ > 0.
If (j» + )w > (jr)w then j, + 1 is either a w-wild head or a w-tame integer. Let

o~

i be the smallest integer in [r] with (j;)w < (j, + 1)w. Let y = t;,t;, ---t;, - - t; w.

k2

Then y is obtained from w by successively applying certain left star operations (hence
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y € K,) and there exists some y-chain § of length 2n — k with the first 7 terms being
J1+ 1,52+ 1,....j, + 1 and with r = why(8) + tm,(8). If (j» + 1)w < (j,)w, then
there are two possibilities:

(1) There exists some a € [c] such that (j.)w > (j, + Dw > > (j, +a— 1w <
(Jr + @)w;

(2) (Gr)w > (Gr + Dw > -+ > (§r + c)w.

In the case (1), let j be the smallest number in [j, j» + a — 1] such that (j)w <
(Gr +a)w. Let y =tj tj, - tj--t; +a_1w.

In the case (2), we claim that (j, + ¢+ 1)w > (j, + ¢ — 1)w. To show this, we
need only to prove that (j, + ¢+ 1)w > (j,)w under the assumption in (2). For
otherwise, (j,. +c+1)w < (j,)w. Then j1,jo, ..o, ry jr +c+ 1, jr+c+2, .., jr+2c+7
is a w-chain of length 2r + c. Since w € E(g,_k k), we have 2r + ¢ < 2n — k. But
r > 2(2n—k) by (4.2.1), a contradiction. This proves that (j,+c+1)w > (j,+c—1)w.
Let j be the smallest number in [ji, j, + ¢ — 1] such that (j)w < (jr + ¢+ 1)w. Let
y=tjtj, - t/; 15, 4e—1tj,+cw. Then y is obtained from w by successively applying
some left star operations (hence y € K,,) and there exists some y-chain whose first r
terms are j1 + 1, j2+1, ..., j- + 1 none of them is a y-wild tail. By applying induction
on ¢ > 0, we can eventually get a required element w’.

4.5. By the result in 4.4, we may assume that w € E(2,_j ) has a w-chain « of
length 2n — k satisfying (4.2a), together with the following conditions:

(i) the first r terms of v are a + 1,a + 2,...,a + r for some a € Z, where r =
why, (7) + tmy (7) € [[2%55], n];

i)a+r+I=a+r;

Clearly, the w-chain a+1, a+2, ..., a+7 is the longest one among all w-chains with a+r
the last term. Moreover, (a+1,a+2,...,a+r) could be either (n+1—r,n+2—r,...,n)
or 2n+1—7r2n+2—r,...,2n). By the symmetry, we may assume without loss of
generality that
(iii) (a+ L,a+2,...,a+7r)=n+1—rn+2—r ...,n).

So we have that

(4.5.1) n+1-—r,n+2—r, .., nforms a w-chain, the longest one among all w-chains

with n the last term.

Let us describe the w-chain 7. We have 2n — k < 2r by (4.2.1). If n+1 —
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r,n—+2—r,..,n are all w-wild heads then 2n — k = 2r and the w-chain + could be
n+l—-—rn+2—-r..,nn+1,....,n+r. Now assume 2n — k < 2r. Hence n is a
w-tame tail. We have r < 2n — k in general since r, k € [n] by (4.2.1). The equality
r = 2n — k holds if and only if r = k = n and w = wy with J = {t1,t2,....;tn_1}.
Now assume r < 2n — k.

We claim that 2r + 1+ k —n)w < (n)w < (2r + k — n)w. We have (n)w <
(2r + k — n)w by the assumption that the length of the longest w-chain is 2n — k.
If (2r+1+k—mn)w > (n)w then let j be the largest number in [2r + 1 + k —
n,n + r] with (j)w > (n)w. Let ji = 2n + 1 — j; for any i € [r + 1,2n — k.
Then (j).)w > (n+ 1)w > (2n+ 1 — j)w by the fact (j)w > (n)w > (jr41)w. So
Toneies Jom—to—1s - Jpg 1y 2n4+1—=7,2n+2—7, ..., n forms a w-chain of length n+j—k—r
which is greater than r, contradicting (4.5.1). The claim is proved.

So far we have proved that any x € E(2,— ) can be transformed into X2, x) N
K., where X(2,,_j ) is the set of all w € E(g,,_j ) with the w-chain y in (4.5.2) or
(4.5.3) for some r € [[22=E] n].

(452) n+l-rn+2—-r . ,n2r+l+k—m, 2r+2+k—mn, ...,n+r.
(4.5.3) 1—r, 2—r, ey 0, 2r+14+k—2n,2r+2+k—2n, ..., 7.

4.6. Fix w € X (2 k) With a w-chain ~ as in (4.5.2). Then (3n —2r —k + 1)w <
(n+1)w < (3n—2r—k)w by the fact (2r+14+k—n)w < (n)w < (2r+k—n)w. Denote
q(w) := (n+1)—(3n—2r—k+1) = 2r+k—2n which is in N. Suppose g(w) > 1. Then n
is a w-tame tail and 3n—2r—k+1 < n. Let wy = tp11_rtnio—p - @r_kﬂ <o thw.
Then w; is obtained from w by successively applying some left star operations, hence

wy € K. There is a wi-chain in (4.6.1) below.

(4.6.1) n+2—-rn+3—r,...n,2r—14+k—n2r+k—mn,...n+r—1.

Clearly, (4.6.1) can be obtained from (4.5.2) by replacing r by r — 1. Hence w; €
X(on—kk) With g(wy) =2(r — 1) + k — 2n = q(w) — 2 < q(w). If g(w1) > 1, then we
can find some wy € X(ap_p,k) N Ky, from wy by the same way as wy from w such
that q(wz) < q(w1). Recurrently, we can eventually find w, € X(2—p ) N Ky with
some a € P such that q(w,) € {0,1}.

For w € X(9,—,x) With a w-chain + as in (4.5.2), if g(w) = 0, then k = 2m is even
and r = n —m; if ¢(w) = 1, then & = 2m + 1 is odd and r = n — m. Hence, by
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symmetry between (4.5.2) and (4.5.3), we have proved that any = € E(s,,_j 1) can be
transformed into Y2, x) N K, where Y(g,_ 1) is the set of all w € E(op,_j 1) with
the w-chain + in one of (4.6.2)-(4.6.5) below.

(4.6.2) m+1, m+ 2, con,n+1,n+2, ..., 2n—m.
(4.6.3) m+1—-nm+2—n,.. 0,1, 2, ey TL— M.
(4.6.4) m+ 1, m+ 2, o n,n+2,n+3, ..., 2n—m.
(4.6.5) m+1—n,m+2—n,..0, 2 3, ey W — M.

4.7. By the processes in 4.2-4.6, we transform any x € F(2,,_ ) to some w € K,
such that there is a w-chain v : j1, j2, ..., Jon—k Which is either in one of (4.6.2) and
(4.6.4) and satisfies (2r +k+ 1 —n)w < (n)w < (2r + k —n)w, or in one of (4.6.3)

and (4.6.5) and satisfies (2r+k+1)w < (2n)w < (2r +k)w, where k € {2m,2m+1}

2n—k
2

in [r + 1,2n — r]) satisfy the relation

andr=n—m € H ],n] Let 41,42, ..., i9n—2, be in [r+1—n,n—r] (respectively,

(471) (zl)w > (22)w > > (izn_zr)w.

Now we define a sequence [y, g, ..., la,—2, in [2n — k| as follows. Let [; be the smallest
integer a in [2n — k] such that 0 < (j,)w — (i1)w < 2n. Recurrently, suppose that
we have defined all the integers [y, 1o, .., I, for some h € [2n — 2r]. If h < 2n — 2r
then we define l;, 11 to be the smallest integer b in [2n — k] — {l. | ¢ € [h]} such that
0 < (Jp)w — (ip41)w < 2n.

Lemma 4.8. Let w € E(g,—j i) be with a w-chain vy in one of (4.6.2)-(4.6.5). Then
in the setup of 4.7, the integersly,lo, ..., lan o, are well defined and satisfy the relation
lh<ly<- - <lop_op.

Proof. By the assumption of w € E(a,_j ), We see that
(4.8.1) there exists some aj, € [2n — k] satisfying 0 < (jq, )w — (ip)w < 2n for any
h € [2n — 2r].

The existence of the integer /; follows by (4.8.1). Now assume that h € [2,2n — 2]
and that we have found all the integers l1, o, ...,l,_1 and have proved the relation
Iy <ly <--+ <lp_1. By the definition of the [,’s, we see that
(4.8.2) for any a € [h — 1] with I, > 1, we have either that (j;,—1)w — (is)w > 2n,
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or that 0 < (j;,—1)w — (ig)w < 2n and l,—1 =1, — 1.

By repeatedly applying (4.8.2), we get that
(4.8.3) for any a € [h— 1] with I, > 1, there exists some b € [a] such that [.—1 = 1.1
and 0 < (ji,—1)w — (ic)w < 2n for any ¢ € [b+ 1,a] and (ji,—1)w — (ip)w > 2n
whenever [, > 1.

We claim that
(4.8.4) there must exist some a € [l;,—1+1,2n — k] such that 0 < (jo)w — (in)w < 2n.

For otherwise, there would exist some ¢ € [l,—1, 2n—k] such that (j,)w—(ip)w > 2n
for any b € [lp—1 + 1, ¢] and (jg)w — (in)w < O for any d € [c+ 1,2n — k]. By (4.8.1),
we must have ¢ = [,—1 and 0 < (j;, _, )w — (in)w < 2n. So by (4.8.3), there exists
some e € [lp_1] such that [g —1 = lg—1 and 0 < (ji,—1)w — (ig)w < 2n for any
dele+1,lp-1] and (ji,—1)w — (ie)w > 2n whenever [, > 1. In this case, we claim
that
(4.8.5) ip, > ip_1 > -+ > .

For otherwise, there would exist some f € [e,h — 1] with ¢y > ir4q1. Then
{if,ip41, 51, } would form a w-antichain, contradicting the assumption of w € E(a,,— )
by Lemma 4.1. The claim (4.8.5) is proved. By (4.8.5) together with the validity for
one of (4.6.2)-(4.6.5), we see that

j17j27 ceey jle—l P ieu i6+17 sy ih—lu ihu jlh71+1 ) jlh71+27 ceey jQTL—k
forms a w-chain of length 2n + 1 — k, contradicting the assumption of w € E(g,,_ 1)-
This proves the claim (4.8.4). Hence the existence of the integer I}, follows by (4.8.4)

immediately. Clearly, l;, > [,—1. So our result follows by induction. [

4.9. Let w € E(2,,—j ) be provided with the w-chain vy of the form in one of (4.6.2)-
(4.6.5). By symmetry, we need only to consider the case where v is in (4.6.2) or
(4.6.4). In the setup of 4.7, let [r+1—n,n—r] = E; UEy U E_;, where By = {j €
[r+1—n,n—r]|jis a w-wild head}, E_; = {j € [r+1—n,n—r] | j is a w-wild tail}

and Eg = {j € r+1—n,n—r| | jis w-tame}. We have (E_;) = (E;) and

(Eo) = (E).

Lemma 4.10. Let w € Eop_p k) be with the w-chain vy in (4.6.2) or (4.6.4). Then
in the setup of 4.7 and 4.9, j1, is a w-wild head for any i, € E;.

Proof. The following two facts about the element w can be checked easily.
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(1) (Ji,)w > (iq)w > 0 for any i, € Ej.

(ii) For any b € [2n — k], the integer j, is a w-wild head if and only if either that
Jb < m, or that j, =n and v is in (4.6.2).

By the fact (i), to show our result, we need only to consider the case where
(iq)w € [n] for some i, € Eq. If (n)w € [n] (i.e., the w-chain ~ is in (4.6.4)), then any
iq € Fq with (i,)w € [n] is w-uncomparable with n + 1, hence n <,, i, by Lemmas
4.1 (2) and 2.12 (iv). This implies j;, < n and so j;, is a w-wild head by the fact (ii).

Now assume (n)w ¢ [n] (i.e., the w-chain 7 is in (4.6.2)). Hence (n)w > n. If
(n)w > 2n, then (n+ 1)w < 0, hence n+ 1 <, i, for any i, € E; by the fact (i).
This implies that j;, < n and hence j;, is a w-wild head for any i, € E; by the fact
(ii).

Now assume (n)w € [n + 1,2n]. Hence n is a w-wild head.

If Ey # (), then we claim that n +1 <,, i, for any i, € F;. For, any element
of Ey N [n — r] is w-uncomparable with n. This implies by Lemma 4.1 (2) that
n is w-comparable with any element of (Eg N [r 4+ 1 — n,0]), hence i, <4, n for any
iy € (EgN[r+1—n,0]) by Lemma 2.12 (iv). But this is equivalent to that n+1 <, i
for any i, € EgN[n—r] by Lemma 2.12 (i). For any i, € E1, if (ig)w < (n)w, then i,
is w-uncomparable with n by the fact (i) and the assumption of (n)w € [n+1,2n], so
i, must be w-comparable with any element of Fy N [n — 7] by Lemma 4.1 (2), hence
iy <w 1g for any i, € EgN[n —r] by Lemma 2.12 (iv), and further n + 1 <, i5. The
claim is proved. We see from this claim that j;, < n for any i, € E; and hence j;,
is a w-wild head by the fact (ii).

Now assume Ey = (). Suppose that there exists some i, € E; such that j;, is not
a w-wild head. Then j;, > n by the assumption of (n)w € [n + 1,2n]. We have
(iq)w > 0 by the fact (i). So i, is w-uncomparable with n again by the assumption
of (n)w € [n+ 1,2n] and the fact n — i, € [2n — 1]. By the definition of the I;’s
in 4.7 and by the fact (4.8.3), we see that n = j;, for some ¢ < a and that there
exists some d € [¢] such that [ —1 = l._; and 0 < (j;,—1)w — (ie)w < 2n for any
e€[d+1,a] and (ji,—1)w — (iq)w > 2n whenever [4 > 1. By the same argument as
that for the claim (4.8.5) with a, d in the place of h, e respectively, we can show that

lq > 1q_1 > -+ > ig4, hence the sequence

J15725 -3 Jlg—15d5 td+15 -5 Ley tet15 -5 Las Lay -5 Let1s bey ooy U415 05 J1g—15 -++9 ]2, J1
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forms a w-chain of length 2r + 2(a — ¢) = 2n — k 4+ 2(a — ¢) > 2n — k, contradicting
the assumption of w € B k)-

This proves our result. [

Lemma 4.11. Let w € E(2,,_p ) be with the w-chain 7y in one of (4.6.2)- (4.6.5).
Then QN K, # 0.

Proof. By symmetry, we need only to consider the case where the w-chain v is in
(4.6.2) or (4.6.4). Keep the setup of 4.7 and 4.9 for w. Define y € C, by the
requirements that (j,)y = (jo)w + 2ng, for any a € [r] and (ip)y = (ip)w + 2nq,
for any b € [2n — 2r] with 4, a w-wild head and (i.)y = (i.)w for any ¢ € [2n — 2r]
with i, w-tame, where ¢1, g2, ..., ¢ is a strictly decreasing sequence of integers with
qg- > 0 if k is even and ¢, = 0 if k£ is odd. By Lemmas 2.2 and 4.10, we have
U(y) = l(w) + {(yw™") and y € E2y_j k). Hence y € K,, by Corollary 2.10 (1). If
there is no w-tame integer in 1,42, ..., 12,2, then y € € by our construction, the
result is proved in this case.

Now assume that there are some w-tame integers in 41, ¢, ..., 12, _2,. In this case,
we see from the proof of Lemma 4.10 that there exists some ¢ € [n —r — 1] such that
iq s a w-wild head for any a € [c] and that i, is a w-tame tail for any b € [c+1,n —7]
and that i. is either a w-tame head or a w-wild tail for any e € [n —r + 1,2n — 2r].
Let 7 be the bijective map from the set E := {iy,Jp | a € [n — 7], b € [r]} to the set

[n] such that if k is even then
(T(j1)77-(j2)7'"77_(jl1—1)7T(i1>77(jl1)77(jl1+1)7T(jl1—|—2>7 "'7T(jl2—1>77_(i2>77_(jl2>7
T(jl2+1)7 ey T(jlc_1>7 T<i0)7 T(jlc>7 T(jlc+1>7 ey T(jr>7 T<i0 + 1)7 T(ic + 2)7 ey T(in—T»
=(1,2,...,n).

and that if £ is odd then

(T(j1)7 T(j2)7 e T(jh—l)? T(il)v T(jh)? T(jl1+1)7 T(jl1+2>7 ) T(jl2—1>7 T<i2)7 T(jl2>7 T(jlz—i—l)v
ooy T(G1,=1), T(8e) s T(G1, )y T(G1a1)s ooy T(Gr—1), T(Ge + 1), 7(ic +2), ooy T(in—r), 7(Jr))
=(1,2,...,n).

Define z € C,, by the requirement that (7(a))z = (a)y for any a € E. Then z can

be obtained from y by successively left-multiplying some ¢;’s in the case of 3.6 (e).
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Hence z € K,,. There is some h € [n] such that h —1 is a z-wild head whenever h > 1
and that h,h + 1,...,n are all z-tame tails and form a z-chain. When n — h = 2p is

even, define = € C,, by the requirement that ((1)z, (2)z, ..., (n)z) is equal to

((1)z + 2np, (2)z + 2np, ..., (h — 1)z + 2np, (h)z + 2np, (n + 1)z + 2np,
(h+1)z+2n(p—1),(n+2)z+2n(p— 1), (h+ 2)z + 2n(p — 2),
(n+3)z+2n(p—2),....,(h+p—1)z42n,(n+p)z +2n, (h+p)z).

When n—h = 2p—1is odd, define z € C,, by the requirement that ((1)z, (2)z, ..., (n)x)

is equal to

((1)z + 2np, (2)z + 2np, ..., (h — 1)z + 2np, (h)z + 2np, (n + 1)z + 2np,
(h+1)z+2n(p—1),(n+2)z+2n(p—1),(h+2)z+ 2n(p — 2),
m+3)z+2n(p—2),...,(h+p—1)z+2n,(n+p)z + 2n).

We see by Lemma 2.2 that £(z) = £(z) + £(xz~') and that € E(2,_j ). Hence
x € K, by Corollary 2.10 (1).
In either case, we have x € QN K, hence QN K, #0. O

Theorem 4.12. (1) Any left cell of C,, in Eon—i,k) 18 left-connected.
(2) The number of left cells of C,, in Eon—k,k) s 2""™nl if k = 2m is even and
2n=m=1Ipl if k = 2m + 1 is odd.

Proof. (1) Let T be a left cell of C, in E(on—,k)- Take any w,w’ € I'. By 1.4 (2), we
see that the left-connected component of I' containing w is just the set K,. Hence
we need only to show that w’ € K,,. By the processes (4.2)-(4.6) and Lemma 4.11,
we can find some y € QN K, and ¢y € QN K. Since y YW w’ ~ y' by Lemma
2.9, we have y’ € K, by Theorem 3.12. This implies w’ € K,,, as required.

(2) Fix a symmetric a = (ay, as, ..., asn—z) € Aon with ¢(a)¥ = (2n — k, k). By
Lemmas 3.5, 3.3 and 2.7, we see that the number of left cells of én in Eop_p k) 18
equal to the number of 2n-self-dual T € Cq,, with {(T) = a.

Denote ¢ := [22=% | Any 2n-self-dual tabloid T = (1%, T3, ..., Ton_i) € £ 1(a) is
determined entirely by its first ¢ components by the facts that T; = T, _p41_; for
any i € [g] and that T,41 = [2n] — Ui, (T; UT;) is a union of some 2n-dual pairs

if Kk = 2m + 1 is odd. Since the elements of ngl T; are pairwise not 2n-dual, the
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number of the choices for T is 2% (:1) Recurrently, when 17,75, ..., T}, _1 have been

n—aj——ap_1

an ) So our

chosen for h € [g], the number of the choices for T}, is 29 (
result follows by the following two facts: (i) Among ay, as, ..., a4, the number 2 occurs
m times, while 1 occurs ¢ —m times; (ii) The sum a; +- - - +a, is equal to n if k = 2m

andn—1ifk=2m+1. O

Theorem 4.13. The set E(ay,_j 1y is two-sided-connected and forms a single two-
sided cell of C,, for any k € [n].

Proof. Let

{ Ws—_{t,.}, if k= 2m is even,
wo =

wywiwg, if k=2m+ 1 is odd.

where K = S — {to}, I = K — {t,—1} and J = I — {tn,tn}. Then wy € Eap_p 1)
Let Z(on—kk) = {wo T € Egpn_pp) | € én} Clearly, Z (2, k) is a right-connected
subset of Ea, k). Let a = (a1, a2, ..., a2, ) € As, be such that a; = ona1—k—i = 1
and a; = 2 for i € [n —2m] and j € [n —2m + 1,n] if £ = 2m is even and that
a; = aont1-k—i = land aj =2fori € [n—2m—1] and j € [n—2m,n] if k =2m+1
is odd. Clearly, a is symmetric with {(a)¥ = (2n — k, k).

By Theorem 4.12 and Lemmas 2.7, 3.3, 3.5, to show our result, we need only to find
some w € Zap_j ) NQ with T'(w) = T for any 2n-self-dual T = (11,13, ..., Ton—k) €
Cop, with &(T) = a.

A 2n-self-dual T = (Ty,...,To,_r) € £71(a) is determined uniquely by the part
(To—mits Tnems2s ooos Ton—om) if & = 2m and by (Tp—ms To—mits -y Ton_om_1) if k =
2m + 1. We define an element w of én for a given 2n-self-dual T = (17, ..., To,—k) €

£71(a) as follows.

First assume that k = 2m and that (T, —m+1, Tn—m+2, -, Ton—2m) is equal to

({Cn—m—l—la dn—m+1}7 {Cn—m+27 dn—m+2}7 sy {Cnu dn}u {dn+1}7 {dn—|—2}7 sy {dQn—Qm}>7

where ¢; < d; in [2n] for any i € [n —m + 1,n]. Then we define w € C,, by the

requirement that
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((n)w, (n — 1w, (n —2)w, (n — 3)w, (n —4)w, (n — 5w, ...,
(n—2m+2)w, (n—2m+ Dw, (n — 2m)w, (n — 2m — Dw, ..., (1)w)
= (dp—m+1 +2n,dp—mi2 +2n-2,dp_mi3 +2n -3, ...,d, + 2nm,
dp+1+2n(m+1),dpyo + 2n(m +2), ..., dap—2m + 2n(n — m),

Cr—m+1 + 2N, Cp—may2 + 21+ 2, Cp_mas +2n -3, ..., ¢, + 2nm)

Next assume that & = 2m + 1 and that (T,—pm, Th—m+1, -, T2on—2m—1) is equal to

({Cn—rru dn—m}7 {Cn—m—l—l, dn—m—l—l}, ceey {Cn7 dn}7 {dn—l—l}, {dn+2}7 ceey {d2n—2m—1}>7

where ¢; < d; for any i € [n — m,n]; in particular, d,,_,, = ¢y_m € [n] by Lemma
3.5. Then we define w € C,, by the requirement that
((n)w, (n — 1w, (n —2)w, (n — 3)w, (n —4)w, (n — 5w, ...,
(n—=2m+2)w,(n—2m+ 1w, (n—2m)w, (n —2m — Nw, ..., (1)w)
=(Cn-msdn—m+1 +2n,dp—mi2 +2n-2,dp_mis +2n-3,...,d, + 2nm,
dpy1+2n(m+1),dpio+2n(m+2),...,dop—2m—1 + 2n(n —m — 1),

Crn—m+1 + 2N, Cp—mia + 20 2, Cp—mis +2n -3, ..., ¢ + 2nm)

In either case, we have w € Z(2,,—j, k)N with T'(w) = T. Hence our result follows. [J

Remark 4.14. In dealing with the case (1) of 4.3, we have to apply Lemma 4.1 (2),
hence all the results in the present section are only valid for the set E(,_ 1). If one
can deduce some results for all the nice partitions of 2n which could replace Lemma

4.1 (2) in our proof, then this would be a good progress in approaching Conjecture
3.14.
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