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Abstract. The main result of the paper is to get the transition formulae between the
alcove form and the permutation form of w € W,, where W, is an affine Weyl group of
classical type. On the other hand, we get a new characterization for the alcove form of an
affine Weyl group element which has a much simpler form compared with that in [10]. As
applications, we give an affirmative answer to a conjecture of H. Eriksson and K. Eriksson
in [4] concerning the characterization of the inverse table of w € Wy ; we also describe the
number 75 (w) in terms of permutation form of w € W,

Introduction.

Affine Weyl groups, as a family of infinite crystallographic Coxeter groups, play a
more and more important role in various fields of mathematics, such as Kac-Moody
algebras, algebraic groups and their representation theory, combinatorial and geometric
group theory, etc. [2; 3; 5; 7; 9; 14].

Besides the presentations as Coxeter groups (i.e., the ones by generators and relations
over the pairs of generators), there are many other presentations for the affine Weyl
groups W,, in particular for those of the classical types, i.e., types A (=1, B
(m > 3),C, (n>2)and Dy (k> 4). Two of their presentations are particularly useful,
one is to regard W, as a certain permutation group over the integer set Z (only applied
for the classical types); the other is to identify W, with the set of alcoves in a euclidean
space F after removing a certain set of hyperplanes (applied for all types) [1; 8; 9; 10;
11; 125 13].

Key words and phrases. affine Weyl group of classical types, presentations, alcove forms, permuta-
tion forms.
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The relations between these two presentations has been explicitly described for the
case of type A; (see [9]). but not yet for the other classical types so far. The aim of
the present paper is to study these relations for the cases of types ém, én and 5;€
Our main result is to obtain the transition formulae between the permutation form and
the alcove form of w € W, when the type of W, belongs to these three families (see
Theorems 4.1, 5.2, 5.4 and 5.6).

The alcove form (k(w;a)), of w € W, adopted here is essentially the same as that in
[10], but with two changes as below. The one is that the relation k(w; —a) = —k(w; @)
in [10] is replaced by k(w; —a) = —k(w; o) —1 for all the positive roots (and hence for all
the roots) a.. The other is that in dealing with the case of the classical types, we replace
the root system ® by the corresponding coroot system ®V as the index set of the alcove
form of w. The reason for these changes is to make our transition formulae simpler.
The another reason for the second change is that we have got a new characterization
for the alcove form of w € W,, which is equivalent to the original one in [10, Theorem
5.2] but has a much simpler form when stated in terms of coroot system (see Theorem
1.3).

In general, the permutation form of w € W, is not unique. This depends on the
way of embedding the group W, into the permutation group on Z (see [1; 13]). The
permutation form of w € W, we take in the present paper has the advantage that when
restricting to the corresponding Weyl group, the permutation form of an element is just
the usual one.

We give two applications of our results. One is to show that when an affine Weyl group
W, has classical type, the entries of the alcove form of w € W, exactly comprise the
inverse table of w defined by H. Eriksson and K. Eriksson (see [4, §8.] and Theorem 4.1).
Thus our new characterization for the alcove form of w € W, gives a characterization
for the inverse table of w (see Theorem 4.5), the latter was conjectured by H. Eriksson
and K. Eriksson in the case of type C; in [4, 8.3.].

Let (W, S) be a Coxeter system. For any w € W and s € S, let m5(w) be the minimal
possible multiplicity of the factor s occurring in a reduced expression of w. There is no
general formula for the number 74(w). Then our second application is to deduce very
simple formulae for m,(w) in terms of permutation form of w when (W, S) is an affine
Weyl group of classical type (see 5.8-5.10).

Thoughout this paper, an affine Weyl group is always assumed irreducible, i.e., its

Coxeter graph is connected.
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pay our attention only to the affine Weyl groups W, of the classical types. We describe
the alcove form and the permutation form of w € W, in Sections 2 and 3 respectively.
Then we show our main results of the paper in Sections 4 and 5, where we obtain the
transition formulae between the alcove form and the permutation form of w € W, in

the cases of the classical types.

§1. The alcove forms.

In this section, we collect some results concerning the alcove form of an element w

in an affine Weyl group W,. As mentioned in the Introduction, we make some formal
changes in the definition of the alcove form of w. Thus we have to reformulate some
results in [10]. One result is new (i.e., Theorem 1.3), which gives a new characterization
for an alcove in a euclidean space.
1.1. Let @ be an irreducible root system of rank [ > 1. Let E be the euclidean space
spanned by ® with inner product ( , ) such that |a|*> = {(a,a) = 1 for any short root
a of . Choose a simple root system IT = {ay, -+ ,q;} of ® and let T, &~ be the
corresponding positive and negative root systems. Let —ag be the highest short root
of ®. Denote by a¥ = 2a/{a,a) the coroot of a € ® and by ®V the coroot system
{aV | a € ®}. Note that a coroot system ®V itself is also a root system, but with its
type dual to that of ®. This fact will be important later when we make a change for
the index set of the alcove form of an affine Weyl group element.

For any o € ® and k € Z, define a hyperplane
(1.1.1) Hoyp={veE]|{a)=k}
and a strip
(1.1.2) Hy,={veE|k<(va')<k+1}.

Then we have H_, , = H,.—j and Hia;k = Hé;—k—1 for any a € ® and k € Z. Note
that the definition of a strip H é; . for o € @~ given here slightly differs from that in
[10]. According to [10], we would have Hia;k = H_._,. Thus by this new definition, we
have to re-examine some results of [10]. Note that it makes no change for the results

only involving positive roots. We call any non-empty connected simplex of

(1.1.3) E— |J Han

acdt
kEZ

an alcove of E. Each alcove of F has the form ﬂ H é; k., for some ®*-tuple (ko )acap+
aEd+
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1.2. One should note that not every ®*-tuple (ky)aca+ Over Z gives rise to an alcove

of E as above. In fact, it is well known that m H é;ka is an alcove of E if and only if

acdt
for any o, 3 € ®* with o + 3 € ®*, the inequality

(1.2.1) |a|?ka+[8lPks+1 < |a4B1* (kats+1) < |a|*(ka+1)+|8]*(kg+1)+|a+ 8> —1

holds (see [10, Theorem 5.2]). Now we give a new and simpler form for this result.

Theorem 1.3. ﬂ Hé;ka is an alcove of E if and only if for any o, 3 € ®T with
acdt
v=(a¥ 4+ BY)V € ®*, the inequality

(1.3.1) ]{?a—l—kg < k,y < ka—i-kﬁ—i—l.

holds.

Proof. By [10, Theorem 5.2], it is enough to show that the inequality systems (1.2.1)
and (1.3.1) are equivalent for any irreducible positive root system ®* of rank 2. Note

that when o, 3,a + 3 € ®* satisfy |a| = || = |a + 3], the inequality (1.2.1) becomes
(1.3.2) ko +kg < katp < ko +kg+1,

and v = (a¥ 4+ Y)Y = a+ [. Thus the inequalities (1.2.1) and (1.3.1) are the same
in this case. So we need only consider the case that ®* has type By or G5 and that
the lengths of the three roots involved in the inequalities are not all the same. We shall
only deal with the case of type Bs here. The case of type G2 can be done similarly and
hence is left to the reader. Now let @+ = {a, 8, a + ,2a + 8}. Then the inequality
system (1.2.1) is

ko + 2kp < karp < ko + 2ks +2,
(1.3.3) { g Rods .

ko + ka+g < 2k2a+g +1< ks + ka+ﬁ + 2.
and (1.3.1) is

ko + kg < kaaqp < ko +kg+1,
(1.3.4) { g Rrats 7

kg + k2atp < katp < kg + koayp + 1.

We have to show the equivalence of the inequality systems (1.3.3) and (1.3.4). First
assume (1.3.3). Adding two inequalities of (1.3.3) together on the corresponding sides
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Then the first inequality of (1.3.4) follows from (1.3.5). Rewrite the second inequality
of (1.3.3) into the form

(1.3.6) 2k2a+5 < ko + ka+5 +1< 2k2a+5 + 2.

Then adding (1.3.6) to the first inequality of (1.3.3) on the corresponding sides and

subtracting k, from all sides of the resulting inequality, we get
(1.3.7) 2(k2a+s + kg) < 2katp +1 < 2(kaatp + kg) + 4.

The second inequality of (1.3.4) follows from (1.3.7). Next assume (1.3.4). Then the
first inequality of (1.3.3) is obtained by adding two inequalities of (1.3.4) together on
the corresponding sides, followed by subtracting koo from all sides of the resulting

inequality. Rewrite the second inequality of (1.3.4) into the form
(1.3.8) ka—i—ﬂ < k’g + k2a+g +1< ka—i—ﬂ + 1.

Then the second inequality of (1.3.3) is obtained by adding (1.3.8) to the first inequality
of (1.3.4) on the corresponding sides, followed by subtracting ks from all sides of the

resulting inequality. [

Note that the result still holds if we replace all the notations ®* by ® in Theorem

1.3.
1.4. Let W be the Weyl group of ® generated by all the reflections s,, a € ¢, on F,
where s, sends z to x — (z,a")a. Let @ denote the root lattice Z®, and N the group
consisting of all the translations Ty on F for A € ), where T sends x to z + A. We
denote by W, the group of affine transformations of E generated by N and W. It is
well known that W, is the semidirect extension of W by the normal subgroup N on
which the action of W is known.

For linear and affine transformations, we shall write operations on the right and
compose them accordingly. With this convention, we define so = 54,70, and s; = sq,,
1 < i < I. Tt is known that W, (resp. W) is a Coxeter group on the generators
S0, S1, -+, S (resp. s1, +--, s;). We write S = {s0, 81, =+, s;yand S = {s1, - -+, s}
The group W, is called an affine Weyl group of type X , where X is the type of the
coroot system ®V.

1.5. It is well known that the right action of W, on E gives rise to permutations of the
set {Huo i, | @ € ®, k € Z}. So it induces permutations of the set U of alcoves of E. It
is also well known that  is simply transitive under W, (see [2; 14]).

Let w=w-Th € W. with w € W and A € O. We consider the alcove
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For v € ﬂ H_..., we have (v)w = (v)w + A. This implies that

acd
(v)w,a") = <v, ((a)u‘fl)v> + (A, aY).
So we get
(1.5.1) ha = k@ya—1 + (A a”)
for o € ®.
We see that A1 = m Hé;ea is an alcove of E, where e, =0 if a € ®T, and ¢, = —1

acd
if « € ®~ (comparing with [10, Lemma 1.1]). Denote A,, = (A;)w for any w € W,.

Thus any alcove of 4 has the form A,, = ﬂ Hé;k(w;a) or Ay, = ﬂ Holé;k(w;a) for some

aedt acd
w € W,, with the convention that

(1.5.2) k(w; —a) = —k(w;a) —1 for any o€ ®F

(comparing with [10, §1.]). Note that (1.5.2) actually holds for any @ € ®. We shall
identify W, with U as sets under the correspondence w +— A,,, and call (k(w; @))oco+

or (k(w;a))acae the alcove form of w. From (1.5.1), we get
(1.5.3) k(w; o) = €(ayg-1 + (A, a")

for a« € ®, where the decomposition w = w-T} is as above (comparing with [10, Theorem
3.3]). This is also equivalent to a formula given by Iwahori and Matsumoto [6].
1.6. The action of an element s; € S on 4 can be described as follows. For w € Wa,
we have by (1.5.1) that
(1.6.1) k(ws;,a) = { kw; (@)s), 1f] 70,

k(w; ()sa,) + (—ag, ), if j =0.
for any a € ® (comparing with [10, Proposition 4.2]).
1.7. We can define the left action of W, on U as below. For y,w € W,, we set
y(Aw) = Ayy. Then for w € W, and s; € §, we have
(1.7.1) k(sjw,a) = { hluw; @), %f o7 i(aj)u?’

E(w;a) F1,  if a = +(a;)w

where w is the image of w under the natural map W, — W, /N = W (comparing with
[10, Proposition 4.1]).

1.8. To any w € W,, we associate two subsets of S: L(w) = {s € S | sw < w} and

T/ \ fF - ! _ ~ 7 1 417 44y Y.C. 4Y . MM M. .Y LT
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Proposition 1.9 (comparing with [10, Propositions 3.4 and 4.3]). Let (k(w; @))ace be
the alcove form of w € W,. Then

(1) {(w Z\kwa
acdt

(2) R(w) = {s; € S| either j #0,k(w;a;) <0, orj =0, k(w; —ag) > 0}.

(3) L(w) = {s; € S| k(w; (aj)w) > 0}.
— ) ) if either o, —(a)w € ®T or a, —(a)w € P,

(cx
(4) k(w™t a) =< k(w;—(a)w)+1, ifa,(a)we dT,
k(w; —(a)w) — 1, if a, ()w € &~

§2. The cases of the classical types.

In this section, we shall first give an explicit description for all the irreducible root
systems of the classical types. Then we reformulate some results on the alcove forms of
w € W, in these cases. A significant change is made for the index set of the alcove form
of w € W,, where the root system & is replaced by the corresponding coroot system
DV,

2.1. We set the notations ; = {A;_1, B;, C;, D;} and Q) = {B;, Cy, D;} for [ > 2, which
will be used quite often later on.

2.2. We know that there is a natural bijective map a — o from a root system ® to the
corresponding coroot system ®V. By Theorem 1.3, it is more convenient to express the
alcove form (k(w; @))ace of w € W, by (k(w; a))acav, where we set k(w; o) = k(w;a)
for any o € @V (note ()Y = «). We make such a change from now on. Then for an
affine Weyl group W, of type X , X € €, the index set of the alcove form of w € W,
will be the root system of type X. Note that —qy is the highest coroot in ®V.

2.3. Let eq, eg, - -+, ¢; be an orthonormal basis of a euclidean space F. Set e_; = —e;,
1 <i< 1, and eg = 0. Define (i,j) = e; —e; for i,5 € [—I,l], where the notation [a, 0]
stands for the interval {a,a + 1,--- ,b} for any a < b in Z. Then the relations

(231) (27]) = (i7t) + (taj) and (Zaj) = (_j7 _i)

hold for any i,t,j € [-1,1].
2.4. The root system of type A;_1, [ > 2, can be described by

(A1) = {(69) [1 <Li# g}

The roots (t — 1,t), 1 < ¢t < [, form a simple root system, and ®+(A4;_1) = {(4,5) | 1 <
i < j <1} is the corresponding positive root system. The highest root is (1,1).
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The roots (t—1,t), 1 < t < [, form a simple root system, and ®*(B;) = {(i,5) € ®(B)) |
i < j} is the corresponding positive root system. The highest root is (—I + 1,1).
2.6. The root system of type Cj, [ > 2, can be described by

O(C1) ={(i,7) [ 1,5 € [=LI\{0};4 # 5}

The roots (t — 1,t), 1 < t < I, and (—1,1) form a simple root system, and ®*(C}) =
{(i,7) € ®(Cy) | i < j} is the corresponding positive root system. The highest root is
(—=1,1).

2.7. The root system of type D;, | > 4, can be described by

O(Dy) =A{(6,4) [ 4,5 € [=1,1]\{0}; @ # +j}.

The roots (t — 1,t), 1 <t < I, and (—1,2) form a simple root system, and ®*(D;) =
{(i,j) € ®(Dy) | i < j} is the corresponding positive root system. The highest root is
(—=l+1,0).

2.8. Fixw € Wa()N(), X € ;. Let @ be the root system of type X. In the alcove
form (k(w;a))ace of w, we shall denote the entry k(w;(i,7)) simply by k(w;i,j) for
(i,7) € ®. Then the entry k(w; (i,j)ZT) becomes k(wj;(i)z,(j)Z) for any element z of
the corresponding Weyl group, the latter is regarded as a certain permutation group
on the set [—[,[]. By (1.5.2), (2.3.1), Theorem 1.3 and the note immediately after the

Theorem, we get

Lemma 2.9. Let X € Q; for an appropriate integer | and let ® be the root system of
type X. Then for any w € Wo(X) and (,7), (i,t), (t,§) € ®, we have
(1) k(w; j,i) = —k(w;i,j) — 1 = k(w; =i, —j),

(2) k(w;i,t) + k(w;t,j) < k(w;i,5) < k(w;i,t) + k(w; t, j) + 1.

§3. The permutation forms.
3.1. Let A; be the affine Weyl group of type Avl_l, [ > 2. It is well known that A; could
be regarded as a group of certain permutations on Z:

Alz{w:Z—>Z

l l
(i +Dw = (i)w + 1 for i € Z; Z(i)w:Zi}.

Its simple reflection set S = {ro,r1,--+ ,r—1} is given by

V'l
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for © € Z and 0 < t < l. Each element w € A; is determined entirely by the images
(a1)w, (az)w, -, (a;)w of any given [ integers ay, - - ,a; under w, which are pairwisely
incongruent modulo .

3.2. As a Coxeter group, the affine Weyl group W, (X) of type X € €] has the following

presentation:
Wa(jz) = (5; | 0<i <1, (s38))™7 =1, for 0<i<j<l),

where m;; = 1 for ¢ = j; m;; = 3 in one of the following cases:

i)2<i+1=75<I,

(i) (4,5) = (0,1 — 1) and X = By,

(ii) (i,7) = (1,3),(0,0 — 1) and X = Dy;

m;; = 4 in one of the following cases:

(i) (¢,7) = (1,2) and X = By,

(ii) (4,5) = (1,2),(0,1) and X = Cy;

m;; = 2 in all the other cases. Note that the labelings of the nodes in the corre-
sponding extended Dynkin diagrams slightly differ from the usual ones (see [2; 5] for
examples).

3.3. The affine Weyl group W, (C;) (I = 2) can be embedded into As;;» by an injective
homomorphism which sends s;, 1 < t < [, to r4—_179142-¢, S1 to roroj+179, and sg to
riri+17;. Thus by identifying with its image, we can regard Wa(él) as a subgroup of
Asi12. The group Wa(é’l) can also be regarded as the set of all the fixed points of Ag; o

under the involutive automorphism ¢ which sends r; to re;1—; for all ¢, 0 <7 < 2l + 1:

(3.3.1) Wa(C)) ={w € Agys | d(w) = w}
={w € Agj12 | (—)w = —(i)w,Vi € Z}.

The simple reflections s;, 0 < ¢t < [, of Wa(él) are the permutations on 7Z satisfying
that for ¢ € Z and 1 <t < [, we have

i, if i 2 +t, +(t — 1) (mod 2 +2),
(i)sg = ¢ i+1, if i =—t,t —1 (mod 2] + 2),
1—1, ifi=t,—t+1 (mod 2] + 2).
i, if i Z +£1 (mod 2 + 2),

(i)s1 =14 i+2,  ifi=—1 (mod2l+2),
P — 2, if i =1 (mod 2[ + 2).
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3.4. The group W,(B;) (I > 3) can be embedded into Agy.s by an injective ho-
momorphism which sends sy, 1 < t < [, to ry_179142-¢, S1 to roror179 and sg to
TITI1 T —17 2T T+17. Thus we can regard Wa(él) as a subgroup of Ag; 1o by identi-
fying with its image. We can also regard Wa(él) as a certain fixed point set of Ao

under the automorphism ¢ (see 3.3):

(3.4.1)
Wa(Br) ={w € Agya | $(w) = w; Ny(w) = 0 (mod 2)},

={w € Ag1o | (—=))w = —(i)w,Vi € Z; Nj(w) =0 (mod 2)},

where N;(w) is the number of the integers j with j < [+1 and (j)w > [+ 1. The simple
reflections sy, 0 <t < [, of Wa(él) are the permutations on Z as below. For ¢ € Z and

1 <t <1, we have
i if i  +¢t,£(t — 1) (mod 2] + 2),

()sg =1 i+1, ifi=—t,t—1 (mod 2+ 2),
i—1, ifi=t —t+1 (mod 2+ 2).
1, if i Z £1 (mod 2[ + 2),
(i)s1 =< i+2, ifi=—-1(mod 2]+ 2),
i—2, ifi=1(mod 2l +2).
1, if i Z+(1—1),+l (mod 2] + 2),
(i)so=<% i+3, ifi=I0—1,1(mod 2]+ 2),
i—3, ifi=-l,—1+1 (mod 2]+ 2).
3.5. The affine Weyl group W, (D;) (I > 4) can be regarded as a subgroup of Ay s
by an injective homomorphism which sends s;, 1 < t < [, to r4_17ro142-¢, S1 tO
TOT20+1707T1721T0T21+1T0 and So to Tyri1Tr— 171427714171, Or equivalently, regarded as

a certain fixed point set of Ag;1 2 under the automorphism ¢ (see 3.3):

(3.5.1)
Wo(Dy) = {w € Agys | p(w) = w; No(w) = Ny(w) = 0 (mod 2)},

={w € Ay42 | (—i))w = —(i)w,Vi € Z; No(w) = Ny(w) =0 (mod 2)},
where No(w) is the number of the integers j with j < 0 and (j)w > 0. The simple

reflections sy, 0 <t < [, of Wa(ﬁl) are the permutations on Z as below. For 1 <t <[

and ¢ € Z, we have
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i, if i 41,42 (mod 20 + 2),
(i)sy =4 i+3, ifi=—1,-2 (mod 2l +2),
i—3, ifi=1,2 (mod 2l +2).

i, if i 241, +(1—1) (mod 2] + 2),
()so =< i+3, ifi=1—1,1(mod 20+ 2),
i—3, ifti=—I,—l+1 (mod 2+ 2).

From the above discussion, we get the following result easily.

Lemma 3.6. Let X € ; and w € Wa()}) for an appropriate integer . Define an
integer mx to be l if X = Aj_1, and 21 +2 if X € Q). Then regarding w as an element
of Apm, we have

(1) ()w # (j)w (mod mx) for any i,j € Z with i Z j (mod mx).

In the case of X € Q), we have

(2) (—i)w = —(i)w for any i € Z.

(3) (h(l+1))w = h(l+1) for any h € Z.

(4) ()w # 0,14+ 1 (mod 21 + 2) for any i € Z with i # 0,0 + 1 (mod 2] + 2).

Remark 3.7. (i) Our definition of W,(C}) as a group of permutations on Z is slightly
different from that given by R. Bédard (see [1]). According to R. Bédard, the group
Wa(él) was embedded into the group Ag41 instead of Ag;yo. The advantage of our
definition is that the symmetry between the generators sy and s; in Wa(él) could be
seen more explicitly in form.

(ii) The descriptions (3.3.1), (3.4.1), (3.5.1) of the groups Wo(X), X € 2], can be
shown easily by applying induction on ¢(w) > 0 and by the fact that the number of
inversions of w is increasing when ¢(w) is getting larger.

(iii) Let X € Q). Then regarded as a permutation on Z, an element w € Wo(X) is
determined uniquely by the images (aj)w,-- -, (a;)w of any given [ integers ay,--- ,q
under w, provided that they are pairwisely incongruent modulo 2! 4 2, none of which is

divisible by [ + 1, and no pair of which have the sum divisible by 2[ + 2.

84. Transition from the permutation forms to the alcove forms.

Let X € Q, for an appropriate integer [ (see 2.1.). In this section, we shall show the
transition formulae from the permutation form to the alcove form of w € Wa()? ). Let
® = ®(X) be the root system of type X. Let myx be the integer defined as in Lemma,

3.6.

Theorem 4.1. For any (i. i) € ® and w € W.(X). we have
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where [z] denotes the largest integer not greater than x for a rational number x.

Proof. For any i,j € Z with i # j (mod my ), we have the relation

[mw—l (],

mx

s (i)u! - <j>w—1]
mx

by Lemma 3.6, (1). Also, we have (i,j) € ®t <= (j,i) € ®~. Thus by Lemma 2.9,

(1), we need only show our result in the case when (i, j) is a positive root. The result

is known for the case of X = A;_; (see [9, Proposition 6.2.1]). Now assume X # A;_;

and hence mx = 2 + 2. We see that the set

T ={(i,j) € ®[i < j;li| < |jl}-

forms a positive root system of ®. Apply induction on ¢(w) > 0. When ¢(w) = 0, i.e.,
w =1, we have ((1)171,--- ()171) = (1,2,--- ,1) and k(w;i,5) = 0 for all the positive
roots (i,7). The result is obviously true. Now assume f(w) > 0. Take s; € R(w) (see
1.8). By inductive hypothesis, the result is true for ws;. First assume 1 < ¢ <. When
(i,7) # (t — 1,¢), (—t + 1,¢) with (i,7) € &1, we have (i)s; < (j)s¢ and |(2)s¢] < |(7)s¢].
Thus in this case, we get from (1.6.1) that

k(w;i,7) = k(wsg; (i)s¢, (5)s¢) =

EET)

[ e

On the other hand, by (1.6.1), (2.3.1), (4.1.2), Lemmas 2.9 and 3.6, we have

[(t)(ws‘t)1 — (= 1)(ws1s)1] 1

E(w;t —1,t) = —k(wsg; t —1,t) — 1 = —

2042
_ [(t - 1)1; :_—2 (t)w_l} i {(t)w_l 2—l :1—5 ; 1)w_1}
and
k(w;—t +1,t) = k(ws;; — t—l) = k(wsy; —t + 1, 1)
[ (wst)™ 2l t2—|— 1)(wsg)™ 11
+
{ (t— 1w (—t)w_l} _ {(t)w_l —(—t+Dw™?!
2042 2042

“N\NT_. 44 _ _  __*71_ 41 . . q h i R T D T T T A ¥ ') m. .
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Now assume t = 1. The result can be checked easily when i,5 # +1 . On the other
hand, for 1 < 57 <[, we have

kE(w;£1,j)=k(wsy;F1,j)=

20+ 2

[(j)(’WSl)_l - (?1)(1081)_1} -

GI==

We also have

k(w;0,1) = k(ws1;0,—1) = —k(ws1;0,1) — 1

_ {(1)(1080)‘;;(20)(@080)‘1} 1 {%} .
[t

Finally assume ¢ = 0. We need only check the cases when {i,j} N {l — 1,1} # 0 for

otherwise the result is obvious. For i € [ + 2,1 — 2|, we have

k(w;i,l — 1) = k(wse; i, —1) + 1 = —k(wso; —,

:_[(l)(ws()) 1zz+2 'wso ] {z+3 21+2(—i)w_1]

_{1_0—1)2”2 }:{l_l)zzw(i)w_l}'

The equation k(w;i,l) = [M} can be shown similarly. Also, we have

2042
k(w;l —1,1) = k(wso; L, l+ 1) = k(wso;l — 1,1)
{ (wsg)~ - l;1)(w30) 1} _ [(l+3)w—2ll— (2l+2)w—1]
IR +(—l)w_1 w1~ 1)1—1
N { 20 + 2 ] { 20 +2 ]

and

k(w; =1+ 1,1) = k(wse; 1, =l + 1) + 2 = —k(wse; =L + 1,1) + 1
{(Z)(wso)_l — (-1 + 1)(w80)_1] 41

20 + 2
(+3)w ' = (=l =2Juw™!
[ 2 1 2 } 1
[(=l+Dwt—Dw ] . [Dw = (=l+Dw ]
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4.2. By Theorem 4.1, it is natural to extend the alcove form of w €& Wa()?) to
(k(w;1,))i,jez by setting

(w™t = ([Hw™?

(4.2.1) k(w;i,j) =

for any X € @ and i,j € Z. Call (k(w;1,]))i jez the extended alcove form of w. The
relations in Lemma 2.9 remain valid for any i,t,j € Z with ¢ Z j (mod mx). Clearly,

we have
(4.2.2) k(w;i —mx,j) = k(w;i,j +mx) = k(w;i,7) + 1

for any i,j € Z. We call k(w;1,j) a basic entry of the alcove form of w if (i, j) € ®(X).
It is straightforward to deduce the following

Corollary 4.3. Let X € € for an appropriate integer . Then we have

(4.3.1) k(wy;i,5) = k(w; @)y, (G)y ™)

foranyi,j € Z and w,y € Wy (X).

Note that in the above corollary, the element y is regarded as a permutation on Z.
4.4. The right-hand side of (4.1.1) was named the inverse table of w by H. Eriksson and
K. Eriksson in [4, §8.] as (7, ) ranges over a certain subset of Z x Z. They proposed a
conjecture in the case of X = () in order to characterize the inverse table of w € Wa(él)
as a family of integers. Then they claimed that they would be able to formulate a similar
conjecture in the cases of X = B;, D;. Now Theorems 1.3, 4.1 and Lemma 2.9 together

give the following characterization for the inverse table of w € W,(X), X € .

Theorem 4.5. Let X € Q; for an appropriate integer I and let ® be the root system
of type X. Then a family of integers (ki;)(; jyea is the inverse table of some element in
Wa()z) if and only if the following conditions are satisfied:

(1) kji = —kij — 1 for any (i,7) € ®;

(2) kit + kij < kij < kig + kyj + 1 for any i,t, §, with (i, ), (i,t), (t,7) € ®.

This theorem gives an affirmative answer to the conjecture in [4, 8.3].

§5. Transition from the alcove forms to the permutation forms.

Keep the notations in 4.2. Denote the integer m = mx (see Lemma 3.6) and the root

system & = ®(X) (see 2.4-2.7) for X € ;. Fix w € W,(X). The aim of the present

T T T 2 N R T C RN S T S S
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5.1. By (4.1.1), we can write
(5.1.1) Nw™ = @Dw™t =m - k(w;i, ) + r(w;i, )

for any (i,j) € Z x Z, where the integer r(wj;1, j) is taken from the interval [0, m — 1].
Fix t, 1 <t < [. By taking the sums over j = 1,2,--- ,m on both sides of (5.1.1), we

get

(5.1.2) i (DN = (w™) =m- i k(w;t,j) + ir(w;t,j)-
By the fact i i i

6.13 3wt ) =35 = S,

we get from (5.1.2) that

(5.1.4)

m

Hw™ =1 — Z k(w;t, )

l t—1 m—Il—1
=1- Z k(w;t,j) + t—1+Zk(w;j,t) — Z k(w;t,m — h)
j=t+1 J=1 h=0
t—1 l m—I—1
=t+ > k(wijt)— > k(wit,j)+ Y k(w;—h,t).
=1 j=t+1 h=0

The last equality follows by the fact k(w;t,m —h) = k(w;t,—h) +1 = —k(w; —h,t) for
any t Z h (mod m) in Z. When X = A;_;, we have m = [ and then the last sum of the
right-hand side of (5.1.4) vanishes. We get the formula in [9, Corollary 6.2.2, (i)]. Now
assume X € Q). Then m = 2/ + 2 and (5.1.4) becomes

t—1 l
(5.1.5) (Hw t=t+ Z k(w;j,t) — Z k(w;t,j) + Z k(w; —h,t) + 2k(w; —t,t),
j=1

J=t+1 1<h<l
h#£t

where we use the relation

(5.1.6) k(w;0,t) + k(w; —1 — 1,t) = k(w; —t,1).
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by (5.1.1) and Lemma 3.6, (3). Note that k(w;0,t) is a basic entry of the alcove form
of w only when X = B;.

We see that all the k(w; a, b)’s occurring on the right-hand side of (5.1.5) are the basic
entries of the alcove form of w except for k(w; —t,t). On the other hand, k(w; —t,t) is

a basic entry of the alcove form of w only when X = . So we get

Theorem 5.2. Let w € W,(X), 1 > 2 and t € [1,l]. Then we have the following
transition formulae on w.

(1) When X = A;_1, we have

t—1 !
(5.2.1) Hw™ =t+> kwjt)— > k(wt,j),
j=1 j=t+1

(2) When X = Cy, we have

t—1 ! l
(5.2.2) (Hw'=t+ Z k(w;j,t) — Z k(w;t,j) + Z k(w; —h,t) + k(w; —t,1).

j=t+1 h=1

Since k(w; —t, t) is not a basic entry of the alcove form of w when X = B, D;. So in
these cases, we have to calculate k(w;—t,t) via the basic entries of the alcove form of
w in order to get the required transition formulae.

5.3. Assume X = Bj, [ > 3. By (5.1.7), we need only determine r(w;0,t) in order to
calculate (t)w™!. By (4.2.1), we have

(5.3.1) kE(w; —t,t) = 2k(w;0,t) + €(w, t),

where e(w,t) = 0 or 1 according to r(w;0,t) <+ 1 or > [+ 1 respectively (note that
r(w;0,t) # 1+ 1 by Lemma 3.6, (3), (4)). Let

t—1 l
(532) Aw,t)=t+> k(wjt)— > k(wit,j)+ > k(w;—h,t)+ 4k(w;0,¢).
j=1 Jj=t+1 1<h<l
h#t
Then by (5.1.5) and (5.3.1), we have
(5.3.3) (w™ = A(w, t) + 2¢(w, t),

where A(w,t) is determined entirely by the basic entries of the alcove form of w. Let
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by the definition of e(w,t) and by the fact 1 < r(w;0,t) < 2l + 1 (see Lemma 3.6,
(3), (4)). So €(w,t) can also be determined uniquely by d(w,t) except for the case of
d(w,t) = 1. When §(w,t) = I, r(w;0,t) could be either [ or I + 2 and hence e(w,t)
could be either 0 or 1. But we see from Lemma 3.6, (1), (2) that there is exactly one
integer ¢ with 1 < ¢ < I satisfying 7(w;0,t) € {I,1 + 2} for a given w € W,(B;). This
tells us that all the (t)w™!, 1 <t <, but one are determined uniquely by A(w,t). For
this exceptional ¢, we have §(w,t) = [, r(w;0,t) € {I,l +2} and (H)w™' = A(w,t) or
A(w,t) +2. But the evenness of the value N;(w™!) (see 3.4) can determine which value
we should take for this exceptional (¢)w™1.

Note that we have 1 < §(w,t) < 20 — 1 for any ¢ € [1,1] by (5.3.4). So by (5.1.7) and

(5.3.4), the above results can be summarized as follows.
Theorem 5.4. In the above setup, we have

k(w;0,t)(20 + 2) 4+ 6(w, 1), if 1 <d(w,t) <,
(5.4.1) w™t =< k(w;0,t)(2l +2) + 6(w, t) +2, ifl < (w,t) <20 —1,
k(w;0,t) (2l +2)+1+1+1, if 0(w,t) = 1.

or any w € W, EZ , 1> 3. In the last case, the value (t)w™! is determined eventuall
Y Y

by the evenness of the number Nj(w™1).

5.5. Next assume X = D;, [ > 4. Let

t—1 l
(5.5.1) ANwt)=t+> k(wjt)— > k(wit,j)+ Y klw;—it).
Jj=1 Jj=t+1 1<il

i#t
Then A’(w,t) is determined entirely by the basic entries of the alcove form of w. By
(5.1.5) and (4.2.1), we have

(5.5.2) (Hw ' —2 {%1 — A(w, ).
This implies by (5.1.7) that
(5.5.3) k(w;0,t)(20 — 2) + r(w;0,t) — 26" (w, t) = A'(w, t),

where € (w,t) = 0 or 1 according to r(w;0,t) < I+ 1 or > [+ 1 respectively. Note that
k(w;0,t) is not a basic entry of the alcove form of w. We see from Lemma 3.6, (1) that
r(w;0,t) — 2¢’(w, t) is in [1,2] — 1]. Let §'(w, t) be the remainder of A’(w,t) divided by

a7 O m™. o A" oN 1Y Y 49Y ey g /7 1 41 1
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If '(w,t) = 1, then r(w;0,t) = 1 or 2] + 1; also, if §’(w,t) = I, then r(w;0,t) =1 or
[ +2. By Lemma 3.6, (1), (2), we see that there are exactly two integers ¢/, " € [1,]]
satisfying r(w;0,t') € {1,2]l + 1} and r(w;0,t") € {I,1 + 2} respectively. Thus all the
(H)w™! (1 <t < 1) but two are determined entirely by A’(w,t) and hence by the basic
entries of the alcove form of w. Then by (5.5.3) and (5.1.7), we see that the evenness
of the values No(w~!) and N;(w™!) (see 3.5 and 3.4) can determine the values of these
two exceptional (#')w™! and (#")w™!

Note that we have ¢'(w,t) € [0,2] — 3] for any ¢ € [1,{]. Let A(w,t) = [A;l(wzt)].

Then by (5.1.7) and (5.5.3), we can summarize our results as follows.

Theorem 5.6. In the above setup, we have

( Mw, t) (2l +2) + 8 (w, t), if 1 <8 (w,t) <1,
AMw, xm+2y+&( t)+2, ifl<d(w,t)<2l-3,
(5.6.1) Hw™! = Mw,t)(2l +2) — if 6'(w,t) = 0,
Mw, t) (20 +2) £+ if o' (w,t) =1,
\Ahmﬂﬁb+m+l+1il if &' (w,t) = L.

for any w € Wy (D), | > 4. In the last two cases, the values (t)w™" are determined by
the evenness of the numbers No(w™1) and Nj(w™1) respectively.

5.7. Now we consider the functions No(w) and Ny(w) of W, (X) (X € ). Write, for
1<t <,

(5.7.1) w=ke(2l+2)+r, =k (20 +2)— I+ 1)+

with k¢, kj,re, 7, € Z and 0 < g, 7 < 20+ 2 (By Lemma 3.6 (4), we have 1 < 1,7 <
2l +2). Then
I !

(5.7.2) No(w) =Y |k| and Ny(w)=Y_ k.

i=1 =1

By (5.7.1), we get the inequality
(573) No(’w) —1 < Nl(w) < N()(IU) + l.

By the relations (—i)w = —(i)w and (J)w + (2l +2 —i)w =20+ 2 (i € Z), we also get
No(w) = No(w™1) and Ny(w) = Ny(w™1) for any w € W,(X).

5.8. We conclude the paper by an application of the permutation form of Wa()? )
X € Q. Let mi(w) (0 < i < [) be the minimal possible multiplicity of the factor s;
occurring in a reduced expression of w € Wa()? ). We want to describe the number
mi(w). We have
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5.9. Now assume X = D;. Let by,ba,--- ,b; (vesp. b}, b5,---,b)) be the rearrange-
ment of |ki],|kz|, - ,|ki| (resp. |Ki],|k5], - ,|k]|) in (weakly) decreasing order. De-
note co(w) = by, ¢f(w) = by, a1(w) = 22:2 b; and c}(w) = 2222 b;. Let c(w) =
max{0, co(w) — ¢1(w)} and ¢ (w) = max{0, c¢j(w) — ¢} (w)}. Then c(w),c (w) € 2Z. We
have the following formula
(5.9.1) me:ﬁﬁ%;ﬁﬂ
This can be shown by applying induction on ¢(w) > 0 and by the following facts:

(1) No(sgw) = No(w), c(spw) = c(w) and 71 (spw) = m(w) for k # 1;

(2) If L(w) = {51}, then m (syw) = 71 (w) — 1, and that either Ny(s1w) = No(w) —2,
c(s1w) = c(w), or No(syw) = No(w), ¢(syw) = ¢(w) — 2 hold.

This, together with (5.7.2), implies

1
N if —
= { Y9 500
co(w), if c(w) >0
or equivalently,
1
(5.9.2) m(w) = max{iNo(w), co(w)}.
Similarly, we have
1
(5.9.3) mo(w) = max{éNl(w), co(w)}.
This, together with (5.7.1) and (5.7.3), implies
l l
(5.9.4) 1 (w) — 3 < mo(w) < mp(w) + 7

The formula (5.9.3) holds also in the case of X = B;.

5.10. We have described the numbers 7;(w) in the case where X € @ and ¢ = 0, 1.

This number can be described in a much simpler way in all the remaining cases:
N!(w), ifX=A4_,0<i<l

(5.10.1) me:{Niém ﬁXedj<i<L

where N/(w) = #{k € Z | k < i,(k)w > i} for i € Z. This can be shown by applying

induction on ¢(w) > 0.
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