A TWO-SIDED CELL IN AN AFFINE WEYL GROUP, II
JIAN-YI SHI

1. Introduction

This paper is a continuation of [6]. One of the main themes in [6] was to find a two-
sided cell, written W,,, of an affine Weyl group and to give an upper bound for the
number of left cells in W,,. We shall describe all left cells of W, in W, and give the
exact number of left cells of W,

Let G=(G, S) be a Coxeter group with S the set of simple reflections. Let
I:G > N be the usual length function of G.

Let < be the Bruhat order on G (see [7]). We associate to each we G two subsets

of S:
P(w)={seS|sw<w} and R(w)={seS|ws<w}

Let u be an indeterminate and let A = Z[u, u™']. We define, following Lusztig (see
[3]), the Hecke algebra H of G over A, that is the free A-module with basis T,
we G, and multiplication defined by

(T+u)(T,—u) =0 ifseS, |
T,T,=T,, if ww’) = Iw)+I(w).] M)
Regarded as an A-module, H has also the basis (C,),.¢:
C,= ), WP WHT, 2)

ysw

where the P, ,(u)eZ[u] are known as the Kazhdan-Lusztig polynomials (see [1]),
which satisfy

deg P, (1) < H(w)—U(»)—1)
if y<wand P, ,(w)=1.
Let A* = Z[u] and let A** be the set of all polynomials of Z[u] which have non-
negative coefficients. It is known (see [2, (1.2.1.), (1.2.2.)]) that

C,eT,+u ), A*™T, 3)
y<w
and
T,eC,+u Y A*C,. @)
y<w

We define for any x, y, ze G some elements f, , ,, h, , ,€ A such that

LT, =%\ (©)

and
c,C,=Yh,,,C.. 6)
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Throughout this paper, we shall assume that (G, S) is crystallographic. We shall
also assume that (G, S) satisfies the following property.

(A) There exists an integer n >0 such that u"f, .
equivalently, u"h, , € A* for all x, y, ze G (see [2, 3.1]).

e€A* for all x, y, zeG, or

This includes Weyl groups and affine Weyl groups (see [2, Theorem 7.2]).

It is well known that for any x, y, zeG, h, , , has non-negative coefficients as a
Laurent polynomial in u (see [2, (3.1.1)]). Let & = u™' —u and let Z*[£] be the set of all
polynomials of Z[£] which have non-negative coefficients. Then, by (1), we see that
Sy, €LY[E]. The degree of f, , , satisfies the inequality

degc.f.:z,y,z S min {l(x)s I(y)y I(Z)} (7)

(see [2, Lemma 7.4]). It is also known that for each z e G, there is a well defined integer
a(z) = 0 such that

z,Y,2

u@h, .eA* forallx, yeG, 1

©)
u@th,  .¢A* forsomex, yeG. ‘
For any x, y, zeG, we define y, , ,€Z by
uw®h, , 1—y,, CUA’. )]

Let W, = (W,, S) be an irreducible affine Weyl group regarded as a Coxeter group:
S is the set of simple reflections. Let @ be the root system whose type is determined
by W, (see {5, §1]). Let @* be a positive root system of @. Set v = |®*|. Then Lusztig
proved that

deg,f,,.<v foranyx,y,zeW, (10)
(see [2, Theorem 7.2]). He also proved that
a(z) <v foranyzeW, 11
(see [2, Corollary 7.3]). We define
W, = (we W,| aw) = v}. (12)

Kazhdan and Lusztig defined the preorders <,, < on W, (see [2] or [1]), and
the associated equivalence relations ~,, ~ on W,; the equivalence classes for ~
(respectively ~ ) are called left (respectively two-sided) cells.

In [6], the author proved that the set W,,, is a two-sided cell of W,, which is a union
of m left cells of W, for some m < |W|, where W is the Weyl group on @ (see [6,
Theorems 5.2 and 5.3]). It was conjectured that the equality m = |W| should always
hold (see [6, Conjecture 5.4]).

In the present paper, we shall verify this conjecture.

THEOREM 1.1.  The two-sided cell W, consists of exactly |W| left cells of W,.

The proof of Theorem 1.1 will be given in §6.

For any subset J < S, let W, be the standard parabolic subgroup of (W,, S)
generated by J. Let w, be the longest element of W,. Let S be the set of all subsets
J of S such that W, is isomorphic to the Weyl group W on ®. Let

W(S) ={weW,|w=x-w, y with JeS}, (13)

where, for any x,y,zeW,, the notation z=x'y means that z=xy and
I(z) = I(x)+1(y).
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In [6, Theorem 1.1], the author proved that W(S) = W,,,. Now we define a subset
M of W, as follows:

M={w, y|JeS, sw,y¢ W, for any se J(= Z(w, »))}. (14)

Recall that in [5, 6], the author introduced the sign types for the elements of
W,. The elements of W, having the same sign type form an equivalence class of W..
Let us call it an ST-class of W,. Then it was proved that W, is a union of | ¥} ST-
classes of W, (see [6, § 5]). It was proved that each ST-class of W, in W,,, is contained
in some left cell of W, (see [6, §5]). It was also proved that each ST-class of W,
contains a unique shortest element and that M is the set of the shortest elements for
the ST-classes of W, in W, (see 5, Proposition 7.3]). Thus we have [M] = |W|. It is
known that the ST-class Y(y, J) containing the element w,-ye M with J€ S has the
form Y0, J) = {z = xw, y| xe W,, z = x-w, 3}, (15)

Thus there is an immediate consequence of Theorem 1.1.

COROLLARY 1.2.  Every left cell of W, in W, is an ST-class of W, which has the
form (15).
2. The elements A(x, y)
For any x, ye G, we define two subsets F(x, y) and H(x, y) of G as follows:
F(x,y) ={zeG\f,,,. # 0}, O]
H(x,y) ={zeG|h,,, # 0}, )]

where the f, ., b, , . €A are defined as in §1 (5), (6). We shall prove that there exists
a unique maximal element in the set F(x, y) or H(x, y). The results of this section will
be used in the proof of Theorem 6.1.

LemMA 2.1. Let x, yeG.
(@) If se A(x)N L(y), then

F(x, y) = F(xs, sy) U F(xs, y). 3)

) If se Z(x) U L(y)— R(x) N L(y), then
F(x, y) = F(xs, sy). 4)
Proof. Wehave I.T, = T(I,T)=T,T, +¢(T, T incase (@)and I,T, =T, T,

in case (b). Thus our results follow by the fact that the coefficients of the polynomials
fop., In & are positive.

The following result is well known (see [4, Proposition 3.2. and Corollary 3.3]).

LEMMA 2.2. Assume that x <y in G and s€S.
@) If sy <y, then sx < y.
(b) If ys < y, then xs < y.
(©) If x < sx, then x < sy.
(d) If x < xs, then x < ys.

For any x, ye G, we define
K(x, y) ={(x", y)|x¥' < x, ¥ < y}. )
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PROPOSITION 2.3. Let x, yeG.

(@) There exists a unique element A(x, y)€ F(x, y) such that for any (x', y')e K(x, y)
and ze F(x', y'), we have A(x, y) = z.

(b) For any reduced form of x, say x =s,S5,...5,, S,€S, there exists a unique
subsequence iy, iy, ..., i, 0f 1,2, ..., r such that

S, Sin8p Y < SypeBy Sy

4

Sy

TR 7Y

for, 1 <1< p, and

S3Spa1- Sty S 80V > Spre Sy S8,y

m+1

for j, i, <j<in., 1 <m< p, with the convention that i,,, = r+1. We have
MX, y) = 8y, . Sy 8y S, Y. ©)

(c) For any reduced form of y, say y =t t,...t,, L,€S, there exists a unique
subsequence j, jy, ..., j, of 1, 2, ..., t such that -
xty...dy .. 4,

ity < Xbydy

forl,1<1<q, and
Xty dy ...

1

f ooty > Xty fy
Jor i, jou_y <i<jm, 1 £m< g, with the convention that j, = 0. We have
l(x,y)=xtl...t);l...t‘jq...tk. )

(d) The integer p in (b) is equal to the integer q in (c). Let us denote this integer by
n(x, y). Then
n(x, y) = I(x)+(y)— UA(x, ) ®)
and
fz. Az — (u—1 - u)n(z,y). (9)
Proof. First we shall prove (a) and (b) by induction on n = /(x) > 0. The result
is obviously true in the case when n = 0. In that case, we have p = 0 and A(x, y) = y.

Now assume that n > 0. Let (x’, ') be any pair in K(x, y). If there exists some
se R(x) N #(x'), then we have

LT,=T(LT) and T,T,=TTT,).

In this case, there are the following two possibilities.

(i) If s¢ £(y), then we have F(s, y) = {sy} and F(s, y') < {sy’, y'}. By Lemma 2.2,
we see that sy’, y” < sy and x’s < xs. Thus it follows from Lemma 2.1 that

F(x,y) = F(xs,sy) and F(x',y’) < Fx's, sy")UF(x's, y’).

(i) If se £(y), then we have F(s, y) = {sy, y} and F(s, y") < {sy’, y’}. We have

sy’, ¥ €y and x’s < xs by Lemma 2.2. Hence we obtain
F(x,y) = F(xs,sy)UF(xs,y) and Fx',y) < Fx’s, sy)U F(x’s, y')

by Lemma 2.1.

We have /(xs) < I(x). So by the inductive hypothesis, in the case (i), there exists
a unique element A(xs, sy) € F(xs, sy) such that A(xs, sy) > z for any

ze F(x’s,sy") U F(x’s, y')
and such that (b) is satisfied by xs and sy instead of x and y; in (ii), there exists a
unique element A(xs, y)e F(xs, y) such that A(xs, y) = z for any

ze F(x’s, sy U F(x’s, ')
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and such that (b) is satisfied by replacing x by xs. Let us take A(x, y) to be A(xs, sy)
in the case (i) or to be A(xs, y) in the case (ii). Then A(x, y) satisfies (b) and also
AMx, y) = z for any ze F(x, y) U F(x', y').

If Z(x) N A(x’) = &, then there exists some se Z(x)— A(x’). We have

LT, = T(TT)

We see that x” < xs by Lemma 2.2. Hence our result follows by Lemmas 2.1, 2.2 and
the inductive hypothesis in the same way as above. Thus (a) and (b) are proved. Part
(c) can be proved by induction on n = I(y) > 0 in the similar way to (b). Finally, (d)
is an immediate consequence of (a) to (c) and §1 (1).

The following are some simple properties of the element A(x, y) for any x, yeG.
We leave the proofs to the reader.

COROLLARY 2.4. Let x, y, z€G.
(@) A1, x)=Ax,1)==x.
(b) For any s€ S, we have

_fx  ifse&L(x),

AMs, %) = {sx if s¢ Z(x)
and

_[x  ifsed(x),

A, ) = {xs if s¢ A(x).

(©) If xy =x'y, then Ax, y) = xy.
d) AA(x, p), 2) = Mx, A(y, 2)). In particular, if x = x"-x", then
Mx, y) = Ax', Ax",y)) and Ay, x) = WAy, X), x").
(e) A, x™Y) = Ax, y)™. In particular, A(x, x™*) is an involution of G.
(f) For any se %(x), we have
_ [Mxs,s5y) ifs¢ Z(y),
M, y) = {A(xs, y) ifseZ(y).

REMARK. Proposition 2.3 asserts that for any pair x, yeG, there is a unique
maximal element A(x, y) in the set F(x, y). We can also show that the element xy
is the unique minimal element in the set F(x, y) in the sense that xy < z for any
ze F(x, ).

PROPOSITION 2.5. Keep the notation of Proposition 2.3. Let x, y be two elements
of G.

(a) For any (x', y)eK(x, y) and ze H(x', y), we have A(x, y) > z.

(b) WV h, , 1z IS in A*, and its constant term is 1.

Proof. We can write

C,=T+Y aT and C,=T+ ) b,T,

z<z w<y

with 0 # a,, b,euA** for all z < x, w < y. Hence we have

Cicy = 7;1;-'_ Z azwa;I;v:' Zdz,y,u 7;)’ (10)

(z, wyeK'(z,y)

9 JLM 37
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where K'(x, y) = K(x, y)—{(x, y)},a, = b, = 1,and the d, , , are Laurent polynomials
in u, the coefficients of whose lowest degree terms are positive integers whenever

d,,,#0.
Let F'(x, y) = {veG|d, , , # 0}. Then by Proposition 2.3 and Corollary 2.4, we
see that
Fx, )= U Fazw={eCG|Axy) >} (1)
(z,w)eK(z,y)
By (10), (11) and §1 (4), we have that
Mx, y)eH(x, y) € F'(x, y). (12)

Thus (a) follows by (11) and (12).
By Proposition 2.3, we have

n(x, )’) = deg{f:‘c,y.l(z,y) 2 degff;,w.l(z,y) (13)

for any (z, w)e K'(x, y). We also have a,b, € uA** for such a pair (z, w). Thus by (9)
and §1 (4), we obtain (b).

3. The subset N of W,
Recall the definition of the subset M of W, (see §1 (14)). Now we define
N={7w,plJeS, w, yeM}. 1)

We shall prove that y™'w,y = y™-w, -y for any JeS and w, -y e M, which will imply
that N is a set of representatives for the ST-classes of W, in W,,,. The set N will play
a crucial role in the proof of Theorem 1.1.

LeMMA 3.1. In the group (W,, S), let J< S. Then for any ze W,, we have
degfwa.wJ,z = I(Z)

Proof. We see that for any ze W,, the equalities
w,z7'w,))=1Uz) and Kw,)=Ilzw,)+lw,z7'w,)
hold. So by §1 (1), we have

EJT-;)J= T;wJI;ng'lequ=];wJ(é’(Z)TwJ'*' SZ azI;:)
TS W,
=gOT+ Y b,T, )
y<wy
where all the a,, b, are in Z*[{]. Thus we have deg, fw‘,,w‘,'z = l(z). Hence our result

follows by §1 (7).

LEMMA 3.2. Letx,ye W, and JeS. If xw, = x*w,andw,y = w, 'y, then we have
XW, ¥ =X W, ).

Proof. Suppose not. Then there exists a counterexample such that /(x) is the
minimum possible. Clearly, /(x) > 0. There must exist some se€ #(x) such that

sxw,y=sx-w,-y and I(xw,y) <Il(x)+(w,)+I(y).
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Hence we have

= &+ ];szy+év];wa+Z( Z bwf;:.wy.z) L,
2

ww,

where all the b,, f, ,,, . are in Z*[¢]. This implies that
degffsz,wa,sszu 2 V+l

which contradicts §1 (10). Hence the result follows.

wy,z

By Lemma 3.2 and §1 (15), we obtain the following result.

PROPOSITION 3.3. In the group (W,, S), we have
yiw,y=ytw,y foranyJeS and w, yeM.

Hence N is a set of representatives for the ST-classes of W, in W,,,.

4. A geometric description of the affine Weyl groups

We shall give, following Lusztig (see [2, 7.5; 4]), a geometric description of the
affine Weyl group W, = (W,, S).

Let E be an affine euclidean space with a given set of hyperplanes & . Let Q be the
set of right affine motions in E generated by the orthogonal reflections in the various
hyperplanes P in . We assume that Q is an infinite discrete group acting irreducibly
on the space of translations of E and leaving stable the set &#. The connected
components of the set E—|J,.¢P are called alcoves of E. Let X be the set of all
alcoves of E. Then Q acts simply transitively on X. Let S, be the set of Q-orbits in
the set of codimension 1 facets of alcoves. Each s€ S, defines an involution A+ s4
of X, where, for an alcove A, sA4 is the alcove differing from 4 and having a common
facet of type s with 4. The maps A+ s4 generate a group of permutations of X. This
group, together with its subset S, is a Coxeter group. We call it an affine Weyl group.
We shall assume that (W, S) is this particular Coxeter group with S = S,.

We assume that W, acts on the left on X. It acts simply transitively and commutes
with the action of © on X. A special point in E is a 0-dimensional facet v of an alcove
such that the number n of hyperplanes Pe % passing through v is the maximum
possible. Let @ be the root system determined by W,. Then it is well known that
n = |®*| = v. For such v, we denote by W, the subgroup of W, which is the stabilizer
of the set of alcoves containing v in their closure. Then W, is a standard parabolic
subgroup of W, isomorphic to the Weyl group of ®. We denote by w, the longest
element of W,. Then w, has the form w,=w, for some JeS. Hence {(w,) = v.
Conversely, for any w, with Je§S, there exists some special points v in E such that
w, = w,. We choose, for each special point v, a connected component C;} of the
set

9-2
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in such a way that for any two special points v, v’ in E, C}. is a translate of C;.
Let A} be the unique alcove contained in C} and having v in its closure, and let
A; = w, A;. We denote by C; the connected component of the set C which contains
A

ReMARK. Fix a special point v in E and let 4,=wA]. Then the above
description of (W,, S) coincides with that in [S].

Let #* be the set of hyperplanes Pe & such that P is a wall of C; for some special
point v. The connected components of E— | .. P will be called boxes. Clearly, any
alcove is contained in a unique box. If v is a special point, we denote by IT, the box
containing A4;}.

To any alcove A4, we associate a subset #’(4) < S as follows. Let se S and let P
be the hyperplane in & supporting the common facet of type s of 4 and s4. We say
that se #’(A) if 4 is in that half-space determined by P which meets C; for any special
point v.

Following [2, 7.6), we consider the free A-module .# with basis corresponding to
the alcoves in X. It can be regarded as a left H-module. For seS and A€ X,

_{SA ifseS—Z'(A),
T T s4+¢4  if se L(A). )]

Given a special point v in E, the following facts are well known:
T(A4;) = w(d;) foranyw < w, @
T(A}) = y(4}) and T-(y(A4;)=4; forany ye W, with yw, = y-w,. (3)
The following result is due to Lusztig (see [4, the proof of Proposition 4.2 (b)]).

PROPOSITION 4.1. Let v be a special point, let A€ X have v in its closure and let
¥, we W, be such that y(A})  C! and wA = A}. Then in the expression

T.A= Y M, , B @)
BeX
we have M, , ;€ Z*[{] for any Be X. In particular, if (w) > 0 and y(4;) < I1,, then
deg; M, , 5 < l(w) for any Be X.

LEMMA 4.2. Let v, v’ be two special points of E and let xe W,. Then we have the
Sfollowing results :

(@) A} <« Clifand only if A, < C,.;

(b) x(4)) = C; if and only if xw, = x"w,;

(©) x(4;) = C, if and only if xw, = x'w,.

Proof. Part (a) follows directly by the definitions of 4}, 47, C} and C;; (b) was
proved by Lusztig (see [4, Lemma 3.6]). Finally, (c) is a simple consequence of (a)
and (b).

Recall that in §1 we defined a subset M of W,. The following result gives a
geometric description of the set M.
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ProrosITION 4.3. Let v be a special point in E and let ze W, be such that
w,z=w, z. Then

w,zeM ifand only if z7Y(4}) <1, ®)
Proof. (=) By the condition that w,z = w,-z and by Lemma 4.2 (b), we have
A=zY4) < C;. ©)

Let C; be the closure of C! in E. Then there exists a unique special point v’ € C; such
that A c I1,.. Let xe W, be such that

A= x(42). o)

XW, = X W,,.. 8)

Then

Since 4}, = C;, by Lemma 4.2 (a), we have 4; = C,. Let ye W, be such that
A, = y(43) = yw,(47). ©
Then, by Lemma 4.2 (c), we have
R (10)
Thus by (7) and (9), we obtain
A = x(A4}) = xw, y (43). (11)
Comparing (6) with (11), we see that
7w, =xw,y l=xw,y, (12)

where the last equality holds by (8), (10) and Lemma 3.2. Thus y-w,.-x"'e M. This
forces y = 1 and hence v" = v by (9), that is, 4 < I1,.
(<=) Let V be a set of representatives for the Q-orbits of the special points in E.
We define
#B ={AeX|A cIl, for someve V}. (13)

This is the fundamental region for the actions of all translations of 2 on X in the strict
sense that for every A’ € X, there exists a unique A€ % such that 4 = (4") t for some
translation v of Q on E. Hence we have

1B = [W| = |M|. (14)

Now we define a map 8: M- as follows. For any xe M, we may write
x = w,z for some special point vin E and ze W,. Then by the above proof, we see that
z7Y(A4}) = I1,. Let © be the translation of Q such that 4 = (z7'(4}))t€%. Then A4 is
uniquely determined by x. We define §(x) = A. Clearly, the map 8 is well defined. To
reach our goal, it is enough to show that the map @ is bijective.

Suppose that there exists some y € M such that 8(y) = 6(x). We write y = w,,- 2’ for
some special point " and z'e W,. Then z7(4}) = I1,.. By our assumption, there
exists some translation 1€ Q such that

ZHAy) = @A) (15)

Thus
7N AY) = 27 (45) ) = 274G, (16)
This implies that v = (v")1 and hence w, = w,,.. This also implies that z = 2/, that is,

x = y. Thus the map & is injective and hence by (14), § must be bijective. The result
follows.
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ProrosiTioN 4.4. Let x,yeW, and JeS be such that w,x'eM and
xw,y=xw,y. Let w<w,. Then for any ze W, the inequality

deg; f; wy.. < v—1Iw) a7
holds.

Proof. There exists some special point v in E such that w,=w, Let
A = y™(A4;). Then by the assumption that w,y = w,-y and by Lemma 4.2 (c), it
follows that Ae C;. Thus by (2), (3) and the fact that wy = w-y, we have

A =T,A4=wyA, (18)
where A’ contains v in its closure. Let w’ = w,w™. Then
Iw)=v—Iw)>0

and w'(4") = A;. Since w, x'e M, we have x(4}) < I1, by Proposition 4.3. Hence, by
Proposition 4.1, this implies that

deg{Mx,wyA,B < V—[(W) (19)
for any Be X. Thus we have

LTyA=TwyA) =Y M, 4 5B=1f o .l 4
B z

Z (Zf;:,wy.zMz,A,B) B
B

2

Hence )..cw fowy.: M. 46 =M, 4y 5 for any BeX. Since f, ,, , M, , ,€Z*[¢], it
follows from (19) that

deg; f, wy.: M, 4.5 <v—1Iw) foranyzeW,and BeX. (20)

We take B = zA. Then M, , , # 0 (its value for £ = 0 is equal to 1). Thus, by (20),
we reach our goal.

S. The distinguished involutions

Recall that the group (G, S) is assumed to be crystallographic with property
(A) (p. 259).
Let &(z) = deg P, ,(u) for any zeG. In [3], Lusztig proved that

a(z) < l(z)—26(z) forallzeG )
[3, 1.3 (a)]. He defined the following subset 2 of G:
2 = {zeG|a(z) = (z)—26(z)} )

[3, 1.3 (b)]. Then he proved the following results.

ProOPOSITION 5.1.  (a) A/l elements of @ are involutions [3, Proposition 1.4 (a)].

(b) Any left cell L of G contains a unique element d of 9 which satisfies
Vo144 = L for all xe L (see §1 (9) and [3, Theorem 1.10]).

(c) If ze G belongs to a standard parabolic subgroup G, of G, then a(z) (respectively
&(2)) computed with respect to G, is equal to a(z) (respectively 6(z)) computed with
respect to G [3, Corollary 1.9 (d)].
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The elements of 9 are called the distinguished involutions of G {3, 1.4]. Some
results on the cells of the group (G, S) may be deduced by making use of the
properties of 2.

For any J < S, we write

2,=W,n 9. (3)
Then by Proposition 5.1 (c), we see that 9, is the set of all distinguished involutions
of W,. Suppose that L is a left cell of G with LN W, # ¢F. Then L n W, is a union of
m left cells of W, for some m = 1. Thus by Proposition 5.1 (b), we have

|2, (LNW,)|=m.
But on the other hand, we have |2 n L| = 1 and hence
1<m=12,0(LNW) =@0W)NELNW,) = @0L)nW,<1.

This forces m = 1. We obtain the following result.

PROPOSITION 5.2. Let L be a left cell of (G, S) and let J = S. Then the intersection
L n W, is either empty or a left cell of W,

6. The proof of Theorem 1.1

Now we consider the affine Weyl group W, = (W,, S). The following result is
crucial for the proof of Theorem 1.1.

Note that any ST-class Y of W, in W, is a maximal set in W, with the property
that, for any x, ye Y, there exists a sequence of elements x, = x, x,, ..., X, =y in Y
such that for every i, 1 <i<r, x,_, x;' €S (see [5, §8)).

THEOREM 6.1. 2N W, = N.

Proof. For any xe 2 n W,,,, we may write
x=yw,ze¥(z,J) (1)

(see §1 (15)) for some JeS and y,ze W,. By §1 (15), we have x ~,w,-z. So by
Proposition 5.1 (b), we have A # 0. We see from Propositions 2.3 and 2.5
that

z—le.sz,z

x< Az 'wy,,wyz) =z w, 0z 2)

By (1) and (2), this implies that y < z™*. By Proposition 5.1 (a), we have
x=xt=z"1w,y
From (1) and the preceding remark, it follows that w,-y'e ¥Y(z,J) and hence

)=y =2Kz)=,Kz"). Thus y=2z"!, that is, xeN. Thus the inclusion
D NW, c Nis proved. Now let z™'-w,-ze N with JeS. Then

Lo, Toye = TAT, L)L =T ( X fo,u,0T) T

wsw,

=wa,wJ,wJ Tz_‘sz+ Z wa,wJ,w Tz"l Twz

U)<WJ

=wa,wJ,WJ];_lez+ Z ( Z wa,w',,w.f;_l,wz,y)j;-

VEW, w<w,
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This implies that for any ye W, with y # z7'w, z, we have

S Ywyowgzy Z wa,wJ. 27 w2y

w<w,
By Lemma 3.1 and Proposition 4.4, we see that
degcwa_wJ‘wfzﬂ'wZ,y <lw)+(v=Iw))=v foranyw<w,.

Hence deg, f,-: <v for any ye W, with y # z7'w,z. We know from §1 (2)

that

Wy, w2,y
Cz leCsz = T;'le T:qu+Z"aaﬂ7;];’ (3)
a,

where the pair («, §) in the above sum ranges over K'(z7'w,, w, z) (see §2 (10)). The
a,gare all in uA**. Thus by the fact that f, , € Z*[¢], the inequality deg, f, 4 , < v, (3)
and §1 (4), we have

u h,- euA* forall ye W, with y # z7'w, z.

z w, w2,y

That 18, Vo, w2y =0 for all such y. Thus by Proposition 5.1 (b), we have
77w, ze9. This implies that N 2 n W,,,. Hence our result follows.

Proof of Theorem 1.1. We know from §1 that the set W, consists of |W] ST-
classes of W,. We also know from Proposition 3.3 that NV is a set of representatives
for the ST-classes of W, in W,,. By Theorem 6.1, N consists of all distinguished
involutions of W, in W, and so our result follows from Proposition 5.1 (b).
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