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In [6], the author introduced the concept of a sign type indexed by the set
{(4,7) | 1 <4,j < n,i # j} for the description of the cells in the affine Weyl
group of type Ay ( in the sense of Kazhdan and Lusztig [3] ) . Later, the author
generalized it by defining a sign type indexed by any root system [8]. Since then,
sign type has played a more and more important role in the study of the cells
of any irreducible affine Weyl group [1],[2],[5],[8],[9],[10],[12]. Thus it is worth to
study sign type itself. One task is to enumerate various kinds of sign types. In [§],
the author verified Carter’s conjecture on the number of all sign types indexed by
any irreducible root system. In the present paper, we consider some special kind
of sign types, called &-sign types. We show that these sign types are in one-to-one
correspondence with the increasing subsets of the related positive root system as
a partially ordered set. Thus we get the number of all the ®-sign types indexed by

any irreducible positive root system ®* by enumerating all the increasing subsets

Key words and phrases. @ -sign types, increasing subsets, Young diagram.
Supported by the National Science Foundation of China and by the Science Foundation of
the University Doctorial Program of CNEC

Typeset by ApMS-TEX



2 JIAN.YI-SHI

of ®T. Such a number has a combinatorial interpretation when ®1 is of classical
type. That is, it is equal to the number of all the subdiagrams of a certain Young
diagram. Also, in dealing with ®* of exceptional type, we introduce a method
which could be used to enumerate all the increasing subsets of any partially ordered
set.

The results in this paper may be helpful in studying the structure of the canon-
ical left cells of an affine Weyl group, ( see [4] ).

The content of this paper is organized as below. In section 1, we establish a
bijection between the set of all the increasing subsets of a positive root system
®* and the set of all the @-sign types indexed by the dual positive root system (
Theorem 1.4 ). Then we make certain arrays of ®* of classical types into diagrams
in section 2, by which we establish a one-to-one correspondence between the set of
all the @-sign types indexed by ®* and the set of all the subdiagrams of a certain
diagram. Finally, we calculate the number of all the ®-sign types indexed by any

irreducible positive root system in section 3 ( Theorems 3.2 and 3.3 ).

§1. @-sign types and increasing subsets of ®*.

1.1 Let E be a euclidean space spanned by an irreducible root system ® with inner
product (, ). Let A = {ay, .-+, a,} C T be a choice of simple and positive root
systems of ®, respectively. Denote by a¥ = 2a/{a,a) a coroot of a for a € .

For o € ®T and k € Z, define a hyperplane:
Hyr={veE]|{va")=k}

and three regions:
Hy+={veE]|(v,a")>1},
H,_={veFE]|(v,a") <0},
Hoo={veFE|0< (v,a¥) <1}
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of E. Any connected simplex of

is called a ®"-sign type or a sign type indexed by ®* ( or just call it a sign type

when no danger of confusion ) which has the form

Sx = ﬂ H, x,

acdt

for some ®T-tuple X = (Xy)aeco+ with X, € {+,—,0}. We may identify Sx
with the corresponding ®*-tuple X = (X, )qco+ and call the latter a sign type.
Note that not any ®*-tuple (X,)acqp+ over {+,—, O} gives rise to a sign type as
above. The condition for (X, ),cao+ to be a sign type is local, that is, a condition
on all the irreducible subsystems of ®* of rank 2 ( see [5, §2.] for the detailed
statement of this condition ).

1.2 Call X = (X, )qca+ an P-sign type indexed by @1 if it is a ®*-sign type with

X, € {+,0}, for all @ € ®*. The following result characterizes an @®-sign type.

Proposition. Assume that X = (X,)aco+ is a @1 -tuple with X, € {+,0}.
Then X is an @-sign type if and only if the following condition on X holds: if
a, 3 € ®F satisfy B > aV and X, = +, then Xg = +. Here the notation 3¥ > oV
means that the difference 3 — oV is a sum of some coroots in (B¥)T ={yV |y €

Ot} (repetition allowed ).

Proof. (<=) The condition on X guarantees that all the U*-tuples (X,),cyp+ are
U -sign types, where U ranges over all the irreducible subsystems of ®* of rank

2. So the assertion follows from the note at the end of 1.1.
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(=) By [8, Lemma 3.1], there exist a sequence of positive roots vo = «, 1, +*+ , ¥ =
B such that for every i, 1 <i <r, v —~’; € AV, where AV = {a¥ | a € A}
Thus by applying induction on r > 1, it suffices to show our result in the case
when 3Y — oV =~V € AV. There exists a unique subsystem U+ of ®* of rank 2
which contains roots o, 3, v. Then (X4)acw+ is an G-sign type indexed by UT.
Since all the UT-sign types with ¥ irreducible and of rank 2 are known ( see [7]

), our result follows by checking directly. [

Definition 1.3. Let (P, <) be a partially ordered set. A subset K C P is
increasing if for any z,y € P, y > x and ¢ € K imply y € K.

It is clear that two isomorphic partially ordered sets contain the same number
of increasing subsets. A positive root system ®% is a partially ordered set with
respect to the relation <: o < 8 in ®7T if the difference 3 — o is a sum of some
roots in @ ( repetition allowed ).

By Proposition 1.2, it is immediate that

Theorem 1.4. There exists a natural bijective map from the set of all the in-
creasing subsets K of (®V)T to the set of all the ®-sign types indexed by ®T. This

map sends K to (Xa)aco+, where

a —

O, ifa’¢K;
{ +, ifa’ eK.
Thus to enumerate all the ®-sign types indexed by ®T, it is enough to compute
the number of all the increasing subsets of (®¥)*. To do that, we shall begin by
constructing certain arrays of roots in ®*, where ¢ is of classical type.
Remark 1.5. One may also define a sign type X = (X,),ce+ to be an S-sign

type (resp. a £-sign type ) by the requirement X, € {—, 0} (resp. X, € {+,—}
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) for all € ®T. Tt is well known that the set of all the &-sign types ( resp. +-sign
types ) indexed by ®7 is in one-to-one correspondence with the set of all the Weyl
chambers in F in a natural way. This implies immediately that the number of all
the ©-sign types ( resp. *+-sign types ) indexed by ®* is equal to the order of the
Weyl group of the root system ®. Thus only the number of all the ®-sign types
indexed by ®' need be computed. This is why we only consider the ®-sign types

in the present paper.

§2. Arrays of roots into diagrams.

2.1 By a diagram, we mean an array of boxes into rows and columns. We consider

the following three kinds of diagrams.

(i) The staircase Young diagram I',, of size n (see Figure 1, (a), for I's as an

example ).

Figure 1.

(ii) The staircase skew Young diagram A,, of rank n ( see Figure 1, (b), for A,, as

an example ).

(iii) The staircase skew Young diagram A], of rank n which has two leaves in the

middle column. Figure 2 is the diagram Af as an example.
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Figure 2.

Generally, in diagram AJ,, there is one box, denoted by B; ;, at the intersection
of the ith row and the jth column for 1 < i < n and i < j < 2n — 2 — ¢ with
j # n —1; there are two boxes at the intersection of the ith row and the (n — 1)th
column for 1 < ¢ < n, which are denoted by B; ,—1 and By ,,—1, respectively.

2.2 Now we define a subdiagram in each of the above diagrams. In these definition,
we identifying a diagram with the set of boxes contained in it.

Let X be the diagram I';, or A,,. A subdiagram A of X is, by definition, a subset
of X satisfying that if a box of X is in A, then all the boxes of X to the north, the
west and the northwest of such a box are also in .

The definition of a subdiagram A" of A/ slightly differ from the above. By
definition, X\’ is a subset of A/ satisfying the following conditions:

(a) If box B;j is in X with j # n — 1, then all the boxes of A}, to the north, the
west and the northwest of B;; are also in \';

(b) If box B; ,—1 isin A with ¢ € {1,2,--- ,n—1}, then all the boxes of A], to the
west and the northwest of B; ,—1 are in A, and all the boxes B;,,_; with j < i
are also in \/;

(c) If box By 1 isin X with ¢ € {1,2,--- ,n—1}, then all the boxes of A/, to the
west and the northwest of By ,,—1 are in X', and all the boxes Bj/ ,_1 with j < ¢

are also in ).
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Note that boxes B;,,—1 and By ,,—1 are regarded to be overlapped for any i, 1 <
i <mn — 1. Thus in Figure 3, both (a) and (b) are subdiagrams of AL but (c) and

(d) are not.

Figure 3.

2.3 In 2.3-2.6, we shall establish a bijection between the set of all the increasing
subsets of a positive root system of each classical type and the set of all the

subdiagrams of some diagram defined in 2.1.

First assume that & has type A,,. Then

" ={ay |1 <i<j<n+l}

j—1
where o;; = Zat. We fill the roots of ®* into the diagram T, ( see 2.1, (a) ),
t=i

one in each box, such that the root «;; is in the (n 4+ 2 — j)th row and the ith

column of I',,. Figure 4 is an example with n = 5.
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Qg Q26 Q36 Q4 Q56
Q15 Qs Q35  O45
Qg4 Q24 Q34

Q13 Q23

12

Figure 4.

Then it is easily seen that K C ®7 is increasing if and only if there exists a
subdiagram A\ of I';, such that K is the set of all roots in the boxes of A.

2.4 Secondly assume that ®* has type B,,. Then

T ={ayj, i—j, ap |1<i<j<n, 1<r<n},

7j—1 n n n
where «;; = Zak, _j = Zak + Zah and «, = Zak. Denote by B;; the
k=i k=i h=j k=r
box of the diagram A,, ( see 2.1, (b) ) at the intersection of the ith row and the
jth column. We fill the roots of ®* into diagram A,,, one in each box, such that

the root «;; is in the box Bj; 2,,41—;, that the root o; _; is in the box B; j_1, and

that the root o, is in the box B, ,. Figure 5 is an example with n = 4.

Q2 013 04 Q1 O14 013 Q]2
M 3 04 Qo Q24 Q23
034 Q3 Q34
Qy

Figure 5.

We can see that K C ®* is increasing if and only if there exists a subdiagram \

of A,, such that K is just the set of all the roots in the boxes of \.
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2.5 Thirdly assume that ®* has type C,,. Then

(I)+:{Oé¢j, QG —j, Oy —p | 1<i<j3<n, 1 STS?’L},

j—1 n n n—1
where a;; = g Ay Qp _p = 2 g ap — oy and o = E ay + E ay, with the
k=i h=r k=i h=3

n
convention that a; _,, = Z a. We fill the roots of T into the diagram A,, ( see
k=i
2.1, (b) ), one in each box, such that the root «;; is in the box B; 2,,11—;, that the
root a; _; is in the box B; ; and that the root o, _, is in the box B, ,. Figure 6

is an example with n = 4.

a1 2 03 04 Q14 Q13 Q12
o 03 04 Q24 Q23

033 Q34 (34
Oy
Figure 6.

Again, we see that K C ®7 is increasing if and only if there exists a subdiagram
A of A, such that K is just the set of all the roots in the boxes of .

It is known that an irreducible positive root system ®* has the same type as
the corresponding coroot system (®V)* except for the case when ®* has type
B, or C,,. Now the above result together with the result of 2.4 imply that the
number of all the increasing subsets in ®*(B,,) is the same as the number of those

in ®*(C,,). So it follows from Theorem 1.4 that

Theorem. The number of all the &-sign types indexed by a positive root system

&1 is equal to the number of all the increasing subsets of ®.
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2.6 Finally assume ®* has type D,,. Then

(ﬁ"' = {Ckij, Oéi’_j ‘ 1 §Z<] Sn}v

j—1 n n—2 n
where o;; = E ay and, o4 _; is equal to E ag + E ap for j <n—2, to E Qg
k=i k=i h=j k=i
n—2

for j =n —1, and to Zozk—f—an for j = n.

We fill the roots oflﬁ(:I)ZJr into the diagram A/ ( see 2.1, (c¢) ), one in each box,
such that the root a;; (1 < i < j < mn ) is in the box B; 2,-1—;, that the root
a;—; (1<i<j<n)isinthe box B;;_1, and the roots a; _p, a;, (1 <7< n)

are in the boxes B; ,,—1, Bis n—1, respectively. Figure 7 is an example with n = 5.

M2 -3 M4 s Q14 Q13 Q2
03 g4 oy, P Qg Qo3
084 g5 T Q3

Q45
Q45
Figure 7.

We see that K C ®7 is increasing if and only if there exists a subdiagram )\ of

Al such that K is exactly the set of all the roots in the boxes of \'.

b columns

A\

a+s—b rows

a rows

. -
—_———

s columns

Figure 8.
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2.7 For a,b,s € Nwith 0 < s <b < a+s, let p(a,b,s) be the number of all the

subdiagrams of the truncated staircase Young diagram P(a,b, s) (see Figure 8.)

m columns
o\

m rows

Figure 9.

Also, for m € N, let ¢(m) be the number of all the subdiagrams of the skew Young
diagram @), (see Figure 9.), where a subdiagram of P(a,b, s) or @), is defined in

the same way as that for I';, or A,, in 2.2. Then we have the following

Proposition. For integers a,b,s,m with 0 < s <b<a-+ s and m > 0, we have
(1) g(m) = 2™;
__ (a+b a+b
(2) p(a,b, S) - ( a ) B (a+s+1)'
where (";) = le), 1s a binomial number for x,y € N with the convention that

@) =0 fory > x.
Proof. (1) follows easily by applying induction on m > 0. (2) is aresult in [11]. O

83. The enumeration of ®-sign types.
3.1 We keep the notations and conventions of the previous sections. In this sec-
tion, we shall enumerate the @-sign types indexed by any irreducible positive root

system ®T. By Theorems 1.4 and 2.5, it reduces to enumerate the increasing
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subsets of ®T. In particular, when ®* is of classical type, it further reduces to
compute the number of subdiagrams of a certain Young diagram.
Let p(X) be the number of all the @-sign types indexed by the positive root

system @ of type X, where
X €{Al, Bp, Cm, Dy |1>1,m >2,n>4}| {Es, Er, Bs, Fu, Ga}.

First we compute the number (X)) with X a classical type.

Theorem 3.2. (a) u(A;) = H%(%l:f) forl>1;

(b) 1(Bm) = p(Cn) = (271:) form 2> 2;

(c) u(Dn) = (**71) + (**72) forn > 4.

Proof.. From Theorems 1.4 and 2.5, one can easily deduce the formulae

(i) u(A) = p(,1,1); -

(ii) u(Bm) = w(Chpy) = p(m—1,m—1, 1)+Z g(m—i)p(i—1,m—1,m+1—1i), where
gm—ipli—1,m—-1,m+1—-i),1 <i< Zn:@l, is the number of all the subdiagrams
of A, containing box B;_1 ,, but not containing B; ,,, ¢(m — 1)p(0,m —1,m) =
g(m — 1) is the number of all the subdiagrams of A,, not containing box Bj ,,
and p(m —1,m — 1,1) is the number of all the subdiagrams of A,,, containing box
Bm.

(iii) p(Dy) = 0, + 6., where §,, = q(n —2) +2p(n—2,n—1,2)+p(n —2,n —2,1)
and ¢/ = iq(n—i)[?p(z’ —3,n—1,n+3—149)+pli—2,n—2,n+1—1)]. More

=3

precisely, we have the following interpretations on each of the above terms:

(1) g(n —2) is the number of subdiagrams of A], not containing boxes Bj ,,_1

and By p_1;
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(2) 2p(n —2,n — 1,2) subdiagrams of A/, containing exactly one of the boxes
B, —1n-1 and B(n—l)/,n—1;

(3) p(n—2,n—2,1) is the number of subdiagrams of A/, containing both boxes
Bn—l,n—l and B(n_1)/,n—1§

(4) g(n —i)p(i —3,n — 1,n + 3 — 1) is the number of subdiagrams of A/ con-
taining box B;_s 1 but not containing B(;_2y ,—1 and B;_1,_1 ( resp.
containing box B(;_g)/ ,—1 but not containing B; 2,1 and B(_1y n—1),
for 3 <1 < mn;

(5) g(n —i)p(i —2,n —2,n+ 1 — 1) is the number of subdiagrams of A/, con-
taining both boxes B;_2 ,—1 and B(;_3) ,,_1 but not containing B; 1,1
and B(;_1y p—1, for 3 <7 < n.

Thus (a) (resp. (b)) follows easily from (i) (resp. (ii)) and Proposition 2.7. For

(c), we get from (iii) and Proposition 2.7 that
2n — 3 2n —3 2n — 4 2n — 4
5 =on=2 4o | (7" (" (" (" and
n—2 n+1 n—2 n
5;1,: 2n —1 + 2n — 2 _on-2.
n+1 n+1
This implies (¢) from the equation u(D,,) =4, +o/. O

3.3 To each partially ordered set (P, <), we associate a digraph I'(P) whose vertex
set consists of all the elements of P, two vertices v, w are joined by an arrow, say
v — w, if v covers w, i.e. v > w and there does not exist any y € P satisfying
v >y > w. Call I'(P) the Hasse graph of P. Clearly, two partially ordered sets
are isomorphic if and only if their Hasse graphs are isomorphic.

3.4 To enumerate all the increasing subsets of a given partially ordered set (P, <),

we need only work with its Hasse graph I'(P). Here we point out a simple fact for
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later use.

Suppose that the elements 21, 22, ---, 2, be elements of P satisfy z;_1 — z;
for 1 < j <r. Let Z; (1< j<r)be the set of all the increasing subsets K
of P such that z; € K and 2,11 ¢ K. Let Zy ( resp. Z, ) be the set of all the
increasing subsets K of P with z; ¢ K ( resp. z. € K ). Then the set of all the
increasing subsets of P is just a disjoint union of all Z;, 0 < j < r. In particular,
when P = {z1, 22, ---, 2.}, the number of all the increasing subsets of P is equal
to |P|+ 1.

3.5 Now we want to deal with the exceptional types. The Hasse graph of the

positive root system & = &1 (F}) is isomorphic to the Hasse graph in Figure 10.

—)O—)O—><]

O—> o
O—>O—>O%< —0 O—><
O——> o

—>o—>o—><Q

Figure 10.

We shall use this Hasse graph to enumerate all the increasing subsets of ®T. It
appears to be hard to enumerate all the increasing subsets of ®T directly. Thus
we shall simplify the situation. In Figure 10, let T'; ( 1 < ¢ < 5 ) be the set of
all the increasing subsets K of ®T containing vertex i but not vertex i + 1, and
let T’y ( resp. I'g ) be the set of all the increasing subsets K of ®* not containing
vertex 1 ( resp. containing vertex 6 ). Then by 3.4, the sets I';, 0 < i < 6, are

pairwise disjoint whose union forms the whole set of increasing subsets of ®T. It
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is easily seen that there exists a natural bijection from the set I'g to the set of all
the increasing subsets of a partially ordered set with the Hasse graph in Figure

11.

(0]
O—)O—)O—)/

Figure 11.

This implies |I'g| = 6 from 3.4. Similarly, there exist natural bijections from the
sets I';, 1 <17 < 6, to the sets of all the increasing subsets of partially ordered sets

with the Hasse graphs in Figure 12, respectively.

o) —>o—>o—>o/9 —>o—>o—>o/p
o—>(/

oO——> oO——>
—0 —0
O/Q O0——0——0——
O0——0——0——> O——0——>0——
o0——d

o o 0——d \b

o

Figure 12.

. Similarly, in enumerating the increasing subsets in each of the above partially
ordered sets, we may further simplify the situation if necessary. We eventually get

the following result.

i | 0] 1123 4] 5] 6
IT:] | 6 | 4| 13| 13| 14| 15| 40
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Thus the total number of increasing subsets of ®*(Fy) is equal to

6
> || = 105.
=0

This is also the number of all the @-sign types indexed by ®T(Fy) by
Theorems 1.4 and 2.5.
3.6 By using the same method as above, we can perform a similar enumeration

work in the case when ®* has exceptional type. The results are summed up below.

Theorem. Let j1(X) be the number of all the ©-sign types indexed by the positive

root system of type X, where X € {Eg, FEr, Eg, Fy, G2}. Then we have

@

( 1(Eg) = 2°
W(Br) =265, 13
{ w(Bg)=2%-3-5-11-19;
p(Fy) =105
(Gs) = 8.

2)

=

Remark 3.7. One may ask if there exists any simple relation of the number p(X)
with some known constants on the corresponding root system in the case where X
is any exceptional type. If the answer is affirmative, then could one give a uniform

expression of the number p(X) for all the types X mentioned in this paper?
References

1. Du Jie, Sign types and Kazhdan-Lusztig cells, Chin. Ann. Math. 12B(1)
(1991), 33-39.

2. Du Jie, The decomposition into cells of the affine Weyl group of type §3, Comm.
Algebra 16 (1988), 1383-14009.



3.

10.

11.

12.

@®-SIGN TYPES 17

D. Kazhdan & G. Lusztig, Representations of Coxeter groups and Hecke alge-
bras, Invent. Math. 53 (1979), 165-184.

G. Lusztig & Xi Nan-hua, Canonical left cells in affine Weyl groups, Adv. in
Math. 72 (1988), 284-288.

. Rui Hebing, Some cells in affine Weyl groups of types other than Zn and 6’2,

preprint.

Jian-yi Shi, The Kazhdan-Lusztig cells in certain affine Weyl groups, Lect.
Notes in Math. vol.1179, Springer-Verlag, 1986.

Jian-yi Shi, Sign types corresponding to an affine Weyl group, J. London Math.
Soc. (2) 35 (1987), 56-74.

. Jian-yi Shi, A two-sided cell in an affine Weyl group, J. London Math. Soc.

(2)36 (1987), 407-420.

Jian-yi Shi, A two-sided cell in an affine Weyl group, II, J. London Math. Soc.
37 (1988), 253-264.

Jian-yi Shi, The generalized Robinson-Schensted algorithm on the affine Weyl
group of type Ap_1, ] Algebra 139 (1991), 364-394.

Jian-yi Shi, Skew tableauz, lattice paths and bounded partitions, J. Comb. The-
ory ( Series A ) (1) 63 (1993), 79-89.

Zhang Xin-fa, Cell decomposition in the affine Weyl group Wa(§4), Comm. in
Algebra 22(6) (1994), 1955-1974.



