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ABSTRACT. Let (W,S) be a Coxeter system and H the associated Hecke algebra with

unequal parameters. The Laurent polynomials M ,, and py,w for y,w € W and s € S

play an important role in the representations of H. We study the properties of M? . and

Y, w
Dy,w, the relations among them, as well as with the left, right and two-sided cells of W'.

In his book [5], Lusztig gave a systematic introduction to the Hecke algebras H
associated to a Coxeter system (W,S) with unequal parameters, where the Laurent
polynomials My, and py ., for y,w € W and s € S play an important role in the
structure theory and the representation theory of H. However, owing to the lack of
their explicit expressions, we know very little about the properties of M, ,’s and py .,’s.
In the present paper, we give some closed investigation for those Laurent polynomials.

We establish some criteria for the vanishing and the non-vanishing of M, ,. In
particular, we generalize some results of Kazhdan and Lusztig in [2].

In [5. Corollary 6.5], Lusztig showed that for any y, w € W with sy < y < w < sw and
L(s) =1, M, ,, is equal to the coeflicient of v~ 1in Dy,w- In this paper, we generalize this

result to unequal parameter case (see Proposition 3.1). We study the relation between
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the coefficients of v=! in p, ., and p, v, where y/,y (resp. w’,w) are in a left {s,t}-
string for some s,t € S with o(st) > 2 (see Propositions 3.4, 3.9, Corollary 3.5 and
Theorem 3.11).

We express M, in terms of p, g’s modulo A~ (see Theorem 4.1). Some properties
of M, ,, are deduced from such expressions.

Assume that (W, .5) is an irreducible Coxeter system which is either finite or affine.
Assume that § # I := {s € S| L(s) = 1} & S and that min{L(s) | s € S\ I} = k.
Guilhot showed in [1] that if k is greater than the length of the longest element in W7,
then any two-sided cell of Wy, is also a two-sided cell of W. We conjecture that any
two-sided cell Q of Wy, with a(€2) < k is also a two-sided cell of W, which strengthens
Guilhot’s result (see Conjecture 5.5). We verify our conjecture in the cases where k < 2
(see Propositions 5.3 and 5.6).

The contents of the paper are organized as follows. Section 1 is the preliminaries, we
collect some concepts, notation and known results there for later use. We deduce some
criteria for the vanishing and non-vanishing of My, in Section 2. In Section 3, we study
the relation between the coefficients of v™! in p, ., and py ., where ¥/, y (resp. w’, w)
are in a left {s,t}-string for some s,t € S with o(st) > 2. We express M, in terms of
Da,p’s modulo A in Section 4. Finally, we propose a conjecture to strengthen a result

of Guilhot and verify it in some special cases in Section 5.

§1. Preliminaries.

In this section, we collect some concepts and known results for later use, most of
them follow Lusztig in [5].
1.1. Let (W,S) be a Coxeter system with ¢ its length function and < the Bruhat-
Chevalley ordering on W. An expression w = s189---5, € W with s; € S is called
reduced if r = ¢(w). By a weight function on W, we mean a map L : W — Z satisfying

that L(s) = L(t) for any s,t € S conjugate in W and that L(w) = L(s1)+ L(s2) + -+
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y,w
L(s,) for any reduced expression w = $182 -+ s, in W with s; € S.

Let A = Z[v,v™!] be the ring of Laurent polynomials in an indeterminate v with
integer coefficients. Denote v,, = v*(*) for any w € W.
1.2. The Hecke algebra H := H(W; L) of W with respect to a weight function L is, by
definition, an associative algebra over A with {T,, | w € W} a free A-basis, subject to

the multiplication rule:

(T —vs)(Ts +v;h) =0, if s€S;

TuTy=Tuy, i C(wy) = €(w)+((y).

1.3. Define a ring involution a — a of A by setting W = >, a;v~" where a; € Z
in the sum. Extend it to a ring involution h — h of H(W; L) by setting 3 Ty =
S awT, b (aw € A). Note that T, is invertible for w € W since T, = T, + (v; ! —v,)
for s € S.

From now on, we assume that L(s) > 0 for any s € S.

Define Ag,, = v™Z[v™!] and A<, = {f € A | deg f < m} and As,, = v™Z[v] and
Asm = {f | f € Ac_p} for any m € Z (here and later, when we use the notation
“deg f 7 , we always regard f as a Laurent polynomial in v). By [5, Subsection 5.3],

there is a unique C\,, € H(W; L) for each w € W such that

where py . € Aco for y < w, and py = 1 and py, = 0 if y £ w. Moreover,
vy My € L7,
Note that if the weight function L is constant on S, then the p, . ’s are essentially

the same as the Kazhdan-Lusztig polynomials P, ,, defined in [2, Theorem 1.1]. For
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example, if L(s) =1 for any s € S, then P, ,, = vé(w)—@(y)pva € Z[v?] for any y,w € W.
However, if L is not constant on S, then the relation between p, ., and P, ., becomes
quite complicated, where the coefficients of P, ,, are conjecturally non-negative for any
y,w € W (see [2, Subsection 1.1]), while those of p, ., might be negative for some
y,w € W (see Example 4.9).

1.4. For y,w € W and s € S with sy <y < w < sw, define M, , € A recurrently by

(141) Z M;’wpy,z = VUsPy,w (mOd A<0)7
y<z<w
sz<z
(1.4.2) M, = M.,

The condition (1.4.1) determines uniquely the coefficients of v* in M, for all k > 0;
then (1.4.2) determines all the other coefficients. We have v; v, v, M, € Z[v?,v?]
(see [5, Chapter 6]).

1.5. By [5, Theorem 6.6], we have, for s € S and w € W, the equalities:

Cow + Z M, C., if w < sw,
(1.5.1) C,Cyp = z<w

sz<z

(07t + v)C, if w > sw.

Let j be the anti-automorphism of the A-algebra H(W; L) defined by j(>_,, awTw) =
Y w @wTy—1, where a,, € A. It is easily seen that j(C,) = Cy-1.

For y,w € W and s € S with ys <y < w < ws, define N, € A recurrently by

(1'5'2) Z N;,wpy,z = VUsPy,w (mOd -’4<0>7
y<Lz<w
zs<z
(1.5.3) Ng =N,

Then we can deduce by applying 5 that

(1.5.4) Ny =M, for any y,w € W.

-1 -1
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y,w
and that

Cuws + Z stva’Z, if w < ws,
(1.5.5) C,C, = <

(071 + v5)C, if w > ws.

(see [5, Corollary 6.7])

1.6. Define a preorder § (respectively, §) on W which is transitively generated by
the relation y % w (respectively, E), where w < sw, and either y = sw or My, # 0
(respectively, w < ws, and either y = ws or N, # 0) holds for some s € S. The
equivalence relation associated to this preorder is denoted by ~ (respectively, rf{) The
corresponding equivalence classes in W are called generalized left cells (respectively,
generalized right cells) of W. Write y LéR w in W, if there exists a sequence of elements
Yo = Y, Y1, - ,Yr = w in W with some r > 0 such that for every 1 < ¢ < r, either
Yi—1 % Yi OT Y;_1 § y; holds. The equivalence relation associated to the preorder LgR
is denoted by X and the corresponding equivalence classes in W are called generalized
two-sided cells of W. 1t is well known that for y,w € W, the relation y % w (resp.
Yy LgR w) holds if and only if there exists some h € H(W; L) (resp. h,h' € H(W; L)) such
that a, # 0 in the expansion hCy, =Y a.C, (resp. hCy,h' =) a.C.), where a, € A
(see [5, Subsection 8.1]).

In the subsequent discussion, we usually call the generalized left (respectively, right,
two-sided) cells of W simply by left (respectively, right, two-sided) cells when no danger
of confusion will cause in the context.

1.7. Following Lusztig, we state the following results:

(1) If y,w € W satisfy y § w (respectively, y § w), then R(y) 2 R(w) (respectively,
L(y) 2 L(w)). In particular, if y ~ow (respectively, y ¥ w), then R(y) = R(w)
(respectively, L(y) = L(w)) (see [5, Lemma 8.6]).

Now assume that y,w € W and s € § satisfy sy < y < w < sw.
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(2) M, ,, is a Z-linear combination of powers v" with —L(s) +1 <n < L(s) — 1 and
n = L(w) — L(y) — L(s) (mod 2) (see [5, Proposition 6.4]).

(3) Assume that L(s) = 1. Then M}, € Z is equal to the coefficient of v™! in py .
In particular, it is 0 unless L(w) — L(y) is odd (see [5, Corollary 6.5]). Note that when
L(s) = 1 for any s € S, M, is the same as the integer i(y,w) defined in [2, Definition
1.2]. Hence M, ,, can be regarded as a generalization of the function p: W x W — Z

to the unequal parameter case.
(4) Fory,w € W, py € vL=LWZ[2 v=2 and py . = 02 L) (mod As 1)) 1(w))
(see [5, Proposition 5.4]).

1.8. From (1.5.1), we get the following recurrence formula:

(1.8.1)

Pyw = vay,sw + Psy,sw — Z Mzsvswpyyz for y < w and sw < w;

y<z<sw
sz<z

(1.8.2)

Pyw = VsPy,ws T Dys,ws — Z N; psPy,-  for y <w and ws < w;

y<z<ws
zs8<z

where € = 1, if sy < y (respectively, ys < y), and —1, if sy > y (respectively, ys > y)
(see [5, The proof of Theorem 6.6]). From 1.5 and (1.8.1)-(1.8.2), we get the following
results immediately:

(1) pyw = 05 psyw if y < sy <w and sw < w. Also, pyw = v; 'Pysw if y <ys <w
and ws < w.

When W is finite, let wy be the longest element of W. Then py ., = v,.. for any

Ywo

yew.

(2) pyw = vyt if £(w) = £(y) + 1 and if y can be obtained from a reduced expression

of w by deleting a factor s € S.
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y,w
(3) In the case of (2), if ry < y < w < rw (respectively, yr < y < w < wr) for some

r € S, then

0, if v, < v,
(1.8.3) M, ,, (vespectively, N ) = q 1, if v, = vy,

veut + o7 o, if v > v,

(4) fy < w, sw < w and y £ sw, then py ., = psy,sw (note that in this case, we have

sy <y).

Note that degpy ., < —1 for any y < w in W.

1.9. In Figure 1, we display the Coxeter graphs of types Em, 6’n, ﬁ4, Go for m > 2 and

n > 1.

0
4 o—% o0 —0o ——---— o4 4
----—o—*——0
2 3 m-1 m 0 1 2 n-1 n
1

Type B, Type C,

o O
~0
o O

Type Fj Type G
Figure 1. Coxeter graphs
§2. Some criteria for the vanishing and the non-vanishing of M/ .

In this section, we establish some criteria for the vanishing and the non-vanishing of

M, ,,- In particular, we generalize some results of Kazhdan and Lusztig in [2, Subsection
2.3 (e)-(f)].

Lemma 2.1. Assume that y,w € W and s,t € S satisfy sy < y < w < sw and
L(s) < L(t) and t € (L(w) \ L(y)) U (R(w) \ R(y)). Then M, ,, = 0.

Proof. 1f M, # 0 then y <z w and hence R(y) 2 R(w) by 1.7 (1). So M., =0

in the case of t € R(w) \ R(y). Now assume t € L(w) \ L(y). Apply induction on
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k= {(w) —L(y) > 1. When k =1, we have M, , = 0 by (1.8.3). Now assume k > 1.

To show My, = 0, it is enough to show

(2.1.1) Z M yPy,z = VsPy.w (mod Aco)

y<z<w
sz<z

by (1.4.1)-(1.4.2). We have vspy , = vsvt_lpt%w € A.g. Consider the term f, =
M? by, occurring in (2.1.1). If tz > 2 then M; , = 0 by inductive hypothesis, hence
f. = 0. If tz < z, then f, = vt_le’wpty,z € Ao by 1.7 (2) and 1.8 (1) and the
assumption L(s) < L(t). This proves the equation in (2.1.1). So our result follows by

induction. O

Lemma 2.2. Let w,y € W and s,t € S satisfy st = ts and sy < y < w < sw and

te L(w)\ L(y). Then M, ,, = 0.

Proof. By (1.5.1), we have C;CsC,, = C;C:Cy, = (vt_l + v:)CsC,, and hence

(2.2.1) (v "+ 01)CsCy = C4CCyp = CyCoyp + > M: ,CiC.

z<w
sz<z

Since the right hand-side of (2.2.1) is an A-linear combination of C,, with tu < u, the
coefficient (v; ! + vi)M; ,, of Cy, on the left hand-side of (2.2.1) must be zero, hence
M;, =0 O
Proposition 2.3. Suppose that y,w € W and s € S satisfy that

(i) sy <y < w < sw;

(ii) there is some t € L(w)\ L(y) satisfying one of the following three conditions: (a)
L(t) > L(s); (b) st =ts; (c) st #ts and L(t) = L(s) and y # tw.
Then M ,, = 0.
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y,w
Proof. We have M, ,, = 0 in the case where t € L(w) \ L(y) satisfies either L(t) > L(s)
or st = ts by Lemmas 2.1 and 2.2, respectively. Now assume that ¢t € L(w) \ L(y)
satisfies L(t) = L(s) and st # ts and y # tw.

We have {(w) — ¢(y) > 1 by the assumptions of y < w and t € L(w) \ L(y) and
w # ty. Apply induction on f(w) — ¢(y) > 2. If {(w) — ¢(y) = 2, then (1.4.1) becomes
M; ., = VsPyw = Piyw = 0(mod Ac), hence My, = 0 by (1.4.2). Now assume
{(w) — £(y) > 2. By inductive hypothesis, we have M; , = 0 for any z € W with

y<z<wand sz < z and tz > z and z # tw. By (1.4.1), we have

(2.3.1) M, + e(w, s, t) My, Py tw + Z Mj’wvglptyg = V,0; Pty (mod Acg),

ty<z<w
sz<z
tz<z

where e(w,s,t) is 1 if s € L(tw) and 0 otherwise. Since L(t) = L(s), the terms
ijwvtflpty,z in the above sum and the terms e(w, s, t) My, Py tw, Usvflpty,w are all
contained in Ao by 1.7 (2) and by the assumption of y # tw. This implies that

M, = 0 by (2.3.1). Our result follows by induction.  [J

Corollary 2.4. Suppose that y,w € W and s € S satisfy M;,, # 0. Then any
t € L(w)\L(y) satisfies that st # ts and L(s) > L(t) and that w = ty when L(s) = L(t).

Proof. The condition My, # 0 implies sy < y < w < sw. So our result is a direct

consequence of Proposition 2.3. [

Corollary 2.5. Let (W, S) be an irreducible finite or affine Coxeter group with W # Cs.
Suppose that y,w € W and s € S satisfy that sy < y < w < sw and |L(w)| > |L(y)| = 1.
Then M ,, = 0.

Proof. We argue by contradiction. Suppose M, # 0. By the classification of irre-
ducible finite and affine Coxeter groups, there must exist some ¢ € L(w) \ L(y) such

that either st = ts or L(t) > L(s) by the assumptions of [L(w)| > |L(y)] = 1 and
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W # C,. By Corollary 2.4 and the assumption |£(y)| = 1, any ¢ € L(w) \ L(y) satisfies
st # ts and that either L(s) > L(t), or w = ty with L(s) = L(t). However, there
exists at most one element ¢ € S satisfying those conditions for a given s € S, i.e.,
|L(w) \ L(y)| < 1. Thus s € L(w) by the assumption |£(w)| > 1. But this contradicts

the assumption of w < sw. So M, , =0. U

Note that the assumption of W # 52 is necessary for the assertion M, , = 0 in
Corollary 2.5. For otherwise, assume W = Cy and L(s1) > L(so) 4+ L(s2) (see Figure
1). Let y = 51 and w = sps2s1. Then L(y) = {s1} and L(w) = {s¢,s2} and M}, =
pl(s1)=Lls0)=Ls2) 4 g=L(s))+L{s0)+L(s2) £ () by (1.4.1)-(1.4.2).

In the case where the weight function L is constant on S, we see by [2, Subsection 2.3
(e)] that for any y,w € W with s € L(y) \ L(w) and L(w)\ L(y) # 0, we have M, # 0
if and only if w = ty and L(w) \ L(y) = {t}. When the equivalent conditions hold, we

have st # ts. We shall extend this result to the case where L is not constant on S.

Proposition 2.6. Suppose that y < w in W and s,t € S satisfy that t € L(w) \ L(y)
and s € L(y) \ L(w) and L(t) > L(s). Then M, ,, # 0 if and only if w = ty and

L(s) = L(t). When the equivalent conditions hold, we have st # ts.

Proof. The implication “ <= " follows directly by (1.4.1), while the implication “ =" is

a direct consequence of Corollary 2.4. [
The right-handed version of Proposition 2.6 also holds.

Proposition 2.7. Suppose that y < w in W and s,t € S satisfy that t € R(w) \ R(y)
and s € R(y) \ R(w) and L(t) > L(s). Then N, # 0 if and only if w = yt and

L(s) = L(t). When the equivalent conditions hold, we have st # ts.

Propositions 2.6 and 2.7 can be regarded as a generalization of the results in [2,

Subsection 2.3 (e)-(f)].
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yw
§3. Some relations between the coefficients in M, and in p ..

In [5. Corollary 6.5], Lusztig showed that for any y,w € W with sy <y < w < sw
(respectively, ys <y < w < ws) and L(s) = 1, M, (respectively, N, ) is equal to the

coefficient of v~ in p, ,,. We shall generalize this result in the present section.

For any w, z,y € W, the notation w = -y means that w = xy and ¢(w) = (x)+L(y).

Proposition 3.1. Let y,w € W and s € S satisfy sy <y < w < sw.
(1) The coefficient of v=1 in py ., is equal to the coefficient of vEB)=1 g My .,

(2) If the coefficient of v™" in py,. is non-zero, then My, # 0.

Proof. By 1.7 (2), we have deg M,; ,, < L(s) — 1. Consider the terms in (1.4.1). We see
that deg M; ,py,. < L(s) — 2 for any z € W with y < 2z < w and sz < z. Hence the
coefficient of v(*)=1 in M}, is equal to the coefficient of v™! in py ., by (1.4.1). This

proves (1). Then (2) is an immediate consequence of (1). [

3.2. Given s,t € S with o(st) = m > 2 and L(s) = L(t). A sequence of elements in W

of the form

(3.2.1) & sy, tsy, stsy, ... (respectively, ys, yst, ysts, ... )

m—1 terms m—1 terms
is called a left {s, t}-string or just a left string (respectively, a right {s,t}-string or just a
right string) if y € W satisfies L(y)N{s,t} = 0 (respectively, R(y)N{s,t} = 0). Clearly,

when (3.2.1) is a left (respectively, right) {s, ¢}-string, the sequence

(3.2.2) & ty, sty, tsty, ... (respectively, yt, yts, ytst, ... )
m—l‘;erms m—lterms

is also a left (respectively, right) {s, ¢t}-string.
Clearly, any left (respectively, right) {s,¢}-string is wholly contained in some left

(respectively, right) cell of W.
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3.3. For any s,t € S with o(st) > 2, denote by Dy (s,t) (respectively Dr(s,t)) the set
of all elements w in W such that |£(w)N{s,t}| = 1 (respectively, |R(w)N{s,t}| =1). If
w € Dr(s,t), then the left {s,t}-string &, containing w is wholly contained in Dy (s, t);
we denote the set {sw,tw} N Dy (s,t) by *w, which contains either one or two elements
according to whether or not w is a terminal term in the string &,,. In particular, when
o(st) = 3, *w consists of a single element (in this case, we identify *w with the element
it contains) and the map w — *w is an involution of Dy (s,t), called a left {s,t}-star
operation (or a left star operation in short). Similarly, we have a map w +— w* of
Dpr(s,t): w* = Dg(s,t) N {ws,wt}, called a right {s,t}-star operation (or a right star
operation in short) if o(st) = 3. Let (s,t) be the subgroup of W generated by s, t.

Star operations on a Coxeter group were first introduced by Kazhdan and Lusztig
in [2, Section 4] in equal parameter case (i.e., when L is constant on S). Here we shall
generalize them to the unequal parameter case (i.e., when L is not constant on ).

In the subsequent discussion of this section, the notation “ =7

always stands for the
congruence relation modulo A._; unless otherwise specified (note the difference from
the same symbol in Section 4, where it will be modulo A.p). We usually omit the
symbol “ (mod A._71) 7 after the notation “ =” when no danger of confusion in the
context.

The following result generalizes the result in [2, Theorem 4.2] to the unequal param-

eter case.

Proposition 3.4. Let s,t € S satisfy o(st) =3 (so L(s) = L(t)). Lety <w in W.
Assume y,w € Dp(s,t).
(1) If yw™" & (s,t), then pyw = Py w; in particular, py., Z 0 if and only if
Doy, Z 0.
(2) If yw™t € (s,t), then py. = pap = v, L.

Now assume y,w € Dg(s,t).
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y,w
(3) If y twé (s,t), then py.w = Dy=w~; 0 particular, py ., Z0 if and only if py«.,+ Z0.
(4) If y rwe (s,t), then py, = Pusy = vy L

Proof. By symmetry, it is enough to prove (1)-(2). When yw=! € (s,t) and y < w in

Dy, (s,t), we have £(w) = £(y)+1 and £(*y) = £(*w)+1, hence py = Py, = v; * by 1.8

(2). This proves (2). In the remainder of the proof, we shall assume that y,w € Dp(s,t)

satisfy yw™! ¢ (s,t). When {s,t}N(L(y)NL(w)) = 0, we have {s,t}N(L(*y)NL(*w)) = O

and hence py oy = 0 = pey =, by 1.8 (1). Now assume {s,t} N (L(y) N L(w)) # 0.
There are two cases to consider.
Case 1: y = styg and w = stwy for some yo # wo in W with s,t ¢ L(yg) U L(wop).

By (1.8.1), we have

_ E ' s
(341) Dstyg,stweg = Ptyo,two + VsPstyg,twg — Mz,twopstyo,z~

styo <z<two
sz<z

By Proposition 2.6, we have M}

z,two

# 0 for z in the sum of (3.4.1) only if z = stsz
for some zgp € W with s,t ¢ L(20); in the latter case, we have Mg, . 1., Pstyo,stszo =

-1 s
vy M

StSZ() 7tu)()

Dtstyo,stszo DY 1.8 (1) and the assumption L(s) = L(t). By 1.7 (2), we see

that v;lM;szO7tw0ptsty073t320 # 0 only if z9 = yp. Since

UsPstyo,two — Us_lMtSstyo,two = Dtstyo,two — Us_lMtSstyo,two =0
by 1.8 (1) and Proposition 3.1 (1), we get Pstyy . stwo = Ptyo,two = Pry,=w DY (3.4.1).
Case 2: y = syp and w = stwy for some yg # wo in W with s,t ¢ L(yo) U L(wy).

By (1.8.1), we have

(342) Psyo,stwo = Pyo,two T VUsPsyo,two — Z Mj,twopsyo,z'

syo <L z<twy
sz<z
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By Proposition 2.6, we have M7, # 0 for z in the sum of (3.4.2) only if z = stszg
for some zyp € W with s,t ¢ L(zp); in the latter case, we have M}

StSZO,t’wopsyO»StSZO =

v 2 M} Dstsyo,stszg = 0 by 1.8 (1) and 1.7 (2) and the assumption L(s) = L(¢). On

stszp,two

the other hand, we have py tw, = vt_lptyo,two = 0 by the assumption of yg # wy (i.e.,
yw™t & (s,1)). SO Dsyy.stwe = VsPsyo.two = Ptsyo,two = Pry,w Dy (3.4.2) and 1.8 (1) and
the assumption L(s) = L(t).

This proves (1) and so our proof is complete.  [J

Corollary 3.5. Suppose that s,t € S satisfy o(st) =3 (hence L(s) = L(t)).

(1) Assume that y,w € Dr(s,t) and r € S satisfy yr <y < w < wr and yw= ' ¢
(s,t). Then the coefficient of v*(") =1 in Ny, o, 1s equal to that in NI .. If the coefficient
of v=1 in py ., is non-zero, then Ny #0# NI

(2) If y,w € Dp(s,t) and the coefficient of v=' in py or in py .y is non-zero, then

~ w if and only if *y ~ *w.
wazfan only if Yy~ w

(3) Assume that y,w € Dg(s,t) and r € S satisfy ry <y < w < rw and y~—'w ¢
(s,t). Then the coefficient of v™(") =1 in My, is equal to that in M. .. if the coefficient
of v=1in py . is non-zero, then M), #0# M. ..

(4) If y,w € Dg(s,t) and the coefficient of v=1 in py. OT in Py, i non-zero, then

~w if and only if y* ~ w*.
yszfan only if y ~w

Proof. By symmetry, we need only to prove (1)-(2). By the right-handed version of
Proposition 3.1, we see that for any y,w € W with yr < y < w < wr, the coefficient of

,UL(T')—]. in N”

. . _1 .
ows is equal to the coefficient of v™" in py 4, T€SP., Pry . SO

resp., Ni vy,

(1) follows by Proposition 3.4.
Now let us show (2). By symmetry and Proposition 3.4, we need only to show that if

y < w then "y < *w. To do so, we need only to consider the following two special cases
R R

of y < w:
R
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y,w
(a) There exists some r € R(y)\R(w) with the coefficient of v=(") =1 in Ny ,, non-zero;
(b) y = w - r for some r € S with L(r) = 1.

We see that the coefficient of v™! in p, ., or p,,, is non-zero in either of the cases (a)

and (b) by Proposition 3.1. We must show that we are in the case either (a) or (b) with

*y, *w in the places of y,w respectively. By 1.7 (1), we may assume s € L(y) N L(w)

and t ¢ L(y) U L(w) since y,w € Dr(s,t) and L(y) 2 L(w) for the sake of definiteness.

By Proposition 3.4, we see that if yw™! ¢ (s,t) then the coefficient of v™! in psy «, is

non-zero and that if yw™! € (s,t) then *w < *y and pey = = Py = v; L = v~! by our

assumption. That is, the coefficient of v™! in pe, =y Or in pe, = is non-zero in either

L(r)—1

case. In case (a), we see by Propositions 3.1 and 3.4 that the coefficient of v in

NZ

= 15 non-zero if yw™! ¢ (s,t), and that *y = *w - r if yw™' € (s,t), where y = syo
and w = sty with yo € W satisfying L(yo) N {s,t} = 0 and syy = yor. In case (b),
we have either w = syg, y = syor, or w = styg, y = stygr, where yg € W satisfies
L(yo) N {s,t} = 0; in either case, we have L(r) = 1 by our hypothesis. First assume
w = Syg, Yy = syor. Then *w = tsyy, *y = tsyor if yor # tyg, and *w = tsyo, y = tyo
if yor = tyo; in the latter case, we have L(t) = L(r) = 1 and NI, ., = 1. Next assume

w = styg, y = styor. Then *w = tyg, *y = tyor. Thus either *y = *w - r or the coefficient

of vL(M=1in NT

%y = 18 non-zero. So we are in case either (a) or (b) with "y, *w in the
9

places of y, w respectively. [

3.6. Define a preorder <z on W as follows. Write z <, y in W, if there exists a
sequence of elements zg = z,x1,....,x; = y in W with some ¢ > 0 such that for every

1 <i <t either ;1 = x; - r for some r € S with L(r) = 1, or deg N =L(r)—1

i—1,Tq
for some r € R(z;—1)\R(z;). Write x ~, y if x < y <, =. This defines an equivalence
relation on W, the corresponding equivalence classes of W are called strictly right cells.

It is easily seen that any right cell of W is a union of some strictly right cells. Also, for

any s,t € S with o(st) = 3, the set Dy (s,t) is a union of some strictly right cells by 1.7
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(1). A left {s,t}-star operation on Dy (s,t) gives rise to a permutation on those strictly

right cells by Corollary 3.5.

Remark 3.7. For s,t,r € S with o(st) = 3, let y,w € Dy (s,t) satisfy yr <y < w < wr,
then the coefficient of v™! in p, ., is equal to that in p«, «, or in pw, = by Proposition
3.4. Thus, once we know that the coefficient of v~! in Py,w is non-zero, let y', w'’
be obtained from y,w respectively by applying the same sequence of left {s,t}-star
operations with the pairs {s,t}, o(st) = 3, varying over S, in other words, there exist
two sequences of elements yo = vy,y1,...,%, = ¥y and wg = w,wy,....,w, = w' in W
with some u > 0 such that for every 1 < ¢ < u, the elements y;, w; are obtained
from y;_1,w;_1, respectively, by a left {s;,t;}-star operation for some s;,t; € S with
o(sit;) = 3. We can conclude that the coefficient of v™1 in py/ 4 OF pyr , is non-zero by
Corollary 3.5 (1). Since R(y') = R(y) and R(w’) = R(w) by Corollary 3.5 (4) and 1.7
(1), we have r € R(y') \ R(w’) and hence either N/, ,,, # 0 or y' = w’-r by Propositions
3.1 (1) and 2.7.

3.8. Let s,t € S satisfy o(st) = 4 and L(s) = L(t). Let yg # wo in W satisfy
s,t & L(yo) U L(wo). For 1 < 4,5 < 3 and r € {s,t}, denote by aj; the coefficient
of v™1 in the polynomial p,y, .u, for some z,z € (s,t) with (¢(z),4(z)) = (i,7) and
r € L(x) N L(z), and let 7 satisfy {r,7} = {s,t}.

We shall generalize a result in [4, Subsection 10.4] to the unequal parameter case.

Proposition 3.9. Let yo # wo in W and s,t € S satisfy o(st) = 4 and L(s) = L(t)
and s,t ¢ L(yo) U L(wo). Let af; (r € {s,t} and 1 < 14,7 < 3) be defined as in 3.8.

(a) aiy = a3z and afy = aj,.

(b) agy = af; + aj; .

(c) aly = a}y = a3 = ajs.

Proof. (1) a3 + a3y = abs.
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_ E S
(391) pstsyo,stswo - ptsyo,tswo + Uspstsyo,tswo - Mz7t5w0pstsyo,z-

stsyo<z<tswop
sz<z

By Proposition 2.6, we have M} # 0 for z in the sum of (3.9.1) only if either

z,tswo
z = swgy or z = ststzg for some zg € W with s,t ¢ L(z9). When z = swg, we have
M 4o Pstsyo,z = Pstsyo,swo; When z = ststzg, we have, by 1.8 (1) and Proposition 3.1

(1)’ that M;,tswopStSQO:Z = v_lMS

s ststzp,tswo

Distsyo,ststz, and the assumption L(s) = L(t),

which is not congruent to 0 only if zp = yg. Since

0

—1 S _ —1 s
UsPstsyg,tswg — Vs Mststyo,tswo = DPtstsyo,tswo — Us Mststyo,tswo

by 1.8 (1) and Proposition 3.1 (1), we get Pstsyo,stswo = Ptsyo,tswo — Pstsyo.swo PY (3.9.1).

(2) a3y = afy + a};.

— E s
(392) pstyo,stwo - ptyo,two + vspstyo,two - sztwopstyo,z-

styo<z<two
sz<z

By Proposition 2.6, we have M?,, # 0 for z in the sum of (3.9.2) only if z = ststz

z,two

for some z9 € W with s,¢ ¢ L(z0); in the latter case, we have M, ;. 1, Pstyo,ststzo =

v 2 M

ststzg,two

Dststyo,ststzg = 0 by 1.8 (1) and the assumption L(s) = L(¢) and 1.7 (2).

Since Uspstyo,two = ptstymtwo by 1.8 (1)3 we get pstyo,stwo = ptyo,two +ptsty0,two by (392)

(3) a3z +af, = aby.

J— S
(3.9.3) Dsyo,stswo = Pyo,tswo + VsPsyo,tswo — § Mz,tswopsyo,z-

syo<z<tswo
sz<z

By Proposition 2.6, we have M? # 0 for z in the sum of (3.9.3) only if either

z,tswo

z = swg or z = ststzy for some zg € W with s,t ¢ L(20). We have M}, ., Dsyo,z =
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Psyo,swo if z = SWo and Mj,tstPSyoaz = US_SM;tstzo,tswoptStSyoastStZO =0if 2 = ststzo by
1.8 (1) and the assumption L(s) = L(t) and 1.7 (2). Since vsPsyq tswo = Ptsyo,tswo and

pyo,tswo = Us_lptyo,tswo = 0 by 18 (1)7 we get psyo,stswo = ptsyo,tswo _psyo,swo by (393)

(4) a3y = agl'

— E s
(394) Pstsyg,stwo = Ptsyg,two + VsPstsyg,two — Mz,thPStSZJOaZ‘

stsyo <z<two
sz<z

By Proposition 2.6, we have M} # 0 for z in the sum of (3.9.4) only if z =

z,two
ststzg for some zo € W with s,t ¢ L(z0); in the latter case, we have M, Dstsyo,z =

vy M

ststzg,two

Distsyo,ststzg Z 0 only if 2o = yo and deg pststyy,tw, = —1 by 1.8 (1) and the
assumption L(s) = L(t) and 1.7 (2). Since vsPstsyo,two — Us_lestsyo,two = Dtstsyo,two —

vy LM

tstsyo,two

= 0 by 1.8 (1) and Proposition 3.1 (1), we get Dstsyo,stwo = Ptsyo,twe OY
(3.9.4).

(5) a33 = a’iz-

— E s
(395) pstyo,stswo - ptyo,tswo + vspstyo,tswo - Mz,tstPStZJOaZ'

styo<z<tswo
sz<z

By Proposition 2.6, we have M? # 0 for z in the sum of (3.9.5) only if either

2, tswo
z = swp or z = tstszy for some zg € W with s,t ¢ L(20). We have M, ., Dstyo,= =
DPstyo,swo if 2 = swo and M3, Dsry,,» = Us_thSstszo,ts'wopStStyo,tStSZo = 0 if z = tstszg
by 1.8 (1) and the assumption L(s) = L(t) and 1.7 (2). Since vsPstyy.tswo = Ptstyo,tswos
we get Dstyo,stswo = Diyotswo + Ptstyo,tswo — Pstyo,swo = Ptyo,tswo DY (3.9.5) and by the

equation a%, = aj;, the latter is obtained from (4) by the symmetry on s and t.

(6) afy = aél'
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_ s
(3'9'6) Psyg,stwg = Pyo,two + UsPsyo,two — E Mz,twopsyoyz'
syo<Lz<two
sz<z

By Proposition 2.6, we have M?

z,two

# 0 for z in the sum of (3.9.6) only if z =
ststzg for some zg € W with s, ¢ L(20); in the latter case, we have M?,, pgy, . =

o3 M

ststzg,two

Dtstsyo,ststzg = 0 by 1.8 (1) and the assumption L(s) = L(t) and 1.7
(2). By 1.8 (1), we have vspsy,.two = Ptsyo.twe ANA Dyg twy = Vg Diye.tw, = 0 by the
assumption yo # wp. So by (3.9.6) and Proposition 3.1, we have psy,, stw, = Dtsyo,two -

By the symmetry on s and ¢, we get (a)-(b) from (1)-(3) and (c) from (4)-(6). O

Remark 3.10. (1) The right-handed version of Proposition 3.9 also holds.

(2) Under the hypothesis in Proposition 3.9 (i.e., s,t € S satisfy o(st) = 4 and
L(s) = L(t)), the weight function L of an irreducible finite or an affine Coxeter group
W is not constant on S only if W is of type 6’n, n > 2. However, L could be not
constant on S in many other cases where W is neither finite nor affine.

(3) Keep the notation in 3.8 but with “ o(st) =4 ” and “ 1 < 4,5 < 3”7 replaced
by “o(st) =m € {3,4} 7 and “ 1 <4, < m — 1", respectively. Then the results in

Propositions 3.4 (1) and 3.9 can be summarized as below.

Theorem 3.11. (Comparing with [4, Subsection 10.4]) Under the setup of Remark
3.10 (3), let 1 <i,7 <m—1 andr € {s,t}.
(‘Z) G’Zj = a:n—i,m—j me = 47.

(3) ai ;11 = a?ﬂ,i if 1 <i<m-—1.

Corollary 3.12. Suppose that s,t € S satisfy o(st) = 4 with L(s) = L(t).
(1) Assume that y,w € Dr(s,t) and that the coefficient of v™' in py., Or puwy is

non-zero. Then there exist some y',w’ in the left {s,t}-strings &,, &, containing y,w
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respectively with {y',w'} # {y,w} such that the following two conditions are satisfied:

(1a) either any or none of the sets {y,y’'} and {w,w'} consists of neighboring terms
in the left {s,t}-string containing it;

(1b) the coefficient of v=1 in pyr wr O Py is nON-zETO.

(2) Let y,w,y’,w" € Dr(s,t) be as in (1). If y E’ w then y' %/ w'.

(3) Assume that y,w € Dg(s,t) and that the coefficient of v™! in py. 0t Dy is
non-zero. Then there exist some y”,w" in the right {s,t}-strings ¢y, Cw containing y, w
respectively with {y",w"} # {y,w} such that the following two conditions are satisfied:

(3a) either any or none of the sets {y,y"} and {w,w"} consists of neighboring terms
in the right {s,t}-string containing it;

(3b) the coefficient of v=1 in Py i OT Py is non-zero.

(4) Let y,w,y",w"” € Dgr(s,t) be as in (3). If y fI\:’ w then y"” r;’ w”.

Proof. By symmetry, we need only to prove (1)-(2). The assertion (1) in the case of
yw~! € (s,t) is obvious, while the assertion (1) in the case of yw™! ¢ (s,t) follows by
Proposition 3.9.

Now let us show the assertion (2). By symmetry and Proposition 3.9, we need only
to show that if y %' w then y’ %’ w’. To do so, we need only to consider the following
two special cases of y § w:

(a) There exists some r € R(y)\R(w) with the coefficient of v=(") =1 in Ny ,, non-zero;

(b) y = w - r for some r € S with L(r) = 1.

We see that the coefficient of v™! in p, ., or py,, is non-zero in either of the cases (a)
and (b) by Proposition 3.1. We must show that it holds for either (a) or (b) with ¢/,
w’ in the places of y, w respectively. Since y',w’ are the terms in the left {s,¢}-strings
&y, &w respectively, we have R(y') = R(y) and R(w’) = R(w). So r € R(y') \ R(w’).
By the assumption that the coefficient of v™1 in py/ . Or Py is non-zero, we see by

Proposition 3.1 and 1.8 (1) that either that 4’ < w’ and the coefficient of v*(") =1 in
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Ny, v 1s non-zero, or that y' = w’ - r. This completes our proof. [

When the weight function L is constant on S, the requirement (la) (respectively,
(3a)) of Corollary 3.12 on y’,w’ can be replaced by the condition (1a’) as follows.
(1a") (respectively, (3a’)) any of the sets {y,3'} and {w,w’} consists of neighboring
terms in the left (respectively, right) {s,t}-string containing it.

This is because the inequality ai; > 0 holds in this case for any r € {s,t} and
1 < i,j < 3. For example, we have the equation al, = af; + af3 by Proposition 3.9. If
the coefficient of v~—! in Dy,w is either af; or ajs, which is non-zero, take y',w’ € W to
satisfy the condition (1a’), then the coefficient of v=! in p, . should be a},, which is
non-zero by the above equality. However, when L is not constant on S, the inequality
a;; = 0 does not hold in general for any r € {s,t} and 1 <i,j < 3. Thus the condition
aty # 0 or aj; # 0 does not always imply al, # 0. It might happen that aj; = —a’3 # 0

and a%, = 0.

§4. Expressing M, , in terms of p, .’s.

In the present section, we shall express the Laurent polynomials M}, in terms of

polynomials p, g’s modulo A<q. Some properties of M, are deduced from such ex-
pressions.

In the subsequent discussion of the section, the symbol “ = ” always denotes the
congruence relation modulo A.( unless otherwise specified (Note the difference from
the same symbol in Section 3, where it was modulo A._;.)

For any sequence  : 21, 22, ..., 2, in W, set (&) =7 and Pz = Dy 20D20.25 *** Por_ 1,20

Clearly, we have P¢ # 0 if and only if 21 < 2 < -+ < 2.

For any y,w € W and s € S with sy < y < w, define I(y,w;s) to be the set of all

sequences & : 21, 29, ..., 2 in W with some » > 1 such that z1 =y < 2o < --- < 2z, = w

and s € L(z;) for any 1 < i < r.
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Theorem 4.1. For any y,w € W and s € S with sy <y < w < sw, we have

(4.1.1) My, =vs Y (1)@ P (mod Ay).
g€l(y,w;s)

Proof. By (1.4.1), we have

(4.1.2) M ,=— > M ,py:+0pyw+ hyw
y<z<w
sz<z

for some hy ., € Aco. Applying induction on ¢(w) — ¢(y) > 1. We have, for any z,

y < z < w, in the sum of (4.1.2), that

(4.1.3) M, =vs > (=D OP th.,
g€l(z,w;s)

for some h, ., € A<o by inductive hypothesis. Substituting (4.1.3) into (4.1.2), we get

(4.1.1) immediately by the fact that p, g € A< for any a < gin W. O

Remark 4.2. (1) Only the sequences ¢ € I(y,w;s) with £(§) < L(s) 4+ 1 are effective
in the formula (4.1.1). Hence the formula (4.1.1) becomes simpler when L(s) is getting
is just

smaller. For example, when L(s) = 1, (4.1.1) becomes M ,, = vp, ), i.e., M,

the coefficient of v=! in p, ,, (see 1.7 (3)). Now assume L(s) = 2. (4.1.1) becomes

(4.2.1) M?j,w = Vs <py,w - Zpy,zpz,w> )

where the sum takes over all z € W with y < z < w and sz < z and R(z) 2 R(w);

we can further require 2z in the sum to satisfy degp, ., = degp, . = —1; in particular,

when L(w) — L(y) is odd, we have M, , = vspy ., modulo Ao by 1.7 (4).
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yw

(2) In the setup of Theorem 4.1, let z € W satisfy y < z < w and sz < z. Let
I, (y,w;s) be the set of all sequences & : z1, 29, ..., 2 in I(y,w;s) which contains z as
its term. For any € : z1,29,..., 2. and & : 21,25, ...,z{ in I, (y,w;s), we write £ ~ & if
there exists some ¢ > 1 such that z; = 2] = z and z; = zg for any 1 < j < i. This
defines an equivalence relation on the set I, (y,w;s). Let E be an equivalence class in
I,(y,w;s) with respect to ~. Take any & : 21, 29,...,2, in F with z; = z. Then the

sequence 21, 2o, ..., 2; is independent of the choice of £ in E, denote it by £g. We have

(4.2.2) ve Y (-1 O P, = (-1)E P M2,
Cer

by Theorem 4.1. This further implies that

(4.2.3) v S (—D)OPR =M, Y (—)1OR.
§€l(y,w;s) ¢el(y,z;s)

The congruence formula (4.1.1) remains valid if we remove some summands as follows.

Theorem 4.3. Lety,w € W and s € S satisfy the relation sy < y < w < sw. Let I be
a set of some elements z of W such thaty < z < w and sz < z and M3 ,, = 0 (note that
we don’t require I to be the full set of such elements z in general). Then the congruence
formula (4.1.1) remains valid if the sequence £ : z1, 2o, ..., z in the sum ranges over all

those in I(y,w;s) with z; ¢ I for any 1 <i <.

Proof. The proof for the new version of the congruence formula (4.1.1) is almost the
same as before, except that in (4.1.3), we require the sequence z1, 22, ..., 2, to satisfy one
additional condition z; ¢ I for any 1 < ¢ < r. By (4.2.3), we see that we loss nothing in
(4.1.1) by removing all the summands corresponding to the sequences containing some

terms in I since M7, =0 forany z€ [. [
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Note that in Theorem 4.3, we may take I to be the set of all the elements z of W
such that y < z < w and sz < z and R(z) 2 R(w) since we always have M}, = 0 for
any such element z by 1.7 (1). We have taken this fact into account in the expression
(4.2.1).

4.4. Let y,w € W and s € S be as in Theorem 4.3. For any £ : 21 = y, 29,..., 2, = W
in I(y,w;s) and any 1 < j < r with R(z;) \ R(zj—1) # 0, we see by the fact z; > z;_4
that exactly one of the following three cases occurs: (a) z; > 2;_; - Wr(s,); (b) 25 =

1 WR(z;) and R(zj) € R(zj41); (¢) 2 = 2

1 WR(z,) and R(z;) € R(zj41), where

/
!/

25y is the shortest element in the left coset z;_1Wx(.,).

Lemma 4.5. In the above setup, let J be the set of all sequences & : z1, 29, ..., 2, in
I(y,w;s) satisfying the following conditions: there exists some 1 < i < r with R(z;) \
R(zi—1) # 0 such that either z; > z_| - W (), OT 2 = Z_1 " WR(z,) and R(2;) C R(zit1),
where z;_, is the shortest element in the left coset z;_1Wg(s,). Then the resulting
congruence remains valid after removing all the summands of (4.1.1) corresponding to

the sequences in J.

Proof. Let Jy be the set of all sequences & : 21, 29, ..., 2, in J satisfying the following
conditions: for any 1 < j < r,

(¥) if R(z5) \ R(zj—1) # 0 and z; = 2}_; - wgr(z,) then R(z;) € R(2j11)-

For each & : z1,22,...,2 in Jy, let J(§) be the set of all j, 1 < j < r, such that
R(z;) \ R(zj-1) # 0 and z; > z;_, - wpr(.,), where z;_; is the shortest element in the
left coset z; 1Wg(,). Then J(§) # 0. For any E C J(£), let {g be the sequence

obtained from £ by inserting the term 2z’

i1 WR(z,) between z;_; and z; for any j € E.

Then £ € J. Moreover,

(45.1) 7=t | EC T}
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is a partition of J. For any £ € Jy, let m = |J(&)[, then

Z (_1)13(€E)p€E: Z (_1)€(£)+|E|pE

ECJ(&) ECJ(E)

(4.5.2) = (1)@ p,. zm: (Z‘) (—D)F = (=) OP, . (1-1)™ =0
k=0

by the fact J(§) # 0. This implies that dej(—l)Z(E)Pg =0 by (4.5.1)-(4.5.2). So our

result follows. O

4.6. The congruence (4.1.1) still holds if we remove all the terms corresponding to the
sequences & : z1, 22, ..., zr in I(y, w; s) satisfying one of the following conditions:
(a) Let R(§) be the set of all integers j, 1 < j < r, such that R(z;) \ R(zj—1) # 0

and zj = 2;_; - Wg(z,;), where z;_; is the shortest element in the left coset z; 1 Wgr(.,).

Then e pie) (L(5) — L(zj-1)) + (r — 1 = [RE)]) > L(s)

(b) Let L(£) be the set of all integers ¢, 1 < ¢ < r, such that £(z;) \ L(zi—1) # 0
and z; = wg(s,) - %, Where z;’ | is the shortest element in the right coset W, (,)2zi—1.
Then $,e e (L(z0) — L(z-1) + (= 1= [L(©)]) > L(s).
since those terms all belong to A~ by 1.8 (1).

4.7. By 4.6 and Lemma 4.5 and Theorem 4.1, we see that after a certain term-removing,
all the sequences £ : 21 = y, 29, ..., 2, = w of I(y,w;s) remained in the sum of (4.1.1)
satisfy that,

(i) R(zj) 2 R(w) and s € L(z;) for any 1 < j < r;

(ii) For any 1 < j < r, either R(zj_1) 2 R(z;), or R(z;) \ R(zj—1) # 0 and
R(zj) € R(zj41) and zj = 2, - wr(z,), where 27_, is the shortest element in the left
coset z;1Wr(z;);

(iii) For any 1 < j < r, either £(zj_1) 2 L(z;), or L(z;) \ L(zj_1) # 0 and L(z;) €
is the shortest element in the right coset

_ 1 1
L(zj1+1) and 2z; = wg(z,) - zj_1, where 27,
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We(z;)%i-1;
(iv) Let R(£) and L(£) be defined as in 4.6. Then }_ . ¢ (L(zj) — L(2j-1)) + (r —
1 IRE©)]) < (). Akso, Suepe)(L(z0) — L(zi1) + (r — 1~ [L©)]) < L(s).
4.8. For y,w € W and s € S with sy < y < w < sw and R(y) 2 R(w), let [y, w) be
the set of all elements z satisfying y < z < w and sz < z and R(z) 2 R(w). For any
z € [y,w), denote by n(z) the largest number k& such that there exists some sequence
21 = 2,22,.., 2k I [y,w) with 21 < 2o < -+ < 2z < w. Let [y,w);, = {z € [y,w) |
Clearly, we have n(z) > n(z’) for any z < 2z’ in [y, w). In particular, if n(y) = m then
[y, )7, = {y} and [y, w) = ULy [y, w);.
By (1.4.1) and Theorem 4.1, we have the following algorithm for computing M, ,:
(1) Compute the sets [y, w);. for any 1 < k < n(y).

(2) For any z € [y,w)], we set M7, € A by the requirements:

s Ve — A
M; , =vspzw and Mg, = M7,

(3) If n(y) = 1 then the algorithm terminates. If n(y) > 1, then let [y,w); = {z €
ly, w)y | M2, # 0}

(4) Take ¢ with 1 < ¢ < n(y). Suppose that we have got all the sets [y,w), = {z €
[y, w);, | M7, # 0} (1 <h<i)and the M7 ,’sin A for any z € (Uz;ll [y, w)k) Uy, w)s.
If n(y) = ¢ then the algorithm terminates. If n(y) > i, then let [y, w); = {2z € [y, w]; |

M, # 0} and for any z € [y, w);,, find M, € A by the requirements

Mg,w = Us Z (_1)7’])21’22 o Pze_q,2y

21=2<22< < 2Zp=wW

and M, = M;

- w» Where the sum is taken over all the sequences 23 < z3 < ... < zp1

in the set U, [y, w)r. Let [y, w)ir1 = {z € [y, w)iy, | Mz, # 0}
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Example 4.9. Let W = F, and m = L(s4) = L(s3) > L(s2) = L(s1) = L(so) = 1.
Take y = s3 and w = s253525453. We have [y, w)" = {s3, 535253, $35453, $3525453, S2535253 }.

: : . —2m—2 —2m —2 _
By a direct computation, we get ps, sys5505455 = ¥ +v +v77 and Psy s5505485 =

—2m—1 -1 _ -1 _ —m S3 —_ ,—14+m —m-+1
v +'U a‘nd p337333233 - (U /U)/U a‘nd M83828483,8283828483 = +U
3 — S3 _ S3 —
and M32335253,5233525453 =1 and M335253,5253525453 - M335453,5253525453 = 0.

By Theorem 4.1, we have

53 = m[p —
$3,5283828483 — v 53,5283825483 pSS753828483p8382845375283825453

— Ps3,52835283P52835283,5283525483 — Ps3,835283P535253,52835254583
— Ps3,s35453Ps35453,5053525483 T Psg,s35053Ps35283,50535053Ps0535283,5253528453
+pSg,538253p838283,535254S3p53825453,5253825453

T Pss,s35453Ps35483,53528453Ps3525483,5283825453

0.

On the other hand, by Theorem 4.3 with J = {s3s2s3, s35453}, we have

S3 — m[p —
$3,5283828483 — v 53,52835254S3 p83783828433p83328483,8283328483

- P53,32535253p52533253,5253525453]

,Um[,U—2m—2 + U_2 + ,U—2m o (,U—2m—1 + U_l)’l)_l o U—Zm—2]

0.

Clearly, the latter is simpler.

§5. Cells in W;, with L([;) = 1.
In the present section, we assume (W, S) to be an irreducible Coxeter system which
is either finite or affine. Let V be the set of all y € W \ {e} (e the identity element of

W) which have a unique reduced expression as a product of elements in S. When the
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weight function L of W is constant on S, Lusztig showed in [3, Proposition 3.8] that
V forms a single two-sided cell of W. This result no longer holds in general when L is
not constant on S. For example, when W be a dihedral group D, of order 4n with
n € {2,3,4,...} U{oco}, Lusztig showed in [5, Subsection 8.8] that V is a union of two
two-sided cells of W if n = oo, and is a union of three two-sided cells of W if n < oo.
It is natural to ask if V is always a union of some two-sided cells of W. The answer
is negative.
5.1 Example. Consider the affine Weyl group F, with the distinguished generator set
S = {so, s1, 82, 83, S4}, where o(sps1) = o(s152) = o(s3s4) = 3 and o(s283) = 4 (see
1.9). Let L : W — Z be a weight function satisfying L(s4) = L(s3) > 2L(s2) =
2L(s1) = 2L(sg) = 2. Take y = s3s2s3 and w = s951535283 and s = s3. Then
y € Vand w € W\ V. By (1.4.1)-(1.4.2), we get M; , = —v0™? —v;'v? # 0. So
Y % w % 51538253 % y. e,y > w. So V is not a union of some two-sided cells of W.
5.2. Assume that min{L(r) | 7 € S} = 1 and that I, = {s € S| L(s) = 1} & S.
Let I = S\ I;. Then the Coxeter system (Wp,, 1) is irreducible unless W = C; and
I, = {s0, s1}, where sg, s; € S correspond to two terminal nodes in the Coxeter graph of
W (see 1.9). We can talk about the left, right and two-sided cells of Wy, with respect
to the weight function L, : Wj, — N, where L; is the restriction of L to Wy, which is
constant on I;. Let Vi = VN Wp,. Assume that there exists some two-sided cell €2 in
Wi, with a(2) = 2 (note that such a two-sided cell, when it exists, need not be unique
in Wr,). With respect to the partial order LgR on the set of two-sided cells of W7y, , the
set {e} forms the highest two-sided cell of Wy, (and also of W). By [3, Proposition
3.8], we know that the set V; forms the second highest two-sided cell of W7, in the case

where W7, is irreducible. The set €2 forms a third highest two-sided cell of W7, .

Proposition 5.3. In the setup of 5.2 with Wy, irreducible, the set Vi forms a single
two-sided cell of W.
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Proof. By [3, Proposition 3.8], we see that the set V; is a two-sided cell of the Coxeter
group Wy, , hence it is contained in some two-sided cell of W. By symmetry, to show
our assertion, it is enough to show that if y € V; and w € W\ V; and t € S satisfy
ty <y < w < tw, then M;w = 0, or equivalently, the coefficient c(y,w) of v™! in py
is zero by 1.7 (3) and by the fact ¢ € I;. The assertion follows by [3, Proposition 3.8]
if w € Wy,. Now assume w ¢ Wy,. Take any s € L(w). Then s ¢ L(y) by the facts
that |[L(y)| =1 and ¢t € L(y) \ L(w). Hence py = v; 'psy.w by 1.8 (1). If s € I, then
c(y,w) = 0 by the facts psy ., € Ago and L(s) > 1. If s € I, then sy € Wi,, hence

sy # w since w ¢ Wy, , 80 pgyw € Aco, we again have c(y,w) =0. O

Remark 5.4. (1) Proposition 5.3 generalizes the result in [3, Proposition 3.8] to the
unequal parameter case, and also generalizes the result in [5, Subsection 8.8] to the case
where W is an arbitrary Coxeter group (i.e., not necessarily a dihedral group).

(2) Let m be the length of the longest element in Wy, . In [1, Theorem 1.1}, Guilhot
showed that if L(s) > m for any s € I, then any left (respectively, right, two-sided)
cell of Wy, is also a left (respectively, right, two-sided) cell of W. One may propose the

following conjecture to strengthen the result of Guilhot.

Conjecture 5.5. In the setup of 5.2, suppose that 2 is a left (respectively, right, two-
sided) cell of Wy, with a(Q2) = k and that L(s) > k for any s € Is. Then 2 is also a

left (respectively, right, two-sided) cell of W.

Proposition 5.3 supports Conjecture 5.5 in the case of k = 1. The following result
provides one more evidence, i.e., the case of k = 2, to support the conjecture.
We say that I is exceptional, if W = Cy, 1 > 2, and I; is one of the sets {s0, s} and

{s0,51,...,51—1} and {s1, s2,..., 51}

Proposition 5.6. In the setup of 5.2, assume that 2 is a two-sided cell of Wy, with

a(Q) = 2 and that L(s) > 2 for any s € Iy. Then Q is also a two-sided cell of W.
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Proof. By [6, Theorem 3.1], we see that any y €  has an expression of the form
y =’ -wy -y for some 2’,y" € Wy, and some I = {s,t} C I; with st = ts and that
if y €  has an expression of the form y = 2" - wp - y” with 2,y € Wy, and I' C S,
II'| > 1, then I" = {s',t'} for some s',t' € I} with 't' = t's’. If y € Q is in a left
{s,t}-string ¢ for some s,t € S with o(st) > 2, then ¢ is contained in €2 (see 3.2, note
that s,¢ € I; in this case).

Let B4 = QU Vy U{e}. Since € is a third highest two-sided cell of Wi,, to show
our result, we need only to show that if y € Q and w € W\ E; and u € S satisfy
uy <y <w < uw (hence u € I1), then M, = 0, or equivalently, the coefficient of vt
in p,  is zero by 1.7 (3).

If we Wr, \ Ey, then M, = 0 since € is a third highest two-sided cell in Wi,
(see 5.2). Now assume w € W\ Wy,. If L(w) € L(y), then we can prove the equation
My, = 0 by the same argument as that in the proof of Proposition 5.3. Now assume
L(w) C L(y). By the facts of u € L(y) \ L(w) and |L(y)| < 2 and L(w) # 0, we have

L(y) ={u,t} and L(w) = {t} for some t € [} with tu = ut.

(1) First assume that I; is not exceptional. Then the full subgraph I of the Coxeter
graph I' of W with the node set I; is connected and simply-laced (where by I being
simply-laced, we mean that any s,t € I; satisfy o(st) < 3).

By our assumptions on W and on I, we can write w = tqtg - - - t,.-w’ with some r > 1
such that t; = t,ts,..., ¢, are all in I and satisfy o(t;t;41) = 3 and L(¢t;11---t,-w') =

{t;} forany 1 < i < randanyl < j < rand that either L(w")NIy # 0 or |L(w")NI;| > 1.

(1la) First assume 7 = 1. Then by (1.8.1), we have

(561) pty/,tw’ - py’,w’ + Upty’,w’ - Z M;,w’ptylzz'

ty' <z<w’
tz<z
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where y = ty’ for some y' € Fj, and either L(w') N Iz # () or that there exist some
s # s in L(w') satisfying o(st) = o(s't) = 3 (hence u ¢ {s,s'} C I;). We claim
that in either case, any of pys ./, VDt W and M;w,ptylyz in (5.6.1) is in A._. For,
assume L(w') NIy # (. Take s € L(w') N I5. Then by 1.8 (1) and the assumption
L(s) > 2, we see that both p, ., = vs_lpsygw and vpgy W = UI_L(S)psty’,w' are in
A<_1. On the other hand, if s ¢ £(2) then M, = 0 by Proposition 2.3; if s € £(z)
then M! . prys. = vi ML psey - is in Ac 1. Assume that s # s’ in L(w’) satisfy
o(st) = o(s't) = 3 (hence s,s" € I;). Since u € L(y') \ {s,s'} and ¢y € QU Vy,
at least one of s and s’ is not in L(y') (say s ¢ L(y') for the sake of definiteness),
hence pys v = v_lpsyxjw/ and vpys o = U_lpss/ty/,w/, both of which are in A._1 by
the facts sy’ # w' # ss’ty’ (note that sy’, ss’ty’ € Wy, and w’ ¢ Wp,). On the other
hand, if £(z) N {s,s'} = 0, then M , = 0 by Proposition 2.3. If {s,s'} C L(2),
then M! puy . = v72M! pssy .. I [L(2) N {s,s'}] = 1 (say s ¢ L(z) for the
sake of definiteness), then M ;f’w/ # 0 if and only if w’ = sz by Corollary 2.4, when
the equivalent conditions hold, we have M ;’w/pty’,z = v pgty . with s'ty’ # z (since
s'ty’ € Wi, and z ¢ Wp,). So M ,,pty . € A<y in either case. This proves our claim.

So the coefficient of v™! in p, ., is zero by (5.6.1).

(1b) Next assume r > 1. Apply left {t1,t2}-, {t2,t3}-, ..., {t+—1,t, }-star operations suc-
cessively on both elements w and y, we get two sequences of elements: w; = w, wo, ..., w,
in W\ Wy, and y1 = y,91,...,yr in §, respectively, where w; = t;t;11---t, - w' for
1 < i < r (see Remark 3.7). Since the set L(y;) consists of either a single element or
two commutative elements in Iy with £(y;) N {t;, tiv1} = L(w;) N {ts, tix1} = {t;} for
any 1 <4 < r, such left star operations on y can always be carried through. Eventually,
we have y, =ty € Q for some y' € F;. By Proposition 3.4, we see that the coefficient

—1

of v=" in py 4, is equal to that in p; . ¢ .. By (1.8.1), we have
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Z t
(562) pt'rylat'r‘w/ = py’,w’ + vptryl’wl - szw’ptry/vz'
try' <z<w’
trz<z
Again, we see that the coefficient of v=! in any of pyr.r, vp,y . and M;rw,ptry/,z in

(5.6.2) is zero. Hence the coefficient of v™1 in p; ,/ +, 4 is zero by (5.6.2). This implies

that the coefficient of v™! in p, ,, is zero.

(2) Next assume I; exceptional. Thus W = Cj, [ > 1. If I} = {sq, s;}, then Q = {sos;}.
Our result follows by [1, Theorem 1.1]. Now assume I = {so,$1,...,51—-1} (hence
Iy = {s;}). Then w with £L(w) = {t} C I; is one of the elements zy, zp,, z; as follows:

(i) xk = SpSk+1 - Si—1 - W', 2 = SpSh—1 515051+~ S1—1-w' forsome 1 <k <1 —1
and 0 < h <1 — 1, where w’ € W satisfies L(w') = {s;}.

(ii) «f = s; - w’ for some 1 < i <l and w' € W with L(w") = {si_1, Si+1}-

The cases of w being x and zj can be dealt with in the same way as that in (1a)

and (1b) respectively (see (1)). Now assume w = z, for some 0 < h <1 — 1.

(2a) If h = 0, then w = zp and y are in some left {sg, s1}-strings £ and (, respectively,
where £ : x1, 20, 21 (notation as in (i)). By Proposition 3.9, we can find some term y; in
¢ such that the coefficient of v=! in py, 4, is non-zero whenever that in p,, ,, is non-zero.
In fact, if y is a terminal term of (, then take y; to be the middle term of (; if y is the
middle term of (, then take y; to be one of two terminal terms y,1, y13 of  in such a
way that the absolute value of the coefficient of v™! in p,, ., is the largest among those
in py,, 2, and py,, 2, . Then by the same argument as that in (1b), we can prove that
the coefficient of v~! in p,, ., is zero. This implies that the coefficients of v™! in p, .,

is zero.

(2b) Now assume h > 1. Apply left {sp,sn_1}-, {Sh—1,8n—2}-, ..., {82,581 }-star op-

erations successively on both elements w and y, we get two sequences of elements:
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Zp = W,2Zp—1,...,21 (notation as in (i)) in W \ Wy, and yn, = y,yn—1,...,y1 in Q, re-
spectively (see Remark 3.7). Then z; and y; are in some left {sg,s;}-strings &, ¢,
respectively, where £ : 1, x¢, 21 (notation as in (i)). The coefficient of v™! in p,, ., is
equal to that in p, ., by Proposition 3.4. By Proposition 3.9, we can choose y] in ¢ such
that the coefficient of v~ in Py, z, 1s equal to that of py, .,. In fact, if y; is a terminal
term of ¢, then take y] to be another terminal term of (; if y; is the middle term of
¢, then take y] to be y;. Now we apply left {s1,s2}-, {s2,s3}-, ..., {s1-2,51_1}-star
operations successively on both elements x; and y}, we get two sequences of elements:
x1,T2,...,x—1 (notation as in (i)) in W\ Wy, and y1,v5, ...,y;_, in Q, respectively. Then
xj—1 = s—1-w and y;_, satisfy L(x;—1) = {si-1} € L(y;_,) and L(w') = {s;} = I» and
that the coefficient of v=! in Pyl is equal to that of py ., by Proposition 3.4. By
the result in (1a), we see that the coefficients of v~! in Py;_, .z, is zero. This implies
that the coefficient of v™! in p, ,, is zero.
The case of I = {s1, s2, ..., 1} can be dealt with similarly.

So our proof is completed. [J
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