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Abstract. We give an explicit description in terms of rooted graphs for representatives
of all the congruence classes of presentations (or r.c.p. for brevity) for the imprimitive
complex reflection group G(m,p,n). Also, we show that (S, Pg) forms a presentation of
G(m,p,n), where S is any generating reflection set of G(m,p,n) of minimally possible
cardinality and Pg is the set of all the basic relations on S.

Introduction.

In [7], we describe r.c.p. for two special families of imprimitive complex reflec-
tion groups G(m,1,n) and G(m,m,n) in terms of graphs. In the present paper, we
shall extend the results to the imprimitive complex reflection group G(m,p,n) for any
m,p,n € N with pjm (read “ p divides m ”) and 1 < p < m.

Let ¥(m,p,n) be the set of all the reflection sets S of G(m,p,n) such that (S, P)
forms a presentation of G(m,p,n) for some relation set P on S (see 1.7 and 2.6). We
associate each S € ¥(m,p,n) to a connected rooted graph I'y with exactly one circle
(see 1.6 and Lemma 2.2). Also, we define a value §(S) € N for each S € ¥(m,p,n)
(see 2.3), which satisfies the condition ged{d(S),p} = 1 by Theorem 2.4. Then our first

main result (i.e., Theorem 2.9) asserts that the congruence of a presentation (S, P) for
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G(m,p,n) is entirely determined by the isomorphism class of the rooted graph I'y if the
circle of Iy contains more than two nodes, and by the isomorphism class of Iy and the
value ged{d(S), m} if the circle of I'y contains only two nodes.

Next we introduce the set Pg of the basic relations on any S € ¥(m,p,n) (see (A)-
(M) in 4.2-4.3). Our second main result (i.e., Theorem 6.2) asserts that (S, Ps) forms
a presentation of G(m,p,n). There are two crucial steps in proving this result: one is
to apply a circle operation on the set ¥(m,p,n), as we did before on the set (m, 1,n)
and 3(m,m,n) in [7]; the other is a transition between certain pair S, X € ¥(m,p,n),
which is new, where both I'y and I'y are a string with a two-nodes circle at one end
and with the rooted node on the circle and not adjacent to any node outside the circle;
X differs from S only by one reflection of type I whose corresponding edges are on the
circles of the respective graphs (see 6.3).

Comparing with the cases of G(m,1,n) and G(m,m,n), the cardinality of any S €
Y(m,p,n) is n+1, rather than n. Hence there are more basic relations on S. This makes
our treatment for G(m, p,n) more complicated than that for G(m, 1,n) and G(m,m,n).
We introduce the concept of a generalized circle sequence and a root-circle sequence in
the graph I'y (see 4.3). We use them to simplify our discussion for the circle relations,
root-circle relations and circle-root relations on S (see relations (J), (K), (L) in 4.2).

Let X be the subset of S containing the reflection of type II such that Iy is the
subgraph of I'y corresponding to the root-circle sequence. Then by Theorem 2.4, we see
that the subgroup (X) of G(m,p,n) generated by X is isomorphic to G(m,p, |X| —1).
Moreover, it is easily seen by Theorem 2.4 that a subset X’ of S satisfies the condition
(X') =2 G(m,p,|X’| —1) if and only if X’ D X and the graph I'x/ is connected. Denote
X by Sp. It looks likely that a presentation (S, P) has a simpler relation set P when the
graph I' has no branching node and when the subgraph obtained from I' by removing
I, is either a string or empty. In particular, two cases are worthy to be mentioned:

one is when I'y is a string with a two-nodes circle at one end (the presentation given
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in [1, Appendix II] belongs to such a case, see 4.1); the other is when I'y is a rooted
circle. The latter may convenience us to associate G(m,p,n) with the extended affine
Weyl group of type A,_1 in the study of the group G(m,p,n).

Theorems 2.9 and 6.2 suggest an effective way to find a representative (S, P) for any

congruence class of presentations of G(m,p,n), see Remark 2.10 (1) for getting S, and

see relations (A)—(M) in 4.2-4.3 and Remark 6.9 (1) for getting P.

It is interesting to find an essential presentation (see 1.7) by removing some redundant
relations from any presentation of G(m, p,n) given in the paper. However, this has not
yet been solved in general (see Remark 6.9 (1)). We can deal with it only in some special

cases or when the given numbers m, p, n are smaller.

The contents of the paper are organized as follows. Section 1 is the preliminaries,
some concepts, notations and known results are collected there. We show the first main
result in Section 2. Then Sections 3-6 are served to show the second main result. More
precisely, we introduce the circle operations on the set 3(m,p,n) in Section 3; Basic
relations on any S € ¥(m,p,n) are introduced in Section 4; In Section 5, we consider
the equivalence of the basic relation sets Pg on S € ¥(m,p,n) when S is changed by
a circle operation; finally, we consider the equivalence of the basic relation sets Ps on
S € 3(m,p,n) when I's has a two-nodes circle with the rooted node on it and when the

value 6(S) is changed.

§1. Preliminaries.

1.1. Let V be a complex vector space of dimension n. A reflection on V is a linear
transformation on V' of finite order with exactly n—1 eigenvalues equal to 1. A reflection
group G on V is a finite group generated by reflections on V. A reflection group G on
V' is called a real group or a Coxeter group if there is a G-invariant R-subspace Vj of
V such that the canonical map C ®g Vj — V is bijective. If this is not the case, G will

be called complex. (Note that, according to this definition, a real reflection group is not
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complex.)

Since G is finite, there exists a unitary inner product (, ) on V invariant under G.

From now on we fix such an inner product.

1.2. A reflection group G in V is imprimitive, if G acts on V irreducibly and there
exists a decomposition V =V; & ...... @ V.. of nontrivial proper subspaces V;, 1 <i < r,
of V such that G permutes the set {V; | 1 <i < r} (see [2]).

1.3. Let S,, be the symmetric group on n letters 1,2,...,n. For o € 5,,, we denote
by [(a1,...,an)|o] the n X n monomial matrix with non-zero entries a; in the (i, (i)o)-

positions. For p|m in N, we set

m/p

G(m,p,n) = < [(a1,...,an)|0] |a; € Cia]* =1V 1 <i<n Haj =1;0€ 8,
j=1

G(m,p,n) is the matrix form of an imprimitive reflection group acting on V' with respect
to an orthonormal basis eq,es,...,e,, which is Coxeter only when either m < 2 or
(m,p,n) = (m,m,2). We have G(m,p,n) = G(1,1,n) x A(m,p,n), where A(m,p,n)
consists of all the diagonal matrices of G(m,p,n), and G(1,1,n) = S,.

There are two special imprimitive reflection groups G(m,1,n) and G(m,m,n) with
the inclusions G(m,m,n) C G(m,p,n) C G(m,1,n), where the smaller ones are normal
subgroups of the bigger ones. We described r.c.p. for these two families of groups in
[7]. In the present paper, we shall deal with the imprimitive group G(m,p,n) for any

m,p,n € N with pjm and 1 < p < m.

From now on, we shall always assume n > 2, p|m and 1 < p < m when we consider
the group G(m,p,n) unless otherwise specified.
1.4. For an orthonormal basis ei, ...,e, of V, Gn = e2™/™ p,, = {¢* | k € Z}, and

q=p tmeN\ {1}, put
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Ry = pig - pim - {Crei—ej | 1,5,k €Z,1 <i#j<n},
Ry = pig - {ex | 1 <k < n},

R(m,p,n) = R; U Rs.

Then R(m,p,n) is a root system of the group G(m,p,n) (refer [2] for the definition of
a root system).
1.5. There are two kinds of reflections in the group G(m,p,n) as follows.

(i) One is with respect to a root in R;. It is of the form

s(i, i k) :=[(1,...,1,¢ R0, ., 1, ¢k 1., 1)]3, )],

k
m

where (.F, with some k € Z are the ith, resp. jth components of the n-tuple and
(4,7) is the transposition of ¢ and j for some 1 < i < j < n. We call s(i, j; k) a reflection
of type I. Clearly, any reflection of type I has order 2. We also set s(j,1; k) = s(i, j; —k).

(ii) The other is with respect to a root in Ro. It is of the form

s(isk) = [(1,...1,¢, 1, ..., 1)|1]

for some k € Z, where C(’; occurs as the ith component of the n-tuple and 1 is the identity
element of S,,. We call s(i; k) a reflection of type II. s(i; k) has order q/ged{q, k}.
All the reflections of type I lie in the subgroup G(m,m,n).

1.6. For any Z C {1,2,...,n}, let Vz be the subspace of V spanned by {e; | i € Z}.
Let Rz(m,p,n) = R(m,p,n)NVy. Then Rz(m,p,n) is a root subsystem of R(m,p,n).
Let Gz(m,p,n) be the subgroup of G(m, p,n) generated by the reflections with respect
to the roots in Rz(m,p,n). Then Gz(m,p,n) = G(m,p,r) with r = |Z|. To any
set X = {s(in,jn;kn) | h € J} of reflections of Gz(m,p,n) (J a finite index set), we

associate a digraph Fz,x = (NX,EX) as follows. Its node set Nx is Z, and its arrow
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set Ex consists of all the ordered pairs (i, 5), i < j, with labels k, where s(i,j; k) € X
(hence, if s(i,7;k) € X and i > j, then T'z x contains an arrow (j,i) with the label
—k). Denote by I'z x the underlying graph of fZ,X; ie., 'z x = (Z,Ex) is obtained
from T'z x by replacing all the labelled arrows (i,j) by unlabelled edges {i,j}, where
Ex denotes the set of edges of I'z x.

We see that the graph I'z x has no loop but may have multi-edges between two
nodes.

The above definition of a graph can be extended: to any set X of reflections of
Gz(m,p,n), we define a graph I'z x to be 'z x, where X’ is the subset of X consisting
of all the reflections of type I. When X contains exactly one reflection of type II (say
s(i;k)), we define another graph, denoted by I'; y, which is obtained from I'z x by
rooting the node 1, i.e., I';  is a rooted graph with the rooted node i. Sometimes we
denote I'; y by (Z, Ex,1i).

When Z = {1,2,...,n}, we simply denote I'x (resp. I'y) for I'z x (resp. I'; x).

Note that when X is the generator set in a presentation of G(m,p,n), the graph
['x defined here is different from a Coxeter-like graph given in [1, Appendix 2|: in a
Coxeter-like graph, all the generating reflections are represented by nodes; while in a
graph defined here, most of the generating reflections are represented by edges.

Two graphs (N, E) and (N’, E’) are isomorphic, if there exists a bijectionn : N — N’
such that for any v,w € N, {v,w} is in E if and only if {n(v),n(w)} is in E’.

Two rooted graphs (N, E,i) and (N, E’,i’) are isomorphic, if there exists a bijection
n: N — N’ with n(i) = ¢ such that for any v,w € N, {v,w} is in F if and only if
[n(v).n(w)} is in B
1.7. For a reflection group G, a presentation of G by generators and relations (or a
presentation in short) is by definition a pair (S, P), where

(1) S is a finite generator set for G which consists of reflections, and S has minimal

cardinality with this property.
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(2) P is a finite set of relations on S, and any other relation on S is a consequence
of the relations in P.

A presentation (5, P) of G is essential if (S, Pp) is not a presentation of G for any
proper subset Py of P.

Two presentations (S, P) and (S’, P’) for G are congruent, if there exists a bijection
n:S — S’ such that for any s,t € S,

(%) (s,t) = (n(s),n(t)), where the notation (x,y) stands for the group generated by
x,Y.

In this case, we see by taking s = t that the order o(s) of s is equal to the order
o(n(s)) of n(s) for any s € S.

If there does not exist such a bijection 7, then we say that these two presentations
are non-congruent.

When a reflection group G is a Coxeter group, Coxeter system can be an example of
the presentations of G. However, G may have some other presentations not congruent
to (S, P). For example, let G be the symmetric group S,,. Then one can show that the
set of all the congruence classes of presentations of S, is in one-to-one correspondence to
the set of isomorphism classes of trees of n nodes. The presentation of S,, as a Coxeter
system corresponds to the string with n nodes.

Suppose that the structure of a reflection group G is known. Then by the above
definition of a presentation, we see that for any generator set S of G with minimally
possible cardinality, one can always find a relation set P on S such that (S, P) is a
(essential) presentation of G. The congruence of the presentation (5, P) is entirely
determined by the generator set S. So it makes sense to talk about the congruence
relations among the generator sets of a reflection group G when a reflection group G is
given.

1.8. For any non-zero vector v € V, denote by [, the one dimensional subspace Cv of

V spanned by v, we call it a line. In particular, denote [; := [., for 1 < ¢ < n. Let



8 Jian-yi Shi

L ={l; |1 <i<n}. Then a reflection of the form s(i,j; k) in G(m,p,n) interchanges
the lines [;, I; and leaves all the other lines I}, h # 4, j, in L stable. A reflection of the
form s(i; k) stabilizes all the lines in L. More generally, any element of G(m,p,n) gives
rise to a permutation on the set L, and the action of G(m,p,n) on L is transitive.

Let X be a set of reflections of G(m,p,n) and let (X) be the subgroup of G(m,p,n)
generated by X. Then the action of (X) on L is transitive if and only if the graph I'x
is connected. In particular, the graph I'x must be connected when X is the generator

set of a presentation of G(m,p,n).

§2. The generator sets in the presentations for G(m,p,n).
In the present section, we shall describe the generator set S in a presentation (.S, P)
for the group G(m,p,n). Set ¢ = m/p.

Let us first show

Lemma 2.1. Let X be a subset of G(m,p,n) consisting of n — 1 reflections of type I
and one reflection of type II and of order q such that the graph I'x is a tree. Then X

generates a subgroup of G(m,p,n) isomorphic to G(q,1,n).

Proof. We have a decomposition X = X; U {s(i;k)}, where X; is the set of n — 1
reflections of type I in X, the integers i, k satisfy 1 < i < n and ged{k,q} = 1 (since
the order of s(i;k) is ¢). Then I'x, = I'x is a tree. Let Gy := (X;3). Then G; =
Sp by [7, Lemma 2.7]. By the connectivity of the graph I'x,, we see that for any
1 < j < n, there exists a sequence of nodes i; = i,149,...,%, = j in I'x, such that X;
contains the reflections s, = s(ip, ip41; k) for any 1 < h < r and some kj, € Z. Thus
s(j;k) = Sp—18r—2...51 - s(i; k) - 81...8,—1 is contained in the group G := (X). By the
condition of ged{k, ¢} = 1, the subgroup D of G(m, p,n) generated by s(i; k), 1 < i < n,
consists of all the diagonal matrices of the form [(¢}*,¢¥2, ..., (k) [1], where ¢, = 2™¥/4,
and ki,...,k, € Z. So D = A(q,1,n). It is easily seen that G = GG x D and hence
G>=G(g,1,n). O
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Next result is concerned with the members of the generator set in a presentation of

G(m,p,n).

Lemma 2.2. The generator set S in a presentation (S, P) of the group G(m,p,n)
consists of n reflections of type I and one reflection of type II and of order q. Hence the

graph I's is connected with n edges.

Proof. By the definition of a presentation and by [1, Appendix 2], the set S is of
cardinality < n+ 1. Let a1 (resp. az) be the number of reflections in S of type I (resp.
of type II and of order ¢). Then we have as > 1 and hence a; < n. So the graph I'g has
at most n edges. Since the action of the group G(m,p,n) on L is transitive (see 1.8),
the graph I'g must be connected and hence has at least n — 1 edges since it has n nodes.
So a; > n—1 and hence ay < 2. Let X be a subset of S consisting of n — 1 reflections of
type I and one reflection of type II and of order ¢ (say s = s(i; k) for some integers i, k
with 1 <4 < n and ged{k, ¢} = 1) such that the graph I'x is connected. Let G = (X).
Then by Lemma 2.1 and its proof, we see that G = G(q,1,n), which contains all the
reflections of G(m, p,n) of type II. By comparing the orders of G(m, p,n) and G(q, 1,n),
we see that G is a proper subgroup of G(m,p,n). Since S generates G(m,p,n), S must

contain one more reflection of type I than X. This proves our result. [

2.3. Assume that X is a reflection set of G(m, p,n) such that the graph I'x is connected
and contains exactly one circle, say the edges of the circle are {ap, ap41}, 1 < h < 7 (the
subscripts are modulo 7) for some integer 2 < r < n. Then X contains the reflections
s(ap,aps1; kp) with some integers kj, for any 1 < h < r (the subscripts are modulo 7).
Denote §(X) := |35 _; kal-

Now we can characterize a reflection set of G(m,p,n) to be the generator set of a

presentation as follows.

Theorem 2.4. Let X be a subset of G(m,p,n) consisting of n reflections of type I and

one reflection of type II and of order q such that the graph I'x is connected. Then X is
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the generator set of a presentation of G(m,p,n) if and only if gcd{p,d(X)} = 1.

Proof. We have a decomposition X = X; U{s(i;k)}, where X7 is the set of n reflections
of X of type I. By Lemma 2.1 and its proof, we see that the group G := (X) contains
all the reflections of type II in G(m, p, n).

Let d = ged{m,d(X1)} (note that §(X;) = §(X)). Let Dy (resp., D3) be the set of
all the diagonal matrices of the form [(¢*14, ..., ¢¥»)[1] (vesp., [(¢MP, ..., (" P)[1]), where
¢ =e¥/m ki h; € Zand ky + ... + k, = 0. Let D = (Dy, Ds). Let Xo be a subset of
X1 with | X2 =n —1 and I'x, connected. Let G; = (X;) and G2 = (X3). Then by [7,
Lemmas 2.13 and 2.16], we have G; = D1 x G2 with G2 = S,,. Let G3 = (X5, s(i; k)).
By Lemma 2.1, we have G3 = Dy x G2 = G(q,1,n). Hence G := (X) = D x G3. We
see that G = G(m, p,n) if and only if D = A(m,p,n). We know that A(m,p,n) is the
set of all the diagonal matrices of the form [(¢",...,¢")|1] with p| >0, ;. It is easily
seen that D = A(m,p,n) if and only if ged{d,p} = 1 if and only if ged{p,d(X)} = 1.

So our result follows by Lemma 2.2. [J

Remark 2.5. Under the assumption of Theorem 2.4, if p = 1 then the condition
“ged{p,d(X)} =17 trivially holds; on the other extreme, if p = m then this condition
becomes ged{m,d(X)} = 1. By [7, Theorems 2.8 and 2.19], we see that Theorem 2.4
also holds in the case of p = 1, m, provided that the sentence “ X is the generator set
of a presentation of G(m,p,n) "is replaced by “ X is a generator set of G(m,p,n) ”.

2.6. Let X(m,p,n) be the set of all the reflection sets S, where each of those comes
from a presentation (S, P) of the group G(m,p,n). By Theorem 2.4, we know that any
S € ¥(m, p,n) has a decomposition S = S;U{s(i; k)}, where Sy consists of n reflections
of type I with I's, connected and ged{d(S1),p} = 1, and s(¢; k) satisfies 1 < i < n and
ged{k,q} =1, ¢ = m/p. Thus we can define a rooted graph I'y for any S € X(m,p,n).
Let S; = {tp | 1 < h < n}and s =s(i;k). For 1 < h < n, denote by e(t;) the edge of

I’y corresponding to t;,. Then we have the following relations:
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(i) s7=1;
(ii)t%zlforlghgn;
(iii) tpt; = tity, if the edges e(ty) and e(t;) have no common end node;
(iv) tptity, = titpt; if the edges e(ty,) and e(t;) have exactly one common end node;
(v) (tnt))™4 = 1if t), # t; with e(t,) and e(t;) having two common end nodes, where
d = ged{m,d(5)};

(vi) stpstp = tpstys if i is an end node of e(ty);

(vii) stp = tps if i is not an end node of e(ty);

We call (i)-(ii) the order relations on S, and (iii)-(vii) the braid relations on S.

We see that the congruence of S € ¥(m,p,n) is entirely determined by the order
and braid relations (or briefly, the 0.b. relations) on S, the latter are determined in
turn by the rooted graph I'g except for the case where I''y contains a two-nodes circle.

In this exceptional case, they are determined by the graph I'y together with the value
ged{m, §(S)}. So we have the following

Lemma 2.7. Let S,S" € ¥X(m,p,n).

(1) Suppose that I' contains a circle with more than two nodes. Then S and S" are
congruent if and only if I"g = TG, ;

(2) Suppose that I contains a two-nodes circle. Then S and S’ are congruent if and

only if I'g 2 Ty, and ged{m, §(5)} = ged{m,s(S5")}.

2.8. Denote by A(m, p) the set of all the numbers d € N such that d|m and ged{d, p} = 1.
Let I'(m, p, n) be the set of all the connected rooted graphs with n nodes and n edges. Let
'y (m, p,n) be the set of all the rooted graphs in I'(m, p, n), where each of those contains a
two-nodes circle. Let I's(m, p,n) be the complement of I'y (m, p, n) in I'(m, p, n). Denote
by f(m,p, n) (resp., fi(m,p, n)) the set of the isomorphism classes in the set I'(m, p, n)
(resp., I';(m,p,n)) for i = 1,2 (see 1.6).

Let f](m, p,n) be the set of congruence classes in ¥(m, p,n). Then the following is the
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first main result of the paper, which describes all the congruence classes of presentations

for G(m,p,n) in terms of rooted graphs.

Theorem 2.9. The map ¢ : S — I' from X(m,p,n) to I'(m,p,n) induces a surjec-
tion (denoted by 1;) from the set i(mm, n) to the set f(m,p, n). Denote ii(m,p, n) =
Jﬁl(fi(m,p, n)) fori=1,2. Then the map QZ gives rise to a bijection from ig(m,p, n)
to Ty(m,p,n); and also the map S — (', ged{m, 6(S)}) induces a bijection from

il(m,p, n) to fl(m,p, n) x A(m,p).
Proof. This follows by Theorem 2.4 and Lemma 2.7. [J

Remark 2.10. (1) By Theorem 2.9, we have an effective way to find a represen-
tative S for any given congruence class in ¥(m,p,n). Fix a connected rooted graph
I'" = ([n], E,a) with |E| = n (hence I'" contains a unique circle) and a number
k € A(m,p). We choose an arrow (say (h,l)) on the circle of I'" and take S =
{t(h,l; k), s(a;1),t(i,5;0) | (4,5) € E\ {(h,1)}}. Then we see by Theorem 2.4 that
S is in X(m,p,n) with I'y = I'" and §(S) = k. If the circle of I'" contains more than
two nodes, then the congruence class of S is determined by I'" alone. If I'" contains a
two-nodes circle, then the congruence class of S is determined by both I'" and k.

(2) Comparing with Theorem 2.9, we showed in [7] the following results concerning
the congruence classes of presentations for the groups G(m,1,n) and G(m, m,n):

(a) The map (S,P) — I'y induces a bijection from the set of all the congruence
classes of presentations for the group G(m,1,n) to the set of isomorphism classes of
rooted trees with n nodes (see [7, Theorem 3.2]).

(b) The map (S,P) — I's induces a bijection from the set of all the congruence
classes of presentations for the group G(m,m,n) to the set of isomorphism classes of
connected graphs with n nodes and n edges (or equivalently with n nodes and exactly

one circle) (see [7, Theorem 3.4]).

§3. Circle operations on the set X(m,p,n).
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In the subsequent sections of the paper, we want to find, for any S € X(m,p,n),
a relation set P on S such that the pair (S, P) forms a presentation of G(m,p,n). A
crucial tool to do this is an operation, called a circle operation on the set X(m,p,n).
We shall introduce such an operation in the present section.

3.1. Assume that X is a reflection set of G(m,p,n) such that I'x contains exactly one
circle, say the edges of the circle are {cp, cpy1}, 1 < h < r (the subscripts are modulo )
for some integer 2 < r < n. Then X contains the reflections s(cp,, cp41; kp) with some
integers kj,, 1 < h < r (the subscripts are modulo 7). Denote §(X) := [>_] _; kn|. We
see that §(X) is independent of the choice of an orientation for the circle in I'x.

3.2. Suppose that I'y in 3.1 also contains an edge {co,c1} with ¢y # ¢2,c¢,.. Hence
X contains a reflection s(co, c1; ko) for some ky € Z. Let Y = (X \ {s(¢r,c1;k)}) U
{s(cy,co; kr — ko)} Then the graph I'y can be obtained from I'x by replacing the edge
{¢r,c1} by {cr,c0}. We see that the graph I'y also contains exactly one circle with
0(Y) = 6(X). We call the transformation X — Y a circle expansion and the reverse
transformation Y — X a circle contraction. We call both transformations circle oper-
ations. It is easily seen that the graph I'x is connected if and only if so is I'y. Since
s(cp, co; kr — ko) = s(co, 15 ko)s(er, c1; kr)s(co, c1; ko), we have (V) = (X).

We see that a circle contraction on X is applicable whenever X has a circle with at
least three nodes. Also, a circle expansion on X is applicable whenever there exist a
circle and an edge in I'x which have a unique common end node.

Recall the notation ¥(m, p,n) defined in 2.6. The following result shows that a circle

operation, when applicable, stabilizes the set ¥ (m, p,n).

Lemma 3.3. For X € X(m,p,n), let Y be obtained from X by a sequence of circle
operations. Then (Y) = (X) and §(Y) = §(X). Hence Y € X(m,p,n).

Proof. This follows by the above discussion and by Theorem 2.4. [

Next two results are concerned with the action of circle operations on 3(m, p,n).
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Lemma 3.4. Any X € X(m,p,n) can be transformed to some X' in 3(m,p,n) by

applying a sequence of circle expansions so that the graph I'x: becomes a circle.

Proof. We know by Lemma 2.2 that the graph 'y is connected and contains exactly
one circle. If I'x is itself a circle then there is nothing to do. Otherwise, let c1, co, ..., ¢,
be the nodes on the circle of I'x such that X contains reflections t, = s(cp, chy1;kp)
for any 1 < h < r (the subscripts are modulo r) and some kj, € Z. Then X also
contains a reflection ¢t = s(c¢;, ¢; k) for some 1 < j <r, ce€{1,2,...,n}\{c1,...,c.} and
ke Z. Let s =tt; it and let X" = (X \ {t;-1}) U{s}. Then X" is obtained from X
by a circle expansion with §(X”) = §(X). Hence X" € X(m,p,n) by the assumption
X € X(m,p,n) and by Theorem 2.4. There are r + 1 nodes on the circle of I'x~». By
induction on n —r > 0, we can eventually transform X to some X’ € ¥(m,p,n) with

I'x/ a circle by successively applying circle expansions on X. [

Lemma 3.5. Any X € X(m,p,n) can be transformed to some X' in 3(m,p,n) by a
sequence of circle operations such that the graph I'', is a string with a two-nodes circle
at one end and with the rooted node on the circle and not adjacent to any node outside

the circle.

Proof. By Lemma 3.4, we may assume without loss of generality that the graph I'x
is a circle, say cq,cs,...,c, are nodes of I'x such that X consists of the reflections
th = s(ch,chi1;kn) for 1 < h < n (the subscripts are modulo n) and s = s(cy; k). Let
tho1 = tntn_1tp and t =t t;tl, for 2 < j <n—1. Let X;, 1 = (X \ {tn})U{t,_1}
and X; = (Xj41 \ {tj1}) U{tj} for 2 < j < n—1. Denote X, = X. Then X is

obtained from X1 by a circle contraction and X; € ¥(m,p,n) for 2 < j < n. Hence

X' = X5 is a required element in X(m,p,n). O

84. The basic relations on any S € G(m,p,n).
In the present section, we introduce the concept of basic relations on any S €

Y (m,p,n) and discuss some relations among these basic relations.
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4.1. Tt is well known that the group G(m,p,n) has a presentation (S, P), where S =
{s(h,h +1;0),s(1,2;1),s(1;1) | 1 < h < n}, and P consists of the following relations:
denote t, = s(h,h+1;0), 1 < h<n, t) =s(1,2;1), s=s(1;1), and ¢ = m/p.

(i) s7 =1,

(i) 2 =7 =1for 1 <h <n;

(ili) t;t; = t;t; if j #i+ 1;

(iv) titig1t; = tipatitipq for 1 <i<n—1;

(v) st; = t;s for i > 1;

(Vi) t)trtot | trts = tot! t1tat!tr;

(vii) tit; = t;t] for i > 2;

(viii) t]tat] = tot]ts;

(ix) stit; = titys;

(x) tystititity...... = stit1t)ty......, where each side contains p + 1 factors.

Relation (x) can be rewritten as

(4.1.1) (tht)P~1 = sty st].
By (ix), this implies that (#)t1)P~! = tyst}s~! and hence s~t;st] = tsths™1, ie.,
(4.1.2) tist1s = st)st].
So tystysty = st stit; = st1s by (ix). We get
(4.1.3) t1st1s = stysty.
By (4.1.2) and (4.1.3), we further deduce
(4.1.4) tsths = st st].

More generally, we can show that for any a,b € Z, the relations
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(4.1.5) ths9) 5" = st s, and  t15%1s° = sPt 5%

hold.
By (i), (ix), (x) and (4.1.5), we have

(t41) P~V = (57 My st = sy 5% (418))T71 = (t18)) 7.
Then we get
(4.1.6) (t1t1)™ = 1.

4.2. Recall that in Section 2 we listed all the o.b. relations on any S € ¥(m,p,n). Let
S ={s=s(a;k),tn | 1 <h < n}. Note that by Lemma 2.2, all the ¢}’s are reflections
of type I. Also, a is the rooted node of I';. In the present section, we shall list some

more relations on S.

A
Bt 1for1<i<my

(A) s™
(B)
(C) tit; = t;t; if the edges e(t;) and e(t;) have no common end node;
(D) tit;t; = t;t;t; if the edges e(t;) and e(t;) have exactly one common end node;
(E) (t;t;)™'? = 1if t; # t; with e(t;) and e(t;) having two common end nodes, where
= ged{m, §(S)} (comparing with relation (4.1.6) by noting that the edges e(¢;) and
e(t}) have two common end nodes, and 6(S) =1 in (4.1.6));
(F) st;st; = t;ist;s if a is an end node of e(t;) (comparing with relations (4.1.3)-
(4.1.4));
(G) st; = t;s if a is not an end node of e(t;);

)
(H) t;-t;tit; = tjtit;-t; for any triple X = {t;,¢;,t;} C S with I'x having a branching
node (by a branching node, we mean a node of I'x such that there are more than two

other nodes of I'x connecting this node by edges);
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(I) s - tit;t; = titt; - s, if e(t;) and e(t;) have exactly one common end node a (note
that the node a is rooted);

We call relations (A)-(B) the order relations, (C)-(G) the braid relations, (H) the

branching relations, and (I) the root-braid relations on S.
4.3. Given S € ¥(m,p,n) and take any node a of I'g, there exists a sequence of nodes
& a9 = a,ay,...,a, = a with r > 1 and ap # apy1 for 0 < A < 7 such that §
contains reflections t;, = s(ap—1,an;kp) for 1 < h < r with some integers kj, where
t; # ti4+1 for 1 < 1 < r. Since the graph I'g is connected and contains a unique circle,
the sequence &, always exists, which contains all the nodes on the circle of I'g and is
uniquely determined by the set S and the node a up to an orientation of the circle. We
call £, a generalized circle sequence (or g.c.s. in short) of S at the node a for a fixed
orientation of the circle of I'g. In particular, when a is the rooted node of I'g, &, is also
called a root-circle sequence of S. It is easily seen that the node a is on the circle of I'g
if and only if t; # ¢,.

Let ¢, ¢ be the smallest, resp., the largest integer with the node a., resp., a» lying
on the circle of I's. Then a is on the circle of I'g if and only if ¢ = 0 and ¢ = r. Denote
by spn; the element tptp4q1...65_1t;tj—1...tp for 1 <h <j <.

The following relation is called a circle relation on S (at the node pair {a,a;}):

(7) (818j41,0) =TT = 1.

Note that relation (E) can be regarded as a special case of (J), where the circle of
I's contains only two nodes and the node a is on the circle.

Assume that a is the rooted node of I'y. Then the relation (K) below is called a
root-circle relation on S (at the node a;).

(K) s5158541,r = $1j5j41,r5,
and the relation (L) below is called a circle-root relation on S (at the node a;).

(L) (sjs1,815)P 7" = 5705158 s

In any of the above relations (J)-(L), the integer j is required to satisfy ¢ < j < ¢/, i.e.,
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the node a; is on the circle of I'g but is not the node at the entry for the path from the
node a to the circle. Then {a,a;} is called an admissible node pair of I'y, at which we
are allowed to talk about relations (J)-(L) on S, where a is required to be the rooted
node of I'y for relations (K)-(L).

The following relations are called the branching-circle relations on S (at the nodes
a,a; for (M) (a), at the node a for (M) (b) and at the node a; for (M) (c)):

(M) (a) usiju-vSj41,,0 = VSjy1,0 - USTU,

(b) ws1j8j41,rUS1jSj4+1,r = S1j8j4+1,rUS1;Sj+1,rU, and
(C) VS1j8j4+1,rUS15S54+1,r = S158j+1,rUS15Sj4+1,rV,

if there are some u,v € S with e(u), e(v) incident to the g.c.s. &, of I's at the nodes
a, a; respectively for some ¢ < j < ¢ with ¢, ¢’ defined as above.

We call all the relations (A)-(M) above the basic relations on S.

In the remaining part of the section, we always assume that the o.b. relations on S
hold.
4.4. Note that the validity of relations (J), (K) and (M) on S at an admissible node
pair {a,a;} is independent of the choice of an orientation of the circle of I'g in the
following sense: any of such relations is true for one orientation of the circle if and only
if it is true for the other orientation of the circle. The reasons for this are based on the
following facts:

(1) (s1585410) 7" = 811,815

(2) anyone of s7! and s can be expressed as a positive power of the other.

(3) uv = vu in the case of (M)(a).

However, the relations (L) on S may hold only for one orientation of the circle of T'g.

When c+1 < j < ¢ (resp., ¢ < j < ¢ —1), by left-multiplying and right-multiplying
simultaneously both sides of (J) by the reflection ¢; (resp., t;41), we get the correspond-
ing circle relation on S at the node pair {a,a;_1} (resp., {a,a;41}). This implies that

the circle relation on S holds at one node pair {a, a;} for some ¢ < j < ¢ if and only if
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they hold at the node pairs {a, a;} for all ¢ < j < ¢/. Similar assertion is true concerning
the relations (K) and (L) on S.

Assume ¢ > 0. Thus we have a g.c.s. &, : a1,a2,...,a,—1 = a; of I'g at the node a;.
We can talk about the circle relations on S at the node pair {a1,a;} forc < j < c'. Since
$2jSj+1,r—1 = t1 - S1;Sj41,r - t1, we see that the circle relation (Sljs‘j.’_l’r)m =1
holds if and only if (32j5j+177._1)m =1 holds.

Next assume ¢ = 0. Then a is on the circle of I's and hence all the node pairs {a;, a;},
0 < i # j < r, are admissible for I'g. It is easily seen that the circle relations on S at
all these node pairs are mutually equivalent.

The above discussion implies the following

Lemma 4.5. Assume that S € ¥(m,p,n) satisfies all the o.b. relations. Then relation
(J) on S holds at one admissible node pair if and only if it holds at all the admissible

node pairs.
The above discussion also implies the following

Lemma 4.6. Assume that S € X(m,p,n) satisfies all the o.b. relations. Then in the
setup of 4.3 with a the rooted node of I', relations (K) (resp., (L)) on S € ¥(m,p,n)

for different j, ¢ < j < ', are mutually equivalent.
Next result asserts that relation (J) is a consequence of some other basic relations.

Lemma 4.7. In the setup of 4.3 with a the rooted node of I', the 0.b. relations together

with relations (K) and (L) on S imply relation (J) on S.

Proof. Denote § = 46(5), ¢ = o and d = ged{m,d}. The o.b. relations on S implies

(4.7.1) §51j851; = 5155155 and SSj41,rSSj41,r = Sj41,r85j41,rS.

This, together with the o.b. relations and relations (K), (L) on S, implies
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_ 4 a8
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($j+1,r515) “0518% 8541, = (s158541,0)

So we get relation (J): (s1;8j41,+)4 =1on S. O

Next two results are concerned with the branching relations (H) and the branching-
circle relations (M) on S € ¥(m,p,n), which can be shown by the same arguments as

those in [7].

Lemma 4.8. (see [7, Lemma 4.8]) For S € ¥(m,p,n), assume that all the o.b. relations
on S hold. For any branching node v of I's, fiz some t, € S of type I with e(t,) incident
to v. Then the branching relations (H) on S is equivalent to the following relations:

(H') The relation t, - tt't = tt't - t, holds for any t # t' in S\ {t,} of type I with

Lt4, 6,41y having v as a branching node.

Lemma 4.9. (see [7, Lemma 4.12]) For S € ¥(m,p,n) with the circle of I's containing
more than two nodes, the branching-circle relations (M) on S are a consequence of the

0.b. and branching relations on S.
Now consider the root-braid relations (I) on S € ¥ (m, p,n).

Lemma 4.10. For S € X(m,p,n), assume that all the 0.b. and branching relations on
S hold and that the rooted node v of I' (hence s = s(v; k) € S for some k € Z) is also a
branching node. Fix some t, € S of type I with e(t,) incident to v. Then the root-braid
relations (I) on S are equivalent to the following relations:

(I') s-tytt, = tytty, - s for anyt € T's \ {t,} of type I with e(t), e(t,) having just one

common end node v.

Proof. 1t is clear that relations (I) imply (I'). Now assume relations (I'). We have to
show the relation s - tt't = tt't - s for any t’ # t in S\ {t,} of type I with e(t') and e(t)

having just one common end node v. Indeed, we have

sttt =ttt s <= s -t tt'tt, = tytt'tt, -5 <= 5 -tytty - tot'ty tytty, = tytty -tut'ty tytty s,
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where the two equivalences follow by a branching relation, resp., an order relation on

S, while the last equation is a consequence of (I'). [

§5. Equivalence of the basic relation sets under circle operations.

In the present section, we want to show that if S,S" € ¥(m,p,n) can be obtained
from one to another by a circle operation then S satisfies all the basic relations if and
only if so does S’.

5.1. Keep the setup of 4.3 on S € ¥(m,p,n): the node a, the g.c.s. &,, the numbers
c,c,j with ¢ < 7 < ¢ in I'g, and the reflections s, t;, for 1 < h < r. Assume that a is
the rooted node of I'y. Let S’ € ¥(m,p,n) be obtained from S by a circle operation
such that the node a; is still on the circle of I'gs. Then a is also the rooted node of I'%, .
Concerning the root-circle relations (K) and the circle-root relations (L) on both S and
S’, we need only consider the following five cases:

1 S\ {tr}) U{t}, where c+1 < h < jand t = tptp_1ts.

2 S\ {trn}) U{t}, where c < h < j and t = tptn1tn.

4 S\ {tes1}) U{t}, where t =t .t y1t..

5 = (S\ {tn}) U {t}, where ¢ < h < j, t = tpt'ty, for some t' = s(a’,a”"; k') € S

(1) 8" = (

(2) 8" = (

(3) 8" = (S\ {tes1}) U {t}, where t = te 1totess.
(4) 8 = (

(5) S

with |{a’,a"} N {an_1,an}| = 1.

/

In any of the above five cases, one can check easily the equations s,,. = s, ,.,
Ehat) [l

Saja = Sq,.q and 6(S) = 0(5') by assuming the o.b. relations and the branching
relations on both S and S’, where s, 4, := s1; and 84, 4 := §j41,7; and then s;,aj (resp.,

/

S
asj,

o) is defined for S’ in the same way as 54,4, (resp., Sq,,q) for S in 4.3. This implies
that at the node aj, the root-circle relation (K) (resp., the circle-root relation (L))
on S at the node a; holds if and only if the corresponding root-circle relation (resp.,

circle-root relation) on S at the node a; holds.

The following examples illustrate the above discussion.
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Examples 5.2. Assume that S € ¥(m,p,n) contains {s = s(1;h),t; = s(a;—1,a:; h;) |
1 < i < 6} for some h, h; € Z such that (ag, a1, ...,a¢) = (a,b,c,d, e, b,a) is a root-circle
sequence of S. Then b,c,d, e are the nodes on the circle of Iy and t; = ts. We have
Sa,d = titatstats and sq 4 = tatstetsta

(i) Let t = totsto and SM) = (S\ {t3}) U {t}. Then S() is obtained from S by a
circle contraction. A root-circle sequence for S! is (aél), ...,aél)) = (a,b,d,e,b,a) with
the nodes b, d, e on the circle of I‘g(l). we have sé,d = t1tt; and SSZL = tatstetsty.

(ii) Let t = titot; and S@ = (S\ {t2}) U {t}. Then S® is obtained from S by a
circle expansion. A root-circle sequence for S is (a(()Q), e aéQ)) = (a,c,d,e,b,a) all of
whose terms are on the circle of IS - We have s((fzi = tt3t and siﬁi = tyatstststy.

(iii) Let t = totsto and S®) = (S\ {t2}) U {t}. Then S® is obtained from S by a
circle contraction. A root-circle sequence for S®) is (ag?’), - a(73)) = (a,b,e,c,d,e, b, a)
with ¢, d, e on the circle of FTS<3). We have sgle = tytsttattst; and sg’i = t4tstgtsta.

We see that a is the rooted node in any of Iy and I'¢;), ¢ = 1,2,3. Then by the
facts of sq.q = sgi)d, Sda = SEZ)Q and 6(S) = §(SW), i = 1,2,3, it is easily seen that at
the node d, the circle-root relation (s4.484,4)? ' = s‘é(s)sa,ds‘s(s)sd’a on S holds if and
only if the circle-root relation (s&i)ass’)d)pfl = 5*5(5(”)52255(5(”)SEZ)@ on S holds for
any ¢ = 1,2,3. Also, at the node d, the root-circle relation ssq 4Sd,q = Sa,dSd,aS 00 S
holds if and only if the root-circle relation ssg;)dsgz)a = sﬁ)dsgz)as on S holds for any

i=1,2,3.

Hence we get the following

Lemma 5.3. Assume that S,S" € X(m,p,n) can be obtained from one to the other by

a circle operation. Then
(1) Ty and I', have the same rooted node, say a.

(2) S satisfies the circle-root relation (L) (resp., the root-circle relation (K)) at a

node v if and only if S’ satisfies the corresponding circle-root (resp., root-circle) relation
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at the node v, provided that {a,v} is an admissible node pair of both I's and I'gr.

5.4. Suppose that S € X(m,p,n) contains the reflections t, = s(cp,cpt+1;kn) (the
subscripts are modulo r) for 1 < A < r and some integers kj, where r > 2, and ¢y, ..., ¢,
are the nodes on the circle of I'g. Let ¢ = t1t,t1 and let S” = (S'\ {¢t,-}) U {t}. Then S’

is obtained from S by a circle contraction.

Proposition 5.5. In the above setup, the refiection set S satisfies all the basic relations

(see 4.2-4.3) if and only if so does the reflection set S’.

Proof. Under the assumption of the o.b. and branching relations on both S and S’,
the root-circle relations (K) (resp., the circle-root relations (L)) on S’ are equivalent to
those on S by Lemma 5.3.

(I) First assume S satisfies all the basic relations. We want to show that S’ also
satisfies all the basic relations. Since any basic relation on S’ not involving ¢ is just a
basic relation on S, we need only to check all the basic relations on S’ involving ¢. Note
e(t) = {ca, ¢}

The order relation ¢2 = 1 follows by the order relations t2 =1 =¢2 on S.

Let s € S"\ {t} be of type I with the edge e(s) not incident to e(t). We must show
st = ts. We see that e(s) is incident to either both or none of e(¢1), e(¢,). The result
is obvious if e(s) is incident to none of e(ty),e(t,). In the case when e(s) is incident
to both e(¢1) and e(t,), we see that ¢; is a branching node of I'g to which the edges
e(t1),e(tr),e(s) are incident. Then we have ts = t1t,t1s = st1t,.t; = st by a branching
relation on S.

Let s € 8"\ {t} be of type I with e(s) incident to e(t) at exactly one node in I'g.
We want to show sts = tst, i.e., stit, t15 = tit,t1st1t,.t1. This can be shown by the
o.b. relations on S and by the fact that either the relations st; = tys, st,.s = t,.st,, or
st1s = tysty, st, = t,s hold. When r = 3, e(t2) and e(t) form the two-nodes circle of I'g.

The braid relation (tgt)m/d = 1 on S’ is the same as the circle relation (tot1tst;)™/¢ =1
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on S since ged{m, §(S")} = d = ged{m, 6(5)}.

Let s € §"\ {t} be of type II. When e(t) is not incident to the rooted node of I'y,,
relation st = ts follows by relations t1s = sty and t,.s = st on S if the node ¢; is not
rooted, or by the root-braid relation t1t,t1s = st1t,t; on S if ¢; is rooted. Now assume
that e(t) is incident to the rooted node of I'g/, i.e., either the node ¢z or ¢, is rooted. If

co is rooted then we have

stst = tsts <= st t1t,. st t1t, = t, 11t st 111,58 <= st15t1 = t15t18S.

The last equation is just a braid relation on S. So we get relation stst = tsts.
Similarly we can show the relation stst = tsts if the node ¢, is rooted.

So we have shown all the o.b. relations on S’ involving ¢.

Now we want to show the branching relations on S’ involving ¢. If ¢ is a branching
node in I'gs, then by Lemma 4.8, we need only show the relation stitt; = t1tt1s for any
s € S"\ {t1,t} of type I with e(s) incident to ¢ and not to ¢,. This follows by the
relations ¢? = 1 and st, = t,.s on S. If ¢, is a branching node in I's/, then we must
show the relation tss’s = ss’st for any s,s’ € S"\ {t} of type I with e(s), e(s’) incident
to ¢, and not to cy. This follows by the braid relations t1s = sty, t15' = s’t; and the
branching relation ¢,ss’s = ss’st, on S.

We need not check the circle relations on S’ by Lemma 4.7.

Next we show the branching-circle relations on S’ involving t. By Lemma 4.9, we
need only consider the case of r = 3. In this case, e(t) and e(t2) form a two-nodes
circle. If there exists some u € S" \ {¢,t2} of type I with e(u) incident to ¢y then the
branching-circle relation wutotutot = totutotu on S’ is the same as the branching-circle
relation utottgtiutot tsty = totitstiutatitstiu on S. Similarly for the case when there
exists some v € S’ \ {¢,t2} of type I with e(v) incident to ¢,. If both of such wu,v
exist then the branching-circle relation utuvtov = vtavutu on S’ is also the same as the

branching-circle relation utitstiuvtov = vtgvutitstiu on S.
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(II) Next assume all the basic relations on S’. We want to check all the basic relations
on S. We need only deal with the ones involving ¢,, = t1tt;. By the first paragraph of
the proof and by Lemmas 4.8, 4.10, we need only check the following relations:

(1) 7 =1

(2) t,.s = st, for s € S\ {t,.} of type I with e(s), e(t,;) having no common end node;

(3) t,st,. = st.s for s € S\ {t,} of type I with e(s), e(¢,) having exactly one common
end node;

(4) s - t1t,t; =ttty - s if s € S is of type I with e(s) incident to the circle of I's at
the node cq;

(5) s-tptr_1t, =ty t._1t,-sif s € S is of type I with e(s) incident to the circle of I'g
at the node ¢,..

(6) s-tptr_1t, =t t,_1t, - s in the case of s = s(c,; k) € S.

(7) s - tpt1t, = tpt1t, - s in the case of s = s(c1; k) € S.

(8) sty.st, = t,st,s in either case (7) or (8).

The proof for the above relations is similar to what we did in part (I) and hence is
left to the readers. Note that the branching-circle relations (M) on S is a consequence
of the o.b. and branching relations on S by Lemma 4.9 and that the circle relation (J)
on S is a consequence of the o.b. relations and relations (K), (L) on S by Lemma 4.7.

Hence they need not be checked. [

§6. The case of two-nodes circle containing the rooted node.
We shall show our second main result, i.e., Theorem 6.2, in the present section. To

do so, we need the following result.

Proposition 6.1. Let S € ¥(m,p,n) be such that I' is a string with a two-nodes circle
at one end and that the rooted node is on the circle and is not adjacent to any node
outside the circle. Let Ps be the set of all the basic relations on S. Then (S, Ps) forms

a presentation of G(m,p,n).
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Let us first show our second main result under the assumption of Proposition 6.1.

Theorem 6.2. Let S € X(m,p,n) and let Ps be the set of all the basic relations on S.

Then (S, P) forms a presentation of the group G(m,p,n).

Proof. By Lemma 3.3, any X € ¥(m,p,n) can be transformed to some X' € ¥(m,p,n)
by a sequence of circle operations, where I', is a string with a two-nodes circle at one
end and that the rooted node is on the circle and is not adjacent to any node outside
the circle. By Proposition 6.1, we know that (X', Pyx/) is a presentation of G(m,p,n).

Then by Proposition 5.5, this implies that (X, Px) is a presentation of G(m,p,n). O

We shall show Proposition 6.1 in the remaining part of the section.

[1, Appendix 2| tells us that the conclusion of Proposition 6.1 is true in the case of
5(S) =1 (see 4.1). Now we must show that our result holds in general case: §(S) € N
with ged{d(5),p} = 1.

6.3. Let S = {s,t},t5 | 1 < h <n} € 3(m,p,n) be given as in 4.1. So S satisfies all the
relations (i)-(x) in 4.1 and hence also (4.1.1)-(4.1.6). Fix any ¢ € N with ged{p, ¢} = 1.
Let t' = (tt1)%1 = s(1,2;q) and let X = (S\ {t1}) U{t'}, i.e,, from S, #| is replaced
by t. Then X € ¥(m,p,n). It is easily seen that I'y = I'% is a string with a two-nodes
circle at one end: e(t1) and e(t’) are two edges of the circle of I'y, with 6(X) = ¢; the
node corresponding to s is rooted which is on the circle and is not adjacent to any node

outside the circle.

Lemma 6.4. The reflection set X defined above satisfies relations (i)-(ix) in 4.1 with
t' in the place of t|, and also the following relations:

() (t't1)P~t = s7 9159, where q = §(X) satisfies the condition ged{p,q} = 1.

(x') t'st's = st'st’ and tist1s = stysty.

(zit') (t't1)@, where d = ged{m, q}.

Proof. Relation ¢’ = 1 holds since ¢ is conjugate to t} and t’12 = 1. Then it remains

to show the following relations:
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(Vi') t'trtat'tits = tot'titat'ty;
(vii) t't; = t;t’ for i > 2;
(viii") t'tot’ = tot'ts;
(ix") st'ty = t'tys;

and (x')-(xii’).

(vi") can be shown by repeatedly applying the relation:

(6.4.1) thtita(thty)Fty = to(tt)) tatht;  for any k >0

The latter can be shown by repeatedly applying 4.1 (vi).
(vii’) is an easy consequence of relations 4.1 (iii), (vii).

(viii’) is a special case of the following relation:

(6.4.2) (tht)* )t (t) 1) t) = to(t)t1)*t)ty  for any k > 0.

Now we show (6.4.2) by induction on k£ > 0. When k = 0, it is just relation 4.1 (viii).
Now assume k£ > 0. Then by inductive hypothesis, we get
(tht)) Rt to(tht) Rt = thty - to(t)ty) Pty - 18],
Now we have
thty - to(t )7ty - tith = to(t)t)) Rt Lo
=ttt (8t T = to(tht)) Rt tat) tits
=ttt (t ) ) = ta(t ) ot titoty
=t tita(t)t1) s = ta(tht1) tat b
The last equation is just (6.4.1). So (viii’) is proved.
(ix") can be shown by repeatedly applying relations 4.1 (ix) and (4.1.3).

Relation (x’) is amount to

(6.4.3) (8, 41) 9P~ = 5794, 59(¢ )97
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Now (6.4.3) follows by 4.1 (x), (i), (ix) and (4.1.3)-(4,1,4). So we get (x).
Concerning relations (xi’), t1st1s = stysty is just (4.1.3), and t'st’s = st’st’ is amount

to
(6.4.4) ()T W s ()T s = s(th )T M s(th )T 1)
Now (6.4.4) follows by 4.1 (ii), (xi) and (4.1.4). Hence (xi’) follows.
Finally, we have (t't1)% = (t/t;)@ =1 by (4.1.6). Thus (xii’) is proved. [

6.5. The relations on X mentioned in Lemma 6.4 form the full set of basic relations on
X.

By the basic relations on X, we can easily deduce the following relations

(6.5.1) s s = t'sP's®  and  s%s%ty = t18%1s*  for any a,b € Z.

(6.5.2)

('t o (t't)t = ta(t't1) 'ty and (t1t))¥tita(tit)) oty = ta(t1t))*t1t, for any k > 0.
Since ged{p, ¢} = 1, there are some a,b € Z such that the equation ap+bg = 1 holds.

Lemma 6.6. t) = s~%'s%(t,t')"~ 1.

Proof.

ST s (4 )Y = sTO(Hh )T s (t1 8] 1Y) = 5T s (18] ) (9 D Fa(0=1)
= s s (t)t)PT = s s ((tht)P )" (Hht1)”
= s s (s st (Ht)* = s s - 5T s (41 t)) T - (H )

=t]. O
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Lemma 6.7. In the setup of 6.4, the basic relations on X imply the basic relations on

S under the transition t) = s~ % s%(t,t')°~1.

Proof. We need only check all the basic relations on S involving ). Since ¢’ =1 and
t} is conjugate to t', we have t’12 = 1. By the commutativity of s,t’,¢; with t;, i > 2,

we get t)t; = t;t] for any i > 2. Next we have

sthty = thtys <= s'7% s (t1t)) Py = s s (1)) T s = st's% = t's%s
= t'st's? = 5% 5t == st'st’ = sty st] = t1t's = styt’.

The last equation follows by the basic relations st't; = t't1s and 2—42=10on X. So

we get relation stit; = t)t1s.

(tt)PY = (s7 s (t1t))0 1y )P = smaPm )y gap= Dy (/4 )PP— D1
= 57D oDy (H1y)P 1)’ (1)) = 570D 2PV (5794, 59¢) 0 (141
= s~ Py gap= Dy gbay, sbay! (114) = sTaPT Y gy gmhag g2 (P L ghay (1,4)
= s () = s gt - s s T ()0
= st s T s (4 )T = 5T s - s T s (1) T = 5Ty st

This implies relation (#]t;)P~1 = s~ 1t;st].

thtat] = totity <= s~ s (t1t))  asT U s (t1t))0 T = tasT Ut s (t1t) 0T My
=t/ (t1t) 0 ot (81807 = ot (t18))0 " Mo

The last equation follows by (6.5.2). So relation t]tot] = tat]ts is proved.

Finally we want to show the relation
(6.7.1) thtitat tite = tot titat]ty.

To do so, we need the following result.
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Lemma 6.8.

(6.8.1) (t't1) ot tot t tot 5% = s% tot 1t tat1 ('t))° Y a,b € Z.

Now we show (6.7.1) by assuming Lemma 6.8. (6.7.1) is amount to the relation
(6.7.2)
(t't1)0 7 s s 70t - (11810 s s ™0t ty = to- (1) s 5TV tyto- (H1) 0T E s s T 1.

We can show that (6.7.2) is equivalent to

(6.7.3) s (t1t)) 2ottty = tot 1t ta(t1t) 2157 %

by repeatedly applying the o.b. relations on X, the relations t'tys = st’t; and (6.5.1)—
(6.5.2). Finally, (6.7.3) follows by Lemma 6.8. [

Proof of Lemma 6.8. Since the orders of the elements ¢'t; and s are finite, we need only

show (6.8.1) in the case of a,b € N. First we show (6.8.1) in the case of a = 0:

(6.8.2) (t't) ot tot ' toty = t'tot t'tot;('1)®  Va,beN.

Equation (6.8.2) is trivial when b = 0. To show (6.8.2) for b > 0, we need only show
it in the case of b = 1. But equation t't1t'tot1t'tot1 = t'tat1t'tat1t't; follows by the basic
relation tit'tot 1t'te = tot1t'tot 1t on X.

Next we show (6.8.1) in the case of @ > 0. By the above discussion, we need only

show the equation

(6.8.3) (t't)) ot tot t tot1s = s(t't1) "t tat 1t toty,



Complex Reflection Groups 31

which is equivalent to

(6.8.4) tit'tt tot t'ty = tot1t'tat t't1t’.

The last equation follows by the basic relation totqt'tot1t’ = t1t'tat1t'to on X. O

Remark 6.9. (1) Let S = {s,t;, | 1 < h < n} € X(m,p,n) be given as in 4.2 and let Pg
be the set of all the basic relations (A)-(M) on S (see 4.2-4.3). Then the presentation
(S, Ps) of G(m,p,n) is not essential in general (see 1.7).

For example, let (B’) be any one of the relations in (B). Then (B’) is equivalent to
(B) under the assumption of (D).

Let (K’) (resp., (L’)) be a relation in (K) (resp., (L)) at any one admissible node
pair. Then Lemma 4.6 tells us that (K’) (resp., (L)) is equivalent to (K) (resp., (L))
under the assumption of the o.b. relations on S.

A subset (H') of (H) in Lemma 4.8 is equivalent to (H) under the assumption of the
o.b. relations on S. Also, a subset (I') of (I) in Lemma 4.10 is equivalent to (I) under
the assumption of the o.b. and branching relations on S.

(E) is a special case of (J), while (J) is a consequence of the o.b. relations and
relations (K)-(L) on S by Lemma 4.7.

Let (M) be relations (M) if I'y has a two-nodes circle and be the empty set of
relations if otherwise.

If IS has a two-nodes circle with the rooted node on the circle and not adjacent to
any node outside the circle and that gcd{d(S),q} = 1, then by the arguments similar
to those for (4.1.3)-(4.1.4), we can show that relation (F) is a consequence of (L) and
the other o.b. relations on S. Let (F’) be the empty set of relations if I'} is in such a
case and be relation (F) if otherwise.

Let P{ be the collection of relations (A), (B'), (C), (D), (F'), (G), (H'), (I'), (K'),

(L"), (M’). Then (S, Pg) is again a presentation of G(m,p,n). It is interesting to ask if
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the presentation (.5, P§) should always be essential.

(2) Among all the presentations (S, Ps) of G(m,p,n), we would like to single out two
kinds of presentations whose relation sets have simpler forms: one is as that in 4.1; the
other is when I'g is a circle. In the latter case, the relation set Pg can only consist of
some 0.b. relations, one root-braid relation, one root-circle relation and one circle-root

relation.
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