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Abstract. By applying an algorithm designed before, we complete the description for all
the left cells of the affine Weyl group W, of type B4 by finding a representative set of its
left cells together with all its left cell graphs (or with all the associated essential graphs)
in each of its two-sided cells. The generalized T-invariants of left cells of W, are exhibited
graphically. A group-theoretical interpretation is given on the numbers of left cells of W,
in some two-sided cells. Thus so far the left cells of all the affine Weyl groups of ranks less
than or equal to 4 have been known explicitly. Some techniques are developed in applying
the algorithm. As a consequence, we complete the verification of a conjecture concerning
the characterization of left cells of Weyl groups and affine Weyl groups.

It is designed in [22] and then improved in [25] for an algorithm of finding a rep-
resentative set of left cells (an l.c.r. set for short) of W in a two-sided cell, where W
is a Coxeter group belonging to a certain family of crystallographic groups, the latter
includes all the Weyl groups and all the affine Weyl groups. By applying this algorithm,
I described all the left cells of the affine Weyl groups of types Cy and 54, and also all the
left cells T' with a(I') = 3,4, 5 in the affine Weyl group of type Fy (see [25], [23], [22]).
Subsequently, three of my students, Zhang Xin-fa, Rui He-bin and Tong Chang-qing,
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2 Jian-yi Shi

achieved some progress on this respect also by applying this algorithm, where Zhang
gave an explicit description for all the left cells in the affine Weyl group of type By [28],
Rui for all the left cells I' with a(I") = 3 in any irreducible affine Weyl group [15], and
Tong for all the left cells of the Weyl group of type Fg [27]. In the present paper, we
shall apply this algorithm to complete the description of the left cells of the affine Weyl
group of type Fy. This, together with the earlier results of the others [16], [11], [2], [7],
completes the description of the left cells for all the affine Weyl groups of ranks < 4.
Some techniques are developed in applying the algorithm (see sections 3 and 4). We
find a representative set of left cells together with its left cell graphs (or with all the
associated essential graphs) in each two-sided cell of W,. The generalized 7T-invariants
of left cells of W, are exhibited graphically. A group-theoretical interpretation is given
on the numbers of left cells of W, in some two-sided cells, which involves both the
Lusztig map and Bala-Carter correspondence among two-sided cells of W,, unipotent
conjugacy classes of the complex algebraic group G of type Fy, and the G-classes of pairs
(L, Pr/), where L is a Levi subgroup of G, Py is a distinguished parabolic subgroup
of semisimple part L’ of L. As a consequence, we shall complete the verification of a
conjecture concerning the characterization of left cells of Weyl groups and affine Weyl

groups which was proposed in [22] and partly verified in [24].

The content of the paper is organized as follows. Some known results on cells of a
Coxeter group, in particular of an affine Weyl group W, are stated in section 1. Then
in section 2, we recall the algorithm of finding an l.c.r. set of W, in a two-sided cell and
also state some results and terminologies which are needed in applying the algorithm.
In section 3, some techniques of applying the algorithm are developed, which will be
frequently used for finding an l.c.r. set of the affine Weyl group Wa(ﬁl) in a given
two-sided cell. We illustrate them by several examples. We find an l.c.r. set together
with all the left cell graphs (or with the corresponding essential graphs) for W, (F}) in
section 4. Finally, in section 5, we complete the verification of the above-mentioned

conjecture.
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§1. Some results on cells.

1.1 Let W = (W, S) be a Coxeter group with S its Coxeter generator set. Let < be
the Bruhat order on W. For w € W, we denote by ¢(w) the length of w. Let A = Z]u]
be the ring of polynomials in an indeterminate u with integer coefficients. For each
ordered pair y,w € W, there exists a unique polynomial P, ,, € A, called a Kazhdan-
Lusztig polynomial, which satisfies the conditions: P, ,, = 0 if y € w, Py, = 1, and
deg P, ., < (1/2)(¢(w) — £(y) — 1) if y < w. Let p(w,y) = pu(y, w) be the coeflicient of
u(/2AE)=y)=1) in p, , for y < w. We denote y—w if u(y,w) # 0.

Checking the relation y—w for y,w € W usually involves very complicated com-
putation of Kazhdan-Lusztig polynomials. But it becomes easy in some special cases:
if z,y € W satisfy y < = and {(y) = ¢(z) — 1, then we have y—z. Another result
concerning this relation will be stated in Proposition 2.7.

1.2 The preorders %, %, LSR on W and the associated equivalence relations > Y on
W are defined as in [8]. The equivalence classes for ~ ( resp. o ) on W are called
left cells ( resp. right cells, two-sided cells ).

1.3 An affine Weyl group W, is a Coxeter group which can be realized geometrically
as follows. Let G be a connected, adjoint reductive algebraic group over C. We fix a
maximal torus 7' C GG. Let X be the character group of T and let ® C X be the root set
with A = {aq, -+, ay} a choice of simple root system. Then E = X ®zR is a euclidean
space with an inner product ( , ) such that the Weyl group (W, Sp) of G with respect
to T" acts naturally on E and preserves its inner product, where Sy is the set of simple
reflections s; corresponding to the simple roots «;, 1 < ¢ < £. We denote by N the
group of all translations T (A € X) on E: T) sends x to x + A,. Then the semidirect
product W, = Wy x N is called an affine Weyl group. Let K be the dual of the type
of G. Then we define the type of W, by K. Sometimes we denote W, by Wa(f( ) to
indicate its type K. There is a canonical homomorphism from W, to Wy: w +— w.

Let —ag be the highest short root in ®. We define sg = s4,7—4,, Where s, is
the reflection corresponding to ap. Then the generator set of W, can be taken as

S = S() U {80}.
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1.4 The alcove form of an element w € W, is, by definition, a ®-tuple (k(w, a))acs
over Z subject to the following conditions.

(a) k(w, —a) = —k(w, ) for any o € P;

(b) k(e, ) = 0 for any a € ®, where e is the identity element of W,;

(c) fw =ws; (0<i<{),then

k(w', o) = k(w, (@)5;) + e(a, 1)

with
0 if a # tay;
e(la, 1) =< —1 if @ = ay;
1 if a = —ay,

where §; = s; if 1 <i </, and Sp = s, ( see [17, Proposition 4.2] ).

By condition (a), we can also denote the alcove form of w € W, by a ®T-tuple
(k(w, a))ace-
1.5 Condition 1.4, (c) actually defines a set of operators {s; | 0 <1 < £} on the alcove

forms of elements of W,,:

Sit (ka)aeq> — (k(a)gi + 6(a7i))a6<13-
These operators could be described graphically. Assume that W, has type F, and that

the indices of simple roots are compatible with the following Dynkin diagram:

—
[\v]
w
'S

We denote a root o = Z?:l a;a; by its coordinate form (aq, a9, as, as) and arrange the

entries of a ®T-tuple (ky)qcq+ in the following way.

(1.5.1)

k(2,4,3,2) k(2,3,2,1)
(2,4,3,1) (1,3,2,1)
k(2,4,2,1) k(12,2,1)
(2,2,2,1) (1,2,1,1)

k(2,2,1,1) k(0,2,2,1)
(0,2,1,1) (2,2,1,0)
(0,0,1,1) (0,2,1,0)
k(0,0,0,1) %(0,0,1,0)

k2,100 k1,1,1,1)
(0,1,1,1) (1,1,1,0)
(0,1,1,0) (1,1,0,0)
k(0,1,0,0) %(1,0,0,0)
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Then the actions of s;, 0 <4 < 4, on a ®T-tuple

a m
b n
fi p
_ q
W= ¢ f r S
g h t U
1 J v w
k l x Y
are listed as in the following table.
S S0 S1 So S3 S4
—h -m+1 | n * * * * b *
—d —w * * d n b q * *
ws| € —U f * c s e D * r
—b x —s —71g d x t |*x x w q|d g x x| h x q u
x —a x —qle j s v |i x % r | f x x w j e v s
x x x —plx h w x |g l x yl| k x x ul [ g t x
x ok x —n|x x w-—y-lx j—oa-lw|i —-l-1v x|—k-1i *x =

where the entries in the * positions remain unchanged.

1.6 To each element z € W,, we associate two subsets of S as below.

For w, w' € W,, we say that w' is a left extension of w if £(w') = £(w) + £(w'w™?t).

Then we have the following results on the alcove form (k(w,a))qce of w € W,,.

Proposition [17, Propositions 4.1, 4.3]. (1) {(w) = > .o+ |k(w, )|, where the nota-

L(z)={seS|sz <z}

and R(zx)={seS|zs <z}

tion |x| stands for the absolute value of x;

(2) R(w) ={s; | k(w, ;) < 0}.

(3) w' is a left extension of w if and only if the inequalities k(w', a)k(w,a) > 0 and

|k(w', )| > |k(w, )| hold for any a € ®.
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1.7 Now let W be either an affine Weyl group or a finite Weyl group. Lusztig defined
a function a : W — N which satisfies the following properties:

(1) a(z) < v = |®|/2, for any z € W, where ® is the root system associated to W as in
1.3;

(2) x LSR y = a(z) > a(y). In particular, ~Yy = a(x) = a(y). So we may define
the a-value a(I") on a ( left, right or two-sided ) cell I' of W by a(x) for any = € T'.

(3) a(z) = a(y) andx%y(resp. x%y):>$rzy(resp. :L*Ey)

(4) Let w;r be the longest element in the subgroup W; of W generated by I for any
I C S with Wi finite. Then a(wy) = ¢(wy).

The above properties of function a were shown by Lusztig in his papers [11], [12].
Now we state some more properties of this function, the first two of which are simple
consequences of properties (2), (3) and (4).

Let Wiy = {w € W | a(w) = i} for any non-negative integer i. Then by (2), W, is
a union of some two-sided cells of .

(5) If W(;) contains an element of the form w; for some I C S, then {w € W(;) | R(w) =
I} forms a single left cell of .

(6) By the notation x =y - z (z,y,2 € W), we mean x = yz and ¢(z) = £(y) + £(2). In
this case, we have = < z, = <y and hence a(x) > a(y), a(z). In particular, if I = R(z)
(resp. I =L(x)), tlfen a(:r;)RZ (wy).

(7) W(; is a single two-sided cell of W' if i € {0,1, v} (see (1)). As sets, W(;) (i = 0,1,v)
can be described as below. W) = {e}, e, the identity element of W. W) consists of
all the non-identity elements of W each of which has a unique reduced expression (see
[9]). W(,) consists of all the elements of W which have no zero entry in their alcove
forms (see 1.4). W(,) can also be described to be the lowest two-sided cell of W with
respect to the partial order < (see [19], [20]).

(8) Now let W = W, be arf P;ﬂfme Weyl group. Call an element s € S special, if the
subgroup of W, generated by S\ {s} is isomorphic to Wy (see 1.3). Thus the element
sg is always special. When W, is of type ﬁ4, there is no other special element in S.

It is known that for any two-sided cell Q # {e} of W, and any special s € S, the set
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Yy ={w € Q| R(w) = {s}} is non-empty and is a single left cell of W, (see [14]).
1.8 Let G and W, be as in 1.3. Then the following result of Lusztig is important to our

purpose.

Theorem [13, Theorem 4.8]. There exists a bijection u — c(u) from the set of unipo-
tent conjugacy classes in G to the set of two-sided cells in W,. This bijection satisfies the
equation a(c(u)) = dim B, where u is any element in u, and dim B, is the dimension

of the variety of Borel subgroups of G containing u.

1.9 Let G, Wy and W, be as in 1.3. Then W, is a standard parabolic subgroup of
W,. It is known that for any w € W, the value a(w) computed with respect to Wy
is equal to that computed with respect to W, [12, Corollary 1.9]. From the results of
[3], [4], [10] and [13], we know that the bijection in Theorem 1.8 induces a bijection
between the set of special unipotent classes of G and the set of two-sided cells of W.
Let wg be the longest element of Wy. Then the permutation x — wyx of Wy induces an
order-reversing bijective map on the set of two-sided cells of Wy (see [8, 3.3]). Under
this map, the two-sided cells Wy = {e} and W,y = {wo} are transposed, and the
two-sided cell W) of Wy is sent to the second lowest one. Here v = £(wp).

1.10 Let W, = Wa(ﬁl) be the affine Weyl group of type Fy. Then according to
the knowledge of the unipotent classes of the complex simple algebraic group of type
Fy, we see from Theorem 1.8 that in W,, the set W; is non-empty if and only if
i€ A=1{01,23,45,6,7,9,10,13,16,24}. More precisely, W, is a single two-sided
cellifi € {0,1,2,4,5,7,10,13,16,24}, and is a union of two two-sided cells if i € {3,6,9}.
1.11 We see that there exist some elements of the form wy, I C S, in all the sets W
of Wo(Fy), i € A\ {13}. By the results of [22] and by 1.7,(4),(7), at this stage we can
find a representative set of the two-sided cells € of W, (Fy) with a(€2) # 6,9 as follows.
€, 84, W2, Wol, W34, W23, W23, Wo124, W0234, T = W23451525352515453525354, Wo123 and

w1234, where we have x € W3y by 1.9, 1.10, and by the fact woxr = 5159838951 € Wy.

62. An algorithm with some related results.

Here and later, the notation W, always stands for an affine Weyl group with S its
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Coxeter generator set. The main purpose of the present paper is to describe the left
cells of the affine Weyl group W, of type Fy by finding its l.c.r. set together with all
its left cell graphs (or with the corresponding essential graphs). We need an algorithm
to do this, which was designed in [22] and then improved in [25]. This algorithm is
applicable to a certain family of crystallographic groups including all the Weyl groups
and all the affine Weyl groups. In this section, we shall recall the algorithm and some
related results in [22] and [25].

2.1 To each element z € W,,, we associate a set X(x) of all left cells I" of W,, satisfying
the condition that there is some element y € T with y—=z, R(y) € R(z) and a(y) = a(z).
We have the following result.

Theorem [22, Theorem 2.1|. If x ~Y in We, then R(z) = R(y) and X(x) = X(y).

2.2 To each z € W,, we denote by M (x) the set of all elements y such that there are
a sequence of elements z¢g = z, z1, -+, &, = y in W, with r > 0, where for every 1,

éR(wz) are satisfied.

2.3 A subset K C W, is said to be distinguished if K # () and x o for any x # y in

1 < < r, the conditions mz__llxz € S and R(x;—1)

K. The following are three processes on a non-empty set P C W, (see [25]).

(A) Find a largest possible subset ) from the set U M (z) with @ distinguished.
rEP
(B) To each = € P, find elements y € W, such that y~'z € S, R(y) 2 R(x) and

a(y) = a(x), add these elements y on the set P to form a set P’ and then take a largest
possible subset ) from P’ with @ distinguished.
(C) To each z € P, find elements y € W, such that y < 2, y—=, R(y) 2 R(z) and
a(y) = a(x), add these elements y on the set P to form a set P’ and then take a largest
possible subset @) from P’ with @ distinguished.

A subset P of W, is called A-saturated ( resp. B-saturated, resp. C-saturated ), if
Process (A) (resp. (B), resp. (C) ) on P can’t produce any element z satisfying z ok
for all z € P.

2.4 Say a set X of left cells of W, to be represented by a set K C W, if X is the set
of all left cells T" of W, with TN K # (. K is called a representative set for X, if K
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represents X with K distinguished.

By [22, Theorem 3.1] and [8, 2.3f], we see that a representative set of left cells (an
l.c.r. set for short) of W, in a two-sided cell Q is exactly a distinguished subset of
which is A-, B- and C-saturated. So to get such a set, we may use the following
ALGORITHM [25, 2.7].

(1) Find a non-empty subset P of Q ( Usually we take P to be distinguished for avoiding
unnecessary complication whenever it is possible );

(2) Perform Processes (A), (B) and (C) alternately on P until the resulting distin-
guished set can’t be further enlarged by these processes.

In general, Process (A) (resp. (B)) is easier to be performed than Process (B) (resp.
(C)) in applying the algorithm. So we shall make the priority first to Process (A)
and second to Process (B). In other words, in applying the algorithm, we always first
perform Process (A); Process (B) is performed only when Process (A) alone can not
make any further progress; finally Process (C) is performed when no progress can be

made only by Processes (A) and (B).

In applying Algorithm 2.4, we need some results and terminologies. Note that the
terminologies concerning graphs are adopted from [25] which differ from those in [22].

From 1.7, (3) and Theorem 2.1, we have the following result on a set M (x).

Proposition 2.5 [25, Proposition 3.1|. (1) For any x € W,, the set M(x) is wholly
contained in some right cell of W,.

(2) If x ~Y in W,, then M(z) and M (y) represent the same set of left cells of W,.

2.6 In a Coxeter system (W, S), a sequence of elements of the form

(2.6.1) ys, yst, ysts, ...

m—1 terms
is called an {s,t}-string ( or just call it a string ) if s,t € S and y € W satisfy the
conditions that the order o(st) of the product st is m and R(y) N {s,t} = 0.

It is easily seen that a string is wholly contained in some right cell of W. For any

x € W,, we can re-define M (x) to be the minimal set containing x, subject to the
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requirement: any string (regarded as a set) meeting M (x) must be wholly contained in
M (x). Suppose that we are given two {s, t}-strings =1, x2, ..., Tpym_1 and y1, Yo, ...,
Ym—1 with o(st) = m. We denote the integers p(z;,y;) (see 1.1) by a;; for 1 < i,j5 <
m — 1. Then it is known that

Proposition 2.7 [9, 10.4]. In the above setup, the following assertions hold.
(a) When m = 3, we have aja = as1, a11 = a22;
(b) When m = 4, we have a1a = a1 = ass = agz2, a11 = assz, a13 = az1 and Ay =

a1 + ais.
We have the following result corresponding to this.

Proposition 2.8 [8, Corollary 4.3; 10, Proposition 10.3; 21, Proposition 4.6]. Keep the
setup of 2.6.
(1) If m = 3, then
(a) o TN = T2 T Y2
(b) z1 Y2 = T2 Y UL
(2) If m = 4, then

T1 ~ Yy < Ty ~ Y] <= To ~ Y3z < T3 ~ Y2,
L L L L
»’1312’3/1(:)333’53/3;

X1~ Y3 <= T3 ~ Y1;
Ly Ly,

2.9 Two elements x,y € W, form a primitive pair, if there exist two sequences of ele-
ments rg = x, 21, - , 2, and yo =y, y1, - , Y in W, such that the following conditions
are satisfied.

(a) x;—y; for all i, 0 <7 <.

(b) For every i, 1 < i < r, there exist some s;,t; € S such that x;_1,z; (and also
Yi—1,Yi)) are two neighboring terms in some {s;, t; }-string.

(c) Either R(z) € R(y) and R(y,) € R(z.), or R(y) € R(z) and R(z,) € R(y:)
hold.
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In this case, we have x Y by Proposition 2.5.

Assume that x,2’ (and also y,y’) are two neighboring terms in some {s,t}- string
with —y and that at least one of x, y is a terminal term of the {s, ¢}-string containing
it. Then by Proposition 2.7, we have z’—y’. In particular, it is always the case when
o(st) = 3. Thus, if in (b), we have in addition that at least one of x;, y; is a terminal
term of the {s;, t; }-string containing it for all 7, 0 < ¢ < r, then we can replace condition
(a) by the following weaker one in the definition of a primitive pair:

(a”) Zo—vo-
2.10 By a graph, we mean that a set of vertices M together with a set of edges, where
each edge is a two-elements subset of M, and each vertex is labelled by a subset of S.

Let 9t and 9 be two graphs with their vertex sets M and M’. They are said to be

isomorphic, written 9t = 9, if there exists a bijective map 7n from the set M to the

set M’ satisfying the following two conditions.

(1) The labelling of w is the same as that of n(w) for any w € M.
(2) For w,z € M, {w,z} is an edge of M if and only if {n(w), n(2)} is an edge of
m’.

This is an equivalence relation on graphs.
2.11 We define a graph M(x) associated to an element x € W, as follows. Its vertex
set is M (z). Its edge set consists of all two-elements subsets {y,z} C M(z) with y, z
two neighboring terms of a string. Each vertex y € M(x) is labelled by the set R(y).

A left cell graph associated to an element x € W, written 9ty (x), is by definition a
graph, whose vertex set M () consists of all left cells T of W, with TN M (x) # (). Two
vertices I', I € M (x) are joined by an edge, if there are two elements y € M (z)NI" and
y' € M(x)NI" such that {y,y'} is an edge of M(x). Each vertex I' of My, (x) is labelled
by the common labelling of elements of M (z) NT" (This makes sense by [8, Proposition
2.4]). Clearly, the graph 9y (x) is always connected.
2.12 A subgraph 9t of M(x) (x € W, ) is said to be essential, if there is an isomorphism
1 from 9 to My (z) with y € n(y) for each vertex y of M.
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It is easily seen that when a subgraph 90t of 9t(x) is essential, its vertex set must be
distinguished. In particular, the graph 9(x) itself is essential if and only if its vertex
set M (z) is distinguished. But it should be careful that in general there does not always
exist an essential subgraph in 9t(z) (A counter-example could be found in the two-sided
cell W3y of the affine Weyl group W, (Dy) or in Wy of Wo(Ay), n > 1). However, we
shall see that for any x € W, (F}), there always exists some essential subgraph of 9(x)
containing x as its vertex.

2.13 Let 91 and 9 be two graphs with N and N’ the corresponding vertex sets. We
say that 9 is opposed to M (up to isomorphism), written N = MNP, if there exists a
bijective map ¢ from the set N to N’ satisfying that for any =,y € N,

(a) R(6(x)) = §\ R(x):

(b) {x,y} is an edge of M if and only if {#(z), #(y)} is an edge of N,

Clearly, the relation of two graphs being opposed is mutual. So 9t = (1°P)°P.

2.14 By a path in graph 9t(x), we mean a sequence of vertices zg, z1,. .., 2t in M(x)
such that {z;_1, 2;} is an edge of M(z) for any i, 1 < i < t. Two elements z,z’ € W,
have the same generalized T-invariant, if for any path zo = x, 21, ..., 2; in graph 9(x),
there is a path z{ = 2/, 21,..., 2z} in M(a’) with R(z]) = R(z;) for every i, 0 < i < t,
and if the same condition holds when interchanging the roles of x with z’.

2.15 It may happen that for two elements x,y € W, with x Y the graphs 9(z) and
M(y) are not isomorphic (take z = sy and y = s159 in W, (Cy) for example). But we

have the following result.

Proposition [25, 3.10]. (a) The elements in the same left cell of W, have the same
generalized T-invariant.

(b) If x ~y in Wy, then the left cell graphs My (x) and M (y) are isomorphic.

§3. Some techniques in applying the algorithm.

3.1 We shall apply the algorithm to find an l.c.r. set, together with all left cell graphs
or with the corresponding essential graphs, in each two-sided cell €2 of W, = Wa(ﬁl).
This has been done for all the two-sided cells 2 with a(£2) € {3,4,5} in my previous
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paper [22]. On the other hand, an l.c.r. set in the two-sided cells W(;, i € {0,1,2,24}
have been found before (see [6], [9], [19] and [20]). Thus actually we need only deal with
the two-sided cells Q of a(Q2) € {6,7,9,10,13,16}.

We shall use the notation i for the simple reflection s; (0 <4 < 4) in the subsequent
discussion.

3.2 First we choose the starting set P of the algorithm. Write y = wy, -y’ with I, = L(y)
for any y € W,. We prefer to (but not have to) choose the elements z for the set P to
satisfy the following conditions.

(1) a(z) — £(wy,) = min{a(y) — L(wy,) | y € 2},

(2) Let A be the set of all the elements y in © which satisfy condition (1) for y instead
of z. Then ¢(z') = min{{(y’) | y € A}.

Thus the elements of the form wy, I C S, are the best candidates to be chosen into
P whenever they are contained in §2.

Each W(;) (i € {7,10,16}) consists of a single two-sided cell, which contains a unique
element of the form wjy, I C S, i.e. wpi24, Wp234 and wpio3, respectively. Thus in
dealing with the two-sided cells W(;y, i € {7,10,16}, we can take the starting set P
of the algorithm to be {wo124}, {wo234} and {wo123}, respectively. The set W(g) (resp.
Wi(g)) consists of two two-sided cells. There are two elements of the form w; in the
set W) (resp. Wig)), i.e. wor2 and woizs (vesp. wo34 and wizz). We don’t know
in advance whether or not these two elements are in the same two-sided cell. Thus in
dealing with a two-sided cell in Wg) (resp. W), the starting set P of the algorithm will
be taken as {wo12} or {wp134} (resp. {wass} or {wia3}) rather than {woi2, we134} (resp.
{wass, wi23}). Let & = wp2341232143234 and y = wa341232143234. We have y € W(y3) by
1.11. We can show that {x~! y~1} is a primitive pair (see 2.9). This implies x ~y and
hence 2 € W(y3). So for the two-sided cell W(3), we shall take {2} as the starting set
P of the algorithm.

For any z € W,, we denote by €(z) (resp. I'(z)) the two-sided cell (resp. the left
cell) of W, containing z.

3.3 In applying the algorithm, we shall first deal with the two-sided cell W;¢), then
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Waoy, Wasy, Qwi2s), Wigy \ Q(wi2s), Wiry, Qwor2), Wie) \ Q(woi2) in turn. The
reason for taking such an order is to make it easier in performing processes (B) and
(C), in particular in the determination of the a-values of the elements occurring in the
intermediate steps of these two processes.

3.4 Now we introduce some techniques which we shall use in section 4: (1) to find an
essential subgraph from a graph of the form 9t(x); (2) to determine the a-value of an
element; (3) to tell whether or not two sets of the form M (x) represent the same set of
left cells. We illustrate our methods by some examples.

3.4.1 To examine whether or not a graph 9t = M(«) (o € W,) is essential, we should
first consider the generalized 7-invariants of vertices of 9t. If they are all different,
then 9N is essential. If there are some pair of vertices of M, say x, y, having the same
generalized 7-invariant, then we should further compare the set ¥(z) with X(y). If for
all such pairs x, y, we have X(x) # 3(y), then 9 is still essential. For example, let
Yo = wo123 - 43234. Then yo € W16y by 1.7,(6),(7), 1.10 and by the alcove form of yo.
The graph M(yp) is isomorphic to Mg with yg the vertex labelled by ( here and
later, the graphs denoted by 9;, ¢ > 1, are displayed at the end of section 4). We want
to show that the graph M (yo) itself is essential. By Proposition 2.15, (a), it is enough to
show that [012], o 012], in M(yo), where by abuse of notations, we identify a vertex with
its labelling in the graph M (yo), the numbers inside a box represent the corresponding
elements in S, and the subscripts of boxes are used to distinguish the positions of the
vertices with the same labelling (such an identification will be used quite often later,
which will not cause any confusion in the context). Assume /(jo12],) < £([012],) for
the sake of definity. We may check that I'([o124],) € ¥([o12],) \ ¥([012],) and hence
¥([o12],) # X([012],). This implies [012], » 012], by Theorem 2.1.

3.4.2 In examining whether or not a graph 9t = M(«) is essential, it may happen
that there are more than one pairs of vertices {z,y} in 9t having the same generalized
T-invariants. In such a case, it is not always necessary to check the equation X(x) =
Y(y) for each pair {z,y}. We need only to check the equations on some pairs and

then apply Proposition 2.8 to get the conclusion on the remains. For example, let
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T = wo234 - 1232143234. Then = € W(y3) by 3.2. The graph 9M(z) is isomorphic to
the one in Fig. 1 with the vertex x labelled by [234] . We want to find an essential
subgraph M. (z) in M(z). Let y = ox and z = 21 -y. Then z S by 3.2
and by the fact 27! € M(y~!). We have M (z) = M. By Proposition 2.15, (b), we
see that essential graphs M. (z) and M. (z) should be isomorphic whenever they exist.
By comparing M(x) with 9(z) and by Proposition 2.15, (a), we can take M. (z) to
be a subgraph of 9(x) isomorphic to ML (The graph M.P is obtained from M; by
replacing the number set I in each box by {o, 1, 2, 3, 4} \ I and with the subscripts of

boxes unchanged whenever they are attached.

4 [013] [014] |024| * 1
1 ?

028]—[o21]

4

N =
W W
5]
[
[°Y
fun
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!

w
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W N = |
B ]

034|——[134

[014|——[024|——[124]

[014] [013] [012] [013] [023| [123|
——[024]—[o23]
——[124)]—[123]
234), A 034

N
w
'y

Fig. 1. M(z)

3.4.3 Now we shall deal with a more complicated example, where in addition of the
above task, we shall do two more things. One is to determine the a-values of some

elements in virtue of primitive pairs. The other is to conclude a pair of elements «a, (3
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having the relation « ™ [ by observing that one is a left extension of the other with
a(a) = a(f). Let z = w12 - 3421321. Then we claim a(z) = 6. For, let y = z1, then y
is the vertex labelled by 1 in M(wp12) = M7, and z is the vertex labelled by 12), in
M(z) (see Fig. 2). So {y,z} is a primitive pair and hence a(z) = a(y) = a(wpi2) = 6.
In the graph 9M(z), the vertex labelled by 01], is a left extension of that by [01],. On
the other hand, let 2’ be the vertex labelled by [12], in 9M(2). Then we can show that
['(z -4) € X(2') \ X(2) and hence z (ot z' by Theorem 2.1. Thus we have an essential
subgraph 9. (z) of M(z) isomorphic to My ;.

N
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Fig. 2.

=
O

3.4.4 Let v = wo234 - 1232143234. Then we have z € W3y by 3.2. The graph 9(z)
is displayed in Fig. 1. Assume that an l.c.r. set of W, in the two-sided cell W) has
been found. Then we see that there is no graph in W) of the form 9M(a) which is
isomorphic to M(z).

This fact will help us in finding an l.c.r. set of the two-sided cell W(y3y. Let yo =
Woo34 - 12321432310123432312340. Then the graph M (yp) is isomorphic to Mes with yo

the vertex labelled by We claim yo € W(3). For, we have y; = yoo € M(x)

-
and that {yo,y1} is a primitive pair. We want to find an essential subgraph 9. (yo)
in M(yo). Let a, B be the vertices of M(yo) labelled by [3], and [3], respectively (see
Mo3). Then o = yp - 123 and G = yp - 23123. We have 3210321 - o« = 20321 - 3, denote it
by y. Then y is a common left extension of o and 3. We have 9(y) = M(yp). Now
we want to determine the a-value of y. By 1.7,(6),(7), 1.10 and by the alcove form of

y, we have a(y) € {13,16}. Let y; = y32132 and yo = y10. Then we have y; € M(y),
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[a¥)

M(y2) = M(x) and a primitive pair {y1,y2}. So by the above observation, we have
a(y) = a(y2) = 13. This implies « Yy B by 1.7, (3). Therefore 9M(yy) contains an
essential subgraph 9. (yo) isomorphic to Mas.

3.4.5 Suppose that we are given two isomorphic graphs, say 91; and Ms. We want
to examine whether or not their vertex sets N1, Ny represent the same left cell set of
W,. It is known that N; and Ns represent the same left cell set if and only if there
exist some vertices a; of M; (i = 1,2) with ay ~ (hence 7 and ay must have
the same generalized 7-invariant). Thus the problem is reduced to checking whether
or not the relation o ~ o holds for some «; € N;. To do this, we first choose
vertices a; € N;, © = 1,2, such that a; and as have the same generalized T-invariant.
Thus 1, and Ny represent the same set of left cells if ay ™ ao. For example, let
1 = Wpo34 - 12321432312012343, Ao = Woo34 - 1232143234101234231230 and a3z = wWp234 -
123214323120123432341230. Then the graphs M(a;) (i = 1,2,3) are all essential and
isomorphic to 9My. We shall show that a; € W3y for i = 1,2,3, that the left cell
set represented by M(a;) is disjoint with that by M(as) and that M (as) and M (as)
represent the same set of left cells. Let z1 = a13, yg = a24, y = yoo and y; = az4. Then
we can check that {z1, a1}, {yo, a2}, {y,y0} and {y1, a3} are all primitive pairs. We also
see that y1 € M(yo) and 1,y € M(x), where z € W(y3) is defined as in 3.2. This implies
a; € Wpgy for i = 1,2,3. Let b; (j = 1,2,3) be the vertex labelled by in M(a;)
(see My). To show M(aq) and M (asz) representing disjoint left cell sets, it suffices to
show by % by. But this follows by Theorem 2.1 and by the fact I'(bs - 4) € 3(ba) \ X(b1).
Finally, we want to show that M (az) and M (as3) represent the same set of left cells. It
is enough to show b ™ bs. We have 32103210y = 02321b3, denote it by w. Then w is
a common left extension of by and bs. By 1.7, (6), 1.10 and the alcove form of w, we
have a(w) € {13,16}. Let wy = w4, v = wp32 and vy = vo. Then it can be checked
that both {w,wo} and {v,vg} are primitive pairs, that wy € M (v), and that 9 (vg) is
isomorphic to 9M(z) in Fig. 1. By the observation at the beginning of 3.4.4, this implies
a(w) = a(vg) = 13 and hence by ~w bs by 1.7, (3). Our result follows.

Remark 3.5 (1) Note that the elements y in 3.4.4 and w in 3.4.5 are found in virtue
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of alcove forms and by Proposition 1.6, (3).

(2) Besides the above techniques, sometimes we use the property of distinguished
involutions of W, to determine whether or not two elements x,y in the same {s,¢}-
string (o(st) = 4) with R(z) = R(y) satisfy the relation x ~Y. An element x € W, is
called distinguished, if ¢(x) — a(x) — 20(x) = 0, where §(x) = deg P, ;. It is known that
any distinguished element of W, is an involution and that each left cell of W, contains
a unique distinguished involution. Denote by d(x) the distinguished involution in the
left cell containing x. Suppose that y - s, y - st, y - sts is an {s, t}-string with o(st) = 4.
Written d(yst) = - z- 3 with a, 8 in the group generated by s,¢ and s,t € L(z) UR(z).
Then by [21, Proposition 5.12], we know that ys ~ ysts if and only if {sz,tz} = {zs, 2t}.
This result can be used, for example, to conclude that a graph isomorphic to M5 is

essential in the two-sided cell Q(wg134)-

84. l.c.r. sets of the two-sided cells.

In the present section, we shall give an l.c.r. set, together with all the left cell graphs
(or all the corresponding essential graphs) for each two-sided cell of W, = W, (F}).
Since the techniques applied are more or less similar to those in 3.4, we shall only give

very brief arguments in the most cases.

4.1 Let © = wop123, Yy = -4323, Yo = Y-4, Y1 = Y0-12340, a1 = Y11, 2 = Yp-1232, 29 = 2-1,
W=1yY1-2, Wy = W-3, Yo = W-1234, Ag = Yo-0, W1 = Wy 12340, a3 = Wy -1, We = W1 - 231,
G4 = W20,V =1Yg-213, Vg = V-4, U = V-0, ug = U-1, h = 2y -43230123214323, hg = h - 4,
J =1Up-210, Jo =] 4, U] = ]34, a5 = U1 * 3, J1 = J0321243, ag = J1 ' 0, jo = Jo - 321343,
a7 = jJo -0, k = ug - 21343210, kg = k-1, k1 = ko - 321304, ag = ki - 3, m = jo - 234,
by =m-1,n = j2-210,ng =Nn-1, N1 = Ng-324312343, by = n1-1, p =ni-21and pp = p-2.
Let I = {x,yo, 20, wo, Vo, Uo, ho, jo, ko, Mo, Po,a; (1 < i < 8),b; (I =1,2)}. We see that
each a € I has some zero entries in its alcove form and satisfies £(«) = {o,1,2,3}. This
implies I C W(y6) by 1.10. By the techniques of 3.4, we can show that all the graphs
M(«) (o € I) are essential. Thus we get the following table.
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« | position of | isom. cls || « | position of | isom. cls

ain M(a) | of M(«) ain M(a) | of M(a)
Yo [0234] Mg aso [0134] My
20 ,ml] f)ﬁ(; as m gﬁg
wo | [0234] Mys || aa | [0134] My
Vo 134 1 gﬁ26 as m gﬁz
(%) 013 1 9ﬁ24 Qg ,ml f)ﬁg
ho 234 M3 ar [0134] My
jo | [0124] My | as | [0134] My
ko [0124] M3 b1 [134] My
g 0124 Mg by 134 Mg
bo 124 Moy

We can show that the set U M (a) forms an l.c.r. set of W(yg).

acl
4.2 Now consider the two-sided cell W, ). Let x = woz234, y = x - 1232, 1 = T - 12340,

Lo = T1 - 21234213, Yo = Y -1, a1 = X7 -

Yo = Yo - 01234, W = Y2 - 323123, Gy =

19

1, by = x5 -4, y1 = yo - 043, z = yg - 014,

Y11, 20 = 22,03 = Y23, Wo = W0,

wy = ag - 2310. W9 = Wq - 431234, UV = Wy - 21, G4 = W1 - 4, by = w9 -1 and vy = v - 2.

Then y,x1,x2 € M(x), y1,y2, 2, w € M(yg) and wy,we,v € M(wp). We can check that

{yayO}v {x17a1}7 {'TQ?bl}? {yl,a2}7 {2720}’ {yQ,a3}a {w’wo]'? {w17a4}’ {w2vb2} and

{v,v9} are all primitive pairs. Let I = {z,yo, 20, wo,vo,a; (1 < i < 4),b; (I =1,2)}.

Then I C W(y0). By the techniques of 3.4, we see that M(a) (o € I) are all essential.

So we get the following table.

« | position of | isom. cls || a | position of | isom. cls

ain M(a) | of M(«) ain M(a) | of M(«)
z [0234] My |az | [0134] My
Yo 123, M3 as [0134] M,
20 [0124] Mo a4 [0134] My
wo [023], Mg b1 [134] My
Vo 124 gﬁgl b2 ,ml f)ﬁg
a1 m MQ

It can be shown that the set U M (cr) forms an l.c.r. set of W(;q).

a€el

4.3 Next consider the two-sided cell W(y3y. Let x = wo234 - 1232143234, 19 = T - 0,
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T = 112401234, 4] = X1 -3, Y = 132312342, Yo = Y- 0, Ay = Yo4, 2 = T'1-23123, 20 = 24,
21 = 201284031, a3 = 21 -3, W = 2142, Wy = W - 4, W1 = W - 34, G4 = W1 * 3, V = 201243,
Vg = V1, U] = 1p420, a5 = U1 - 1, U = W113210, Ug = U - 2, U] = Ug - 32432, Ag = U2,
h = xg-1232, hg = h-1, v = v1-21234234, by = V-1, Uy = U1 1243, by = Uz -4, ] = U4121
and jo = j-2. Let I = {x,x0, Yo, 20, Wo, Vo, Uo, ho, jo,a; (1 <i <6),b (I =1,2)}. We
shall show I C W(y3). It is known already that x € W3y (see 3.2). We also have
the relations z1,y,2 € M(z), w,z1,w1,v,u € M(z9), h € M(zg), vi,v2 € M(vp)
and uy,us,j € M(ug). On the other hand, {x,zo}, {z1,a1}, {y,v0}, {vo,a2}, {2, 20},
{z1,as}, {w,wo}, {w1, as}, {v,vo}, {v1,as}, {u,uo}, {ur,as}, {h, ho}, {v2, b1}, {uz, b2}
and {j,jo} are all primitive pairs. So I C W(3y. By the techniques of 3.4, we see
that for « € I, the graph M («) is essential if and only if o € {20, wo, vo, uo, jo, a; (1 <
i <6),b (I =1,2)}. so for these a, we have M, (o) = M(a). On the other hand, we
can find an essential subgraph 9M.(3) in each M(S3), B € {x,x0,y0,ho}. We get the
following table.

a | position of | isom. cls || a | position of | isom. cls

ain M. (a) | of M. () ain M. (a) | of M. (a)
x 234 Mor a; [0134] M
Yo 034 Moo as 0134 RALO)
20 M Qﬁg aq m gﬁz
wo 0124 Moas as [0134] L0
Vo 1 9.’72(1’5 Qg mg
U 0124 Mo by 134 Mg
ho 123 Mos by 134 Mg
Jo 124 Moy

Let M. () be the vertex set of the chosen essential subgraph 9. («) (such a notation
will be used throughout the remaining part of the paper). Then we can show that the

set U M. () forms an l.c.r. set of W(y3).

acl
4.4 Let us consider the two-sided cell Q(w123). Let = wya3, y = - 014, z = = - 432101,

Yo =Y -2,a1 =Y-3, 20 =—Z2-2, 21 = 29 32343, A2 — 214, W — 21 - 1213, UV = W - 21,

wog = w-4and vg = v-4. Then y,z € M(z) and z1,w,v € M(zy). We can check
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that {y,yo}, {y,a1}, {2, 20}, {z1,a2}, {w,wo} and {v,vp} are all primitive pairs. Let
I = {x,yo, 20, w0, v, a1,az}. Then I C Q(wi23). It can be shown that the graph M(«)
is essential if « € {zp,wo,vo,a1,a2} and is not essential if @ € {x,y0}. By choosing

some essential subgraphs from these graphs, we get the following table.

a | position of | isom. cls || a | position of | isom. cls
ain M (a) | of M. () ain M () | of M, ()
T 123 M~ g 124 Mo
Yo [0124] Moo ay [0134] My
20 [0124] Mg as My
wo M 9329
We can show that the union U M. () forms an l.c.r. set of Q(w1a3).
acl

4.5 From the results in 4.4, we see that wagy ¢ Q(wie3). This implies Q(wa34) =
Wiy \ Q(w123) by 1.10. Now we consider the two-sided cell (w234).

Let x = wasq, 1 = 1-10213, y = T'1-234, 2 = y-3231234, 41 = 14, Yo = Y-3, 20 = 2-0,
21 = 2024, Y1 = Yo-2123, ag = 212, b1 = y1-4, W = 2+ 123421, 23 = 20~ 2123, 23 = 29-2134,
wo = w-2, by = z9-4 and bg = 2z3-3. Then x1,y,2z € M(x), y1 € M(yp) and w, 21, 22,23 €
M (zp). We can check that {z1,a1}, {y,v0}, {2, 20}, {z1,a2}, {y1,01}, {w,wo}, {22,b2}
and {z3,b3} are all primitive pairs. Let I = {x, yo, 20, w0, a; (1 = 1,2),b; (1 <1< 3)}.
Then I C Q(wa34). We can show that M(«) (« € I) are all essential and hence get the

following table.

« | position of | isom. cls || « | position of | isom. cls

ain M(a) | of M(«) ain M(a) | of M(«)
T 234 Mg as Mo
Yo 034], M3 by [134] My
20 [084], Mis by [134] My
wo m 93121 b3 134 MQ
a1 ,ml 93?2

The set U M () can be shown to form an l.c.r. set of Q(wa34).

ael
4.6 Next consider the two-sided cell W(7). Let x = wo124, y = - 8, 2 = T - 323431234,

w=x-21,Yp =Y 4, 20 = 2-1and wg = w-2. Then y,z,w € M(z). We can check

that {y,yo}, {2, 20} and {w,wp} are all primitive pairs. Let I = {x,yo, 20, wp}. Then
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this implies I C W(7). It can be shown that all the graphs M(«a) (a € I) are essential.

Hence we have the following table.

« | position of | isom. cls « | position of | isom. cls
ain M(a) | of M(a) ain M(a) | of M(«)
T 0124 Mg 20 134 AL
Yo 0134 IO Wy 124 Moy
We can show that the set U M (a) forms an l.c.r. set of W(z.
a€el
4.7 Now consider the two-sided cell Q(wp12). Let x = wpi2, y = x - 342132, 2z =

X - 323432123, Yo = Y -3, 20 = 2 -4, W = Yo - 14 and wy = w - 2. Then y,z € M(z) and
w € M(yp). One can check that {y,yo}, {z, 20} and {w,wp} are all primitive pairs. Let
I = {z,y0,20,wo}. Then I C Q(wp12). We can show that a graph 9(«) is essential
if @ € {z0,wp}, and is not essential if @ € {z,y0}. Hence by choosing an essential

subgraph M. (a) from M(«) for a € I, we get the following table.

a | position of | isom. cls « | position of | isom. cls
a in M (a) | of M () a in M () | of M ()
x 012 M7 20 134 My
Yo Mo wo 124 Moy
It can be shown that the set U M, () forms an l.c.r. set of Q(wg12).
acl

4.8 Finally consider the two-sided cell W) \ Q(wo12). By 1.10, it is equal to Q(wo134)
since wo134 ¢ Q(wo12) by 4.7. Let * = wo134, Yy = T - 23, Yo = Yy - 2, Y1 = Yo - 1423,
by = y1 -4, Y2 = Yo - 12432134, by = yo - 3, z = yj1421 and zg = z - 2. Then y € M(x)
and y1,y2,2 € M(yp). We can check that {y,yo}, {y1,01}, {y2,b2} and {z, 20} are all
primitive pairs. Let I = {z,yo,20,b1,b2}. Then I C Q(wp134). We can show that all

M(a) (o € I) are essential. So we have the following table.

« | position of | isom. cls || « | position of | isom. cls

ain M(a) | of M(a) ain M(a) | of M(«)
T [0134] Mo b1 134 My
Yo [023] Mis by 134 My
20 124 Mo

We can show that the set U M («) forms an l.c.r. set of Q(wp134)-
acl
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4.9 To be complete, we shall also give an l.c.r. set for each two-sided cell €2 with
a(Q) <5 or a(2) = 24. These results are either obtained from my paper [22] (for the
two-sided cells of a-values 3, 4, 5) or by a direct calculation (for the two-sided cells of
a-values 0, 1, 2, 24). W is the Lc.r. set of itself.
(1) Let © = 4 € W(y). Take an essential subgraph M. (z) in M(z) such that M. (z) is
isomorphic to 9, with z the vertex labelled by [4]. The set M, (x) forms an lLc.r. set
of Wy.
(2) Let © = 24 € W(y). Take an essential subgraph 9. (x) in M(x) such that M. (z) is
isomorphic to 9, with x the vertex labelled by [24] The set M, () forms an l.c.r. set
of Wia).

There are two two-sided cells with a-value 3: Q(wp1) and Q(ws4).
(3) Let © = wp; and y = wpz4. Then the graph M(x) (resp. M(y)) is essential,
isomorphic to 95 (resp. Mg), and has x (resp. y) as its vertex labelled by (resp.
[024]). The union M (x)|J M (y) forms an l.c.r. set of Q(woy).
(4) Let x = ws4. Then the graph M(x) is essential, isomorphic to My, and has z as
its vertex labelled by [34]. The set M (x) forms an lLc.r. set of Q(w34).
(5) Let = wo34, ¥y = wor4 and z = wo3 be in Wiy). Then the graphs M (z), M(y) and
M(z) are all essential, isomorphic to Mg, Ma1, My, respectively. The elements x, y, z
are the vertices labelled by [034], and in Mg, Moy, Mo, respectively. The set
M (x)|JM(y) | JM(z) forms an l.c.r. set of Wy).
(6) Let * = woa3, by = x - 12343, yg = T - 431232, zg = by - 21 and by = yy - 431. Then
the graphs 9M(by1), M(b2) and M(zp) are essential but N(x) and M(yy) are not. Let
I = {x,yo, 20,b1,b2}. By choosing an essential subgraph M. («) from M(«) for a € I,
we get the following table.

« | position of | isom. cls || « | position of | isom. cls

ain M () | of M. () ain M () | of M, ()
x 023 M4 b1 134 R
Yo M1 by 134 My

0 [124] M1
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The set U M, (c) forms an l.c.r. set of W(s).
acl
4.10 According to the results of [19], [20], we know that there are |Wy| left cells of W,

in the two-sided cell W24y each of which is represented by a sign type over the symbol
set {+,—} (see [18] for the definition). It is known that there is a unique shortest
element in each of such left cells and that the l.c.r. set consisting of such elements can

be described explicitly as below.

M = {w € Wy | sw ¢ Waay forany se L(w)} (loc. cit.).

It can be shown that for any x € M, the graph 9M(x) is essential with M (z) C M. Thus
it remains to find all the left cell graphs of Way).

It is known that if X is a sign type over {+,—} and if Y is obtained from X by
transposing the symbols + and —, then Y is also a sign type over {+,—}. Call Y the
opposed sign type of X and denote it by X°P. For a given left cell graph 9 in W ay),
we can replace each vertex (represented by a sign type) of 9t by its opposed sign type
to get another left cell graph of W(y4) opposed to M. Keeping this fact in mind, we can
describe the left cell graphs of W24y as below. Define the following sign types:

+ + + + + + + +
+ + + + + + + +
+ - + - + - + -
- - + - - + - - + - - +
Xoo=_", 7 Xoe=,7_ % Xea=_,_ 7 Xa=_", "
+ o+ - - + o+ - - o+ -+ + o+ - -
-+ o+ 4 -+ o+ o+ -+ o+ o+ -+ o+ 4
- -+ - R - -+ - - -+ -
+ + + + + + + +
+ + + + + + + +
+ - + - + - + -
- - + - - + - - + - - +
Xos= _" " Xos=_,", " Xor= ", " Xes=_", T_
+ o+ -+ + o+ o+ - + o+ -+ + o+ o+ -
-+ o+ o+ -+ o+ o+ -+ o+ o+ -+ 4+ o+
- -+ - - -+ - - -+ - - - 4+ -

+ + - + + +

+ + + + + +

+ - + - + -

- - + - - + — o+ +

Xn=_,_ ,* Xp=_-~_ 7 Xiz=_* _*_

o+ -+ o+ -+ o+ -+

-+ o+ 4 -+ 4+ 4 -+ 4+ 4

e - -+ 1 - - 4+ 4
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+ + + + + - + -
+ + + + + + + +
+ + - + + + - +
— o+ - — o+ - - - + - - +
Xor= T, 7 Xep= "t 7 Xyi= _~, * Xzpp= -t
-+t o+ -+t o+ + -+ - + -+ -
o+ o+ - o+ o+ - + o+ - + o+ o+ -
-+ - - -+ - - + o+ o+ - + o+ o+ -

+ + + + + +

+ + + + + +

+ + + + + +

- + + -+ - — o+ -

Xa= 00 0y Xs= 0 7y Xe= L L

+ o+ o+ 1 + o+ o+ o+ + o+ o+ o+

o+ o+ o+ o+ o+ - o+ o+ -

+oF o+ -+ - - -+ - -

= + - - - - _ - -

Xe= %" . Xs=_~_ _~_ Xo=_~_ _~_

-+ -+ -+ - - -+ - ¥

- - - ¥ - - - 4+ - - -+

- - -+ - - - ¥ - - - ¥

Then M (Xp), M (XP) with P € {0h,14,15,2k,m |1 <h <81<i<3,1<jk<
2,4 < m < 9}, form a complete set of left cell graphs of W(s4). The corresponding

isomorphism classes of the graphs 9, (Xp) are listed as below.

X position of isom. cls || X position of isom. cls

X in My (X) | of ML (X) X in My (X) | of ML (X)
Xon (1 <h<8) [0134] Ny X5 [0124] Mig
Xli (1 S 1 S 3) ,ml mg XG 0124] 9ﬁ24
ng (1 S] S 2) ,ml mgg X7 234 f)ﬁy)
X3, (1<k<2) Mis X3 [234] Me
Xy [0] Moy Xo [234] Mae

4.11 It is worth to mention that owing to the priority we made on the processes of the
algorithm (see 2.4), all the elements so far we have got for our Lec.r. set of W, (Fy) are
only by Processes (A) and (B), none of them by Process (C).

4.12 Let Q be a two-sided cell of W, = W,(F,). We denote by n(£2) the number of left
cells of W, in €, by u() the corresponding unipotent class of the complex algebraic
group G of type Fy under the Lusztig’s map in Theorem 1.8 (presented by its type
with the notation as in [5, Chapter 13], also see 4.13), and by A(Q) = C(u)/C(u)°
the component group of the centralizer of an element u € u(€2), the latter makes sense
since it is independent of the choice of u up to isomorphism. Then by the above results,
the results in [5, Chapter 13], and by a close analysis on the Lusztig bijective map in

Theorem 1.8 (see [13]), we have the following table.
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Q n(Q) | u(Q) | AQ) Q n(Q) u(Q) A(Q)
W(O) 1 Fy 1 Q(w0134) 96 AVZ + A 1
W(l) 5 F4(CL1) 52 W(7) 96 A2 + Avl 1
W(Q) 14 F4(CL2) 52 Q(wlgg) 168 AQ SQ

Qwey) | 24 Cs 1 Qwass) | 192 A, 1
Q(waq) | 24 Bs 1 Waoy | 288 | A, + A, 1
Wia 42 | Fy(az) | Sy Wiis) 432 A, So
Wes) 96 | C3(a1) | 52 W) 576 Ay 1
Q(wor2) | 96 By Sy Wiy | 1152 1 1

Thus the total number of left cells in Wa(ﬁl) is 3302.

4.13 According to Bala-Carter Theorem, there is a bijection between unipotent classes
of G and G-classes of pairs (L, Pr/), where L is a Levi subgroup of G and Pj is a
distinguished parabolic subgroup of the semisimple part L’ of L. The unipotent class
corresponding to the pair (L, Pr/) contains the dense orbit of Pp/ on its unipotent
radical (see [5, Theorem 5.9.6]). Now for a two-sided cell 2 of W,, let (L, Pr/) be the
pair associated to the unipotent class u(f2) of G. Then the type of u(2) listed in the
above table just records such a correspondence. Let Wi, be the Weyl group of L’. Then
from the above table, we see that the number n(2) of left cells in Q is [Wp|/|W | if and
only if the corresponding component group A({2) is trivial. Note that this phenomenon
does not always occur in an irreducible affine Weyl group. By the existing datum, we
see that it occurs in the affine Weyl groups of type Zn, n > 1, of rank < 4 with its
type # Dy, and in the two-sided cells Q of W,(By) (¢ > 3) or W,(Chn) (m > 2) with
a(2) < 4, but not in the affine Weyl groups of types D,,, n > 4, E; and Es. Note
that the above phenomena were predicted implicitly by Lusztig in his conjecture on the

number of left cells in a two-sided cell of an affine Weyl group (see [1]).

4.14 It has been shown in [26] that the Lusztig bijective map u — c(u) from the set
of unipotent conjugacy classes of the complex algebraic group G of type Fy to the set
of two-sided cells of W, (F}) is order-preserving: u is contained in the closure of u’ (in
the variety of unipotent elements of G) if and only if ¢(u) LSR c(u’) (see 1.8). For a

two-sided cell Q of W,, let T'(£2) be the set of all subsets I of S such that I = L(w) for
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some w € €). Then we can find the following fact in the group Wa(ﬁl): two two-sided

cells Q, Q' # {e} satisfy the relation Q < Q' if and only if T(Q2) D T(€?). This result
LR

may be expected to hold in any affine Weyl group.
4.15 The following are the graphs 91;, 1 <4 < 26, mentioned in sections 3 and 4.

(124 —[is]—[2]

o154 [o2d] (03]
o2

Ny Mo
[024] [014] [013]
L d ok o) —
* —[18—[i4]
[128] ——[124|—([134] — 23]—[24]
| |
[023| [024] [034] [024] [023|
|
o1 3] (13— [o3]
| | |
12— [oz}—[o]
013| ——|014 vv
| | | |
[023| [024] [034] [024] [023|
| |
23], — [124] —[134] — 25— [24]
| | |
— — 13— [i4]
— 03— [od]
| | |
[124] [024] [014] (013|
[234| ——[134|——|034]

M3
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[4]—[3] [01]——f[o2]—[12]
02] é 02| 2]
04] ——[14]—[24] [04] —[14]—[24]
[0] 2] [0] 2]
My M5
— [12]
03]
[134|——(124]—[123|
A [034|——(024|——[023|
04| —— — [02] [023|——[024| [014|——|013]
12| 13] 14] [012]——[018|——(023|—[123],
24| — [014|——[024|— [124]
[034|—— [134] ——[234]
A [014]——[024]— [124]
[012]——[013|——[023|—— [123]|
04| —— [03] — |02 [023|——(024] [014|——013]
014|—[013 [034|——(024|]——|023|
024|—[124 [134|——(124]——[123]
24]
01— [o2] —

M
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|
[024| [014] [013]
| |
—— 13— [z
| |
24
[123|——([124]——[134] —
| | | |
[023| [024] [034| [024] [023|
[o13]— [014]
|
—[08]—[02]

My

[134] [034] [024]

0w oe

My

29
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o2 — [z —
— 8 — [
023|——[024 023|—— |024| ——[034
| | | |
[012] —[013]——[014] [034] [012] ——[013]—[014] [034] 134

=

[
w
'

vv 134 [02] —— [03] ——[024]

—[124 2
= 5
Moo NMas
ora}, — [o2] — — P
1 12— 5 — [ ia [ [
02] |02{3| |02|4| [034] |02|4| |02}3|
[012] ——(013|]——[014] 134 [014|——[013]—— [012]
24] 024 — [03] — [02
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5. On a conjecture.

5.1 I proposed the following conjecture in the paper [22, Conjecture 2.3].

Conjecture. Let W be either a Weyl group or an affine Weyl group. For x,y € W,
x o~y if and only if R(z) = R(y) and X(z) = 3(y).

5.2 In my paper [24], I verified this conjecture but with the following cases in W, (F})
excluded: a(z) € © = {6,7,9,10,13,16} and R(z) = R(y) € {{o,1,2},{3,4}}. Now
we can deal with these exceptional cases. By Theorem 2.1, we need only to show the
direction “ <= ": if R(z) = R(y) and X(z) = X(y) then = ~ Y. For the sake of definity,
we may assume £(x) < ¢(y) without loss of generality.
5.3 Let us assume a(x) € O, X(x) = X(y) and R(z) = R(y). By the condition
Y(z) = ¥(y) (which is non-empty by our assumption), we have that x 5 and that
the elements x and y have the same generalized T-invariant. We may assume that both
x and y belong to the lLc.r. set of Q(x) chosen in §4 by replacing x and y by some
elements in I'(z) and T'(y) respectively if necessary. Hence we have y € M(x). We
argue by contrary. Assume x * Y. If R(x) = R(y) = {012}, then by the results of §4,
we have a(x) = a(y) = 16, that the graph 9(z) is isomorphic to Mg or Mag, and that
r and y are the vertices labelled by [012], and [012], respectively in 90(x). It can be
shown that I'(y - 4) € X(y) \ X(z). If R(z) = R(y) = {84}, then one of the following
cases must occur.

(1) The graph Mi(z) is isomorphic to My5, and = € Q(wp134) U Q(wa34);

(2) The graph M(z) is isomorphic to My, and x € Q(waz4);

(3) The graph M(z) is isomorphic to My3, and = € Q(wazq);

(4) The graph 9 (x) is isomorphic to ML, and a(x) is equal to 10, 13 or 16.

It can be shown that I'(y - 1) € 3(y) \ X(z) in the cases (1), (3) and (4), and that
I'(y-0) € X(y) \ ¥(x) in the case (2). Thus in all the above cases, we have 3(z) # X(y),

a contradiction. Therefore Conjecture 5.1 is verified without any exception.
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