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Abstract. In the present paper, we give a graph-theoretic description for representatives
of all the congruence classes of presentations (or r.c.p. for brevity) for the imprimitive
complex reflection groups G(m,1,n) and G(m, m,n). We have three main results. The
first main result is to establish a bijection between the set of all the congruence classes of
presentations for the group G(m,1,n) and the set of isomorphism classes of all the rooted
trees of n nodes. The next main result is to establish a bijection between the set of all the
congruence classes of presentations for the group G(m,m,n) and the set of isomorphism
classes of all the connected graphs with n nodes and n edges. Then the last main result is
to show that any generator set S of G = G(m, 1,n) or G(m, m,n) of n reflections, together
with the respective basic relations on S, form a presentation of G.

In the paper [5], I introduced two concepts for any complex reflection group G gen-
erated by more than two reflections: one is the equivalence of simple root systems, and
the other is the congruence of presentations. According to the definition, the equivalent
simple root systems of G determine the congruent presentations of G. Then I, together
with my students, Wang Li and Zeng Peng, found all the inequivalent simple root sys-
tems for all the primitive complex reflection groups except the group Gsa (see [5][8][9]).

We also described explicitly r.c.p. for the groups G12, Gay4, Go5, Gog, G7,G15, Go7. Then
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in [6], I further described explicitly r.c.p. for the groups Gi9,G11,G32 (here and later
the notations for the complex reflection groups follow Shephard-Todd in [7], also see [1]
[2]). In the present paper, we shall describe r.c.p. for the imprimitive complex reflection
groups G(m,1,n) and G(m,m,n). We first associate a reflection set X of G(m, 1,n) to
a graph I'x. Let X(m,1,n) (resp. X(m,m,n)) be the set of all the generator sets of
G(m,1,n) (resp. G(m,m,n)) consisting of reflections with minimal possible cardinality.
We show that any X € ¥(m,1,n) consists of n — 1 reflections of type I and one reflec-
tion of order m with the graph I'x a tree of n nodes (see Lemma 2.1). Hence we can
associate each X € ¥(m,1,n) to a rooted tree of n nodes with the reflection of order
m corresponding to the rooted node (see 1.6). On the other hand, we show that any
X € X(m,m,n) consists of n reflections of type I with the number §(X) (see 2.11 for
the definition) coprime to m such that the graph I'x is connected and contains exactly
one circle (see 2.10 and Theorem 2.19). Hence we can associate each X € ¥(m,m,n) to
a connected graph with n nodes and exactly one circle. Then our first main result is to
establish a bijection from the set of all the congruence classes of presentations for the
group G(m, 1,n) to the set of isomorphism classes of rooted trees of n nodes (see Theo-
rem 3.2). Also, our second main result is to establish a bijection from the set of all the
congruence classes of presentations of the group G(m,m,n) to the set of isomorphism

classes of connected graphs with n nodes and exactly one circle (see Theorem 3.4).

When a complex reflection group G is given, the congruence for a presentation (S, P)
of GG is entirely determined by the generator set S, not by the relation set P. However,
in order to make a presentation of G more accessible, a proper choice of a relation set
P is important in practice. To do this, we introduce the concept of basic relations on
a generator set of the groups G(m,1,n) and G(m,m,n). Then the third main result of
the paper is to show that for G = G(m, 1,n), G(m, m,n), any generator set .S, together
with the set P of basic relations on S form a presentation of G (see Theorems 4.18 and

4.21).
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The technical tools in proving our main results are two operations on the reflection
sets of G(m,1,n). One is called a terminal node operation, and the other is called a
circle operation (see 2.5 and 2.11). Two facts are crucial in getting our results: one is
that the set ¥(m, 1,n) is transitive under the terminal node operations (2.5 and Lemma
2.6); the other is that the set ¥(m, m,n) is transitive under the circle operations (2.11
and Lemma 2.14). These two facts enable us to reduce ourselves to certain simpler
cases: for the group G(m,1,n), we reduce to the case where the graph I'x for some
X € ¥(m,1,n) is a string with the rooted node at one end; for G(m,m,n), we reduce
to the case where I'x for some X € ¥(m,m,n) is a string with a two-nodes circle at

one end.

The contents are organized as follows. Section 1 is the preliminaries, some concepts
and known results are collected there. In Sections 2 we describe the generator sets for
the groups G(m, 1,n) and G(m, m,n). We establish a bijection between the congruence
classes of presentations for each of these groups and the isomorphism classes of certain
graphs in Section 3. Finally, we show that any generator set S of G = G(m,1,n) or

G(m,m,n), together with the respective basic relations on S, form a presentation of G.

§1. Preliminaries.

1.1. Let V be a complex vector space of dimension n. A reflection on V is a linear
transformation on V of finite order with exactly n—1 eigenvalues equal to 1. A reflection
group G on V is a finite group generated by reflections on V. A reflection group G on
V' is called a real group or a Coxeter group if there is a G-invariant R-subspace Vj of
V such that the canonical map C ®r Vy — V is bijective. If this is not the case, G will
be called complex. (Note that, according to this definition, a real reflection group is not

complex.)

Since G is finite, there exists a unitary inner product ( , ) on V invariant under G.

From now on we assume that such an inner product is fixed.
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1.2. A reflection group G in V' is imprimitive, if G acts on V irreducibly and there
exists a decomposition V =V, & ...... @ V,. of nontrivial proper subspaces V;, 1 < i < r,
of V' such that G permutes {V; | 1 <i < r} (see [2]).

1.3. Let S,, be the symmetric group on n letters 1,2,....,n. For ¢ € §,,, we denote
by [(a1,...,an)|o] the n X n monomial matrix with non-zero entries a; in the (i, (i)o)-

positions. For p|m (read “ p divides m ”) in N, we set

G(m,p,n) = {[(al, ey Q)| O]

m/p
aiEQa;’l:l;(Hjaj) zl;aeSn}

G(m,p,n) is the matrix form of an imprimitive reflection group acting on V' with respect
to an orthonormal basis eq,es,...,e,, which is Coxeter only when either m < 2 or
(m,p,n) = (m,m,2). We have G(m,p,n) = G(1,1,n) x A(m,p,n), where A(m,p,n)
consists of all the diagonal matrices of G(m,p,n), and G(1,1,n) = S,.

In particular, take p = 1, m, we get two special imprimitive reflection groups G(m, 1, n)
and G(m,m,n) with G(m,m,n) C G(m,1,n). These two infinite families of groups are
the main objects we shall study in the present paper.

In the present paper, we shall always assume m,n > 2 when we consider the groups
G(m,1,n) or G(m,m,n) unless otherwise specified.

1.4. For an orthonormal basis e, ..., e, of V and ¢, = €2™/™ let

1

R(m,n) = {Cfne,i!l <i<nkel},

R(m,1,n) = R(m,m,n) U R(m,n).

Then R(m,m,n) and R(m, 1,n) are root systems of the groups G(m, m,n) and G(m, 1,n)
respectively, where the roots in R(m, m, n) have order 2 and those in R(m, n) have order
m (see [2, 4.9] for the definition of a root system).

1.5. There are two kinds of reflections in the group G(m,1,n) as follows.
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(i) One is with respect to a root in R(m,m,n). It is of the form s(i,j;k) =
[(1,...,1,¢k1,.,1,¢k 01, ..., 1)|(4, 9)], where ¢.%, ¢¥ are the ith, resp. jth components
of the n-tuple and (4, 7) is the transposition of ¢ and j for some k € Zand 1 < i < j < n.
Call s(i,7; k) a reflection of type I. Clearly, any reflection of type I has order 2. We also
set s(j,1; k) = s(i,j;—k) forany 1 <i< j<nand k € Z.

(ii) The other type of reflection is with respect to a root in R(m,n). It is of the form
s(iyk) = [(1,...,1,¢% 1, ..., 1)]1] for some k € Z, where (¥ occurs as the ith component
of the n-tuple and 1 is the identity element of S,. Call s(i; k) a reflection of type I1.
s(i; k) has order m/ged(m, k).

All the reflections of type I lie in the subgroup G(m,m,n).

1.6. For any Z C {1,2,...,n} with r = |Z] > 0, let V7 be the subspace of V' spanned by
{e; | i € Z}. Let Rz(m,m,n) = R(m,m,n) NVz and Rz(m,1,n) = R(m,1,n) N Vyz.
Then Rz(m,m,n) (assuming r > 1) and Ryz(m,1,n) are root subsystems of R(m,m,n)
and R(m,1,n) respectively. Let Gz(m,1,n) (resp. Gz(m,m,n)) be the subgroup of
G(m,1,n) (resp. G(m,m,n)) generated by the reflections with respect to the roots
in Rz(m,1,n) (resp. Rz(m,m,n)). Then Gz(m,1,n) =2 G(m,1,r). When r > 1,
we also have Gz(m,m,n) = G(m,m,r). To any set of reflections of Gz(m,1,n) of
type I, say X = {s(in,jn;kn) | h € J} for some index set J, we associate a digraph
TZX = (Nx, Ex) as follows. Its node set Nx is Z, and its arrow set Ex consists of all
the ordered pairs (i, 7), i < j, with labels & for any s(i, j; k) € X (hence, if s(i,j; k) € X
and i > j, then 'y x = (Nx, Ex) contains an arrow (j,i) with the label —k). Denote
by I'z x the underlying graph of fz x which is obtained from fz x by replacing all the
labelled arrows by unlabelled edges.

Clearly, the graph I'z x has no loop but may have multi-edges between two nodes.

The above definition of a graph can be extended: to any set X of reflections of

Gz(m,1,n), we define a graph I'z x to be I'; x, where X’ is the subset of X consisting

of all the reflections of type I. When X contains exactly one reflection of type II (say
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s(i;p)), we define another graph, denoted by I'; i, which is obtained from I'z x by
rooting the node 1, i.e., I';, y is a rooted graph with the rooted node i. Sometimes we
denote I'; by (Z, Ex,i).

When Z = {1,2,...,n}, we simply denote I'x (resp. I'y) for 'z x (resp. I'; x).

Note that when S is the generator set in a presentation (G, S) of G = G(m, 1,n), G(m,m,n),
the graph defined here is different from a Coxeter-like graph given in [1, Appendix 2]:
in a Coxeter-like graph, all the generating reflections are represented by nodes; while in
a graph defined here, most of the generating reflections are represented by edges.
1.7. For a reflection group G, a presentation of G by generators and relations (or a
presentation in short) is by definition a pair (S, P), where

(1) S is a finite generator set for G which consists of reflections, and S has minimal
cardinality with this property.

(2) P is a finite set of relations on S, and any other relation on S is a consequence
of the relations in P.

A presentation (S, P) of G is essential if (S, Py) is not a presentation of G for any
proper subset Py of P.

Two presentations (S, P) and (S, P’) for G are congruent, if there exists a bijection
n:S — S’ such that for any s,t € S,
(%) (s,t) = (n(s),n(t)), where the notation (z,y) stands for the subgroup generated
by x,y.

In this case, we see by taking s = t that the order o(r) of r is equal to the order
o(n(r)) of n(r) for any r € S.

If there does not exist such a bijection 7, then we say that these two presentations
are non-congruent.

When a reflection group G is a Coxeter group, the presentation of G as a Coxeter
system is one presentation of G defined here. However, G may have some other presen-

tations not congruent to the presentation of G' as a Coxeter system. For example, let
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G be the symmetric group S,. Then one can show that the set of all the congruence
classes of presentations of S, is in one-to-one correspondence to the set of isomorphism
classes of trees of n nodes. The presentation of S,, as a Coxeter system corresponds to
the string of n nodes.

Given any reflection group G, by the above definition of a presentation, we see that

for any generator set S of G with minimal possible cardinality, one can always find a
relation set P on S such that (S5, P) is a (essential) presentation of G. The congruence
of the presentation (S, P) is entirely determined by the generator set S. So it makes
sense to talk about the congruence relations among the generator sets of a reflection
group G.
1.8. For any non-zero vector v € V, denote by [, the one dimensional subspace Cuv
of V spanned by v, call it a line. In particular, denote [; = [., for 1 < ¢ < n. Let
L ={l; |1 <i<n}. Then the reflection s(i, j; k) in G(m, 1,n) interchanges the lines [;,
l; and leaves all the other lines {5, h # 4, j, in L stable. The reflection s(i; k) stabilizes
all the lines in L. More generally, any element of G(m, 1,n) gives rise to a permutation
on the set L, and the action of G(m, 1,n) (resp. G(m, m,n)) on L is transitive.

Let X be a set of reflections of G(m,1,n) and let (X) be the subgroup of G(m, 1,n)
generated by X. Then the action of (X) on L is transitive if and only if the graph I'x
is connected. In particular, the graph I'xy must be connected when X is the generator

set of a presentation of G(m,1,n).

§2. The generator sets in the presentations for G(m,1,n) and G(m,m,n).
In the present section, we shall describe the generator set S in a presentation (.S, P)

for the group G(m,1,n) or G(m,m,n).

Lemma 2.1. The generator set S of a presentation (S, P) of the group G(m,1,n)
consists of n—1 reflections of type I and one reflection of order m (m,n > 2 as assumed

in 1.8). Hence the graph I'g is a tree.
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Proof. By the definition of a presentation and by [1, Appendix 2], the set S is of
cardinality n. Let a; (resp. as) be the number of reflections in S of type I (resp. of
order m). Then we have as > 1 by the fact that any reflection of G(m,1,n) is conjugate
to a power of some generating reflection (see [5, Section 1.5]). Hence a; < n— 1. So
the graph I's has at most n — 1 edges. Since the action of the group G(m,1,n) on L
is transitive (see 1.8), the graph I's must be connected and hence has at least n — 1
edges since it has n nodes. So a; = n — 1 and hence a; = 1. The last assertion follows

immediately. [

2.2. According to Lemma 2.1, we can define the graph I'; which is a rooted tree for
any presentation (S, P) of the group G(m,1,n) (see 1.6). The generator set S consists
of n — 1 reflections s(ip, jn;kn), 1 < h < n, of type I and one reflection s(p; k) for some
1 <p<nandk € Z with k coprime to m (hence o(s(p; k)) = m, see 1.5 (ii)). By the
fact that the graph I'y is a rooted tree, we have {iy, jn} # {i1, 7} for any h # [. So for

any 1 < h #1 < n, we have
Ly X Lo, if {in, gu}y O {i, i} =0,

(8(ins Jns kn)s s(in, Jis ki) { Sa, if {in,jn} O {i, 51} #0.

Also, we have

Z2 X va lfp ¢ {ihajh}7

<S(ih,jh;kh)78<p; k)> = { G(m, 172), if pe {ihajh}'

Here Z,, is the cyclic group of order m.
2.3. Two rooted graphs (N, E,a) and (N', E’' a’) are isomorphic, if there exists a
bijective map ¢ : N — N’ such that ¢(a) = o/ and that for any v,w € N, {v,w} is in
E if and only if {¢(v), #(w)} is in E'.

The next result is concerned with a subgroup of G(m, 1,n) generated by a set X of

n — 1 reflections of type I with the graph I'x connected.

Lemma 2.4. Letay,as, ..., a, be a permutation of 1,2, ....n and let X = {s(ap, apt1;kn) |
1 < h < n} be a reflection set of G(m, 1,n) with some integers ky,. Then the subgroup

G =(X) of G(m,1,n) generated by X is isomorphic to the symmetric group S,,.
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Proof. We know that G(m,1,n) = A(m,1,n) x G(1,1,n). The natural homomorphism
m:G(m,1,n) — G(1,1,n) = S, sends s(ap,an+1;kn), 1 <h <n,tos, = s(ap,ans1;0).
Since $1, S2, ..., Sp—1 generate the group G(1,1,n), we have 7(G) = S,,. Hence |G| >
|Spn|, where |X| denotes the cardinality of a set X. On the other hand, we have the
following relations: for any 1 < h <1 < n,

(i) s(an, ans1; kn)s(ar, arv1; ki) = s(ay, arv1; ki)s(an, apser; kp) if L # hyh + 1;

(ii) s(an, ang1; kn)s(ar, arprs ki) s(an, ant1s kn) = s(ar, ar; ki) s(an, ant1s kp)s(ar, apr; ki)
ifl="h+41,;

(iii) s(an,ans1;kp)? = 1.

We know that the generator set S = {s1,...,$,_1} together with the following set of
relations:

(1) sps; = sysp if L # hyh + 1;

(2) spsisp = spspsy if 1 =h+1;

(3) 57 = 1.
form a presentation of S,, as a Coxeter system. This implies that G is also a homomor-
phic image of S,,, in particular, |G| < |S,|. We get |G| =|S,|. So the map 7: G — 5,

is an isomorphism. Our result follows. [

2.5. Let X be a set of reflections of G(m, 1,n) such that the graph I'x is connected and
has two terminal nodes i, j (by a terminal node i of a graph, we mean that there is only
one edge incident to 7 in the graph). Let a; = i, aq, ..., a, = j be a sequence of nodes such
that X contains the following reflections: t;, = s(ap, aps1;kn) for 1 < h < r and some
integers kj,. Let s = tito...t,_ot,_1t,_o..t;. Then s = s(ay,a,; k) with k = 22;11 kp, is a
reflection of G(m, 1,n). Let X’ = (X \{t,—1})U{s} (resp. X" = (X \{t1})U{s}). Then
the graph I'xs (resp. I'x~) is also a connected graph which can be obtained from I'x
by replacing the edge {a,_1,a,} (resp. {ai,a2}) by {a1,a,}. Call the transformation

I'x — I'xs (resp. I'x — I'xn) a terminal node operation on I'"x. In this case, we see
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that the graph I'x is a tree if and only if I'xs (resp. I'x~) is a tree. Also, we have
(X') = (X) (resp. (X") = (X)).

By abuse of terminology, we also say that the set X’ (resp. X”) is obtained from
X by a terminal node operation. In this case, it is not necessarily true that X is also
obtained from X’ (resp. X"') by a terminal node operation, it is the case only when the
node a,_1 (resp. as) is a terminus in I'xs (resp. I'x»).

A terminal node operation on X is applicable whenever the graph I'x is connected
and contains at least two terminal nodes. In particular, this is the case when I'x is a

tree (n > 2 as assumed).

Let X,Y be two sets of reflections in G(m,1,n). We say that X is obtained from
Y (or equivalently, Y is transformed to X ) by a sequence of terminal node operations,
if there exists a sequence of reflection sets X; = Y, X, ..., X, = X of G(m,1,n) with
some r > 1 such that for every 1 < h < r, X}, either is obtained from or gives rise to

Xp_1 by a terminal node operation.

Lemma 2.6. Let X,Y be two subsets of G(m,1,n), each consisting of n— 1 reflections
of type I such that the graphs I'x and I'y are trees. Then Y can be transformed to
some Y’ by a sequence of terminal node operations such that the graphs I'x and Iy are

1somorphic.

Proof. We may assume ['x is a string without loss of generality. If I'y is also a string
then we can just take Y’ =Y. Now assume that we are not in that case. Fix a terminal
node, say aq, of I'y. Take another terminal node, say ao, of I'y. Then we can apply a
terminal node operation on Y with respect to aj,as to get Y7 such that {a;,as} is an
edge with ay a terminal node in I'y,. If I'y, is still not a string, we can take a terminal
node ag # ag in I'y,. Applying a terminal node operation on Y; with respect to as, as,
we get Yo such that {ag, a3} is an edge with a3 a terminal node in I'y,. Continuing such

a process, we can eventually get a reflection set Y, for some r > 1 with I'y, a string by
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a sequence of terminal node operations on Y. Then Y/ =Y, is as required. [

Note that for the reflection set X in Lemma 2.4, the graph I'x is a string. The

following result generalizes Lemma 2.4.

Lemma 2.7. Let X be a set of n — 1 reflections of G(m, 1,n) such that the graph T'x

is a tree. Then the subgroup (X) of G(m,1,n) generated by X is isomorphic to S,.

Proof. The tree I'x contains exactly n — 1 edge. Hence all the reflections in X have
type L. If the graph I x is a string then this is just the result of Lemma 2.4. Now assume
that we are not in the case. Then by Lemma 2.6, we can transform X to some X’ by a
sequence of terminal node operations such that I'x/ is a string. Since (X') = (X), our

result follows by Lemma 2.4. [J
The next result is the converse of Lemma 2.1.

Theorem 2.8. Let X be a subset of G(m,1,n) consisting of n — 1 reflections of type
I and one reflection of order m (' m > 2 as assumed) such that the graph T'x is a tree.

Then X generates the group G(m,1,n).

Proof. Let X’ be the set of n — 1 reflections of type I in X. Then the graph 'y, = 'y
is a tree. The natural map 7 : G(m,1,n) — G(1,1,n) sends (X’) isomorphically onto
G(1,1,n) by Lemmas 2.4, 2.7 and their proof. The reflection of order m in X has
the form s(i; k) for some integers i,k with 1 < ¢ < n and k coprime to m. Since
the graph I'x/ is a tree and hence connected, the reflection s(j;k) for any 1 < j < n
can be obtained from s(i; k) by (X’)-conjugation, hence s(j; k) € (X). Now A(m,1,n)
can be generated by all these s(j;k)’s and so it is contained in (X). This implies
(X) D (X)A(m,1,n) = G(m,1,n) D (X). Our result follows. O

By Theorem 2.8, the following result can be used to show that the set of all the gen-
erator sets of G(m, 1,n) are transitively permuted under the terminal node operations

up to congruence.
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Lemma 2.9. Let X,Y be two subsets of G(m,1,n), each consisting of n— 1 reflections
of type I and one reflection of order m such that the graphs I'x and I'y are trees. So we
can define rooted trees Iy and I',. Then'Y can be transformed to some Y’ by a sequence

of terminal node operations such that the rooted trees I'y and I'y,, are isomorphic.

Proof. We may assume without loss of generality that Iy is a string with the rooted
node at one end. By Lemma 2.6, we can transform Y to some Y by a sequence of
terminal node operations such that 'y is a string. Assume that aq, as, ..., a, are nodes
of I',, with the node a; rooted such that {an,an+1}, 1 < h < n, are edges of I'},,,.
If i € {1,n} then we can just take Y/ = Y”. Otherwise, we can apply the terminal
node operations on Y with respect to the node pairs {a1,a,}, {az,a1},....,{a;—1,a;—2}

in turn. Then the result is just a required set Y'. [

2.10. By Lemma 2.7 and [1, Appendix 2|, we see that any presentation (S, P) of
G(m,m,n) must satisfy |S| = n. That is, I'g is a connected graph with n nodes and
n edges. So I'g must be a connected graph with exactly one circle, where we allow a
circle to have just two nodes, i.e., a pair of nodes with double edges. In the remaining
part of this section, we shall give a necessary and sufficient condition for a set X of n
reflections with I'x connected to generate the group G(m,m,n). To do this, we shall
first introduce a new operation on X.
2.11. Assume that X is a reflection set of G(m,m,n) such that I'x is connected and
contains exactly one circle, say the edges of the circle are {ap,ap+1}, 1 < h < r (the
subscripts are modulo 7) for some integer 2 < r < n. Then X contains the reflections
s(ap,apt1; kp) with some integers kj, for any 1 < h < r (the subscripts are modulo 7).
Denote by 6(X) the absolute value of Y, _, kp,.

Suppose that Ty also contains an edge {ag, a1} with ag # as,a,. Hence X contains
a reflection s(ag,a1; ko) for some ko € Z. Let Y = (X \ {s(ar,a1; k) }) U {s(ar,ao; kr —

ko)} Then the graph I'y can be obtained from I'x by replacing the edge {a,,a;} by
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{a,,ap}. Clearly, the graph I'y is also connected and contains exactly one circle with
(YY) = 6(X). Call the transformation X — Y a circle expansion and call the reverse
transformation Y — X a circle contraction. Call both transformations circle operations.
Since s(a,, ag; kr — ko) = s(ao, a1; ko)s(ar, ar; kr)s(ag, ar; ko), we have (Y) = (X).
Clearly, a circle contraction on X is applicable whenever X has a circle with at least
three nodes. Also, a circle expansion on X is applicable whenever I'x contains a circle
which is incident to some edge at one node.
2.12. Let A be the set of all the reflection sets X of G(m,m,n) with I'x connected
and containing exactly one circle. Then all applicable circle operations stabilize the set
A. The fibres of the function § : A — Z> (the set of non-negative integers) are stable
under the circle operations. Assume that Y is obtained from X € A by a sequence of

circle operations. Then (Y) = (X). Hence we get

Lemma 2.13. Let X and Y be in A such that'Y can be obtained from X by a sequence

of circle operations. Then we have (Y) = (X) and 6(Y) = 6(X).

Lemma 2.14. Let X be a reflection set of G(m, m,n) such that the graph T'x is con-
nected and contains exactly one circle. Then X can be transformed to some X' by a
sequence of circle operations such that the graph I'x/ is a string with a two-nodes circle

at one end.

Proof. First we can apply a sequence of circle expansions to transform X to some
X" such that the graph I'x~ is a circle. Let ¢1,c¢o,...,¢, be the nodes of I"x, such
that X" consists of the reflections t;, = s(cp,cpi1;kn) for 1 < h < n (the subscripts
are modulo n). Let ¢}, | = t,tn_1t, and t; = t. ,t;t;; for 2 < j < n—1. Let
Xno1 = (X"\{tn}) Uity 1} and X = (X1 \ {t}; 1 }) U{t}} for 2 < j <n—1. Denote

X, = X". Then X, is obtained from X;; by a circle contraction and X, € ¥(m,m,n)

for 2 < j < n. Clearly, X’ = X5 is a required element in ¥(m, m,n). O

2.15. Let X = {s(h,h+1;kn),s(1,2;k]) | 1 < h < n} for some integers k7, k1, ..., kn—1.
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Then the graph I'y is a string with a two-nodes circle at one end. We want to describe
the subgroup (X) of G(m,m,n) generated by X.

Denote t, = s(h,h+ 1;ky), 1 < h <n, and ¢ = s(1,2;k}). Let ¢ = ¢*™/™. For any
1 <i<mnandk € Z, denote a(i;k) = [((7F,1,...,1,¢¥ 1,...,1)|1], where ¢* is the ith
component of the n-tuple. Then we have t{t1 = «(2; k] — k1). Denote p = kj — k1. We
have a(i;ap) = a(i;p)* = ti—1ti—o...ta(tt1)%t2...t;—1 for any 2 < i < n and a € Z. For
€2, ..., Cp, € Z, denote [(ca, ..., cn) = [((P,CP,...,("P)|1], where ¢ = — ", ¢;. Then
B(c2yeescn) = [Ty a(i;eip) = T1iy a(i;p)¢i. Let N = {B(ca,...,cn) | ¢; € Z}. Clearly,
N is closed under multiplication and inversion. So N itself forms an abelian group. By
the above discussion, we see that N is a subgroup of (X). For any co,...,¢, € Z and
t € X, we have 3(ch,...,c) = tB(ca,...,cp)t, where, if t = ¢}, with 2 < h < n then the
sequence ch, ..., ¢, can be obtained from cg, ..., ¢, by transposing the terms ¢, and cpy1;
if t € {t},t1} then

I
c; =

Ci, if 1> 2,
—2222 Cj, if 2 = 2.

This implies that N is an abelian normal subgroup of (X).
Lemma 2.16. In the above setup, we have (X) = N X (t1,....;tn_1).

Proof. We have just shown that N < (X). We know by Lemma 2.4 and its proof that
(t1,...,tn—1) is a subgroup of (X) and that the natural map G(m,m,n) — G(1,1,n)
sends (t1, ..., t,—1) isomorphically onto G(1, 1,n). So the intersection of N and (tq, ..., t,—1)
is the trivial subgroup {1}. Hence N(t1,...,tn,—1) = N X (t1,...,tn—1), which is a sub-
group of (X). It remains to show that (X) C N x (t,...,t,—1). To do this, it is enough
to show that t - (N % (t1,...,tn—1)) € N X {t1,...,t,—1) for any ¢ € X. It is also enough
to show that tB(ca,...,c) € N X (t1,...,t,—1) for any t € X and ¢; € Z. When t = ¢y,
for some 1 < h < n, we have t3(ca,...,cn) = (tnB(ca, ..., cn)tr)tn, C Ntp; when t = ],
we have t3(ca,...,cn) = a(2;p)t15(ca, ..., cn) = ((2;p)t1B(ca, ..., cn)t1)t1 C Nty since

a(2;p) = B(1,0,...,0) € N. This proves our result. [
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Remark 2.17. The above lemma can be generalized: The set X could be taken a
more general reflection set X' = {s(apn,ant1;kn),s(ar,a2; k) | 1 < h < n}, where

1,k1,...,kn_1 are any fixed integers, and ay,...,a, is any permutation of 1,2,...,n.
Actually, such a more general subgroup (X’) of G(m,m,n) is T-conjugate to a subgroup
of the form (X) in Lemma 2.16, where T is the permutation matrix in G(m,m,n)
corresponding to the permutation aq,as,...,a,. Hence we also have a decomposition
(XY = N’ % (s1,...,8n-1), where s;, = s(ap,apq1;kp) for 1 < h < n, and N’ =

<X/> a A(m’m7n) = T<X>T_1 N A(m7m7n) = TNT_l == N

Corollary 2.18. Let X' = {s(ap, ant1;kn), s(ar,a9; k) | 1 < h <n}, where ki, ky, ..., kn_1
are any fized integers, and a, ..., a, is any permutation of 1,2,...,n. Then X' is a gen-

erator set of G(m, m,n) if and only if the integer ki — ki is coprime to m.

Proof. By the above remark, we need only consider the case when a;, = h for any
1 < h <n. Hence X' is just the set X in Lemma 2.16. By Lemma 2.16, we see that
(X) = G(m,m,n) if and only if the subgroup N of (X) in Lemma 2.16 is equal to
A(m,m,n). The latter holds if and only if the number p = £} — k1 in 2.15 is coprime

to m. Hence the result. O

Note that in the setup of Corollary 2.18, the number |k} — k1| is equal to §(X”).
Now we are ready to give a criterion for a certain reflection set to be a generator set

of G(m, m,n).

Theorem 2.19. Let X be a reflection set of G(m,m,n) such that the graph T'x is
connected and contains exactly one circle. Then X generates G(m,m,n) if and only if

the integer 6(X) is coprime to m.

Proof. By Lemma 2.14, we can transform X to some reflection set X’ by a sequence
of circle operations such that the graph I'x/ is a string with a two-nodes circle at one

end. Then by Lemma 2.13, we have (X’) = (X) and 6(X’) = 6(X). Hence by Corollary
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2.18, we see that (X’) = G(m, m,n) if and only if §(X’) is coprime to m. So our result

follows immediately. [J

§3. The congruence classes of presentations of the group G(m,1,n).

In the present section, we shall get two main results of the paper, which establish
a bijection from the set of all the congruence classes of presentations for the group
G(m,1,n) (resp., G(m,m,n)) to the set of isomorphism classes of certain connected
graphs.
3.1. Let S be any generator set of G(m,1,n) consisting of n reflections. By Lemma
2.1 and Theorem 2.8, we see that S gives rise to a presentation (S, P) of the group
G(m,1,n) for a certain set P of relations on S. By Lemma 2.1, S = S’ U {s}, where
S’ consists of n — 1 reflections of type I with the graph I's: being a tree, and s is a
reflection of order m. So we can define the rooted tree I'y. The set S satisfies the
following relations:

(1) t* =1 for any t € S';

(3) tt’ = t't for any t,t’ € S’ with the edges e(t), e(t) having no common node in
I's;
(4) tt't = t'tt’ for any t,t' € S’ with e(t), e(t’) having exactly one common node in
T.

S5
(5) ts = st for any ¢t € S’ with the edge e(t) not incident to the rooted node n(s);
(6) tsts = stst for any t € S’ with the edge e(t) incident to the rooted node n(s).
Call all the above relations in (1)-(6) the order and braid relations (0.b. relations in

short) on S. Suppose that P is a certain relation set on S such that (S, P) forms a

presentation of G(m,1,n). Then the congruence class of (S, P) is entirely determined

by the generator set S and the o.b. relations on S, the latter is entirely determined

by the isomorphism class of the rooted tree I' up to congruence. In other words, two
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presentations (S1, P1) and (S2, P3) of G(m, 1,n) are congruent if and only if the rooted
trees Iy and ' are isomorphic. On the other hand, let I'" = ([n], E,i) be a rooted
tree, where i € [n] = {1,2,...,n}. Then |F| =n — 1. We can define a reflection set X of
G(m,1,n) as follows. The reflection s(i,j;0) is assigned to X if and only if {i,;} € E.
Also, the reflection s(i; 1) is assigned to X. Hence X consists of n—1 reflections s(3, j; 0),
{i,j} € E, of type I and one reflection s(i; 1) of order m. By Theorem 2.8, we see that

X forms a generator set of G(m,1,n) with I'y, =I'". So we get the following

Theorem 3.2. The map (S, P) — I' induces a bijection from the set of all the congru-
ence classes of presentations for the group G(m,1,n) to the set of isomorphism classes

of rooted trees with n nodes.

3.3. Next let S be any generator set of G(m, m,n) consisting of n reflections. By 2.10
and Lemma 2.7, we see that S gives rise to a presentation (S, P) of the group G(m, m,n)
for a certain set P of relations on S. By 2.10 and Theorem 2.19 we see that the graph
['s is connected and contains exactly one circle with 6(S) coprime to m. The set S
satisfies the following relations:

(1) t2 =1 for any t € S;

(2) st =ts for any s,t € S with the edges e(s), e(t) having no common node in I'g;

(3) sts = tst for any s,t € S with e(s), e(t) having exactly one common node in I'g;

When I'g has a two-nodes circle, say s,t € S with e(s), e(t) two edges of the circle,
we have

(4) (st)™ = 1.

Call all the above relations in (1)-(4) the order and braid relations (o.b.relations in
short) on S. Suppose that P is a certain relation set on S such that (S, P) forms a
presentation of G(m,m,n). Then the congruence class of (S, P) is entirely determined
by the generator set .S and the o.b. relations on S, the latter is entirely determined by the

isomorphism class of the graph I's up to congruence. In other words, two presentations



18 Jian-yi Shi

(S1, P1) and (S2, P3) of G(m,m,n) are congruent if and only if the graphs I'g, and T'g,
are isomorphic. On the other hand, let I' = ([n], E') be a connected graph with n nodes
and exactly one circle. Then |E| = n. Fix any {p.¢} € E in the circle of I". We can
define a reflection set X of G(m,m,n) as follows. The reflection s(i, j;0) is assigned to
X for all {7,j} € E\ {{p,q}}. Also, the reflection s(p,q;1) is assigned to X. Hence X
consists of n reflections with 6(X) = 1, coprime to m. By Theorem 2.19, we see that X

forms a generator set of G(m,m,n) with I'x = I'. So we get the following

Theorem 3.4. The map (S, P) — I's induces a bijection from the set of all the congru-
ence classes of presentations for the group G(m,m,n) to the set of isomorphism classes
of connected graphs with n nodes and n edges (or equivalently with n nodes and exactly

one circle).

§4. The relation sets of the presentations for the groups G(m,1,n) and
G(m,m,n).

For any generator set S of the group G(m, 1,n) (resp. G(m,m,n)) of n reflections, we
can always find a set P of relations on S such that (S, P) is a presentation of G(m, 1,n)
(resp. G(m,m,n)). However, a relation set P is not uniquely determined by S. Then
the problem is how to choose a relation set P such that (S, P) becomes a presentation
of G(m,1,n) (resp. G(m,m,n)). We shall find one for each generator set of the group.
4.1. Tt is well known that the group G(m,1,n) has a presentation (S, P), where S =
{s(h,h + 1;0),s(1;1) | 1 < h < n}, and P consists of the following relations: denote
th =s(h,h+1;0), 1 < h <mn, and ¢y = s(1;1),

)t =1;
ii) t2 =1 for 1 < h < n;

(

(

(ili) tit; = t;t; if j #4+1;

(iv) titip1t; = tip1titiog for 1 <i<n—1;
(

V) tot; = tito for i > 1;
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(vi) totitots = titotito.

4.2. Let ¥(m,1,n) be the set of all the generator sets S of G(m,1,n) of n reflections
such that the graph I'g is a tree (hence S consists of n — 1 reflections of type I and
one reflection of order m by Lemma 2.1). We can define a rooted tree I'y for any
S € ¥(m,1,n) by 1.6. We know that the set ¥(m,1,n) is stable under terminal node
operations. By Lemma 2.9, we see that for any X, X’ in X(m, 1,n), one can find a
sequence X; = X' X5, ..., X, = X" in ¥(m,1,n) such that for every 1 < h < r, X},
either is obtained from or gives rise to X;,_1 by a terminal node operation and that X is
congruent to X” (see 1.7). In this sense, one can say that the terminal node operations
act on the congruence classes of ¥(m, 1,n) transitively.

4.3. Let X = {s(in, jn; kn),s(l;k) | 1 < h < n} be in X(m,1,n). Then kp, k1, ipn, jn
are some integers with 1 <1 < n, 1 < i # jr < n, and k coprime to m. The following

relations on X hold: denote s, = s(ip, jn; kn), 1 < h <n, and s = s(l; k),

s?=1for 1 <h<n;
SpSq = S¢Sp if the edges e(s,) and e(s,) have no common node;

SpSqSp = SqSpSq if e(sp) and e(s,) have exactly one common node;

)
)
)
)
5) ssp = sps if the edge e(sp) is not incident to the node I;
) 85psSp = Spssps if e(sp) is incident to I;
7) 8- SpSqSp = SpSqsp - S if e(sp) and e(s,) have exactly one common node [;

(8) sp-5¢SrSq = SqSrSq-Sp if Sp, ¢, sy are pairwise distinct with the edges e(sp), e(sq)
and e(s;) incident to one common node.

Call the relations (1)-(2) order relations, (3)-(6) braid relations, (7) root-braid rela-
tions, and (8) branching relations on X. Call all of them basic relations on X.
4.4. Let 3(m, m,n) be the set of all the generator sets S of the group G(m, m,n) each of

which consists of n reflections. Given any S € 3(m,m,n), we see by 2.10 and Theorem

2.19 that the graph I's is connected and contains exactly one circle. Hence ¥(m, m,n)
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is a subset of the set A defined in 2.12. By Lemma 2.13 and Theorem 2.19, we see that
Y (m,m,n) is stable under the circle operations. For any S € ¥(m,m,n), we can find
a relation set P on S such that (S, P) is a presentation of G(m,m,n). The congruence
class of (S, P) is entirely determined by the generator set S and the o.b. relations on
the set S, the latter is determined by the isomorphism class of the graph I's up to
congruence. So we can talk about the congruence of any S € ¥(m,m,n). By Lemma
2.14, we can find, for any two S, 5" € ¥(m,m,n), a sequence S = 5, 5s,...,S, = 5"
in X(m,m,n) with S, S” congruent such that for every 1 < h < r, S, is obtained from
Sh—1 by a circle operation. In this sense, we can say that the set ¥(m,m,n) is transitive
under circle operations.
4.5. For S € X(m,m,n), let ¢1,ca,...,c,. be the nodes of the circle in I's such that
{¢iyciv1}, 1 < i < r, are edges of I'g, where the subscripts are modulo . Hence S
contains the reflections ¢t; = s(¢;, ¢;y1;p;) for 1 < ¢ < r (the subscripts are modulo )
and some integers p;. Let t; = s(aj,b;;k;), 7 < j < n, be the reflections such that
S={ti |1 <i<n} Forl<i<j<r, denote s;; = t;...t;_otj_1tj_o...t; and
8ji = ti—1..titp.tjpatjtjpr.. teti. t;—q. In particular, s;; =t; if j =¢+ 1 and s;; = t;
if 7 =r and ¢ = 1. Then the following relations on S hold:

(i) 2 =1for 1 <i<ny

(ii) tit; = t;t; if the edges e(t;), e(t;) corresponding to ¢;,¢; have no common node;

(iii) t;t;t; = t;t;t; if the edges e(t;), e(t;) have exactly one common node;

(iv) (si585i)™ =1 forany 1 <i < j <r;

(v) s-trt = trt - s for any branching node b of I'g and any triple X = {s,t,r} C S
with I'x having b as its branching node;

(vi) (a) us;jju - vsj;v = VSV - us;;u,

(b) ws;i;S;iusi;jSji = SijSjiUS;jSjiu, and
(C) V8iS;iVSi;jSji = SijS;jiVSi;jS;iV

if there are some u,v € S with e(u), e(v) incident to the circle of I'g at the nodes ¢;, ¢;
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respectively for some 1 <i < j < r.

Call relations (i) order relations, call (ii)-(iii) braid relations, call (iv) circle relations.
(iv) in case of r = 2 is also called a braid relation, Call (v) branching relations, and call
(vi) branching-circle relations. Call all of these relations basic relations on S.
Remark 4.6. (1) When j —i > 2, we have t;(si;5;i)ti = Sit1,5;,i+1 and t;(s;55;5:)t; =
Sij+15j+1,i- Thus relation (s;;55;)™ = 1 holds if and only if (s;41,;5;5,i+1)™ = 1 holds if
and only if (s;j+15j+1,:)™ = 1 holds. So in (iv), we need only write down one of such
relations for a fixed pair 1 <7< j < r.

(2) We shall show in Lemmas 4.8 and 4.10 that the branching and root-braid relations
can be deduced from a certain part of these relations.

(3) Note that relation (b) (resp. (c¢)) in (vi) holds whenever such a reflection u (resp.

v) exists. For some smaller number r, a computer programme, called MAGMA, shows
that when both u and v exist, relation (a) in (vi) implies relations (b) and (c). It is
natural to conjecture that this should hold for any positive integer r.
4.7. Let S € ¥(m,1,n) (resp. S € X(m,m,n)) be with ¢ a branching node in the graph
I's. Let ¢y, ..., ¢, be all distinct nodes with r > 2 such that {¢;,c}, 1 <i < r, are edges
of I's. Then S contains reflections t; = s(c¢;, ¢; k;) for some integers k;. We have the
following relations:

(i) titjt; = tjtit; and t2 =1 for any 1 < i # j < r;

(ii) ¢ - tit;t; = tit;t; - t; for any distinct 4, 7,0 in {1,2,...,7}.

The following result shows that the branching relations (7) on S € ¥(m, 1,n) (resp.
the branching relations (v) on S € ¥(m,m,n)) can be deduced from some part of these

relations.

Lemma 4.8. Fiz p, 1 < p < r. Under the assumption of condition (i), condition (ii)

18 equivalent to the following condition

(1) sp - 8i5j8; = 8;8j8; - Sp for any 1 < i # j < r with i,j # p.
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Proof. 1t is clear that (ii) implies (ii’). Now assume (ii’). We want to show (ii). It is
easily seen by condition (i) that relation s; - s;5;5; = s;5;5; - 5; holds in the case when
p € {3, ,1}. It remains to show the relation s;-s;5,5; = s;5;;-5; in the case of p ¢ {1, j,1}.
We have s;-5,5;5, = 5,55, 51, 81 5p5j5p = SpSjSp -5 and s, - 5;5;8; = 5;5;8;-5,. Hence
51+ 8pSiSjS8iSp = S| * SpSiSp - SpS;jSp - SpSiSp = SpSiSp  SpSjSp * SpSiSp * S| = $pS;S;SiSp * 5.
Then s,5;5), - 5;5j5; = 5;5j8; - Sp515p. Hence s,5; - 5;5;5;8, = 5,5;5;5; - 815p. This implies
51+ 8i8j8; = 8;8;8; - 5. U
4.9. Under the setup of 4.7 with S € ¥(m,1,n), assume s = s(c;k) € S. Then the
root-braid relations on S are

(ili) s - t;t;t; = tit;t; - s for any distinct ¢, 7 in {1,2,...,r}.

The following result shows that the root-braid relations on S € ¥(m,1,n) can be

deduced from some part of the relations.

Lemma 4.10. Fix p, 1 < p < r. Under the assumption of conditions 4.7 (i)-(ii),
condition (iii) is equivalent to the following condition

(111 ) s - $pS;jSp = SpS;Sp - s for any 1 < j < r with j # p.
Proof. 1t is clear that (iii) implies (iii’). Now assume (iii'’). We want to show (iii).
We must show s - s;s55; = sis55; - s for any 1 < i # j < r with 4,5 # p. We have
S SpSiSp - SpSjSp * SpSiSp = SpSiSp - SpS;jSp - SpSiSp - s by (iii’). Hence s - spsis;jsis, =
SpSisjsisp - s by 4.7 (i). This implies s - s;5;5; = 5;5;5; - s by 4.7 (ii). O
4.11. Suppose that X € ¥(m,m,n) contains the reflections t;, = s(cp, cpy1;kn) (the
subscripts are modulo 7) for 1 < h < r and some nodes cy, ..., ¢, of I'x with r > 2. Sup-
pose that for some 1 < ¢ < j < r, there are some s,t € X\{t;_1,%;,t;_1,¢;} with the edge
e(s) incident to the node ¢; and e(t) incident to ¢;. Denote s;; = t;...t;_ot;j_1t;_2...t;
and sj; = ti_1ti_o.titptip1titipr oty iy,

The following result shows that when I'x contains a circle with more than two nodes,

the branching-circle relations in (vi) are a consequence of the branching relations in (v).
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Lemma 4.12. In the above setup, if the reflection set X satisfies all the o.b. rela-
tions together with the branching relations st;_it;t;_1 = t;_1t;t;—1s and tt;_1tjt;_1 =
tj—1tjtj—1t then

(1) ssjis - ts;;t = ts;;t - s5j;S.

(2) $5i5i;SSjiSij = S;iSijSSjiSijS.

(3) tsjisijtSjiSij = Sjisijtsjisijt-

Proof. (1) holds <= t;...t,t...t;_oSti_15ti_o..tyte. bt ti_ott;_1tt;_o..t;
= byt ott_ytti gttty ti_osti_1Sti_g.. byt t;
=ttty i oty b oSty stt_ytti_o. byt tiatiti .t
=ttty i oty ot _ytsti_ysti_o..tite. titi_o..;
< st; 18ttt = tt; _1tst; 8.
If j >i+1and (¢,5) # (1,7), then s,¢;_; commute with ¢,¢;_; by the o.b. relations
on X. So the last equation holds in this case. If j =i+ 1 (resp., (i,7) = (1,r)), then
the last equation becomes st;_qstt;t = tt;tst;_1s (resp., st.stt,_1t = tt,._qtst,s). The
last equation is again true by the o.b. and branching relation on X. So (1) follows.
Then (2) holds <=
tiqti1tig. titp . titiati o taatitan..tiot;gstitin . tety.tiotiati o t1ty.titiati o ti
= tigtytp bty tatiton o tyot i stitig oty biotiqti oo tite. titiats . tyatist;
=ttty oty ot Sttty gttt ittty ot 1ty o disty. ety .t ot 1t o ity t
=ttty titin . tiotiastiatig. it tiatitin . bty tiotiatiats o tyntistitag.. tioti
= byt jotyotpty i St byt byttt tiStiat g byt bttt b ot
= tiotjotiati o tiatiStiati o, tite. tuatitiati o taatstitin .. tiotiatig. ety tiotiy
=5ttty it Stiatio. byt b tistiatio. byttt
= bty g tiatiStiatig. it tiatistiti .. .tiot;
= tistiatio.tite. tiotiatio.. toty .. tioti1st;

= Sti_l Stiti_z .. .tltr .. .ti_|_2t2‘_|_1ti+2...trt1 ...ti_ztisti_ls
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> tio.. 01t bt i, Brt1. Lo = Stio.. . T1lr. . Dot bign. . Trl1 . 08,
The last equation is true since s commutes with all the other reflections occurring in
the equation by the o.b. relations on X. So we have proved (2). Then (3) can be shown

similarly. [

Remark 4.13. Note that the conclusion of Lemma 4.12 still holds even when either
i+1l=jorj+1=4do0rbothi+1=j j+4+1 =i hold (the numbers are modulo
r), where if i +1 = j (resp. ¢ = 1 and j = r) then the element s;; becomes t; (resp.
sj; becomes t;). When all the relations i +1 = j, ¢ = 1 and j = r hold, we have
r = 2. Thus the conclusion of Lemma 4.12 remains valid even when r = 2. However,
in that case, it is not a consequence of the conditions st;_1t;t;_1 = t;_1t;t;_1s and
ttj_1t;tj—1 = tj_1t;t;_1t since the latter no longer hold.

4.14. Let X, X’ € ¥(m,1,n) be such that X’ is obtained from X by a terminal node
operation with respect to two terminal nodes 7,5 along a path a; = i,a9,...,a, = j
for some r > 2. Hence t; = s(a;,a;4+1;ki) € X for 1 < i < r and some integers k;.
Denote t = tito...tp—otr—1t,—2...t1. We may assume X' = (X \ {t1}) U {t} without loss

of generality.

Lemma 4.15. In the above setup, if the reflection set X satisfies all the basic relations

then so does the reflection set X'.

Proof. We need only check all the basic relations on X’ involving ¢. To do this, we need
only check that
(1) ttyp_1t = tp_1tt,_q.

(2) For any s € X'\ {t,t,—1} with e(s) incident to some a;, 1 < h < r, we have

(4.15.1) st =ts.

(3) If s = s(ap; k) is in X then stst = tsts and s - t,_1tt,—1 = t,_1tt,_1 - S.

(4) If s = s(aq; k) is in X then stst = tsts.
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(1) is equivalent to the equation

tr 1. totita..dpot,_1tp_o..dot1te.dp 1 = ty_o..tot1ts...tro.

The latter follows by the o.b.relations on t1, ..., t,.—1. For (2), s is in one of the following
cases:

(i) s=tp, 1L <h<r-—1,

(ii) there is some node a # aq, ..., a, of I'x with e(s) = {a,an} for some 1 < h < r.

(iii) there is some h, 1 < h < h+1 < r with e(s) = {an,ans+1} and s # t5,. Hence ay
and ap41 are the nodes of a two-nodes circle in I'x.

(4.15.1) can be checked directly in case (i). Let s = s(a, an; k) (resp. s = s(ap, apy1;k) #
ty) be the reflection of X in case (ii) (resp. (iii)). Then in case (ii), a; is a branching

node of the graph I'y and so we have

(4.15.2) S-tptn_1tn = thth_1ty - s.

Now (4.15.1) holds <= tj,_1ty...tr—otr_1tr—o.. . tptp—1-8 = Sth_1th..tr—otr_1t,—o..tnth—1
> tp_1tp_o...tptp_1th...tp—1 -5 =8 tp_1tp_o...tpth_1th...tr—1 = (4.15.2) holds.

In case (iii), we have

(4.15.3) th_lthth_lth+18th+1 = th+18th+1th_1thth_1.

Now (4.15.1) holds
< th—1ththy1--tr—otr—1tr—2...tpp1lptp—1-s = Stp_1tptpir...tr—otr—1tr—2.. Tpp1tptn—
= toqetnittathotththgtodro1 S = 8 tr_ 1o dthpiththo1tathet. tr_1
<= (4.15.3) holds.
Finally, (3) and (4) follows by the o.b. relations on s, 1, ...,%,_1.

This shows our result. [

Next result is the converse of Lemma 4.15.
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Lemma 4.16. Let X, X' € ¥X(m,1,n) be as in 4.14. If all the basic relations on X'

hold then so do those on X.

Proof. By Lemma 4.15, we need only consider the case where a5 is not a terminal node
of I'xs, i.e., there exists some s € X \ {t2} with e(s) incident to the node as.

(i) First assume that the graph I'f, ;,) contains no two-nodes circle. Concerning the
branching relations, it is sufficient, by Lemma 4.8, to show the relation s - tot1ts =

totits - s, that is to show:
(4161) t28t2 : tgtg...tr_lttr_l...tg = tztg...tr_lttr_l...tQ . tQStQ.

This follows if the reflection s commutes with all of ts,...,t,_1,t. Otherwise, e(s) is
incident to the node a; for some 3 < i < r — 1 (note that e(s) is never incident to a,
since a, is assumed a terminal node of I'x ). a; is a branching node of Iy, and we have

the branching relation
(4162) S - ti—ltiti—l = ti—ltiti—l - S

on X'. relation (4.16.1) is equivalent to
(4.16.3)

S - tg...ti_g tte_q. it 1t 1t ti_g...tg S = t3...ti_2 gttt et ti_g...tg.

Then (4.16.3) is an easy consequence of (4.16.2) together with some o.b. relations on
X'.

If s = s(ag; k) is in X, then we need also show the relations s't;s't; = t15't1s" and
8/ . tltgtl = tltgtl . S/. Note tl = tgtg...tr_lttr_l...tgtg. So the relation Sltlsltl = t18/t18/

is equivalent to

S/ . tgtg...tT_lttT_l...tth . 5/ . t2t3...t7~_1tt7~_1...t3t2

=tots..tp_1tty_q...t5ta - 5 - tots..tp_1tty_q..t3ty - 5.
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The latter follows by the o.b. relations on t,s’,ts,...,t._1. The relation s - t1tot; =
titoty - s follows by the o.b. relations on s',t,to, ...t _1.
(ii) Next assume that the graph I';, ;,} contains a two-nodes circle. Hence r > 3. We

must show the branching-circle relation

(4164) tthtl : t38t3 = t3$t3 . tltgtl.

This is equivalent to

(4165) t38 . t4...tr,1tt,~,1...t4 . Stg = t3...t71,1tt71,1...t3

by applying some o.b. relations on X’. Now (4.16.5) follows since s commutes with

ty,...,tr_1,t by the o.b. relations on X’. [

Theorem 4.17. For any S € ¥(m,1,n), let P be the set of basic relations on S. Then

(S, P) forms a presentation of the group G(m,1,n).

Proof. Let S € ¥(m,1,n) be given as in 4.1 with P the set of basic relations on S. Then
(S, P) forms a presentation of G(m,1,n) by [1, Appendix 2|. Suppose that X, X’ €
Y(m,1,n) are as in 4.14 with P, P’ the set of basic relations on X, X’ respectively.
Then by Lemmas 4.15 and 4.16, we see that (X, P) is a presentation of G(m,1,n) if
and only if so is (X', P’). This implies our result by the fact that the set X(m, 1,n) is

transitive under terminal node operations (see 4.2). [

4.18. Suppose that X € ¥(m,m,n) contains the reflections t;, = s(cp, cpy1;kn) (the
subscripts are modulo r) for 1 < h < r and some integers kj,, where r > 2, and ¢y, ..., ¢,
are some nodes in I'x. Let ¢t = t1t,¢1 and let X' = (X \ {¢,})U{t}. Then X’ is obtained

from X by a circle contraction.

Lemma 4.19. In the above setup, the reflection set X satisfies all the basic relations

if and only if so does the reflection set X'.
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Proof. First assume X satisfies all the basic relations. We want to show X’ also satisfies
all the basic relations. We need only check all the basic relations involving t. Note
e(t) = {ca, e}

The order relation t? = 1 follows by the order relations t? = 1 =2 on X.

Let s € X'\ {t} be with e(s) not incident to the edge e(t). We must show st = ts.
We see that e(s) is incident to either both or none of e(t1), e(t,). The result is obvious
if e(s) is incident to none of e(t1),e(t,). In the case when e(s) is incident to both of
e(t1), e(t,), we see that ¢y is a branching node of T'x to which the edges e(t1), e(t,), e(s)
incident. Then we have ts = t1t,t1s = st1t,.t;1 = st by the branching relations on X.

Let s € X"\ {t} be with e(s) incident to e(t) at exactly one node in I'x,. We want to
show sts = tst, i.e., stit,.t1s = t1t,t1st1t,t1. This can be shown by the braid relations
on X that either the relations st = t1s, st,.s = t,.st,, or the relations st1s = t;sty,
st = t.s hold. When r = 3, e(t3) and e(t) form the two-nodes circle of I'x,. The circle
relation (t2t)™ = 1 on X’ is the same as the circle relation (tot1t3t1)™ =1 on X.

So we have shown the o.b. relations on X’ involving ¢.

Now we show the branching relations on X’ involving ¢. If ¢ is a branching node in
I'x/, then for any s € X'\ {t1,t} with e(s) incident to ¢ and not to ¢, we need show
the relation stitt; = t1tt;s. This follows by the braid relation st,. = t,.s on X. If ¢, is
a branching node in I'x/, then for any s € X'\ {t,¢,_1} with e(s) incident to ¢, and
not to co, we need show the relation st,._qtt,._1 = t,._1tt,._1s. This follows by the braid
relation t;s = st; and the branching relation st,._1t,t,_1 = t,_1t,t,_15 on X.

The circle relation (tsg,)"™ = 1 on X' is the same as the circle relation (¢1t,t152,)™ =
1on X.

It remains to show the branching-circle relations on X’ involving ¢t. By Lemma 4.12,
we need only consider the case of r = 3. In this case, e(t) and e(t3) form a two-nodes
circle. If there exists some u € X'\ {¢,t2} with e(u) incident to co then the branching-

circle relation utotutot = totutstu on X’ is the same as the branching-circle relation
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utotitstiutotitsty = totitstiutatitstiu on X. Similarly for the case when there exists
some v € X'\ {t,ta} with e(v) incident to ¢,. If both of such w,v exist then the
branching-circle relation utuvtov = vigvutu on X’ is also the same as the branching-
circle relation utitstiuvtov = vigvutitstiu on X.

Next assume that X' satisfies all the basic relations. We must show that so does
the reflection set X. We need only show all the basic relations on X which involve the
reflection ¢, = t1tt;. Hence we have to show the following relations:

(1) 7 =

(2) t,s = st, for s € X \ {t,} with e(s), e(t,) having no common node;

(3) t.st, = st.s for s € X \ {t,.} with e(s), e(t,) having exactly one common node;
(4) (t - trtoe. troty_1ty_g...toty)™ = 1;

(5) z - t1t, ty = t1t, .ty - x if x € X is with e(x) incident to the circle of I'x at the node
C1;

(6) y - tptp_1t, =ty t.—1t, -y if y € X is with e(y) incident to the circle of I'x at the
node c¢,.

The proof for the above relations is similar to what we did before and hence is left
to the readers. Note that the branching-circle relations on X is a consequence of the

branching relations on X by Lemma 4.12 and hence they need not be checked. [

Theorem 4.20. Let S € ¥(m,m,n) and let P be the set of all the basic relations on

S. Then (S, P) forms a presentation of the group G(m,m,n).

Proof. Let S € ¥(m,m,n) be such that I'g is a string with a two-nodes circle at one
end. [1, Appendix 2] tells us that (S, P) forms a presentation of G(m,m,n).

By Lemma 2.14, any reflection set X € X(m,m,n) can be transformed to some
S’ € 3(m,m,n) by a sequence of circle contractions followed by a sequence of terminal
node operations, where I'g: is a string with a two-nodes circle at one end. Hence S and

S’ are congruent. So our result follows by Lemmas 4.15, 4.16 and 4.19. O
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Remark 4.21. For any S € ¥(m,1,n) (resp. S € X(m, m,n)), we can get a presenta-
tion (S, P) of the group G(m,1,n) (resp. G(m,m,n)) by Theorem 4.17 (resp. Theorem
4.20). However, such a presentation is not essential in general (see 1.7 and Lemmas 4.8,
4.12). For example, removing any n — 2 (resp., n — 1) of the n — 1 (resp., n ) order
relations of type I in P for such a presentation (S, P) of the group G(m,1,n) (resp.,
G(m,m,n)), denote by P’ the resulting relation set. Then (S, P’) still form a presen-
tation of the group. I conjecture that it will become essential after removing all the
redundant order, branching, branching-circle and root-braid relations mentioned above

and in Lemmas 4.8, 4.10, 4.12.
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