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In [6], the author introduced the concept of a sign type indexed by the set

{(i, j) | 1 ≤ i, j ≤ n, i 6= j} for the description of the cells in the affine Weyl

group of type Ã` ( in the sense of Kazhdan and Lusztig [3] ) . Later, the author

generalized it by defining a sign type indexed by any root system [8]. Since then,

sign type has played a more and more important role in the study of the cells

of any irreducible affine Weyl group [1],[2],[5],[8],[9],[10],[12]. Thus it is worth to

study sign type itself. One task is to enumerate various kinds of sign types. In [8],

the author verified Carter’s conjecture on the number of all sign types indexed by

any irreducible root system. In the present paper, we consider some special kind

of sign types, called ⊕-sign types. We show that these sign types are in one-to-one

correspondence with the increasing subsets of the related positive root system as

a partially ordered set. Thus we get the number of all the ⊕-sign types indexed by

any irreducible positive root system Φ+ by enumerating all the increasing subsets
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of Φ+. Such a number has a combinatorial interpretation when Φ+ is of classical

type. That is, it is equal to the number of all the subdiagrams of a certain Young

diagram. Also, in dealing with Φ+ of exceptional type, we introduce a method

which could be used to enumerate all the increasing subsets of any partially ordered

set.

The results in this paper may be helpful in studying the structure of the canon-

ical left cells of an affine Weyl group, ( see [4] ).

The content of this paper is organized as below. In section 1, we establish a

bijection between the set of all the increasing subsets of a positive root system

Φ+ and the set of all the ⊕-sign types indexed by the dual positive root system (

Theorem 1.4 ). Then we make certain arrays of Φ+ of classical types into diagrams

in section 2, by which we establish a one-to-one correspondence between the set of

all the ⊕-sign types indexed by Φ+ and the set of all the subdiagrams of a certain

diagram. Finally, we calculate the number of all the ⊕-sign types indexed by any

irreducible positive root system in section 3 ( Theorems 3.2 and 3.3 ).

§1. ⊕-sign types and increasing subsets of Φ+.

1.1 Let E be a euclidean space spanned by an irreducible root system Φ with inner

product 〈 , 〉. Let ∆ = {α1, · · · , αn} ⊂ Φ+ be a choice of simple and positive root

systems of Φ, respectively. Denote by α∨ = 2α/〈α, α〉 a coroot of α for α ∈ Φ.

For α ∈ Φ+ and k ∈ Z, define a hyperplane:

Hα,k = {v ∈ E | 〈v, α∨〉 = k}

and three regions: 



Hα,+ = {v ∈ E | 〈v, α∨〉 > 1},
Hα,− = {v ∈ E | 〈v, α∨〉 < 0},
Hα,© = {v ∈ E | 0 < 〈v, α∨〉 < 1}.
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of E. Any connected simplex of

E −
⋃

α∈Φ+

k∈{0,1}

Hα,k

is called a Φ+-sign type or a sign type indexed by Φ+ ( or just call it a sign type

when no danger of confusion ) which has the form

SX =
⋂

α∈Φ+

Hα,Xα

for some Φ+-tuple X = (Xα)α∈Φ+ with Xα ∈ {+,−,©}. We may identify SX

with the corresponding Φ+-tuple X = (Xα)α∈Φ+ and call the latter a sign type.

Note that not any Φ+-tuple (Xα)α∈Φ+ over {+,−,©} gives rise to a sign type as

above. The condition for (Xα)α∈Φ+ to be a sign type is local, that is, a condition

on all the irreducible subsystems of Φ+ of rank 2 ( see [5, §2.] for the detailed

statement of this condition ).

1.2 Call X = (Xα)α∈Φ+ an ⊕-sign type indexed by Φ+ if it is a Φ+-sign type with

Xα ∈ {+,©}, for all α ∈ Φ+. The following result characterizes an ⊕-sign type.

Proposition. Assume that X = (Xα)α∈Φ+ is a Φ+-tuple with Xα ∈ {+,©}.
Then X is an ⊕-sign type if and only if the following condition on X holds: if

α, β ∈ Φ+ satisfy β∨ > α∨ and Xα = +, then Xβ = +. Here the notation β∨ > α∨

means that the difference β∨ − α∨ is a sum of some coroots in (Φ∨)+ = {γ∨ | γ ∈
Φ+} ( repetition allowed ).

Proof. (⇐=) The condition on X guarantees that all the Ψ+-tuples (Xα)α∈Ψ+ are

Ψ+-sign types, where Ψ+ ranges over all the irreducible subsystems of Φ+ of rank

2. So the assertion follows from the note at the end of 1.1.
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(=⇒) By [8, Lemma 3.1], there exist a sequence of positive roots γ0 = α, γ1, · · · , γr =

β such that for every i, 1 ≤ i ≤ r, γ∨i − γ∨i−1 ∈ ∆∨, where ∆∨ = {α∨ | α ∈ ∆}.
Thus by applying induction on r ≥ 1, it suffices to show our result in the case

when β∨ − α∨ = γ∨ ∈ ∆∨. There exists a unique subsystem Ψ+ of Φ+ of rank 2

which contains roots α, β, γ. Then (Xα)α∈Ψ+ is an ⊕-sign type indexed by Ψ+.

Since all the Ψ+-sign types with Ψ+ irreducible and of rank 2 are known ( see [7]

), our result follows by checking directly. ¤

Definition 1.3. Let (P,≤) be a partially ordered set. A subset K ⊆ P is

increasing if for any x, y ∈ P , y ≥ x and x ∈ K imply y ∈ K.

It is clear that two isomorphic partially ordered sets contain the same number

of increasing subsets. A positive root system Φ+ is a partially ordered set with

respect to the relation ≤: α ≤ β in Φ+ if the difference β − α is a sum of some

roots in Φ+ ( repetition allowed ).

By Proposition 1.2, it is immediate that

Theorem 1.4. There exists a natural bijective map from the set of all the in-

creasing subsets K of (Φ∨)+ to the set of all the ⊕-sign types indexed by Φ+. This

map sends K to (Xα)α∈Φ+ , where

Xα =
{
©, if α∨ /∈ K;
+, if α∨ ∈ K.

Thus to enumerate all the ⊕-sign types indexed by Φ+, it is enough to compute

the number of all the increasing subsets of (Φ∨)+. To do that, we shall begin by

constructing certain arrays of roots in Φ+, where φ+ is of classical type.

Remark 1.5. One may also define a sign type X = (Xα)α∈Φ+ to be an ª-sign

type ( resp. a ±-sign type ) by the requirement Xα ∈ {−,©} ( resp. Xα ∈ {+,−}
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) for all α ∈ Φ+. It is well known that the set of all the ª-sign types ( resp. ±-sign

types ) indexed by Φ+ is in one-to-one correspondence with the set of all the Weyl

chambers in E in a natural way. This implies immediately that the number of all

the ª-sign types ( resp. ±-sign types ) indexed by Φ+ is equal to the order of the

Weyl group of the root system Φ. Thus only the number of all the ⊕-sign types

indexed by Φ+ need be computed. This is why we only consider the ⊕-sign types

in the present paper.

§2. Arrays of roots into diagrams.

2.1 By a diagram, we mean an array of boxes into rows and columns. We consider

the following three kinds of diagrams.

(i) The staircase Young diagram Γn of size n (see Figure 1, (a), for Γ5 as an

example ).

–––––––––––––| | | | | |–––––––––––––| | | | |––––––––––| | | |––––—–-| | |–––––| |––

––––––––––––––––––| | | | | | | |––––––––––––––––––| | | | | |–––––––––––––| | | |––––––––| |–––

(a) (b)

Figure 1.

(ii) The staircase skew Young diagram Λn of rank n ( see Figure 1, (b), for Λn as

an example ).

(iii) The staircase skew Young diagram Λ′n of rank n which has two leaves in the

middle column. Figure 2 is the diagram Λ′5 as an example.
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––––––––––––––––––—| | | | | | | |––––––––––––––––––—| | | | | |–––––––––––––—| | | |––––––––—| |–––—

Figure 2.

Generally, in diagram Λ′n, there is one box, denoted by Bi,j , at the intersection

of the ith row and the jth column for 1 ≤ i < n and i ≤ j ≤ 2n − 2 − i with

j 6= n− 1; there are two boxes at the intersection of the ith row and the (n− 1)th

column for 1 ≤ i < n, which are denoted by Bi,n−1 and Bi′,n−1, respectively.

2.2 Now we define a subdiagram in each of the above diagrams. In these definition,

we identifying a diagram with the set of boxes contained in it.

Let X be the diagram Γn or Λn. A subdiagram λ of X is, by definition, a subset

of X satisfying that if a box of X is in λ, then all the boxes of X to the north, the

west and the northwest of such a box are also in λ.

The definition of a subdiagram λ′ of Λ′n slightly differ from the above. By

definition, λ′ is a subset of Λ′n satisfying the following conditions:

(a) If box Bij is in λ′ with j 6= n − 1, then all the boxes of Λ′n to the north, the

west and the northwest of Bij are also in λ′;

(b) If box Bi,n−1 is in λ′ with i ∈ {1, 2, · · · , n− 1}, then all the boxes of Λ′n to the

west and the northwest of Bi,n−1 are in λ′, and all the boxes Bj,n−1 with j < i

are also in λ′;

(c) If box Bi′,n−1 is in λ′ with i ∈ {1, 2, · · · , n−1}, then all the boxes of Λ′n to the

west and the northwest of Bi′,n−1 are in λ′, and all the boxes Bj′,n−1 with j < i

are also in λ′.
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Note that boxes Bi,n−1 and Bi′,n−1 are regarded to be overlapped for any i, 1 ≤
i ≤ n− 1. Thus in Figure 3, both (a) and (b) are subdiagrams of Λ′5 but (c) and

(d) are not.

–––––––––––| | | | |–––––––––––| | |–––––

––––––––––––––| | | | | |––––––––––––––| | |–––———| |––——|——

(a) (b)

––––––––––––––––| | | | | | |––––––––––––––––| | | |–––––––––|–––

–––––––––––| | | | |–––––––––––| | |–––––——| | |––

(c) (d)

Figure 3.

2.3 In 2.3-2.6, we shall establish a bijection between the set of all the increasing

subsets of a positive root system of each classical type and the set of all the

subdiagrams of some diagram defined in 2.1.

First assume that Φ+ has type An. Then

Φ+ = {αij | 1 ≤ i < j ≤ n + 1},

where αij =
j−1∑

t=i

αt. We fill the roots of Φ+ into the diagram Γn ( see 2.1, (a) ),

one in each box, such that the root αij is in the (n + 2 − j)th row and the ith

column of Γn. Figure 4 is an example with n = 5.
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α16 α26 α36 α46 α56

α15 α25 α35 α45

α14 α24 α34

α13 α23

α12

Figure 4.

Then it is easily seen that K ⊆ Φ+ is increasing if and only if there exists a

subdiagram λ of Γn such that K is the set of all roots in the boxes of λ.

2.4 Secondly assume that Φ+ has type Bn. Then

Φ+ = {αij , αi,−j , αr | 1 ≤ i < j ≤ n, 1 ≤ r ≤ n},

where αij =
j−1∑

k=i

αk, αi,−j =
n∑

k=i

αk +
n∑

h=j

αh and αr =
n∑

k=r

αk. Denote by Bij the

box of the diagram Λn ( see 2.1, (b) ) at the intersection of the ith row and the

jth column. We fill the roots of Φ+ into diagram Λn, one in each box, such that

the root αij is in the box Bi,2n+1−j , that the root αi,−j is in the box Bi,j−1, and

that the root αr is in the box Br,n. Figure 5 is an example with n = 4.

α1,−2 α1,−3 α1,−4 α1 α14 α13 α12

α2,−3 α2,−4 α2 α24 α23

α3,−4 α3 α34

α4

Figure 5.

We can see that K ⊆ Φ+ is increasing if and only if there exists a subdiagram λ

of Λn such that K is just the set of all the roots in the boxes of λ.
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2.5 Thirdly assume that Φ+ has type Cn. Then

Φ+ = {αij , αi,−j , αr,−r | 1 ≤ i < j ≤ n, 1 ≤ r ≤ n},

where αij =
j−1∑

k=i

αk, αr,−r = 2
n∑

h=r

αh − αn and αi,−j =
n∑

k=i

αk +
n−1∑

h=j

αh with the

convention that αi,−n =
n∑

k=i

αk. We fill the roots of Φ+ into the diagram Λn ( see

2.1, (b) ), one in each box, such that the root αij is in the box Bi,2n+1−j , that the

root αi,−j is in the box Bi,j and that the root αr,−r is in the box Br,r. Figure 6

is an example with n = 4.

α1,−1 α1,−2 α1,−3 α1,−4 α14 α13 α12

α2,−2 α2,−3 α2,−4 α24 α23

α3,−3 α3,−4 α34

α4,−4

Figure 6.

Again, we see that K ⊆ Φ+ is increasing if and only if there exists a subdiagram

λ of Λn such that K is just the set of all the roots in the boxes of λ.

It is known that an irreducible positive root system Φ+ has the same type as

the corresponding coroot system (Φ∨)+ except for the case when Φ+ has type

Bn or Cn. Now the above result together with the result of 2.4 imply that the

number of all the increasing subsets in Φ+(Bn) is the same as the number of those

in Φ+(Cn). So it follows from Theorem 1.4 that

Theorem. The number of all the ⊕-sign types indexed by a positive root system

Φ+ is equal to the number of all the increasing subsets of Φ+.
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2.6 Finally assume Φ+ has type Dn. Then

Φ+ = {αij , αi,−j | 1 ≤ i < j ≤ n},

where αij =
j−1∑

k=i

αk and, αi,−j is equal to
n∑

k=i

αk +
n−2∑

h=j

αh for j ≤ n− 2, to
n∑

k=i

αk

for j = n− 1, and to
n−2∑

k=i

αk + αn for j = n.

We fill the roots of Φ+ into the diagram Λ′n ( see 2.1, (c) ), one in each box,

such that the root αij ( 1 ≤ i < j < n ) is in the box Bi,2n−1−j , that the root

αi,−j ( 1 ≤ i < j < n ) is in the box Bi,j−1, and the roots αi,−n, αi,n ( 1 ≤ i < n )

are in the boxes Bi,n−1, Bi′,n−1, respectively. Figure 7 is an example with n = 5.

α1,−2 α1,−3 α1,−4 α1,−5
α15 α14 α13 α12

α2,−3 α2,−4 α2,−5
α25 α24 α23

α3,−4 α3,−5
α35 α34

α4,−5
α45

Figure 7.

We see that K ⊆ Φ+ is increasing if and only if there exists a subdiagram λ′ of

Λ′n such that K is exactly the set of all the roots in the boxes of λ′.
b columns︷ ︸︸ ︷

––———————————

a rows





| || || || || || ||||||||||||



 a+s−b rows

————-︸ ︷︷ ︸
s columns

Figure 8.
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2.7 For a, b, s ∈ N with 0 < s ≤ b < a + s, let p(a, b, s) be the number of all the

subdiagrams of the truncated staircase Young diagram P (a, b, s) (see Figure 8.)

m columns︷ ︸︸ ︷
—–––––––– ––| | | | | · · · | |–—––––––– ––| | | | · · · | |––––––– ––| | | · · · | |—––– ––

. . .
...

...
—| |
—





m rows

Figure 9.

Also, for m ∈ N, let q(m) be the number of all the subdiagrams of the skew Young

diagram Qm (see Figure 9.), where a subdiagram of P (a, b, s) or Qm is defined in

the same way as that for Γn or Λn in 2.2. Then we have the following

Proposition. For integers a, b, s, m with 0 < s ≤ b < a + s and m ≥ 0, we have

(1) q(m) = 2m;

(2) p(a, b, s) =
(
a+b

a

)− (
a+b

a+s+1

)
.

where
(
x
y

)
= x!

y!(x−y)! is a binomial number for x, y ∈ N with the convention that
(
x
y

)
= 0 for y > x.

Proof. (1) follows easily by applying induction on m ≥ 0. (2) is a result in [11]. ¤

§3. The enumeration of ⊕-sign types.

3.1 We keep the notations and conventions of the previous sections. In this sec-

tion, we shall enumerate the ⊕-sign types indexed by any irreducible positive root

system Φ+. By Theorems 1.4 and 2.5, it reduces to enumerate the increasing
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subsets of Φ+. In particular, when Φ+ is of classical type, it further reduces to

compute the number of subdiagrams of a certain Young diagram.

Let µ(X) be the number of all the ⊕-sign types indexed by the positive root

system Φ+ of type X, where

X ∈ {Al, Bm, Cm, Dn | l ≥ 1,m ≥ 2, n ≥ 4}
⋃
{E6, E7, E8, F4, G2}.

First we compute the number µ(X) with X a classical type.

Theorem 3.2. (a) µ(Al) = 1
l+2

(
2l+2
l+1

)
for l ≥ 1;

(b) µ(Bm) = µ(Cm) =
(
2m
m

)
for m ≥ 2;

(c) µ(Dn) =
(
2n−1

n

)
+

(
2n−2

n

)
for n ≥ 4.

Proof.. From Theorems 1.4 and 2.5, one can easily deduce the formulae

(i) µ(Al) = p(l, l, 1);

(ii) µ(Bm) = µ(Cm) = p(m−1,m−1, 1)+
m∑

i=1

q(m−i)p(i−1,m−1,m+1−i), where

q(m− i)p(i− 1,m− 1,m+1− i), 1 < i ≤ m, is the number of all the subdiagrams

of Λm containing box Bi−1,m but not containing Bi,m, q(m − 1)p(0,m − 1,m) =

q(m − 1) is the number of all the subdiagrams of Λm not containing box B1,m,

and p(m− 1, m− 1, 1) is the number of all the subdiagrams of Λm containing box

Bm,m.

(iii) µ(Dn) = δ′n + δ′′n, where δ′n = q(n− 2) + 2p(n− 2, n− 1, 2) + p(n− 2, n− 2, 1)

and δ′′n =
n∑

i=3

q(n− i)[2p(i− 3, n− 1, n + 3− i) + p(i− 2, n− 2, n + 1− i)]. More

precisely, we have the following interpretations on each of the above terms:

(1) q(n− 2) is the number of subdiagrams of Λ′n not containing boxes B1,n−1

and B1′,n−1;
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(2) 2p(n− 2, n− 1, 2) subdiagrams of Λ′n containing exactly one of the boxes

Bn−1,n−1 and B(n−1)′,n−1;

(3) p(n−2, n−2, 1) is the number of subdiagrams of Λ′n containing both boxes

Bn−1,n−1 and B(n−1)′,n−1;

(4) q(n− i)p(i− 3, n− 1, n + 3− i) is the number of subdiagrams of Λ′n con-

taining box Bi−2,n−1 but not containing B(i−2)′,n−1 and Bi−1,n−1 ( resp.

containing box B(i−2)′,n−1 but not containing Bi−2,n−1 and B(i−1)′,n−1),

for 3 ≤ i ≤ n;

(5) q(n− i)p(i− 2, n− 2, n + 1− i) is the number of subdiagrams of Λ′n con-

taining both boxes Bi−2,n−1 and B(i−2)′,n−1 but not containing Bi−1,n−1

and B(i−1)′,n−1, for 3 ≤ i ≤ n.

Thus (a) (resp. (b)) follows easily from (i) (resp. (ii)) and Proposition 2.7. For

(c), we get from (iii) and Proposition 2.7 that

δ′n = 2n−2 + 2
[(

2n− 3
n− 2

)
−

(
2n− 3
n + 1

)]
+

[(
2n− 4
n− 2

)
−

(
2n− 4

n

)]
and

δ′′n =
(

2n− 1
n + 1

)
+

(
2n− 2
n + 1

)
− 2n−2.

This implies (c) from the equation µ(Dn) = δ′n + δ′′n. ¤

3.3 To each partially ordered set (P,≤), we associate a digraph Γ(P ) whose vertex

set consists of all the elements of P , two vertices v, w are joined by an arrow, say

v −→ w, if v covers w, i.e. v > w and there does not exist any y ∈ P satisfying

v  y  w. Call Γ(P ) the Hasse graph of P . Clearly, two partially ordered sets

are isomorphic if and only if their Hasse graphs are isomorphic.

3.4 To enumerate all the increasing subsets of a given partially ordered set (P,≤),

we need only work with its Hasse graph Γ(P ). Here we point out a simple fact for
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later use.

Suppose that the elements z1, z2, · · · , zr be elements of P satisfy zj−1 −→ zj

for 1 < j ≤ r. Let Zj ( 1 ≤ j < r ) be the set of all the increasing subsets K

of P such that zj ∈ K and zj+1 6∈ K. Let Z0 ( resp. Zr ) be the set of all the

increasing subsets K of P with z1 6∈ K ( resp. zr ∈ K ). Then the set of all the

increasing subsets of P is just a disjoint union of all Zj , 0 ≤ j ≤ r. In particular,

when P = {z1, z2, · · · , zr}, the number of all the increasing subsets of P is equal

to |P |+ 1.

3.5 Now we want to deal with the exceptional types. The Hasse graph of the

positive root system Φ+ = Φ+(F4) is isomorphic to the Hasse graph in Figure 10.

◦↗◦−→◦−→◦−→◦↗ ↘◦−→◦ ◦↗ ↘ ↗◦−→◦−→◦−→◦ ◦−→◦ ◦−→◦↘ ↗ ↘◦−→◦ ◦↘ ↗◦−→◦−→◦−→◦↘◦

Figure 10.

We shall use this Hasse graph to enumerate all the increasing subsets of Φ+. It

appears to be hard to enumerate all the increasing subsets of Φ+ directly. Thus

we shall simplify the situation. In Figure 10, let Γi ( 1 ≤ i ≤ 5 ) be the set of

all the increasing subsets K of Φ+ containing vertex i but not vertex i + 1, and

let Γ0 ( resp. Γ6 ) be the set of all the increasing subsets K of Φ+ not containing

vertex 1 ( resp. containing vertex 6 ). Then by 3.4, the sets Γi, 0 ≤ i ≤ 6, are

pairwise disjoint whose union forms the whole set of increasing subsets of Φ+. It
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is easily seen that there exists a natural bijection from the set Γ0 to the set of all

the increasing subsets of a partially ordered set with the Hasse graph in Figure

11.

◦↗◦−→◦−→◦−→◦

Figure 11.

This implies |Γ0| = 6 from 3.4. Similarly, there exist natural bijections from the

sets Γi, 1 ≤ i ≤ 6, to the sets of all the increasing subsets of partially ordered sets

with the Hasse graphs in Figure 12, respectively.

◦↗◦−→◦

◦↗◦−→◦−→◦−→◦↗◦−→◦↘◦−→◦

◦↗◦−→◦−→◦−→◦↗◦−→◦↘◦−→◦

◦↗◦−→◦−→◦−→◦

◦ ◦

◦↗◦−→◦−→◦−→◦↘◦↗◦−→◦

◦↗◦−→◦−→◦−→◦↘◦↗◦−→◦↘◦

◦
Figure 12.

. Similarly, in enumerating the increasing subsets in each of the above partially

ordered sets, we may further simplify the situation if necessary. We eventually get

the following result.

i 0 1 2 3 4 5 6
|Γi| 6 4 13 13 14 15 40
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Thus the total number of increasing subsets of Φ+(F4) is equal to

6∑

i=0

|Γi| = 105.

This is also the number of all the ⊕-sign types indexed by Φ+(F4) by

Theorems 1.4 and 2.5.

3.6 By using the same method as above, we can perform a similar enumeration

work in the case when Φ+ has exceptional type. The results are summed up below.

Theorem. Let µ(X) be the number of all the ⊕-sign types indexed by the positive

root system of type X, where X ∈ {E6, E7, E8, F4, G2}. Then we have





µ(E6) = 26 · 13;
µ(E7) = 26 · 5 · 13;
µ(E8) = 23 · 3 · 5 · 11 · 19;
µ(F4) = 105;
µ(G2) = 8.

Remark 3.7. One may ask if there exists any simple relation of the number µ(X)

with some known constants on the corresponding root system in the case where X

is any exceptional type. If the answer is affirmative, then could one give a uniform

expression of the number µ(X) for all the types X mentioned in this paper?
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