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ABSTRACT. The affine Weyl group (én, S) can be realized as the fixed point
set of the affine Weyl group (Zgn_l, g) under a certain group automorphism
o with oz(g) = S. Let £ be the length function of Zgn_l. We study the cells
of the weighted Coxeter group (CN’n, Z) The main results of the paper are to

give an explicit description for all the cells of (én,Z) corresponding to the
partitions k12°~¥ and h2122~h=2 for all 1 <k <2n and 2 < h < 2n — 2,
and also for all the cells of (Cs, ¢).

60. Introduction.

0.1. In his book [8], Lusztig introduced a weighted Coxeter group (W, L),
which is, by definition, a Coxeter system (W, S) together with a weight func-
tion L : W — Z. He proposed a bundle of conjectures, intending to gener-
alize many results on cells of W in the equal parameter case to the unequal
parameters case. The most successful part for such a generalization is when
(W, L) is in a certain quasi-split case, that is, W can be realized as the fixed
point set of a finite or an affine Coxeter system (W, S ) under a group auto-
morphism a with «(S) = S, the weight function L is the restriction to W of
the length function ¢ of W (see [8, Chapter 16], [6], [2], [4]).
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0.2. For any i < j in the integer set Z, denote by [, j] the set {i,i+1,...,5}.
Denote [1, j] simply by [j]. Fix an integer n > 2 and let m € {2n—1,2n,2n+
1}. Consider the quasi-split case where W is the affine Weyl group CN’n,
realized as the fixed point set of the affine Weyl group W = A,, under the
group automorphism o = a,, , determined by o, n(s;) = San—; for i € [0, m]
if m € {2n —1,2n} and by am.n(si) = S2nt1-; for i € [0,m] if m = 2n + 1,
where the Coxeter generator set S = {s; | i € [0,m]} of A,, satisfies s2 = 1,
sis; = s;8; if j # i+ 1(modm + 1) and s;8;415; = S;+15:5,+1 for any

i,7 € [0,m] (we stipulate $,,+1 = So)-

0.3. Let £, be the length function of (A, S). All the cells of the weighted
Coxeter group (A’m,Zm) were described explicitly in [9], [7]. In the present
paper, we only consider the case of m = 2n — 1. Based on the results in
[9], [7], we describe all the cells of the weighted Coxeter group (Ch,fan_1)
corresponding to the partitions k122~% and h2122~1=2 for all k € [2n] and
h € [2,2n — 2] (see 2.2 and Theorems 4.9, 5.1). We also describe all the cells
of the weighted Coxeter group (Cs, £5) (see Theorem 6.1). In particular, we
prove that all the left (respectively, two-sided) cells described in the paper
are left- (respectively, two-sided-) connected (see 2.17). It was conjectured
by Lusztig for the left-connectedness of left cells of affine Weyl groups in the
split case (see [1]).

0.4. It is known that there is a surjective map 1 from Zgn_l to the set Ao,
of partitions of 2n which induces a bijection from the set of two-sided cells
of Ay, 1 to Ay, (see Lemma 2.16). Let Ey := ¢ ~1(\) N C, for A\ € Ay,.
For all considered \ € A,,,, we shall find such a finite subset F) of E) that
the intersection of F with any left-connected component of Ey (see 2.17) is
non-empty. Then we shall use the set F) to enumerate the left cells of én
in E in virtue of either generalized tabloids of rank 2n (see 3.5 and Lemma
3.6, Fyq2n—x and Ej}aj20-n-2 are treated in this way) or of generalized 7-
invariants by regarding F\ as a subset of ggn_l (see 2.9 and Lemma 2.16,

E32 and Fas are treated in this way). When FE) is a single two-sided cell,
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we prove this fact by showing that E) is two-sided-connected; when E) is a
union of two two-sided cells EY, EY, we prove this fact by Lemma 1.7 and
by showing that each of Ef, EY is two-sided-connected.

0.5. One may expect that the methods used in the present paper are appli-
cable to describe the cells of the weighted Coxeter group (én, Zgn_l) in Ey
for all the other A € Asy,, and further to describe all the cells of the weighted
Coxeter group (Cy,ly) with m € {2n,2n + 1}. I conjecture that in any
of the above quasi-split cases, each left (respectively, two-sided) cell of the
weighted Coxeter group C,, is left- (respectively, two-sided-) connected.
0.6. From now on we denote ZQn_l simply by {. The contents of the paper
are organized as follows. In Section 1, we collect some concepts and known
results concerning cells of a weighted Coxeter group. Then we concentrate
ourselves to the weighted Coxeter group (571, Z) in Sections 2-3, many useful
results and technical tools are provided there. We give an explicit description
for all the cells of (én,Z) corresponding to the partitions k122X £ € [2n],
and h212°~h=2 h < [2 2n — 2], in Sections 4 and 5, respectively. Finally,
we describe all the cells of (Cs, Z) in Section 6.

§1. Cells in Coxeter groups.

In this section, we collect some concepts and results concerning cells of a
weighted Coxeter group, all but Lemma 1.7 follow Lusztig in [8].
1.1. Let (W,S) be a Coxeter system with ¢ its length function and < the
Bruhat-Chevalley ordering on W. An expression w = s183---s, € W with
s; € S is called reduced if r = (w). By a weight function on W, we mean a
map L : W — Z satisfying that L(s) = L(t) for any s,t € S conjugate in
W and that L(w) = L(s1) + L(s2) + -+ - + L(s,) for any reduced expression
w = 81895, in W. Call (W, L) is a weighted Cozeter group.

A weighted Coxeter group (W, L) is called in the split case if L = £.

Suppose that there exists a group automorphism o : W — W with
a(S) = S. Let W* = {w € W | a(w) = w}. For any a-orbit J on S,
let wy; € W< be the longest element in the subgroup W; of W generated
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by J. Let S, be the set of elements w; with J ranging over all a-orbits
on S. Then (W%, S,) is a Coxeter group and the restriction to W< of the
length function ¢ : W — N := {0,1,2,...} is a weight function on W<. The
weighted Coxeter group (W<, /) is called in the quasi-split case.

1.2. Let A = Z[v,v™!] be the ring of Laurent polynomials in an indetermi-
nate v with integer coefficients. Denote v,, = v*(*) for any w € W. Define
a ring involution a — a of A by setting W =", a;v"" where a; € Z in
the sum. Define A, = {f € A| deg f < m} for any m € Z.

1.3. For any w,z,y,z € W and s € § with sx < * < y < sy, define

Pzws M, € A recurrently by the following requirements:

(1.3.1) Pew =01 2 L w, pyw=1and p, € Acg if 2 < w.

(1.3.2) prw = ViDz.sw + Pszsw — Z M?i Pz, for z <w and sw < w,

/
2Lz <sw
sz' <2’

where € = 1 if sz < 2z, and —1 if sz > z (see [8, The proof of Theorem 6.6]).

(1.3.3) > M e = Vspay (mod Ac),
rLz<y
sz<z

(1.3.4) Mz, = M,

The condition (1.3.3) determines the coefficients of v* in Mg, forallk > 0;
then (1.3.4) determines all the other coefficients (see [8, Proposition 6.3]).
1.4. Define a preorder < (respectively, <) on W which is transitively gen-
erated by the relation yLT w (respectifely, Y w), where w < sw, and
either y = sw or M, ,, # 0 (respectively, w < ws, and either y = ws or
M;_l’w_l # 0) holds for some s € S. The equivalence relation associated to
this preorder is denoted by > (respectively, E) The corresponding equiva-
lence classes in W are called left cells (respectively, right cells) of W. Write
y < w in W, if there exists a sequence yo = y,y1, -,y = w in W with

LR
some 7 > 0 such that for every i € [r], either y;—1 < y; or y;—1 < y; holds.
L R
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The equivalence relation associated to the preorder LgR is denoted by ad and
the corresponding equivalence classes in W are called two-sided cells of W.
1.5. For w € W, define L(w) = {s € S | sw < w} and R(w) = {s € S |
ws < w}. Ify,w € W satisfy y < w (respectively, y < w), then R(y) 2 R(w)
(respectively, L(y) 2 L(w)). Irf particular, if y ~ ﬁ; (respectively, y ~ w),
then R(y) = R(w) (respectively, L(y) = L(w)) (see [8, Lemma 8.6]).

1.6. In [8, Chapter 13], Lusztig defined a function a : W — N U {oco} in
terms of structural coefficients of the Hecke algebra associated to (W, L).

In [8, Chapters 14-16], Lusztig proved the following results when W is
either a finite or an affine Coxeter group and when (W, L) is either in the
split case or in the quasi-split case.

(1) y LgR w in W implies a(w) < a(y). Hence y oW in W implies
a(w) = aly).

) If w,y € W satisfy a(w) = a(y) and y % w (respectively, y % w,

(2
< th ~ tively, y ~ w, y ~ w).
yLRw) enyLw(respeCNenyw yLRw)

For any X C W, write X1 :={z7! |z € X}.

Lemma 1.7. Suppose that W is either a finite or an affine Cozeter group
and that (W, L) is either in the split case or in the quasi-split case.
Let E be a non-empty subset of W satisfying the following conditions:
(a) There exists some k € N with a(z) = k for any x € E;
(b) E is a union of some left cells of W
(c) E71 =F.

Then E is a union of some two-sided cells of W.

Proof. By the conditions (b)-(c), we see that E is also a union of some right
cells of W. Let W3y = {w € W | a(w) = k}. Then W is a union of some
two-sided cells of W by 1.6 (1). If the result is false, then by the condition
(c), there must exist some x € E and y € Wy, \ E such that either = % 1y or
y < z. In either case, we have x Y by 1.6 (2), contradicting the condition

L
(b). This proves our result. [
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§2. The affine Weyl groups ggn_l and 5’n.

From now on, we concentrate ourselves to the weighted Coxeter groups
(Agpn_1,0) and (C,, #), where £ is the length function of the affine Weyl group
Agp 1.

2.1. The affine Weyl group As,_1 can be realized as the following permuta-
tion group on the set Z (see [5, Subsection 3.6] and [9, Subsection 4.1)]:

2n 2n
Agp_q = {w {7 — L (i + 2n)w = (Dw + 2n, Y _(Hw = Zz}
=1 =1

The Coxeter generator set S = {s; | i € [0,2n — 1]} of Ag,_; is given by

t, if t Zi,i+ 1 (mod 2n),

(t)s; =« t+1, ift=i (mod 2n),

t—1, ift=i+1 (mod 2n),
for any t € Z and i € [0,2n — 1]. Any w € ggn_l can be realized as a
Z x Z monomial matrix A,, = (ai;)i jez, where a;; is 1 if j = (i)w and 0 if
otherwise. The row (respectively, column) indices of A,, are increasing from
top to bottom (respectively, from left to right). We can conveniently use
some familiar operations in linear algebra on the matrix A,,. For example,
A,,-1 is just the transposed matrix of A,,; A, (respectively, A,s,) can be
obtained from A,, by transposing the (2nq + i)th and the (2ng + i + 1)th

rows (respectively, columns) for all ¢ € Z.

Let o : Zgn_l — ggn_l be the group automorphism determined by
a(si) = san_; for i € [0,2n — 1]. Then the affine Weyl group C, can be
realized as the fixed point set of ggn_l under «, which can also be described

as a permutation group on 7Z as follows.
Co={w:Z—7Z|(G+2n)w=)w+2n (w+1—-i)w=1,VieZ}

with the Coxeter generator set S = {t; | ¢ € [0,n]}, where t; = s;59,,—; for

i €[n—1], to = sp and t,, = s,. For the sake of convenience, we define s;
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and t; for any ¢,j € Z by setting sagn1p to be s, and to,n+4 to be t, for any
p,q € Z and b € [0,2n — 1] and a € [0, n).

2.2. By a partition of a positive integer n, we mean an r-tuple A :=
(A1, A2, ..., A) of weakly decreasing positive integers A; > --- > A, with
> p—1 A\ = n for some r > 1. ); is called a part of \. We usually denote X in
the form Jll{ljgz -+ jkm (boldfaced) with j; > jo > -+ > j,, > 1if j; is a part
of A with multiplicity k; > 1 for ¢ > 1. Let A,, be the set of all partitions of
n. For example, 63312 stands for the partition (6,3,3,3,1,1) of 17.

Fix w € Ay,_;. For any i # j in [2n], we write i <, j, if there exist some
p,q € Z such that both inequalities 2pn + i > 2gn + j and (2pn + H)w <
(2gn + j)w hold. In terms of matrix entries of w, this means that the entry
1 at the position (2gn + j, (2qn + j)w) is located at the northeastern of the
entry 1 at the position (2pn + i, (2pn + i)w) (see Figure 1). This defines a

partial order <,, on the set [2n].
1 —(2gn+j)—th row

1 —(2pn+i)-th row

Figure 1

A sequence ay,ag, ..., a, in [2n] is called a w-chain, if a; <y ag <y -+ <
a,. Sometimes we identify a w-chain aq, as, ..., a, with the corresponding set
{a1,as9,...,a,}. For any k > 1, a k-w-chain-family is by definition a disjoint
union X = UF_, X; of k w-chains X1, ..., X}, in [2n]. Let dj be the maximally
possible cardinal of a k-w-chain-family for any k£ > 1. Then there exists some
r > 1 such that dy < ds < --- <d, =2n. Let A\ =dy and A1 = dp41 — di
for k € [r —1]. Then Ay > A9 > -+ > A, by a result of Curtis Greene in [3].
Hence w — ¢ (w) := (A1, ..., \) defines a map from the set Agp_1 t0 Aoy,
2.3. Let 27, ¢ be the length functions on the Coxeter systems (A/Qn_l,g),
(5n,S), respectively. By the definition in 1.1, we see that the weighted
Coxeter group (Zgn_l,Z) is in the split case, while (571,?) is in the quasi-



8 Jian-yi Shi

split case (see [8, Lemma 16.2]).
For any = € Agn_1 and k € Z, let my(z) = #{i € Z | i < k and (i)z >

(k)x}. Then the formulae for the functions ¢ and ¢ are as follows.

Proposition 2.4. For any w € Zgn 1 and x € (7,,“ we have
(1) z(w) = Zl<i<j<2n {%J Zk Mg (w);
(2) U(z) = $(U(x) + ma(x) + Mg (2)),

where |a] is the largest integer not larger than a, and |a| is the absolute value

of a for any a € Q.

Proof. The first equality of (1) is just the result in [9, Lemma 4.2.2], while the
second equality of (1) follows by the facts that for any 1 < i < j < 2n, at most
one of m;;(w) :=#{k € Z| k=i (mod 2n) and k< j and (k)w > (j)w}
and mj;(w) .= #{k € Z | k =j (mod 2n) and k <i and (k)w > (i)w}
(J)w — (Hw

2n
mi (W) = 3 e (1} Mik(w). The equality of (2) follows by the definition of

is strictly positive, that = max{m;;(w), m;;(w)} and that

t;’s in terms of s;’s. [

2.5. Let <, <¢ be the Bruhat-Chevalley orders on the Coxeter systems
(Agn_l, S), (Cn, S), respectively. Since the condition z <¢ y is equivalent to
xr <y for any z,y € 5’n, it will cause no confusion if we use the notation <
in the place of <. Hence from now on we shall use < for both < and <¢.
Let L(z) ={s€ S |sz<a}and R(z) ={s € S |zs <z} for x € Agp_1
and let L(y) ={t € S|ty <y}and R(y)={t € S|yt <y} for y € C,,.

Corollary 2.6. For any z € C,, and i € [0,n],

si € L(x) = Son_i € L(z) <= t; € L(x)
— @Wr>(@+l)r <<= 2n+1-i)z<(2n—1i)z,
si € R(x) <=  son_i € R(z) <= t; € R(x)

= @zt >(i+ )z = 2n+1-i)z' < (2n —i)z!
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Proof. The equivalent conditions involving the s;’s follow by [9, Lemma
4.2.4], while those involving the ¢;’s follow by the expression of ¢; in terms

of s;’s and by Proposition 2.4. [

2.7. Any w € C,, is determined uniquely by the n-tuple ((1)w, (2)w, ..., (n)w).
Hence we shall identify w with the n-tuple ((1)w, (2)w, ..., (n)w) and denote
the latter by [(1)w, (2)w, ..., (n)w] in such a sense.

Let w = [a1,a2,...,a,] and W' = t,w = [a},d},...,al] and w" = wt; =

[}, a¥,...,a"] bein C,. When i € [n—1], we have a; = a; for j € [n]\{i,i+1},

/

a; = a1 and aj, = a;; when i = 0, we have a); =

5 = a; for j € [2,n] and

(2

ay = 1—ay; when i = n, we have a; = a; for j € [n—1] and a;, = 2n+1—a,.
For any a € Z, denote by (a) the unique integer in [2n] satisfying a = (a) (

mod 2n). When i € [n—1], we have a} = a; if (a;) ¢ {i,i+1,2n—i,2n+1-i},

aj = aj +1if (a;) € {i,2n — i} and @] = a; — 1 if (a;) € {i +1,2n + 1 —i};

when i = 0, we have a} = a; if (a;) ¢ {1,2n}, a] = a; + 1 if (a;) = 2n and
1
J

aj =a; +1if (a;) =n and af = a; — 1if (a;) =n+ 1.

= aj — 1 if (a;) = 1; when i = n, we have a} = a; if (a;) ¢ {n,n + 1},

a
Let n be the group automorphism of C,, determined by the condition
n(t;) = tn—; for any i € [0, n].
The following results provide some information from the expression w =

la1,ag,...,a,] € C,.

Proposition 2.8. Let w = [a1,aq, ...,a,] and w' = n(w) = [a},adl,...,al] be
in Cy. Let k € [0,n]. Then
(1) ti, € L(w) if and only if a, > ag+1, with the convention that ag =1 and
Apt+1 = M.
(2) Let (a;), (a;) € {k,k+1,2n—k,2n+1—k} for some i # j in [n]. Then
tr € R(w) if one of the following conditions holds:

(i) either a; —a; > 2n, ori > j and a; > a; if ((a;),(a;)) € {(k,k +
1), 2n—k,2n+1—k)};

(i) a + a5 < 1 ((as), (a3)) = (b, 20— );
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(111) a; +a; > 2n+1 if ((a;),{a;)) = (2n+1—k,k+1).

(3) a, =n+1—any1-; for any i € [n].

Proof. (1) and (2) follow by 2.7 and Corollary 2.6. For (3), apply induction
on {(w) > 0. It is trivial when ¢(w) = 0. If {(w) > 0, write w = t;y for
some t; € L(w), then n(w) = t,—;n(y). We can describe the expression
y = [b1,...,b,] from w = [a1,...,a,] by 2.7. Then n(y) =[n+1—0by,n+1—
bpn—1,...,n + 1 — by] by inductive hypothesis. Hence the expression n(w) =
n+1—-ap,n+1—ap_1,..,n+1—a;] can be checked from the equation

n(w) = t,—in(y) again by 2.7. The detailed proof is left to the readers. [

2.9. For any i € [0,2n — 1], let Dg(i) be the set of all w € Ag,_; satisfying
{si,si41} N R(w)| = 1. When w € Dg(i), exactly one of ws; and ws;4q
is in ﬁR(z’), denote it by w*, call the transformation from w to w* a right
{si, Si+1}-star operation (or a right star operation in short) on w. For any
w € ggn_l, let ]/\\/[/(w) be the set of all y € Zgn_l, where there exists a
sequence rg = W, X1, ..., L, = Y in Avgn_l with some r > 0 such that for every
i € [r], z; is obtained from z;_1 by a right {sg,, sk,+1}-star operation with
some k; € Z. Define a graph M (w) as follows. Its vertex set is M (w), each
x € M(w) is labeled by R(z). Two vertices z,y € ]\7(@0) are joined by a
solid edge if y can be obtained from x by a right star operation. By a path
in .K/lv(w), we mean a sequence To, X1, ..., T, 10 M(w) with some r > 0 such
that x;_; and z; are joined by a solid edge for every i € [r]. Two elements
w,y € ggn_l are said to have the same generalized T-invariants, if for any
path w1 = w,wa,...,w, in Mv(w), there exists a path y1 = vy,y2,...,y, in
M (y) such that R(w;) = R(y;) for every i € [r] and if the above condition
still holds when the role of w and y are interchanged.

For any i € [0,n — 1], let Dg(i) be the set of all w € C, such that
{ti,tix1} N R(w)| = 1. Regarding C,, as a subset of ggn_l, w € C,, is in
Dg(i) if and only if w is in Dg(i) if and only if w is in Dg(2n — i — 1).

When w € Dg(i), exactly one of wt; and wt;1q1 is in Dg(i) unless that
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i € {0,n—1} and w = zy with z,y € C, satisfying R(z) N {t;,tis1} = 0
and y € {t;t;11,t;+1t;}. In this excepted case, both wt; and wt;;, are in
Dg(i). When [{wt;,wt;11} N Dg(i)| = 1, denote by w* the unique element
in {wt;, wt;11} N Dr(i), then w* can be obtained from w by a pair of right
star operations if ¢ € [n — 2| and, by a single right star operation if w* = wt,,
with i € {0,n — 1} and m € {0,n} and, by none of the above two ways if
i € {0,n—1} and w* = wt,, withm € {1,n—1}. When {wt;, wt;+1} C Dg(7),
define wi, w3 by the conditions {w],ws} = {wt;, wt;11} and wi < w3, then
x € {w], w3} can be obtained from w by one right star operation if x = wt,,
with m € {0,n} and, not by one or two right star operation if x = wt,, with
m e {1,n—1}.

In the remaining part of the paper, when we mention a right star operation
and the generalized T-invariants on w € 6’,1, we always regard w as an element

of As,,—1. We make such a convention once and forever.

Examples 2.10. (1) The elements x = tg, y = tot1 and z = tot1ty are in
Dpg(0). We have z* = z* = y and y} = = and y5 = z. The elements y, z can
be obtained from one to another by one right {sg,s;}-star operation, and
also by one right {sg, s2,,—1 }-star operation, but z,y can’t be obtained from

one to another by one or two right star operation.

(2) Assume n > 2. The elements z = t; and y = t1t5 are in Dg(1). We
have * = y and y* = x. The elements x,y can be obtained from one to
another by a right {s1, so }-star operation followed by a right {s2,—2, S2n—1}-

star operation.

2.11. For any w € C,, define M(w) to be the set of all y € C,, such that
there exists a sequence x¢ = w,xq,...,z,, = y with some r > 0 such that

ly._1 € S and z; can be obtained from z;_; by one or

for every i € [r], x;
two right star operation. Define a graph M(w) as follows. Its vertex set is
M(w). Each z € M(w) is labeled by R(x). Two elements z,y € M(w) are
joined by a solid edge if 7'y € S and x can be obtained from y by one or

two right star operation.
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It is easy to see that if y,w € C,, have the same generalized T-invariants,

then for any path wy; = w,ws,...,w, in M(w), there exists a path y; =
Yy Y2, -y Y in M(y) such that R(w;) = R(y;) for every i € [r] and the above
condition still holds when the role of w and y are interchanged. In Section
6, the graphs M(w) with w € 53 will be used to confirm that two elements
of 5’3 have different generalized 7-invariants.
Example 2.12. In Figure 12 (see Section 6), the vertices [3,2,0], [4,2,0]
and [4, 1, —1] represent three elements x, 1, z € Cs with labels R(z) = {to, t2}
and R(y) = {to, ts} and R(z) = {t1,t3}, where we use a boldfaced letter i to
denote the generator t;, hence, for example, the notation stands for the
set {t1,t3}. = and y are joined by a solid edge since 7'y = t3 € S and y
can be obtained from z by a right {ss, s3}-star operation.

M(y) and M(z) are two different graphs without any common vertex.
We use a dashed edge to join the vertices y and z for indicating the fact that
y~ 1z € S but z can’t be obtained from y by one or two right star operation.

We see that no two vertices in Figure 12 have the same generalized 7-

invariants.
2.13. For any A = (A1, A2, ..., A\) and p = (p1, p2, .., i) in Aoy, we write
AL pif A4+ A < pp+- -+ pg for any 1 < k£ < min{r,¢}. This defines
a partial order on As,. It is well known that if x € Agy_q and s € E(x) and
t € R(x) then ¢(sz), p(zt) < (z) (see [9, Lemma 5.5 and Corollary 5.6)).
This implies by Corollary 2.6 that if # € C,, and s € £(z) and ¢t € R(z) then
Y(sz),P(at) < Y(x).

Let a, a be the a-functions of the weighted Coxeter groups (Zzn_l,Z),x
(Cn, ), respectively (see 2.3 and 1.6).

Lemma 2.14. (see [8, Lemma 16.5)) a(z) = a(z) for any z € Ch,.

Lemma 2.15. (see [8, Lemma 16.14]) Let x,y € Cy,. Then x ~Y (respec-

tively, x ~ y) in C, if and only if x ~Y (respectively, x ~ y) in Agp1.

By Lemma 2.15, we can just use the notation x Y (respectively, = ~ Y)
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for x,y € C,, without indicating whether the relation refers to the group
Agp_1 or C,,.

For any A = (A1,...,\r) € Aoy, define p = (pg, ..., ut) € Mgy, by setting
pj =7{k €[r]| A\ = j} for any j > 1, call u the dual partition of \.

Lemma 2.16. Let x,y € ggn_l.

(1) z Y if and only if x,y have the same generalized T-invariants (see
[9, Theorem 16.1.2]).

(2) x < y if and only if Y(y) < ¥(x). The set () forms a two-sided
cell of g;n]: for any A € Ag, (see [7, Theorem 6] and [9, Theorem 17.4] and
[11, Theorem B]).

(3) a(z) = Zle(i — 1)p;, where (puy, ..., i) is the dual partition of 1(x)
(see [10, Subsection 6.27]).

2.17. A non-empty subset E of a Coxeter group W = (W, S) is said left-
connected, (respectively, right-connected) if for any =,y € E, there exists a

1 € S (respectively,

sequence ro = &,Z1,...,T, = ¥ in F such that z;_ 1z
x;te; € 8) for every i € [r]. E is said two-sided-connected if for any
x,y € E, there exists a sequence g = x,x1,...,x, = y in F such that either
xi_lmf or x[lxi_l is in S for every i € [r].

Let FF C Ein W. Call F a left-connected component of E if F'is a maximal
left-connected subset of E. One can define a right-connected component and

a two-sided-connected component of E similarly.

For any A € Ag,,, denote E) := 5'71 N w_l()\).

Lemma 2.18. Let A € Asy,.

(1) Any left- (respectively, right-, two-sided-) connected component of p=(\)
is contained in some left (respectively, right, two-sided) cell of 11271,1.

(2) Any left- (respectively, right-, two-sided-) connected component of E\
is contained in some left (respectively, right, two-sided) cell of CN'n.

(3) The set Ey is either empty or a union of some two-sided cells of én
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Proof. The assertions (1)-(2) follow by 1.6 (1)-(2), Lemmas 2.14 and 2.16.
Now we consider (3). By Lemmas 2.15-2.16, we see that F) is either empty
or a union of some left cells of 6’n with E;l = F) for any A € Ay,. So the

assertion (3) follows by Lemmas 2.16 (3) and 1.7. O

Corollary 2.19. Let x,y € Aops satisfy x,y € P~1(\) for some X\ € Aoy,.

(1) If €(y) = €(z) + L(yz~?) then z,y are in the same left-connected com-
ponent of ~1(\) and hence ~ Y-

(2) If {(y) = U(z) + {(z~'y) then z,y are in the same right-connected
component of ~1(\) and hence >y

Let x,y € C,, be in E\ for some X € Ay, .

(3) If £(y) = £(x) + £(yx~1) then x,y are in the same left-connected com-
ponent of B and hence x Y

(4) If L(y) = €(z) + L(x~ y) then x,y are in the same right-connected

component of Ey and hence x 2y

Proof. By symmetry, we need only to show (1) and (3).

(1) Let yox=! = s; 8, _,---8:,8;, be a reduced expression of yr~! with
Si; € S. Let x = 8,8, i 8, for k € [0,7], where we stipulate
2o = . Then l(z},) = l(z)_1) + 1 for any k € [r]. Hence 1(z) = 1h(zq) <
P(z1) < -+ < Y(xr) = ¥(y) = ¥(x) by 2.13. This implies that z,y are in
the same left-connected component of 1~ (\). Hence x Y by Lemma 2.18.

(3) Let yz=t =1t t
Let x = ti, ti,_,
l(xy) = l(xg—1) + 1 for any k € [r]. Hence ¢(x) = ¢(z¢) < ¢(z1) < --- <
Y(z,) = Y(y) = ¥(x) by 2.13. This implies that z,y are in the same left-

ir_y - ti, be areduced expression of yz~! with ¢;, € S.

-ty x for k € [0,r], where we stipulate o = z. Then

connected component of Ey. Hence z >y by Lemmas 2.15 and 2.18. [

§3. Partial order <, on [2n] determined by an element w.
In this section, we introduce two technical tools. One is a transformation
on an element in 3.3, which is a crucial step in proving the left-connectedness

of a left cell and in finding a representative set for the left cells of én in the
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set Ex, A € Ag,. The other is the generalized tabloids in 3.5, by which we
can check if two elements of 5’n are in the same left cell.
3.1. i,j € [2n] are said 2n-dual, if i+j = 2n+1; in this case, we denote j =i
(hence i = j also). Recall the partial order <, on [2n] defined in 2.2 for any
w € Zzn_l and that én can be regarded as a subset of ggn_l (see 2.1). Fix
wE Agp_1. i # jin [2n] are said w-comparable if either i <, j or j < 1,
and w-uncomparable if otherwise. When w € C,,, i € [2n] is said w-wild if i
and i are w-comparable and w-tame if otherwise. i € [2n] is said a w-wild
head (respectively, a w-tame head), if i is w-wild (respectively, w-tame) with
(Hw < (i)w.

It is easily seen that ¢ < j in [2n] are w-uncomparable if and only if
(Dw < (w < (I)w + 2n.

A subset E C [2n] is a w-chain, if E is totally ordered with respect to <,

i.e., there is an expression E = {iy,ig, ..., 9, } With i1 <y i2 <y <+ < @y

Lemma 3.2. Fizw e C,. Let i,j,k € [2n].
(i) j <w k if and only if k < j;
Now suppose that j # k are w-wild heads and i is w-tame.
(ii) § <w k if and only if j, k are w-comparable.
(iii) If j, k are w-uncomparable then so are j, k (respectively, j,k);
(iv) i and k are w-comparable if and only if i <4 k.
(v) {j,i,7} is a w-chain if and only if j is w-comparable with both i and i;
(vi) {j,k,j,k} is a w-chain if and only if j, k are w-comparable.
Proof. The assertions (i)-(iv) can be checked directly. Then (v) follows by
(i) and (iv). Finally, (vi) is a simple consequence of (i)-(iii). O
3.3. Let
tij = titj—1litj—2 - titats,
(3.3.1) oo

di,j = ti—j+1ti—j+2 s tiqt;.

for any 4,5 € Z with 7 > 0. Suppose that x € C, and i € Z satisfy
(i)xr —2n > (j)x for any i < j < i+ a with some a € [2n —1]. Let 2’ =, 4.
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Then ¢(z') = ¢(x) — a and ¥ (z) = ¥ (x’). Moreover, if (i)z — 2n > (j)z for
any i < j <1+ 2n, let " =t; opx, then

(k)x —2n, if k=1 (mod 2n),
(k)x" =< (K)x+2n, ifk=2n—1i (mod 2n),

(k)x, if otherwise.

for any k € Z, where 2" satisfies £(z") = ¢(x) — 2n and ¢ (x) = (z").

Fix w € Ch,. Suppose that E; = {iy,i9,...,i,} and Es = {j1, jo, ..., Jo} are
two subsets of [2n] satisfying that

(i) i1 <ig < -+ <igand j; < jo < -+ < jp with a > 0 and b > 0 and
a+b=mn;

(ii) the elements of Fy U Ey are pairwise not 2n-dual;

(iii) (k)w < (k)w for any k € E; U Ey;

(iv) If b > 0 then (i)w — (j)w > 2In for any i € Fy and j € Fo; if b =10
then (i)w > (20 4 1)n for any i € Eq, where [ is some positive integer.

By repeatedly left multiplying various elements of the form ¢; ; on w, we
can obtain some w’ € 6’n such that there are some 1 < k1 < kg < --- < kp <
2b (the latter is only an empty condition in the case of b = 0) satisfying that

(1) L) = Lw) — (ww'™);

(2) If b > 0 then [2b] = {k1, k2, ..., kp, 20+ 1 —k1,20+1— ko, ..., 20+ 1 —kp}
and the map ¢ : {j1, 72, -, b, J1, J2, --» b} — [2b] given by ¢(jm) = k., and
&(Jm) = 2b+ 1 — k,,, for m € [b] is an order-preserving bijection.

(3) (p)w’" = (ip)w—2'n and (a+kq)w’ = (j,)w for any p € [a] and ¢ € [b],
where I' € Z satisty ! > [;

(4) ({(e))w' < ((e))w' for any ¢ € [a] U {a + k,, | m € [0]};

(5) If b > 0 then 0 < min{(c)w’ — (a + kp)w' | ¢ € [a],m € [b]} < 2n; if
b =0 then n < min{(c)w’ | ¢ € [n]} < 3n.

We see by Lemma 3.2 that ¢(w') = ¢(w) (denote the common partition by

/

A) and by Corollary 2.19 that w, w’ are in the same left-connected component

of E)\.
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Example 3.4. (a) Let

w = [8,30,4,—11,27,2] € C.
Then E; = {2,5,9} and E2 = {1,7,10} satisfy the conditions (i)-(iv) in 3.3
with n =6 and (a,b,1) = (3,3,1). Let w’ = t4 9t5 8tg.4w. Then

w' = [18,15,12,8,4,2] € Cq.

Hence w’ satisfies the conditions (1)-(5) in 3.3 with b > 0 and ¥ (w') =
Y(w) = 93.
(b) Let
w = [20,30, -8, —11,27, —10] € Cs.

Then F; = {1,2,5,7,9,10} and Ey = () satisfy the conditions (i)-(iv) in 3.3
with n = 6 and (CL, b, l) = (6,0, 1). Let w’ = t6’7t677t677t776t974t10,3w. Then

w' =[8,18,15,11,12,9] € C.

Hence w’ satisfies the conditions (1)-(5) in 3.3 with b = 0 and ¥(w') =
Y(w) = 822,

3.5. By a composition of 2n, we mean an r-tuple (aj,ag, ..., a,) of positive
integers ay, ..., a, with some r > 1 such that > ., a; = 2n. Let Ay, be the
set of all compositions of 2n. Clearly, As, C Kgn.

A generalized tabloid of rank 2n is, by definition, an r-tuple T = (17, T5, ..., T}.)
with some r € N such that [2n] is a disjoint union of its non-empty subsets
T, j € [r]. We have &(T) := (|Ty],|T3], ..., |T.]) € Agpn, where |T}| denotes
the cardinal of the set T;. Let i1,15, ..., be a permutation of 1,2, ..., r such
that |15, | > |Ti,| = -+ = |13, ]. Then ((T) := (|13, |, |15y, -5 |T5,]) € Aon.
Two generalized tabloids T = (T1,...,7;) and T/ = (17}, ...,T/) of 2n are
said equal if and only if r = t and T; = T for any i € [r]. Let Ca, be the
set of all generalized tabloids of rank 2n. Then both & : Co, — Kzn and
¢ : Cop — Ao, are surjective maps.

Let ) be the set of all w € gzn_l such that there is a generalized tabloid
T = (11,13, ...,T;) € Cyy, satisfying:
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(i) For any 4 < j in [r], we have {(a)w™1) <, ((b)w™?!) for any a € T; and
beTy;

(ii) For any i € [r], {(a)w™!) and ((b)w™!) are w-uncomparable for any
a#bin T;.

Clearly, T is determined entirely by w € €2, denote T by T(w). The map
T : Q — Co, is surjective by [9, Proposition 19.1.2]. By a result of Curtis
Greene in [3], we see that the partition ((7'(w)) is the dual of ¢ (w).

The following known result will be crucial in subsequent discussion.

Lemma 3.6. (see [9, Lemma 19.4.6]) Suppose that y,w € Asp_1 are two
elements in Q with £(T(y)) = £&(T(w)). Then y ~w if and only if T(y) =
T(w).

84. The set Eyi2n-x.

Recall that in 2.17 we defined the set E) for any A € Ay,. We have
E' = E,. The group automorphism 7 of C,, (see 2.7) stabilizes cach E for
any A € Ag),.

In the present section, we shall describe all the cells of 5’n in the set
Eyq2n-x for all k € [2n]. Ej2n consists of the identity element of C,. In the
subsequent discussion, we shall always assume k£ > 1 though the most results
still hold without such a restriction.

4.1. First assume k = 2m + 1 odd with some m € N. Then 2n —k =2/ -1
is also odd with m + 1 = n. By Lemma 3.2, we see that w € 6’n is in the set
Eyq2n—x if and only if w satisfies the condition (4.1.1) below.

(4.1.1) There exist some pairwise not 2n-dual i1, is, ..., i1, j1, J2, -, jm € [21]
such that (i) i1,12,...,79; are all w-tame heads with iy < is < -+ < 4; and
(iw < (i)w < -+ < (iy)w; (ii) j1,72,...,Jm are all w-wild heads with
J1 <w J2 <w ** =<w jm and with either 1,41 <y j1 OF 47,4 <uw J1-

Let FY (respectively, FiY) be the set of all w € C,, satisfying the condition
(4.1.2) below.

(4.1.2) There exist some pairwise not 2n-dual i1, is, ..., i1, j1, J2, -, jm € [21]
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such that (i) 71,149, ...,4; are all w-tame heads with i1 < is < --- < i; and
(i1)w < (ixw < -+ < (ipw; (i) j1,72,. jm are all w-wild heads with
0 < (Jat1)w — (Jo)w < 2n for any a € [m — 1]; (i) (i1)w < (j1)w <
(i)w + 2n and (ig, 91, -y 12, Jimy Jm—1s -+ J1,01) = (1,2, ...,n) (respectively,
(ihw +2n < (j1)w < (i1)w + 2n and (i1, 92, s -1, Jms Jm1, s J1,81) =
(n+1,n+2,..,2n)).

4.2. Next assume k = 2m even with some m > 1. Then 2n — k = 2[ is
also even with m + 1 = n. By Lemma 3.2, we see that w € é’n is in the set

Eyq2n—x if and only if w satisfies the condition (4.2.1) below.

(4.2.1) There exist some pairwise not 2n-dual i1, is, ..., i1, j1, J2, -, jm € [21]
such that (i) i1,12,...,49; are all w-tame heads with iy < is < -+ < 4; and
(iw < (i)w < -+ < (iy)w; (ii) j1,72,...,Jm are all w-wild heads with
J1 <w J2 <w ** =<w Jm; (iil) j1 is w-uncomparable with all of i4,1i4, a € [].
If m = n then (4.2.1) (iii) is an empty condition. Now assume m < n.
Under the assumption of (4.2.1) (i)-(ii), the condition (4.2.1) (iii) is equivalent
to that either i; < j; < i1 and (i1)w < (j1)w < (i1)w, or i; < j1 < i + 2n
and (i;)w < (j1)w < (i;)w + 2n. Under the assumption of j; being a w-wild
head, this is also equivalent to that either i1 < j; <nand n < (j1)w < (i1)w,
or 4 < j1 < 2n and 2n < (j1)w < (iy)w + 2n. Let B .k (vespectively,
E) 2a-1) be the set of all w € Fyjzn-x such that i1 < j1 < nand n <
(j1)w < (i1)w (respectively, i, < j1 < 2n and 2n < (j1)w < (i))w + 2n).
Then Ejyq20-x is a disjoint union of the sets £} 2,y and B}/ 2.
Let F¢ (respectively, F¥) be the set of all w € C,, satisfying the condition
(4.2.2) below.
(4.2.2) There exist some pairwise not 2n-dual i1, 9, ..., i1, j1, J2, -+, Jm € [20]
such that (i) ¢1,149,...,4; are all w-tame heads with i1 < is < --- < 4; and
(iw < (iw < -+ < (i))w; (i) j1,J2,-.., Jm are all w-wild heads with
0 < (Jat1)w — (Jo)w < 2n for any a € [m — 1]; (iii) n < (j1)w < (i1)w
and (1,41, -y 915 Jons Jm—1s -, 31) = (1,2,...,n) (respectively, 2n < (j1)w <
(i)w + 2n and (i1, 42, ..., i1, Joms Jm—1s - J1) = (N + 1,0+ 2,...,2n)).
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The sets E) j2n_i and B} 5,

fined by the condition (4.2.1) (respectively, (4.2.2)) in the case of m = n if

(respectively, Ff and F¥) can also be de-

we stipulate that iy = (i1)w = 2n + 1, i1y = (i1)w = 0, iy = (i;))w = n and

gl = (El)w =n-+ 1.

Clearly, Ff C B 2n_w and F5 C E}/ 5n_«. Also, Ell(zin—k: B/ ans. and
Ellcll_;“—k - E]/(/]_2n—k it k € [2’” — 2] 1S even.

By 3.3 and 4.1-4.2, it is easily seen that

Lemma 4.3. F7UF; C Eyq2n-x, where € is o0 if k is odd and e if k is even.
For any w € Eyq2n—x, there exists some w' € Ff U F§ such that w',w are in

the same left-connected component of Eyq2n—x.
Recall the group automorphism 7 of C,, defined in 2.7.

Lemma 4.4. Let € be as in Lemma 4.3.
(1) The map n interchanges the sets Ff and F.
(2) If k € [2n—2] is even, then El';;,,_k: E} 2n_x and El’(’l_zi_k = B an k-

The map n interchanges the sets I j2n_i and £} 2n .
(8) Each of Ff and F§ is contained in a right-connected component of

Ek12n—k .

Proof. The assertions (1)-(2) follow by Proposition 2.8 (3) and by the dis-
cussion in 4.1-4.2. Hence to show the assertion (3), we need only to show
that FY is contained in a right-connected component of Ejq2n-x.

(I) First assume € being 0. Then w(®) :=t,w; = [1,2,...,1—1,2n+1—1,2n—
l,...,n+2,n] is the unique shortest element in FY, where J = {t;,t;11, ..., tn}.
Take any w € FY. Keep the notation in (4.1.2).

(a) First assume (jg)w — (jo—1)w = 1 for any a € [2,m]. By the condition
(i1)w < (j1)w < (i;)w + 2n, there exists a largest b € [I] satisfying (ip)w <
(ji)w. If b = [ then w is one of two elements w; = n+1—1I,n+ 2 —
Lioon—12n2n—1,..,n+l+1,nJand wo =n+1-I,n+2—-1,...n—
1,3n—0,3n—1—1,....2n+ 1,n]. Let J = {t1,ta,....tn—2}, J1 = J \ {tn_i},
I = {t1,te,...;tn_y—1} and I = I U {tp}. Then wy = wywy,wr and wy =



The cells of the affine Weyl group 5’n 21

w @ w ywy, satisfy £(wy) = €(w1) + €(wr,wr) and £(w1) = £(w ) + L(wywy,)
by Proposition 2.8 (2). Hence w;, wy and w(®) are in the same right-connected
component of Eyq2a-x by Corollary 2.19. Now assume b < [. Then by
the condition (i1)w < (j1)w < (i))w + 2n, we have w = [1,2,...,1 — b,n +
l-bn+2—-b..,n—12n+b—-101,2n+b—-1—1,...,n+b+ 1,n|]. Let
J = {tis1—p tigza—psstno}, J1 = J\{tn_p}. Then w = w(®w w;, satisfies
f(w) = £(w®)) + L(wywy,) by Proposition 2.8 (2). Hence w and w(® are in
the same right-connected component of Eyq2n-1 by Corollary 2.19.

(b) Next assume (jg)w — (ja—1)w > 1 for some a € [2,m]. Let a be
the largest integer with such a property. Then d := (j,)w — 1 should be
congruent to one (say (k)w) of (jp)w, (jp)w, (ic)w, (ic.)w, (j,)w modulo
2n for some b € [a — 1] and ¢ € [[]. When d # (j,)w modulo 2n, let

Y1 = Wtgtgs1 - tmtd—a. Then for any t € Z, we have

( (Hw —1, if t = (jn)w (mod 2n) for some h € [a, m],

(t) (4

(Hw + 1, if t = (jn)w (mod 2n) for some h € [a,m)],
Byr =< w+(m+1—a), ift=(k)w(mod 2n),

(Hw— (m+1—a), ift=(k)w(mod 2n),

(t)

tw, if otherwise.

\

We see that either (j,)w — (k)w > 2n for all h € [a,m], or k = iy with
(Jo)w = (if)w + 1 for some f € [I] (hence j, < k for any h € [a,m] in the
latter case) by the condition (4.1.2) on w € FY and by the choice of a. We see
by Corollary 2.6 and Proposition 2.8 (2) that ¢(y;) = ¢(w) — (m+1—a) and
y1 € FP. When d = (j,)w (mod 2n), we have d = n,0 (mod 2n) and (j,)w —
(jo)w > 2n. In this case, let y; = wwy,wy with J = {tn, tn 1, tnia—m}
and J; = J\ {t,} if d = n (mod 2n) and J = {to,t1,....tm—a} and J; =
J\ {to} if d =0 (mod 2n). Again by Corollary 2.6 and Proposition 2.8 (2),
we have ¢(y1) = (w) — (wy,wy) and y; € FY. By applying induction on
p = l(w) > L(w'®), we see that there exists a sequence yo = w, Y1, ..., Y in

F? with some r > 0 such that £(ys) = £(yn_1) — £(y;, ' yn) for every h € [r]
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and that (jo)yr — (Ja—1)yr = 1 for any a € [2,m]. This implies by Corollary
2.19 that yo, y1, ..., ¥ are in the same right-connected component of F}q2n-x.
Since y, and w(® are in the same right-connected component of Fjjzn-x by
(a), FY is contained in a right-connected component of Fyq2n—x.

(IT) Next assume € being e. Then w'® := w; = [1,2,...,1,2n — [,2n — | —
1,...,n+ 1] is the unique shortest element in F{ with J = {t;11,t;42,...,tn},
which is also the unique element w in Ff satisfying the condition (j,)w —
(ja—1)w = 1 for any a € [2,m], where [, m, j1, j2, ..., jm are given as in (4.2.2).
Now take any w € Ff \ {w(®}. Then there exists some a € [2,m] with
(Ja)w — (Jja—1)w > 1. Let a be the largest integer with such a property.
Hence by applying the same argument as that in (I) (b), we can find a
sequence Yo = W, Y1, ..., yr = w'® in Ff with some 7 > 0 such that £(y;) =
O(yn—1) —L(y; ' yn) for every h € [r]. This implies by Corollary 2.19 that Ff

is contained in a right-connected component of Fyj2n-x. [

Lemma 4.5. For k € [2,2n], € € {o0,¢e} and i = 1,2, let Ff C Eyq2n-x be
defined as in 4.1-4.2.

(1) |FP| = |Fg| =2""tnl/(n —m)! if k = 2m + 1.

(2) |Fg| = |F§| =2m"tn!l/(n — m + 1)! if k = 2m.

Note: The above formulae can be combined into the following one:

|Ff| = |Fs| = 2L30-1nl/(n — [ 552))!

Proof. We have |Ff| = |F¥| by Lemma 4.4.

First assume € being o. Let us enumerate the set F'° := F? U F¥.

Let G° be the set of all w € C,, satisfying the condition (4.1.2) but with
the condition (iii) replaced by (iii)’ below:

(i) (i1)w < (J1)w < (i1)w—+2n and (ig, 511, -, 12, Jms Jm—1y s J1, 1) =
(1,2,...,n).

We see that F C G° and that there exists a bijection A\, : G°\ FY — F¥
defined by A\, (w) = zw, where, if [ > 1 then let x = wywr, wywy, t, with J =
{titists o tndy Jo = T\ {tnot1stn}, I = {to,ts, o tn_o} and I; = T\ {t;_1 };
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if | =1 then x = wjwydp_1,-1 (see (3.3.1)) with J = {to,13,....t,} and
Ji = J\ {tn}

1stcolumn  (n+1)th column steolumn  (n41)th column

Rt T —— 1strow—— T
~ 1
~ . J™ -
m
-
- -~ ~I*l
1 ~
1 —1 (n+D)th row|—— e
m’ - ~ ~
- n -
G -
~ 1
Mool 1
~
~ -"
kg -~
-1
~
1 ~)
w XW
Figure 2

Figure 2 displays the corresponding parts for the matrix forms of w and
zw in the case of [ > 1, where the symbol ~ ~'~ (respectively, - *) stands
for a rectangular submatrix with p rows each row has a unique non-zero entry,
which is 1, the non-zero entries are going down to the right (respectively, to
the left).

Note that in either case, we have {(zw) = {(w) — {(x) and ¥ (w) = Y(zw),
hence zw 7w by Corollary 2.19 and Lemma 2.18.

Now we enumerate the set G°. Any w € G° is determined entirely by the
integers (i1)w, (i2)w, ..., (i))w, (j1)w, (j2)w, ..., (jm)w under the conditions
(4.1.2) (i)-(ii) and (iii)’. There are (7) G

" M(n =)
integers (i1)w, (iz)w, ..., (i;)w by the condition n < (i1)w < (ix)w < -+ <

different choices for the

(i1)w < 2n. Once they are fixed, the numbers of different choices for (j1)w,
(j2)w, ..., (jm)w are 2m,2(m — 1),...,2 in turn by the conditions (4.1.2) (i)-
(ii), (iii)" and the facts that m+I! = n and b # ¢, 2n—c (mod 2n) for any b # ¢
in {(i1)w, ..., (ir)w, (j1)w, ..., (jm)w}. This implies that |G°| = (77)2™m! and
hence (1) is proved by the facts |F}| = |F§| = 3|G°| and m + 1 = n.

Next assume € being e. We need only to enumerate the set Ff by Lemma

4.4. Then w € Ff is determined entirely by the integers (i1)w, (i2)w, ...,

(i)w, (j1)w, (J2)w, ..., (jm)w under the condition (4.2.2). There are (Zfl)
different choices for the integers (j1)w, (i1)w, (i2)w, ..., (i;)w by the condition

n < (ji)w < (in)w < (i2)w < -+ < (i))w < 2n. Once they are fixed, the
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numbers of different choices for (jo)w, (j3)w, ..., (jm)w are 2(m — 1),2(m —
2),...,2 in turn by the condition (4.2.2) and the facts that m + 1 = n and
b # ¢,2n — ¢(mod 2n) for any b # ¢ in {(i1)w, ..., (iy)w, (j1)w, ..., (Jm)w}.
This implies that |Ff| = (lfl)Zm_l(m — 1)! and hence (2) is proved by the
fact m+1l=n. 0O

Lemma 4.6. No two elements of FY U F5 are in the same left cell of C,.

Proof. First assume € being 0. Let w € FY be as in (4.1.2). If [ = 1 then
let w' = w; if I > 1 then let w' = wyw . thw,wwiwy,wsw,w, where
Jy={t1,te, ..., tn_o}, Jo = 1 \{ti—1}, J3 = {to,t1, ..., tm—1}, Ja = J3\{to},
Js = J1 \{tm}, J6 = {ti,ti41,...,tn} and J; = Jg \ {tn,tn—1} (see Figure
3). Regarding w’ as an element of Ag,_1, we have w’ € Q (see 3.5), which
satisfies ¥(w) = ¥(w') and £(w') = l(w) + {(w'w™!), hence w ~ w’ by
Corollary 2.19.

1stcolumn  (n+1)th column
| ( )‘ 1stcolumn  (n+1)th column

] |
1 \ i 1 | \

~L ~L

1 —1 (n+1)th row ——
m, e

- ~ -1 - ~

~ ~

Figure 3

We see that T'(w') = (T1,Ts, ..., Tomy1) with T, = ({jmi1_c)w) for ¢ €
[m], Tont1 = {{(ia)w), {(ia)w) | @ € [I]} and Ty = {{(ja—m-1)w)} for d €
[m + 2,2m + 1] (see 2.7 for the notation (g) with ¢ € Z).

Similarly, for w € FY as in (4.1.2), we can find some element w’ of C,
satisfying w ~ w and w' € Q as an element of Ay, ;. We again get
T(w') = (Th,Ts, ..., Tom+1) with T, = ((Jmy1-c)w) for ¢ € [m], Tyi1 =
{(ia)w), ((ig)w) | a € [{]} and Ty = {{(ja—m—1)w)} for d € [m + 2,2m + 1].

We see that the above T'(w') with w’ ~w and w’ € € depends only on
w € FY U FY but not on the choice of w’ in Q. So we can denote T'(w') by
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T(w). We claim that T'(w) should be pairwise different in Cy,, as w ranges
over FY U FS. For, recall that in the proof of Lemma 4.5, there is a bijective
map 7 from G° to FY U Fy which satisfies w ~ 7(w) for any w € G°. We
see that the (2m + 1)-tuple (11,73, ..., Tom+1), with T, = ({Jmt1-c)w) for
¢ € [m], Tyr = {{(ia)w), {(ia)w) | @ € [I]} and Ty = {{(ja—m-1)w)} for
d € [m + 2,2m + 1], should be pairwise different in Cs,, as w ranges over G°.
This proves our assertion in the case of € being o by Lemma 3.6.

Next assume € being e. If m = n, then Ff U F§ C Q. The set {T(w) |
w € FY U F5} isin 1-1 correspondence with the set {({a1},{az2}, ..., {a2n}) |
{ay,a2,...,a2,} = [2n];a; + agpny1—s = 2n+ 1,V i € [n]}. So our result in
this case follows by Lemmas 3.6 and 2.15. Now assume m < n. Let w € F}
be as in (4.2.2). If m = 1 then let v’ = wyw ,w with J = S\ {s,} and J; =
J\ {sn+1}; if m > 1 then let w' = wrwp,wrwr,w with I; = §\ {Sn—1,8n},
I, =L \{s}, Is = §\ {$n4t+m—1} and Iy = I3\ {Snt2m—1} (see Figure 4 in
the case of m > 1). Then w' is in ﬁgn_l, but not in én We have w’ € Q,
which satisfies ¢(w) = ¥ (w’) and £(w') = l(w) + £(w'w™"), hence w ~ w’ by
Corollary 2.19.

1st chumn (n+1)m‘cc\umn 15m‘,mmn (@13t column

1 1 1 i ‘
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- ~ -~ ~
~ - I
—— 1strow—— ~
Ml - st row ~
m-l, - 1 m -
- -
1 1
—— (n+1)th row =t
m1 el -
- -~ |
- ~ ~ ~
~ ~
w w
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We have T'(w') = (Ty,Ts, ..., Tom) € Cop with T, = ({jmi1_c)w) for ¢ €
(M), Tt = {((1)w), ((Ga)w), ((a)w) | a € [I]} and Ty = {{(ja—m)w)} for
de[m+2,2m)].

Similarly, for w € Fy as in (4.2.2), we can find some w’ € Aop1 satisfying

w ~ w' and w' € Q. We again get T(w') = (T1,T5,...,Tay) with T, =
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((Jmt1-c)w) for ¢ € [m], Tny1 = {((FD)w), ((Ea)w), ((ia)w) | a € [I]} and
Ty = {{(ja—m)w)} for d € [m + 2,2m)].

Again, the above T'(w’) with w’ ~w and w’ € Q depends only on w € FYU
F3 but not on the choice of w’ in Q. So we can denote T'(w’) by T'(w). Then
T'(w) should be pairwise different in Cy,, as w ranges over Ff (respectively,
F3) by the proof of Lemma 4.5. We claim that T'(w) € Cq, for w € Ff
should be different from that for w € F§. For, consider T, = {((j1)w)}
in T(w) = (T, ..., Tow). If w € Ff, then {(j1)w) < n. If w € F§, then
n < ((iy)w) < {(j1)w). Hence T, for w € Ff should be different from that
for w € F3. The claim is proved. So our assertion in the case of € being e

follows by Lemmas 3.6 and 2.15. [

Lemma 4.7. The set Eyq2n—x forms a single two-sided cell of C, iof either
k € [2n] is odd or k = 2n. In particular, Eoy is the lowest two-sided cell of

5’n under the partial order <.
LR

Proof. First assume k = 2m—+1 € [2n] odd. Let w®) = t,w; and y(© = tow;
with J = {t;,t;41,...,t,} and I = {to,t1,...,tn—1}, where [ = n —m. Then
y(© = n(w®) by Proposition 2.8 (3). By (4.1.1)-(4.1.2) and the proof of
Lemma 4.4, we see that any element of E}q2n-x is in a two-sided-connected
component of Ejjzn-x containing the element either w(® or y(®. Thus by
Lemma 2.18, in order to show our result, we need only to show that w(® and
y(©) are contained in the same two-sided-connected component of Fjqzn—x.

If Il =1, then let Iy = S\ {tn—1,tn}, Io = I1 \ {to}, Is = S\ {to,t1}
and I = I3\ {tn} and let yo = w'?, y1 = wrwryo, Y2 = dn—1.n-1Y1,
Y3 = Yoti p—1 and ys = yswr,wr,; if 1 > 1, then let J; = {t1,t2,....,th—2},
Jo = i\ {ti—1}, J3 = {to, t1, ..., tm}, Joa = J3 \ {to}, J5 = {ti, tix1, ., tn},
Jo = Js\{tn_1,tn}, J7 = {ta,t3, ... tn_o} and Jg = J;\{t;—1}. Let yo = w(®),
Y1 = WHWLY0, Y2 = boWs WY1, Y3 = Yolpwiswy, and ys = yswwy,. In
either case, we have y4 = y(°).

In Figure 5, we display the corresponding parts of the matrix forms for
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the elements yg, ..., y4 for [ > 1, the notation N\ stands for the [ x diagonal
submatrix with all the diagonal entries being 1, while 7 stands for the mxm
anti-diagonal submatrix with all the anti-diagonal entries being 1.

We have y; € Eyqzn-x for any i € [0,4]. Also, £(y1) = £(v0) + L(v1y5 '),
Uya) = Lly1)+e(yayr ), Lyz) = y2) —E(yz "ys) and £(ya) = £(y3) —L(y5 " ya)
(see Figure 5 for [ > 1). This implies by Corollary 2.19 that w®) and y(©
are contained in the same two-sided-connected component of Fyq2n—x.

Next assume k = 2n. By the part (II) in the proof of Lemma 4.4,
we see that any element of Es, is in a two-sided-connected component of
E5, containing the element either w; or w; with J = {t1,ts,...,t,} and
I = {to,t1,....,tn—1}. Let K = J\ {t,} and let y = wgwywy;. Then
y = wrwywg € Fay satisfies £(y) = l(wy) + L(wgwr) = L(wy) + L(wyjwk).
So wy and wj are contained in the same two-sided-connected component of
FEoy, by Corollary 2.19. Hence FEay, is two-sided-connected and forms a single
two-sided cell of C,, by Lemma 2.18, which is the lowest one under the partial

order < by Lemmas 2.15-2.16. [
LR
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In the proof of Lemma 4.7, we actually show that if k£ € [2n] is either odd
or 2n then the set Eyq2n-x is two-sided-connected. By 3.3, 4.2 and Lemmas
4.3-4.4, we see that if k = 2m < 2n is even then each of the sets E1/<12n—k and
El’{’lzn,k is contained in some two-sided-connected component of E}q2n-k.

Now we have

Lemma 4.8. If k = 2m < 2n is even, then the set Eyi2n—x has two two-

sided-connected components E, jon_i and B}/ 2n_y.

Proof. Keep the notation in (4.2.1) for w € FEjyq2n-x. Denote the integer
Jas Jas ibs b DY Jhydh,ih,15 5 resp,. jo g7 4y, if for a € [m] and b € [I], ac-
cording to w being w’ € Ej 2a_x, resp., w” € B}/ ... Observe the follow-
ing facts: If w” is obtained from w’ by left multiplying some t € S, then
37 = {(F)t) (see 2.7) and (j7)w” = (jj)w'. If w” is obtained from w’ by
right multiplying some ¢ € S, then j1 = j] and (j7)w” = (ji)w't.

We see that w' € Ej 50 satisfies 7] < ji < nand n < (j])w’ < (i),
and that w” € B}/ 5.y satisfies i)' < j{’ < 2nand 2n < (j{)w” < (if )w"+2n.
Since if > n+ 1 and i{ > 1, we have j; € [2,n] and j{ € [n + 2,2n], hence
g1 # ((41)t) for any t € S. So no element of E}/ .. . could be obtained

from an element of E! by left multiplying some ¢t € S. On the other

k12n-k
hand, since (i})w’ < 2n, we have (j1)w’ < 2n —1 and 2n + 1 < (57)w”,

hence (57 )w” # (ji)w't for any t € S. So no element of E}/ .. . could be

obtained from an element of E!

k1zn—k Dy right multiplying some ¢ € S. This

implies that Ej ., . and B}/ form two different two-sided-connected

k12n—k
/

components of Eyqza—x by the fact that Eyjza—x = E o0 x UE] 50 O

Theorem 4.9. (1) If k =2m+1 € [2n] is odd, then Eyj2n—x is a two-sided
cell of C,, containing 2™n!/(n — m)! left cells.

(2) Eay is the lowest two-sided cell of C,, consists of 2™n! left cells.

(8) If k = 2m € [2n — 2| is even, then Eyq2a—x is a union of two
two-sided cells B jon_i, B} 1201 Of 5»@, each of By jon-i, B} 201 contains

2m=Inl/(n — m + 1)! left cells. The group automorphism n interchanges
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Ell<12n7k; E1/</12n7k'
(4) Each left (respectively, two-sided) cell of C,, in Eyqan-x is left- (re-
spectively, two-sided-) connected.

(5) The set Eyqan-x is infinite unless k =1, 2.

Proof. By Lemma 2.18, we see that E) is either empty or a union of some
two-sided cells of C,, for any A € Ay,. Hence the assertions (1)-(2) follow
by Lemmas 4.3 and 4.5-4.7. For (3), we see by Lemmas 4.3-4.4 and 4.6 that
each of E] .. . and E}/ ., \ contains 2m=1Inl/(n — m + 1)! left cells. By
Lemmas 1.7, 4.4, 2.16 (3) and 2.14, we see that each of E] 5, and E}/ 2. i
is a union of some two-sided cells of 5n On the other hand, each of E1/<12n—k
and E}/ 5.y is a two-sided-connected component of Eyq2a—x by Lemma 4.8,
which should be contained in some two-sided cell of C),, by Lemma 2.18. So
each of E} 2.y and B}/ .., forms a single two-sided cell of én The last
assertion of (3) follows by Lemma 4.4. This proves (3). The assertion (4)
follows by Lemmas 4.3, 4.6 and the assertions (1)-(3). Finally, consider (5).
If either m > 1in k =2m or m > 0 in kK = 2m + 1, then the number of the
choices for the integer (j,,)w in the condition (4.1.1) or (4.2.1) is infinite. On

the other hand, Ej2n = {1} and Egy2n-2 = {fo,t,,}. This proves (5). O

§5. The set E(k:,?,l,...,l) with (]C,2, 1, ceey 1) € A2n°
In this section, we describe cells of 5’n intheset F; 21, 1) with (k,2,1,...,1) €

As,,. The main result is as follows.

Theorem 5.1. Let A\ = (2m,2,1,...,) and p= (2m+1,2,1,...,1) be in As,.
(1) The set Ey forms a single two-sided cell of C,ifm=n—1andis a

union of two two-sided cells (say E} and EY) of C, ifm <n—1. The set

E,, is a union of two two-sided cells (say E;, and E}]) of C.

(2) Let n(v) be the number of left cells of Cy, in E, for v = X\, u. Then

and n(p) = %

m=Inl(n+3—m
7’L(>\)_ : (n+§f—;’?)! )

Let n'(v) and n”(v) be the numbers of left cells in E!, and E! respec-

tiely for v = X\, u. Then {n/(A),n”"(N\)} = { 2™ " n! 2m_1n!(n+2—m)} and

(n+1—m)!? (n+1—m)!
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2m—1l.n

n'(p) =n"(p) = T—m)! -
(3) Any left (respectively, two-sided) cell T' of C,, in E\ UE, is left- (respec-
tively, two-sided-) connected.

(4) Exgq12n-x-2 is infinite unless k = 2, 3.

We shall prove Theorem 5.1 in the remaining part of the section.
5.2. We denote by A the partition (2m,2,1,...,1) € Ay, with m > 1 until
5.10. Let Il =n—m —1. Then w € én is in F if and only if one of the
conditions (a)-(c) below holds:
(a) There are some pairwise not 2n-dual j1, jo, ..., jm, k, i1,%2,...,9; in [2n]
with 71,72, ..., Jm, k w-wild heads and i1, 79, ..., 7; w-tame heads such that
(al) j1 =w J2 <w *** =w Jm}
(a2) i1 < ig < --- <14 and (i1)w < (i2)w < -+ < (i) w;
(a3) j1 (respectively, k) is w-comparable with none of iy, 45, h € [I];
(a4) k is w-uncomparable with j, for some p € [m)].
Note that both (a2) and (a3) become empty condition if m =n — 1.
(b) There are some pairwise not 2n-dual j1, jo, ..., Jm, 01,92, ..., 47, 4141 in [2n]
with ji, jo, ..., jm w-wild heads and 1,9, ..., %, 941 w-tame heads such that
(b1) j1 =w j2 =w " <w Jm;
(b2) i1 < iy < -+ <4 <41 and (i1)w < (ig)w < -+ < (i)w < (i141)w;
(b3) j1 is w-comparable with at least one of i1,41, 441,411, but not with
in,in simultaneously for any h € {1,1+ 1}.
(c) There are some pairwise not 2n-dual j1, jo, ..., Jm—1, 01,92, ..., 442 in [2n]
with ji, Jo, ..., jm—1 w-wild heads and i1, 42, ..., 712 w-tame heads such that
(c1) 1 <w Gqg <w ip <w J1 =w J2 =<w *** <w Jjm—1 for some p,q € [l + 2]
with I+ 2 € {p,q};
(€2) i1 <dg < -+ < iy <dyyq and (ip)w < (ig)w < -+ < (iw < (4j41)w.
It is easily seen that for any w; € FE) satisfying the condition (c), there
exists some wq € F) satisfying the condition (b) such that w; and wq are in

the same left-connected component of Fy.
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5.3. Let EY be the set of all w € E) satisfying the condition (a) in 5.2 with
one additional requirement that k and j; are w-uncomparable, that is, at
least one of the following two cases occurs:

(ab) i1 < j1 < j1 < i1 and (i1)w < (j1)w < (j1)w < (i1)w and i; — 2n <
k—2n <k <i;and (i))w — 2n < (k)w < (k)w — 2n < (i) w;

(a6) i1 < k < k < 4y and (ip)w < (k)w < (k)w < (i)w and 4; — 2n <
J1—2n < j1 < i and (i))w — 2n < (j1)w < (j1)w — 2n < (i;)w.

Let EY = Ey \ EY.

Lemma 5.4. Eg\_l = E! and E;\’_l = EY for A= (2m,2,1,...,1) € Ay, with

m<n—1.

Proof. By closely observing the matrix forms of elements, we see that if w is
in E and satisfies the conditions (al)-(ab) (respectively, (al)-(a4) and (a6)),
then so does w—!. Hence Eﬁ\_l = EY. Then we also have Ef\’_l = EY by the

fact By = Ey. O

5.5. Let F be the set of all w’ C,, satisfying the condition (a’) below.
(') Let j1,J2, .-y jm, k be w’-wild heads and i1, s, ...,7; w'-tame heads sat-
isfying that
(a’l) either
(@'11) (K, i1, 6—1, -y 815 Jmos Jm—1s - 1) = (1,2,...,n) with 0 < (k)w’ —
2n < (ihw' < (f_)w' < -+ < (i))w < (j1)w' < (i1)w’ if m < n —1 and
with 0 < (k)w’ —2n < n < (j1)w' <2nif m=n—1,
or
(a’12) (k,i1, 09, oy i1y Jins Jm—1, -, j1) = (n+1,n +2,...,2n) with n <
(B)w'" < (i1)w" < (ig)w' < -+ < (iw' < (j1)w' < (i)w' +2nif m <n—1
and with 0 < (j))w' —2n<n < (k)w' < 2nif m=n—1;
(a'2) 0 < (Jpt1)w' — (Jn)w' < 2n for any h € [m — 1].
Let FY be the set of all w’ € C,, satisfying one of the conditions (b’), (¢)

below.
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(b") Let j1,42, .-, jm, k be w'-wild heads and i1, iz, ..., i; w'-tame heads sat-
isfying that

(b'1) either

(B'11) (g, 811y s B15 Jons Jne1s -y 41, k) = (1,2, ...;n) with n < (j1)w’ <
(k)w’ < (i1)w" if m <n—1and with n < (j1)w' < (k)w' <2nifm=n—1,
or
(b'12) (1,02, ooy ity Jims Jm—1s - J1, k) = (n+1,n+2, ..., 2n) with 2n <
(j)w' < (k)w' < (i)w' +2n if m <n—1and 2n < (j1)w' < (k)w' < 3n if
m=n—1;
(b’2) 0 < (jp+1)w' — (Jp)w' < 2n for any h € [m — 1J;
(b'3) (i1)w" < (ig)w’ < -+ < (ip)w'.
(¢)) Let j1,Jj2, .-y Jm be w’-wild heads and i1, 42, ..., 441 w’-tame heads with
m < n — 1 such that
(c'1) either
(/11) (451, 80y oes 515 Foms Jr1s ooy J1) = (1,2, ...y m) and (1) w'< (j1)w’ <2n,
or
(c/12) (i1, 42, ey 8141, Jms Jn1, - J1) = (R4+1,n+2,...,2n) and (i;51)w’+
2n < (j1)w’ < 3n;

(c'2) 0 < (Jp+1)w' — (Jr)w' < 2n for any h € [m — 1J;

(c’3) (i1)w" < (ig)w' < -+ < (i)w" < (ig41)w’.

5.6. We have F} C E) and FY{ C E{ by 5.2-5.3 and 5.5. Also, we see by 3.3
and Lemma 3.2 that any left-connected component of EY (respectively, EY)
contains some element of F (respectively, FY').

Recall the notation in 3.5. Let o = (1,...,1,2,2(n—m), 1,...,1) € Ao, with
2 its m~-th component. Let C, be the set of all T = (T3, T3, ...,Tem) € Cap
with £(T) = a.

Let Fy := F{ U FY. By the technique similar to that used in the proof of
Lemma 4.6, we can find, for any w’ € F, some y € Q satisfying y > w’ and
T(y) € Co. Now we describe the generalized tabloid T'(y) as follows.

(1) If w’ satisfies the condition (a’) or (b’) in 5.5, then
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T(y) = ({{Gm)w")} oy {LG2)w") LG W), ((R)w')
{{Gw), ((R)w'), ((in)w'), {(En)w') | b€ [I]},
{{G2)w")} - {{Gm)w")}) -

where (i) 0 < (k)w’ — 2n < (i))w’ and n < (j1)w’ < (i1)w’
i (ky i1, 801y s 015 G Jme1s s J1) = (1,2, .00, 1);
(i) n < (k)w' < (i1)w’ and 2n < (j1)w' < (i;)w’ + 2n
if (kyi1, 09, o 00y iy Gme1, oy d1) = (0 + 1,n 4+ 2, ..., 2n);
(iii) n < (j1)w' < (k)w' < (i1)w’
i (30,501, s 815 Jrms Jrne1s -y J1, k) = (1,2, ..., m);
(iv) 2n < (j1)w' < (k)w' < (i))w’ + 2n
S (01,99, cons i1 Gy Gty eems 1 k) = (0 + 1,10 + 2, ..., 20).
Here we stipulate (i;)w’ =n + 1 and (i1)w’ = 2n + 1 in the case of [ = 0.
(2) If w’ satisfies the condition (c¢’) in 5.5 with (4151, ..., 91, Jms -y J1) =
(1,2,...,n) and (ip)w’ < (j1)w' < (ipy1)w’ for some p € [l 4+ 1] with the

convention that (ij4o)w’ = 2n + 1, then
T(y) = {{Gm)w)}, s {{G2)w") }, L G)w), ((Ep)w)
{GOw), (Er)w’), ((E)w') | he [T+ \ {{(Ep)w')}
{{G2)w") }s s {{(Gm)w") }) -

(3) If w' satisfies the condition (c¢’) in 5.5 with (i1, ..., 43111, Jm, -, J1) =
(n+ 1,n + 2,...,2n) and (i,)w’ + 2n < (j1)w' < (ip—1)w’ + 2n for some
p € [l + 1] with the convention that (ig)w’ = n + 1, then

T(y) = ({((Gm)w")}s - {{G2)w") 1 LG ) w'), ((Ep)w')
{{G)w’), (Gr)w'), ((in)w') | B [1+ 13\ {{(p)w)},
{{G2)w") }s s {lGm)w") }) -

5.7. By Lemma 3.6, we see that the generalized tabloid T'(y) € C, given in
5.6 only depends on w’ € F\ but not on the choice of y € Q. Hence we could
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denote T'(y) by T'(w’). This defines a map T': F), — C,. By 5.5-5.6, we see
that T = (11, T%, ..., Tom) € Cq is in the image of the map T if and only if T
satisfies the following conditions:

(1) Let T; = {p;} for i € 2m]\ {m,m + 1}. Then p; = pay,+1—; for any
ie[m-—1];

(2) By (1), we have T,,UT 11 = {Gnt1—ms Tnomy s @1y Q15 > Gr—mms Gnt1—m }
for some 1 < ¢1 < ¢2 < -+ < Gnt1—m in [2n], and

(6.7.1) T € {1, @nr1-m 110, @1 {Gn—ms y1-m }> {Giv1, @i} | © € [n—m]}.

When the equivalent conditions hold, 7~!(T) consists of a single element
of Fy\ it o, € {{@1, %2}, {¢n—m>@n+1-m}} (i-e., in the case (b’) of 5.5) and
consists of two elements of F) if T,, is either equal to {q1,¢n+1-m} (i-e., in
the case (a’) of 5.5) or in the set {{gi+1,4¢:} | © € [n —m]} (i.e., in the case
(c’) of 5.5).

Suppose m < n — 1. By 5.6, we see that T'(w’) # T'(w") for any w’ € F}
and any w” € FY. This implies by 5.6 and Lemmas 3.6, 2.15-2.16 that each

of the sets E\ and EY is a union of some left cells of C,,.

1st column (n+1)|‘h column 1st C‘olumr\ (n+1)!‘h column
[ I I I

<!
~

I 1strow ——

—— (n+1)th row—{

e

Figure 6

Let us first consider the case (a') of 5.5. Let F] be the set of all w’ € Fy
satisfying the conditions (a'li) and (a’2) for ¢ = 1,2. Then F} is a disjoint
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union of F| and F3. Use the notation in 5.6 and in (2) above, w’ € F| means
that ((k)w’), ((j1)w') in 5.6 are g,+1_m, @1 in (2), respectively, while w’ € F}
means that ((j1)w’), ((k)w’) in 5.6 are ¢, 11_m, @1 in (2), respectively. Take
any w’ € F] with the notation as in (a') of 5.5. Let J1 = {t1,ta,...,tn_2},
Jo = Ji\{tiy1}, J3 = {to, t1, oy tm—2}, Jo = {t1,t2, ..., tm—1}. Let J =n(J;)
for j € [4]. If (jo)w' < (k)w', let w"’ = wy,wy,wywyw, then w” € F) with
L(w") = L(w') +Ll(wy,wrwswy,) (see Figure 6). If (j2)w’ > (k)w', let w”’ =
wJéwJ{wJéwJ!lw’, then w” € F with {(w") = ¢(w') — E(wjéwJ{wJéw%). In
either case, the elements w” and w’ are in the same left-connected component
of E} by Corollary 2.19 and hence w” ~ w’. The above correspondence

w’ +— w" defines a bijective map from the set FY to F3 with T'(w'") = T'(w").

1st column (n+1)t‘h column 1st column (n+1)t‘h column 1st column (n+1)th column
| |
[ I [ I et I I
~p-1 ~
S 1t
p-1 -
~F ’ ~ Lp d E
~» mg 2 ma -
< Fp = Lst row —F T Lstrow—-
N |
P
i N I-p N -p
ml - T 1
gl ~ 1.pt
1 1 ~ |
1 —— (n+1)th row—— 1 —— (n+1)th row— <t
p-1
md < S 1 1 1
-1 ) I
NS S R
1ok
m_) < mol <
XFEW X, X,
1st column (n+1)t‘h column st c‘olumn (n+1)th column
~ ot I [ ~ ot I I
N I-p NP
~ ~
1 =
ml~ 1 :
S istrow—7p 1
- 1 |
NP ~ P .
1 pt Topt
~ s~
— —— (n+1)th row—— ~ p-
Mo .1 (n+1) o1
I} I-p
~ \p I~ T
1
m-1 ~ 1
m-1 -~
X, XEW"
Figure 7

Next we consider the case (¢’) of 5.5. Let F]' be the set of all w’ € FY
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satisfying the conditions (¢’1¢) and (¢’2)-(c¢’3) for i = 1,2. Then F{'NFy = 0.
Use the notation in 5.6 and in (2) above, w’ € F{' means that ((j;)w’),
((ip)w') in 5.6 are Gp+1, ¢p in (2), respectively, while w’ € Fy means that
((j1)w"), {(ip)w') in 5.6 are gy, gp+1 in (2), respectively. Take any w’ € FY’
with the notation as in (¢’) of 5.5. Let J; = {t1,ta,....,tn—2}, Jo = J1 \
{ti}, Js = {to.t1, s tm—2}, Jo = I3\ {to}, J5 = {tn—1,tn—2, ., tns1-p},
Jo = J5 \ {tn-1}, J7 = {tm, tmt1s oy tn—2—p}, Js = J7 \ {tn—2-p} and Jy =
{t1,ta,.cc;tm—1}. Let 1 = W', 29 = wwywyw,x1, T3 = Wi W T,
x4 = towjwy,wrwirs. Let w”’ = z4. Then z; € EY for ¢ € [4] and
w"” € Fj with (z3) = (1) +H(wwy,wywy, ), ((xs) = (x2) —L(w s, wysts)
and {(z4) = l(z3) + L(towj,wy,wywy,) (see Figure 7). This implies by
Corollary 2.19 that w’, w” are in the same left-connected component of EY
and hence w’ ~ w”. The correspondence w’ — w” defines a bijective map
from the set Fy’ to Fy with T'(w") =T (w").

From 5.6 and the above discussion, we conclude that

Lemma 5.8. Let A = (2m,2,1,...,1) € Ay,.
(1) Each of EY and EY is a union of some left cells of C,ifm<mn-—1.
(2) Any left cell of C, in E) is left-connected.

Now we consider the two-sided cells of é’n in Fy.

Lemma 5.9. Let A = (2m,2,1,...,1) € Ay,.
(1) If m < n — 1, then each of E} and EY is two-sided-connected and
forms a two-sided cell of CN'n

(2) The set E(2,—2,2) is two-sided-connected and forms a single two-sided

cell of 5’n.

Proof. By 1.6 (1)-(2), Lemmas 1.7, 5.4 and 5.8, to show our result, we need
only to prove that each of E} and EY is two-sided-connected if m < n —1
and that the set F(z,_s 2) is two-sided-connected.

(I) First assume m < n — 1.

(Ia) EY is two-sided-connected.
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Let wy = [0,2,3,....n—m,n+m,n+m—1,...n+2n+ 1] and wy =
0,-1,-2,...,—m+1,m+1m+2,..,n—1,n+1] bein C, (see Figure 8).
Then wy,wy € F}. Let Fy, F; be defined as in 5.7. Then

(5.9.1) n(EY) =Ey\; w; € F, n(w;) =ws_;, n(F])=F5_; fori=1,2.

by Proposition 2.8 (3). By 5.6, to show (Ia), we need only to prove that
(a) Any x € F] is in a right-connected component of EY containing w; for
1=1,2;

(b) wy and wsy are in the same two-sided-connected component of EY.

1stc1‘ﬂumn (n+1)th column 1sm‘rlumn (r+2yh column 1szlumn (n+2)h column

! \ ! \ ! \
N S Sy

T ST = o

Y N iy
1% \,mﬂ,‘mf T <

1 wy 1 P
w y w,
Figure 8

For (a), we need only to deal with the case of i = 1 by the fact (5.9.1), while
the argument for this part is similar to that for Lemma 4.4 (3) (hence leaving
it to the readers). Now let us prove (b). Let J; = {to,t3,....th—2}, Jo =
JI\{tn—m?}, J3 = {to, t1, s tm-1}, Ja = J3\{t1}, J5 = {tn, tn—1, s tns1—m},
Jo = Js \ {tn—1} and y = wywywywpwr. Then y = wow s wy,wiwys,
which is in Ef and satisfies {(y) = {(w1) + Hwpwiwswy,) = L(ws) +
l(wywrwiwy,) (see Figure 8). This proves (b) by Corollary 2.19.

(Ib) EY is two-sided-connected.

Let wy = [1,2,...n—m—1,n+mmn+m—1,...,n+1,n+m+ 1] and
we = [-m,0,—1,-2,....,—m+1,m+2,m+3,...,n] be in C, (see Figure 9).
Let F|', F} be defined as in 5.7. Then
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(5.9.2) w; € F!', n(w;) =ws—;, n(F")=F;_, fori=1,2.

by Proposition 2.8 (3). By 5.6, to show (Ib), we need only to prove that
(a) Any z € F}' is in the right-connected component of EY containing w;
fori=1,2;

(b) wy and wy are in the same two-sided-connected component of EY.
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By (5.9.2), to prove (a), we need only to deal with the case of i = 1,
the latter can be proved by the argument similar to that for Lemma 4.4 (3)
(hence leaving it to the readers). Next let us prove (b).

Let Jy = {t1,to, ....tn_a}, Jo = Ji\{tn-m—-1}, J3 = {to, t1, .., tm-1}, Ja =
J3s\A{to}, J5 = {tnstn—1, s tn—ms1}, J6 = J5 \ {tn}, J7 = {ta,t3, ..., th_1},
Js = Jr \ {tn—m} and Jg = Jy \ {t1}. Let o = wy, 1 = tpx0, T2 =
W W, W W, T, Ty = ToW j W, Wi W T, Ty = Tatowj,wy, and T5 = W W , .

Then x5 = wy. We have z; € EY for any i € [0,5] and 4(x1) = {(z0) — 1,
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Uzo) =l(x1) +Ho(wwrwywy,), l(zs) = l(xg) —Lwiwywiwy, ), £(xg) =
x3) + U(tow g wy,), L(xs) = l(xg) — L(wy,wy,) (see Figure 9).

By Corollary 2.19, we see that the elements x;_1,z; are contained in the
same two-sided-connected component of EY for any i € [5]. This proves (b)
and hence EY is two-sided connected.

(I) E(gp—2,2) is two-sided-connected.
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Denote A = (2n — 2,2). Let wqy = [2n — 1,2n — 2,...,n + 1,2n], we =
0,-1,....,—n+2,n+1], w3 =1[0,2n—1,2n—2,....n+ 1] and wy = [-n +
1,0,—1,...,—n + 2] be in C, (see Figure 10). Then w; € F) := F{ U FY for
i € [4]. By the argument similar to that for Lemma 4.4 (3), we can show that
any element of F) is in a right-connected component of E) containing w; for
some i € [4] (hence leaving it to the readers). Note that n(w;) = ws_; for
i € [4] by Proposition 2.8 (3). Thus to show that E) is two-sided-connected,

we need only to prove that wy,ws (respectively, ws,ws) are in the same
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two-sided-connected component of E.
Let x1 = wy, 9 = Wy, wy,T1, T3 = ToW W5, Th = W3, Th = Lyw g, W ,w Wy, T,

xh = xhwwy tow s, wy,, where J; = {to,ts,...,tn_1}, Jo = {t1,t2, ... tn—2},
J3 = JoU{tn_1}, Ju = JoU{to} and J5 = J; U{t,,}. Then 3 = 2% = ws and
xi,x, € Ey for i € [3] and l(x2) = l(z1) + l(wy,wy,) = l(x3) + L(wrwy,)
and £(xh) = L(x}) + L(tphwr,wpwiwy, ) = L(xh) + wywy tow s wy, ) (see
Figure 10). This implies by Corollary 2.19 that wq,ws, respectively, ws, w3,
are in the same two-sided-connected component of E). So E) is two-sided-

connected. O

Let n(\), n/(A), n”(A) be the numbers of left cells of C, in the sets Ey,
E\, EY, respectively for A = (2m,2,1,...,1) € Ag,.

2™ Ipl(n4-3—m) o .
Lemma 5.10. n(\) = for A =(2m,2,1,...,1) € Ag,. In this

(n+1—m)!
case, if m <n —1, then n/(\) = (n+1—_7’;‘1'), and n”(\) = 2"“(;1!&1;?)7771)'

2'm,—1

Proof. We must enumerate the generalized tabloids T = (T3, T3, ..., Ty, ) in
C. satisfying the conditions (1)-(2) of 5.7. The number of the choices for
the set £ := Ty, UT 41 = {Gnt1—msTn-my s @1y q1s -y Gn—mms Gn+1—m } With
1 < q1 < g2 < -+ < Qpnt1-m In [2n] is (n+?_m). Once F is fixed, the
number of the choices for the set T, to satisfy (5.7.1) is n + 3 — m, while
that for the (m —1)-tuple (11, ..., Tj,_1) is 2™~ (m —1)!. We know that w' is
in B (respectively, EY) if and only if the m-th component T,,(w’) of T'(w’)
is {G1, ¢n+1—m } (respectively, satisfies (5.7.1) but is not {q1, ¢n+1-m}). This

proves our result. [

If m > 1, then the number of the choices for the integer (j,,)w in the case
(a) of 5.2 is infinite, hence |E(2,,.2.1,....1)| = 00. On the other hand, the set
Eozyzn-a = {totn, titis1 -ty tit_1 -+ t; | 0 <i <j < n}\ {to,tn} is finite.

So far we have proved all the assertions of Theorem 5.1 involving the
partition A = (2m,2,1,...,1) € Ag,.

5.11. Next let ¢ = (2m + 1,2,1,...,1) € Ay, with some m > 1. Let

I=n—m—1. Then w € C,, is in E, if and only if w satisfies the condition
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(5.11.1) below.

(5.11.1) There are some pairwise not 2n-dual ji, j2, ..., jm, k, 91,82, ..., 4 in
[2n] with j1,j2, ..., jm, k w-wild heads and 41,12, ...,4; w-tame heads such
that (i) j1 <w J2 <w "+ <w jm; (ii) either 41,41 <4 j1, or 4,4 <4 Jj1; (iii)
i1 < iy < -+ <y and (i1)w < (i2)w < -+ < (iy)w; (iv) k is w-comparable
with none of iy, ip, j, for any h € [I] and some g € [m].

According to the conditions (i)-(ii) and (iv), if k is w-comparable with j,
for some p € [m|, then k£ <, j, and p > 1 by Lemma 3.2. Thus under the
assumption of the conditions (i)-(ii), the condition (iv) is equivalent to that
k is w-comparable with none of i, i, j1 for any h € [I].

5.12. Under the condition (5.11.1) on w € E,,, the following facts concerning
w can be checked easily.

(a) If 41,41 <w Jj1, then j; < i1 < i1 < 71 and (j1)w < (i1)w < (i1)w <
(j1)w and i;—2n < k—2n < k < 4; and (i))w—2n < (k)w < (k)w—2n < (i;)w;

(b) If 4y, 4 < J1, then j1 —2n < i;—2n < 4; < j; and (j1)w < (i))w—2n <
(i)w < (j1)w —2n and i1 < k < k <41 and (i))w < (k)w < (k)w < (i1)w.

Let ), (respectively, E7/) be the set of all w € E,, satisfying the condition
(a) (respectively, (b)).

From the matrix forms of elements, we see that w is in F,, and satisfies
the condition (a) (respectively, (b)) if and only if so does w=!. So by 5.11,

we get

Lemma 5.13. Let p= (2m+1,2,1,...,1) € Ag,, with some m > 1. Then
(1) B =E, and E"" = EIl.
(2) The group automorphism n of C,, interchanges the sets E}, and E.
(3) Ey is a disjoint union of subsets E,, and Ej;.

5.14. Let F), (respectively, F/) be the set of all w’ € C, satisfying the
condition (a') (respectively, (b’)) below.
(a’) There exist w’-wild heads j1, jo, ..., jm, k and w’-tame heads i1, s, ..., 9

satisfying that
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(1) (kyi1,80-1, ey 12, Jons 1y s J1591) = (1,2, ..., m);

(ii) 0 < (Jpy1)w' — (Jp)w' < 2n for any h € [ —1J;

(iil) (ip)w" < (ig)w’ < -+ < (i)w' < (k)w' + 2n < 2n;

(iv) (ip)w” < (j1)w" < (ipy1)w’ for some p € [I] with the convention that
(ir1)w" = (k)w'.

(b") There exist w’-wild heads j1, j2, ..., jm, k and w’-tame heads i1, is, ...,

satisfying that

() (kyi1, 09, oy 111, Jims Jme1s s J1,01) = (0 + 1,n + 2, ..., 2n);

(i) 0 < (jpy1)w" — (Jr)w’ < 2n for any h € [m — 1];

(iii) n < (k)w' < (i1)w" < (ig)w" < -+ < (i)w';

(iv) (ip)w'+2n < (j1)w' < (ip—1)w’ +2n for some p € [I] with the convention
that (ig)w’ = (k)w'.

5.15. By 5.11-5.12 and 5.14, we have F}/L - E;L and F;/L, C EL’ Also, we see by
3.3 and Lemma 3.2 that any left-connected component of EL (respectively,
E}}) contains some element of F}, (respectively,F}/).

Let g =(1,...,1,2,2l + 1,1,...,1) € Ay, where 2 is the (m + 1)-th com-
ponent of 5. Let Cg be the set of all T = (11,75, ...,Tom+1) € Cop with
&(T) = 3 (see 3.5).

Let F), := F/, U F//. By the technique similar to that used in the proof
of Lemma 4.6, we can find, for any w’ € F},, some z € ) satisfying z ~ w’
and T'(z) € Cs. Now we describe, for any w’ € F),, the generalized tabloid
T'(z) € Cp as follows. If w’ € F}, is as in 5.14 (a'), then

(5.15.1)  T(2) = ({{UGm)w")}, s LG} {LR)w'), ((ip)w')
{{(B)w"), {()w'), {(En)w'), ((n)w') | b€ [} \A{{(ip)w)},
{{G2)w)}, o {{Gm)w")}) -
where (i) ((k)w’) € [(i)w’ + 1,2n]; (i) p € [I]. If p < I, then (ipp1)w’ <

(j1)w' < (ip)w’; if p =1 then (j1)w’ is one of the three cases: (k)uw’ —2n <
(Fw < (iw', 1< (jw' < (k)w' = 2n, (Hw' < (ji)w' <0.
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If w' € F/ is as in 5.14 (b'), then

(5.15.2)  T'(2) = ({{(Gm)w")}, .. {{(G)w") b {LlR)w'), ((ip)w')},
{®)w’), (()w’), ((in)w'), ((@n)w’) | 7€ {3\ {{(ip)w")},
{{G2)w")}, oo {{(Gm)w’)}) -

where (i) ((k)w') € [(i1)w’ + 1,n]; (ii) p € [I]. If p > 1 then (i, 1)w’ <
(j1)w' + 2n < (ip)w'; if p=1 then (j1)w’ is one of the three cases: (k)w’ <
(j1)w' +2n < (i)w', n < (j1)w' +2n < (B)w', (k)w' < (j1)w' +2n < n
5.16. We see that T'(z) only depends on w’ € F},, but not on the choice of
z€Q, 2 ~ w’. So it makes sense to denote T'(z) by T'(w’). This defines a
map T : F,, — Cg. By 5.14-5.15, we see that T = (13,75, ..., Tomt1) € Cg
is in the image of T' if and only if T satisfies the following conditions:

(1) Let T; = {p;} for i € 2m+ 1]\ {m, m+ 1,m+2}. Then p; = pamt2—;
for i € [m — 1];

(2) By (1), we have U * T = {Gnomt1: Gnms - @1, q1, @25 s Gn—m+1}
for some 1 < @1 < g2 < -+ < @n_m+1 in [2n]. Then the ordered pair
(Thn, Trnt1) is in the set Fy U Eo U E3 U Ey, where

={({ @1} {an—m+1,a}) |1 € [n —m —1]}

={{g A, G} |7 € 2,n—m]}

{({ m—|—1}7 {Qn—mv Qn—m—l})a ({qn—m—i—l}a {qn—ma qn—m—l})}a
(

By ={({a1}: %, @3}), (a1}, {@2, 1)}

5.17. Keep the notation in 5.14-5.15 and take w’ € F),. Let T;(w’) be the
i-th component of T'(w’) for any i € [2m + 1]. We see that w' is in F,
if and only if (T, (w'), Tiny1(w')) € E1 U E3 and that w' is in F)/ if and
only if (T, (w"), Tynt1(w’)) € Ey U E4. This implies that the ordered pair
(T (w'), Tpy1(w')) (and hence the generalized tabloid T'(w’)) associated to
w’ € F), is always different from that associated to w’ € F)/. So each of £},

and El’j is a union of some left cells of C,, by Lemmas 3.6 and 2.15. This
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further implies by Lemmas 2.14, 2.16, 5.13 and 1.7 that each of £, and E}; is
a union of some two-sided cells of C,,. Let w; = 0,2,3,....,n—m—1,n+m+
1,n+m,...,n+2,n|and we = [1,—1,-2,..., —m,m+2,m+3, ...,n—1,n+1] be
in C, (see Figure 11). Then wy € F}, and wq € F};. By the argument similar
to that for Lemma 4.4 (3), we can prove that any w € F}, (respectively, w €
F!) is in the right-connected component of £}, (respectively, E}/) containing
wy (respectively, ws) (the proof is left to the readers). So by 5.15 and Lemma
2.18, we conclude that

(5.17.1) Each of E}, and E}; is two-sided-connected and hence forms a single

two-sided cell of 5’n.

lsta‘ﬂumn (n+21th column 15(01‘)\umn (1)1 column

\ ! \ !
S
ASH 7
1| ‘1 —— 1strow—— n 1
1 y / N 1
1 — (n+1)th row—— 1
m Y1
Ve <
Figure 11

Assume that T = (13,75, ..., Tom+1) € Cg satisfy the conditions (1)-(2) of

5.16. If (T}, Trn+1) € E1 U E3, then the element w’ € F, with T'(w’) = T is
uniquely determined by the conditions 5.14 (a’) and (5.15.1). This implies
by 5.15 that any left cell I' of C,, in E), is left-connected. Since E,; = n(E},)
by Lemma 5.13, any left cell I' of 6’n in EZ is also left-connected. So we
conclude that
(5.17.2)  All left cells of C,, in E,, are left-connected.
5.18. Now we want to enumerate the left cells in £, and E}/. Since n(E),) =
EZ, we need only deal with the set E;L By 5.16 and Lemma 3.6, we need
only to enumerate the generalized tabloids T = (711,75, ...,Tom+1) in Cg
satisfying the conditions 5.16 (1)-(2) but with the condition (7}, Tn+1) €
E1 U Ey U E3 U Ey replaced by (T, Tiny1) € B U Es.
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The number of the choices for the set

m—+2
E = U Tz = {q_n—m—l—laqn—ma ~"7617QI7Q27 "'7Q7L—m—|—1}

i=m

is (n +f’_m). Once F is fixed, the number of the choices for the triple
(Trs Trns1, Trna2) is |E1 U E3| = n+ 1 — m, while the number of the choices
for the (m — 1)-tuple (T1,To, ..., Tm_1) is 27" (m — 1)!. Let n(u), n'(n),

n” (1) be defined as in Theorem 5.1 (3). Then we have

1 n
/ - — — _ om—1 1) —
(5.18.1) n'(u) =n" () 2n(u) (n—m+1)(n+1 m)-2" " (m—1)!
2m=1.p|
—— for p=2m+1,2,1,...,1) € Ag,.
(n—m)!

If m > 1, then the number of the choices for the integer (j,,)w in the
condition (5.11.1) is infinite, hence
(5-18-2) |E(2m+1,2,1 ..... 1)| = Q.

On the other hand, denote p; ; 1= t;t;_1 - - - titotnti -~ -t;_1t; for i,j € [n]
and ¢q; j = 1n(ps;). Then Ejyi0ns = {qi; | 1,J € [n]} and Egy 005 = {pij |
i,j € [n]}. So we conclude that
(5.18.3) The set Eggq2n-5 = Egp 20-5 U By 205 is finite.

So by (5.17.1)-(5.17.2) and (5.18.1)-(5.18.3), it is proved for all the asser-
tions of Theorem 5.1 involving the partition p = (2m+1,2,1,...,ml) € Ag,.

§6. The cells in the weighted Coxeter group (6'3,27).

As an application of Theorems 4.9 and 5.1, we shall describe all the cells
of the weighted Coxeter group (63, Z) in this section.

Recall the notation E) for A € Ag,, and 7 : 5n — én defined before (see
2.17 and 2.7). Let n()\) be the number of left cells of C,, in Ey. When E)
is a union of two two-sided cells (say E}, EY) of C., denote by n/(\), n” ()
the numbers of left cells of C,, in E', EY, respectively.

The main result of the section is as follows.

Theorem 6.1. In the weighted Cozeter group (53,?), we have
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(1) Ey is a single two-sided cell of Cs if A € {6,51,42,32 313 23 16}
and is a union of two two-sided cells of Cs if A\ € {412,321, 2212, 214}, E,
is finite if X € {1%,214,2212 321}, and infinite if otherwise.

(2) n stabilizes the two-sided cells E},2 and Eys ., and interchanges the
following pairs of two-sided cells: E} 2, EY 2; F301, Eg31; Foja, EYja.

(3) The numbers n(X) for any A € Ag are listed as follows.

A | 6|51 |42|41%2| 3% | 321|313 | 23 | 2212 | 214 | 16
n(A) [ 48| 24| 24| 12 | 12 6 6 8 5 2 1

where n'(41%) = n"(41%) = 6, n/(321) = n”(321) = 3, n'(2212) = 4,
n”(221%) = n/(21%) = n"(21%) = 1.
(4) Each left (respectively, two-sided) cell of Cs is left- (respectively, two-

sided-) connected.

6.2. All the results in Theorem 6.1 follow by Theorems 4.9 and 5.1 except
for those involving the partitions 32 and 23.

Consider the partial order <,, on [6] with respect to a fixed w € Cs. The
following equivalent conditions hold by Lemma 3.2:
(1) ¥(w) = 32 if and only if one of the conditions (1a)-(1c) holds for some
pairwise not 6-dual 7, j, k € [6]:

(la) 4 is w-tame and j, k are both w-wild heads such that i <,, k, that
i < j and that j, k are w-uncomparable;

(1b) k is a w-wild head and i,j are both w-tame such that j <, i <, k
and that k is w-uncomparable with j;

(1c) i, j, k are all w-tame with i <., j <, k.
(2) ¥ (w) = 23 if and only if one of the conditions (2a)-(2c) holds for some
pairwise not 6-dual 4, j, k € [6]:

(2a) i, 7, k are all w-wild heads which are pairwise w-uncomparable;

(2b) i is w-tame; j, k are both w-wild heads which are w-uncomparable;

i is w-comparable with some element either in {j, k}, or in {j, k} but not

both;
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(2¢) k is a w-wild head and i, j are both w-tame heads such that j <,, ¢
and that k is w-uncomparable with 4, j.

Since {[6i —1,61,3] | i € Z\ {0}} C Ez2 and {[3i +1,3i +2,3i + 3] | i €
Z\ {0}} C Eqs, we have
(6.2.1) |E3z| = |Fas| = 0.

6.3. Let Fj, be the set of all w' € Cj satisfying the condition (6.3.1) below.
(6.3.1) There exists some pairwise not 6-dual 4, j, k € [6] such that one of
the following conditions holds:

(a) i is a w’-tame head and j, k are both w’-wild heads such that (i) j < k
and (jw' < (k)w' < (j)w' +6; (i) j < i and k < 4; (iii) (z)w’ < (j)w’ and
(i)w" < (k)w'; (iv) either (k)w’ < (i)w’ + 6 or (jw' < (i)w';

(b) k is a w-wild head and 14, j are both w-tame heads such that (i) i < j
and (i)w’ > (j)w'; (ii) either (k,i,j) = (4,5,6) and 6 < (4)w’ < (1)w" + 6,
or (k,i,7) = (1,4,5) and 3 < (1w’ < (4)w';

(c) w' =[3,2,1].

Then we see by 3.3 and 6.2 (1) that for any w € Ej2, there exists some
w' € Fy, such that w,w’ are in the same left-connected component of Eg-.

6.4. Let
F, ={[4,2,0],[4,1,-1],[5,3,0],[5,1,—2], [5,1, —3],
6,3,—-1],[7,3,—-1],[4,2,6],[5, 3, 6]},
F, ={[3,2,0],[3,1,—-1],[4,2,1],[5, 3, 1]}, F3 ={[3,2,1]}.

Then w’ € Fj, satisfies the condition (a) in (6.3.1) if and only if there
exists some w € F; such that w,w’ are in the same left-connected component
of Fg2. w' € Fj, satisfies the condition (b) (respectively, (c)) in (6.3.1) if
and only if w’ is in the set Fy (respectively, F3).

6.5. Let x1 = [4,2,6], xo = [4,2,1], y1 = [5,3,6] and yo = [5,3,1]. Then
r1,y1 € F1, x0,y2 € Fs, xo = t3xy and yo = t3yi. So the elements x1, o

(respectively, y1,y2) are in the same left-connected component of Ez=. Let

Fs2 = (F UF, UF3)\ {[4,2,6],[5,3,6]}.
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We see from Figure 12 that the elements of F32 are in the same right-

connected component of F32 and have pairwise different generalized T-invariants

(see 2.9 and 2.11).

[5.3.01 [6,3,-1] [7,3,-1]

A——ia

|
[3.1-1] [3.2,0] [4,2,0] [4.1.-1] [5.1,-2] [5.1,-3]

[3,2,1] [4,2,1] 5,3,1]

Figure 12

So by Lemmas 2.15-2.16 and 2.18, we see that
(6.5.1) Ejg2 is two-sided-connected and forms a single two-sided cell of Cs
with n(32) = |F2| = 12, cach left cell of C in Es2 is left-connected.

6.6. Next consider the set Fas. Let I3 be the set of all w’ € C; satisfying
the condition (6.6.1) below.
(6.6.1) There exists some pairwise not 6-dual i, j, k € [6] satisfying one of
the conditions (a)-(c) below:

(a) 1,7,k are all w’-wild heads satisfying (i) i < j < k and 4 < ()w’ <
(J)w" < (k)w" < 9; (ii) i € [3] unless (i)w’ > 6; (iii) kK = 6 unless (k)w’ < 6;

(b) i is a w'-tame head and j, k are both w’-wild heads such that (i) j < k
and (j)w' < (k)w' < (j)w'+6; (ii) assume j < 4. if k < i then (k)w’ < (i)w’;
if k> i then (j)w' < (i)w’ < (k)w'; (iii) assume 7 < j < i. if k < i then
(w' < (k)w' < (i)w’ + 6; if k > i then either (i)w' < (jlw' < (k)w' <
(i)w' +6, or (I)w' < (j)w' < (i)w’ and (I)w’' < (k)w' —6 < (I)w'; (iv) if i < j
then (i)w' < (k)w' —6 < (i)w';

(¢) k is a w’-wild head and i, j are both w’-tame heads with i < j and
(j)w’ < (i)w’ such that (i) j < k and 3 < (k)w’ < (j)w' +6; (ii) either i < k,
or k <iand 3 < (k)w < (i)w'.

By 6.2 (2) and 3.3, we see that for any w € Eas, there exists some w’ € F)s

such that w,w’ are in the same left-connected component of Eas.
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6.7. Let

F} ={[4,5,6],[0,4,5],[—1,4,6],[-2,5,6],
[—2,-1,0],[-1,0,4],[-2,0,5],[-2, —1,6]},
F) ={[4,1,5],]0,4,2],[2,4,6],[3,5,6], [2,0,4], [0, 3, 5], [-1, 3, 6],
—1,1,4],[-2,1,5],[-1,3,0],[-2,—-1,1],[-2,0, 2]}
F; ={[2,1,4],[3,1,5],[0,3,2],[-1,3,1]}.

Then we see by 3.3 that any « € F; satisfying the condition (a) (respec-
tively, (b), (c¢)) in (6.6.1) is in a left-connected component of Fas containing
some element of Fy (respectively, Fj, Fy).

Let Fos = Fy U Fy, where

F ={[0,4,2],[0,3,2],[~1,3,1],[-1,3,0]},
Fy, ={[2,0,4],[2,1,4],[3,1,5], 4,1, 5]}.

Then it is easy to check that any =z € Uizl F] is in a left-connected
component of Fas containing some element of Fas.
6.8. We see from Figure 13 that no two elements of Fys have the same

generalized T-invariants (see 2.9 and 2.11).

[0,4,2) [0.32] [1,3.1] [-1,3,0] [4,.1.5] [3,.1,5] [21.4] [2,0,4]

03 o2—1—Ad 3—+H2 ig—o3

Figure 13

On the other hand, we have

4.2 = totgta ~ tototat1 ~ t1ts ~ t1tpts = |2 4|.
0,4, 2] 2tots ~ totatsts ~ tits ~ titots 2,0,4]

This implies that Fys is contained in a two-sided-connected component of
Fas. By Lemmas 2.15-2.16 and 2.18, we see that
(6.8.1) Eqs is two-sided-connected and forms a single two-sided cell of Cs

with n(23) = |Fys| = 8, each left cell of Cs in Egs is left-connected.
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So we complete the proof of Theorem 6.1 by Theorems 4.9, 5.1 and the

results (6,2,1), (6.5.1), (6.8.1).

N

10.

11.
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