ALCOVES CORRESPONDING TO AN
AFFINE WEYL GROUP

JIAN-YI SHI

ABSTRACT

In this paper, I study the alcoves of a Euclidean space E corresponding to an affine Weyl group W,.
I give the coordinate form of an alcove of E and establish an explicit correspondence between the elements
of W, and the alcoves of E. In particular, I characterize an alcove by a ®-tuple over Z subject to certain
conditions, where ® is the root system determined by W,.

In [3], I gave the coordinate form of alcoves in the Euclidean space E spanned
by a root system @ of type A4,_,; these alcoves are in 1-1 correspondence with the
elements of the affine Weyl group W, of type 4,,_,. The coordinate form of an alcove
of E is a ®-tuple over Z subject to certain conditions. I gave necessary and sufficient
conditions for a ®-tuple over Z to be the coordinate form of some alcove of E.

In the present paper, I shall generalize the above results on ® from type A to an
arbitrary type, provided that @ is indecomposable. Our main results are Theorems
3.3 and 5.2

1. The alcoves of E

Let ® be an indecomposable reduced root system. Let E be the Euclidean space
spanned by @ with positive definite inner product { , ) such that |af* = (&, a) =1 for
any short root o of ®. Choose a simple root system Il = {a,, ..., oy} of ®. Then @+,
®~- are the corresponding positive and negative root systems of ®. Define the
fundamental weights 4,, ..., 4, by (4, &Y ) = d;; (the Kronecker delta), where for any
ae®, a¥ =2a/{a, a) is called the coroot of a. Let —a, be the highest short root
of ®. Then the set {&), a,, ..., o;} has the property that {a;, &) consists of non-
positive integers for all pairs of distinct 7, jin {0, 1, ..., /}. The set ®V = {aV |xe D}
of coroots is again a root system such that the set {a), ..., ¢} affords a choice
of a simple root system in it. The root (—a,)V is the highest (co)root of ®V. Let h
be the Coxeter number of ®. Then 4 is also the Coxeter number of ®V.

Let W be the Weyl group of @ generated by the reflections s, on E for ae @, where
s, sends x to x —{x, a¥ ) a. Let Q denote the root lattice Z®. Let N denote the group
consisting of all translations T, operating on E for 1€ Q, where T, sends x to x+ 4.
We denote by W, the group NW of affine transformations of E generated by N and
W. It is well known that W, is the semidirect extension of W by the normal subgroup
N on which the action of W is known.

For linear and affine transformations, we shall denote the operation on the right
and compose them accordingly. With this convention, we define s, = 55, T_gs S¢ = Sa»
1 i<l It is known that W, (respectively W) is a Coxeter group on generators
Sgs S15 +-s §; (respectively sy, ..., 5;). We write A = {s,, 5y, ..., 5;}. The group W, will be
called an affine Weyl group (1, 4].
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Any we W, can be written (being not necessarily unique) as a product of these
generators. We define the length /(w) of w to be the smallest number  such that there
exists. an ‘expression w = sy s;, ... s; with 54, €A. An expression of w is called a
reduced form if it is a product of I(w) generators

The Bruhat order < on W, is a partial order of W, which is defined as follows.
Say y < win W, if there are two reduced forms w = s; s;, ... 5;, and y = s, 5, ... 5,
such that j,, j,, ..., j, is a subsequence of iy, i,, ..., i, [4].

Given any two sets S, R, we call x = (x;);. r an R-tuple over Sif x;e S forall ie R.
Sometimes we simply call x an R-tuple when there is no danger of confusion. Two
R-tuples x = (x;);c g and y = (;);¢ g are said to be equal if x; = y, for all ie R.

For any ae®*, ke Z and a positive real number m, we define a hyperplane

Hy = {veE|{v,a") =k}
and a stripe
Hp,=Hm", ={veElk<{v,a") <k+m}
We call any non-empty connected simplex of

E- U Ha;lc
acd*
keZ

an alcove of E. Each alcove of E has the form ﬂaeQ+ Hj .y, for a ®@*-tuple (Ky)yeo
over Z. Since HL,, _, = H}._, , sometimes it is more convenient to denote the
alcove ﬂae@» Hy.x, by ﬂaeo H}., with the convention that k_, = —k, forae ®*.

Let (—a)¥ = Z‘ 1¢; Y. Then ¢;, 1 <i</, are all positive integers satisfying
h=%!_,c,+1. The following lemma gives an example of an alcove of E which can
be shown directly by definition.

LEmMMA 1.1, Let 4, = ﬂaEQ»fH;;o. Then
(i) A, is an alcove of E,
(ii) A, can also be expressed as the form (ﬂ% -1 ;‘/ NHL, .o
(iii) {(1/c))A;:1 < i< 1;0} is the set of vertices of the closure of A, in E,
@iv) {Hy0: 1 i< H_, .} is the set of facets of A, of codimension 1 in E.

One should note that not every ®*-tuple (k,), <o+ gives rise to an alcove of E as
above. The following lemma gives a necessary condition on a ®*-tuple (k,), o+ Over

Z such that ﬂueo+ Hj., 1s an alcove. Later, we shall show that this is also a sufficient
condition.

LEMMA 1.2. Suppose that A, = ﬂaeo" Hj., is an alcove of E. Then for any
a, fed with a+Bed*, we have

|y +1Bkp+ 1 < o+ BP(ky 4 p+ 1) < lal%ky + | BlPhg+ ol®+ | B2+ o+ B2 — 1.
Proof. Let ved,. Then k, <<{v,aV) <k,+1, ks<<v,B") <ks+1 and
kayp < <0, (a+B)V) < kg p+1. Hence

ks < 2<0, 0y < |of*ky +al?, |Bl*kg < 240, B) < |BI*kg+|BI
and
le+B1%ky 1 p < 240, a+B) < |a+BIPky 4 g+ |+ B2
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This imples that

lod2kq + | BI*kp < 2 <0, @) +2<0, B = 2{v, a+ ) < |a+Bl (ka4 p+1)
and
lot+ Bk 1 g < 2<0, a+B) = 2<v, a) +2<v, B) < |of*ky+|BI*kp+|ol>+ | BI>.

So our conclusion follows immediately.

LeMMA 1.3, Let Ay = (\aeo+ H;x, be an alcove of E satisfying k, > 0 for all
a€ll. Then
() ky =0 forall ced+.

(i) If there exists some ye ®* with k, > 0 then k_, > 0.

Proof. Take anyve Ay. Forany fe®*, kg > 0if and only if (v, ¥ > 0. Given
any ae®*, we can write oV = X!_, a;a with each a; a non-negative integer, not
all zero. By our condition, we have (v, a¥) = X!_ a;{v, o) > 0. So k, = 0 and (i)
follows. For any e ®*, kg > 0 if and only if (v, ¥ ) > 1. Thus we have (v, V) > 1.
Since (—a,)V is the highest coroot of @V, we can write (— )V = yV + X!, a; & with
the a; non-negative integers. By our condition, we get (v, (—ap)V) = <v,yV) > 1.
This implies that k_, > 0.

COROLLARY 1.4. Let A, = ﬂaeo" H}., be an alcove of E with kg < 0 for some
pe®+. Then there exists some yell satisfying k, < 0.

Proof. This follows immediately from Lemma 1.3 (i).

ExaMpLES 1.5. The alcoves corresponding to the root systems ® of types 4,, B,
and G, are as in the following diagrams, where each small triangle in these diagrams
represents an alcove. We label each alcove by its coordinate form. That is, let A be
an alcove (Joco+ HLx, Then when @ has type 4,, say ®+ = {a, B, a+f}, we put

kat+ﬂ

k kg

o

into this triangle. When ® has type B,, say @+ = {a, §, a+f, 2a+ f}, we put

k2a+ﬁ

into this triangle. When ® has type G,, say ®* = {a, 8, a+f, 2o+ B, 3o+ B, 3o+ 28},
we put

k3a+2ﬂ ka+ﬁ
kza+ﬂ kﬂ
k3a+ﬂ ka

into this triangle.
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-3 -2 -2 -1 -1
-2 2 -1 210 2 1 212 2
0/-2 N 1/ ~1\2 2/
-2 2|-1 2 0 211 2 2 2
0 1 1 2
-2 -2 -1 -1 0
-2 1 —lol 0 1 1 1 221
0 1
-2 -1 —1 ! 0 0
-2 1 -1 1 0 1 1 1] 2 1
-1 0 0 1 1
-2 -1 -1 0
=2 l0 -1 010 O 1 0f 2 0
/-1 N 4 o\ 1
-2 0}-10 0 01 0 20
-1 -1 0 0 1
-1 -1 0 0 1
-2 -1]-1 -1 0 -1(1-1 2 -1
- -1 -1 0 0 0 ) ) 1
-2 -1 -1-1]0 -1 1 -1} 2 -1
-2 =1 =1 0 0
-1 0 0 1 1
-2 =2 -1 -2| 0-2 1 -2 2-=2
— -1 - 0 0
2 0 ; 1 1 2
-2 =2|-1-=2 0-2}|1-2 2 =2
=2 -2 -1 =1 0

FiG. 2. Type B,

2. Some properties of root systems

We shall study some properties of root systems which will be used later.

We say that a subset of @+ is a positive subsystem of @ if it has the form ¢+ n @’
for some subsystem @’ of ®. We denote such a subset by ®'*. We say that &'+ is
indecomposable if @’ is, and has type X if @’ does so.

LEMMA 2.2.  Assume that a, fe @+ with o+ F€ ®+. Then one of the following cases
must occur:

(i) a, B, a+p have the same length and they span a subsystem of ® of type A,;
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=T 0 01] 01 T2]1 2
-2 0 -1 ofo o 1 “of2 o
-2-3 —1-2]-1-2 0-1]0-1
<10 0 01 1 12
2270 -1 0 0 0 10
—2-2 -'%-1100-1-2 _1_100 Io 1o 10 01 20 00 12
—1-N o - 00/ 00 _ _ 11|11 2.0
-2 0 1-2|-1-2 -1 0{0 0 o-1fo-1 1 0/2 0 10
—2-2/—1— —10\_1_¢|~1-1/00 0 1No0O 00/ 11
~2 0 -1 0 0 1 0 2 0
-1 -2 =1-1 -1 0 0 1
1-1]-1- 00|00 11
=2 -1 0 0 0 0 2 0
ek B S Ml Bt | 00[00 11
~1-1] =11 00 00 T1
-2 —1}-1 -1 0o -1 | 1-1 -1
—1-1]-1 00 09 11
—1- Z1-1 031 ] lo 0l 10
-2 -1 —1-1 - -
—2-2D-1-1 —10/~1-1-1-1\ 0 0 01 l00l 200l 1
:f_’,' Z1-2]-1-3 “0'0' “DNAA-1] 0-1 A R 1o
0 N A - 0 1/0 ) 0o\’
TSTAN10(-10/ 70T —1=INo 1 - 12
-2 -1 10 10—1—1 0 -1 1l-| o
23 0 U Z P I A 5-1 |0
-2 -1 -1 =1]0 -1 1 -1 -1
-10 01/ 01 12 12

FiG. 3. Type G,.

(ii) a and B are short roots but a+f is a long one. They span a subsystem of ®
of type B, or G,;

(1) a and B have different lengths and they form a simple root system of the
subsystem of ® spanned by a, B. In that case, a+p is always a short one.

Proof. Thiscan be reduced to the case when ® has rank 2, and the results checked
directly.

LEMMA 2.3. Suppose that both o and () s, are in ®*. Then o = (@) 5,

Proof. Without loss of generality we may assume that @ is spanned by a, —a,
over Z. We can then check the result case by case.

LEMMA 24. Assume that a,fe®*t with a+Bfe®* and —oyé{a, B, a+p).
Assume that (@) Sy,, (B) Su, € @~ Then (a+p)s,, € P~ and |a+f|* = 2|o* = 2| 2.

Proof.  Obviously, (a+8)s,, = (&) 5¢,+(B) 5,6 ®~. To show the rest, we may
assume without loss of generality that ® is spanned by a, f, —a, over Z. The condition
that (&) s,,, (8) s,,€ @~ implies that

(@+B) 50, = 0+ B— (K, (=%)"Y >+ B, (= %)V D) (— %) < 7—2(—0%)

with y the highest root of ®. Then —a, # o+ f implies that @ has two different lengths
of roots and that «+ § must be a long root. On the other hand, by Lemma 2.2, « and
p are either both short or both long roots. If they are both long, {a, (—oa)V) = 2,
(B, (—a)V> = 2 and so (x+f)s,, < y—4(—a). But there is no root J of ® satisfying
0 < y—4(—0y). Thus both a and # must be short roots. Since —a,¢{a, §, a+pf}, it
follows that @ cannot have type G,. Thus |x+ f|? = 2|af? = 2| 2.
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LEMMA 2.5. As&ume that a, fe @+ with a+Be®*. Assume that (%) s, € P+ and
(B) 54, €@~ Then (a+p) s, € @~ and B, a+ B have the same length.

Proof. Suppose that (a+f)s,, € ®*. Then by Lemma 2.3,
a+p = (a+p) Say = (a)sao+(ﬂ) Sag = a+(ﬂ)sa0'

That is, () s,, = fe®* which contradicts our condition. Thus (a+f) s, € P~
Since () 55, = &, we have {&, (—)") = 0. Thus

B (%) ¥) =<at+p,(—a)"> >0
since () s,,€ ®~. This implies that §, a+ B have the same length.

3. The correspondence between the alcoves of E and the affine Weyl group W,

In this section, we shall establish the correspondence between the alcoves of E
and the elements of the affine Weyl group W,. The main results of this section are
Theorem 3.3 and Proposition 3.4.

It is well known that the right action of W, on E gives rise to the permutations
of the set

{Hy.x|lae®*, ke Z}.

So it induces the permutations of the set A of alcoves of E. It is well known that A
is simply transitive under W, [2]. Denote A,, = (4,) w for any we W,. Thus any alcove
of A has the form A4,,, written

A, = m H;;Ic(w,a) or A,= m H;;Ic(w,a)
acd” aed
with the convention that k(w, —a) = —k(w, a) for any ae ®+*. We shall identify W,
with A as a set under the correspondence w+— A4,,. The integers k(w, «) labelled by
we W, and ae ® always stand for the coordinates of the alcove 4,, = ﬂae® H} . ow, a)
As W, = W=N, any we W, has a unique decomposition w = wT,; with we W and
A€ Q. We shall describe the integers k(w, a), xe ®* in terms of @ and A.

LeMMA 3.1. For any we W and any ae ®*, we have
if()wled,
k(w, @) =
—1 iflywled—,
Proof. LetveA, and ae®*. Then (v)we A4,,. It is well known that

@)w, a¥) = <o, (Yw™)V).

If ())w™ed* then 0 < v, ()w V) <1 and hence 0 < {(v)w, aV) < 1. Thus
k(w,0) =0. If ())wte®~ then —()wed®@*. So 0 < (v, (—()w™)V) <1 and
hence —1 < (v, () w™1)V> < 0. Thatis, — 1 < {(v)w, aV) < 0. Then k(w, a) = —1.

LEMMA 3.2. Assume that Ay = (\aco Hi;r, is an alcove of E. Let A€ Q. Then
Ay =AY T, is also an alcove of E, say Ay = ﬂawl{;;k:ﬁ. Hence for any
ae®, k; =k, + {4, aV).
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. Proof. We know that there exists some we W, with A, = A, Since T)eW,
Ay = Ay, is clearly an alcove of E. For any ae®* and vedy, we have
ky < (v, V) < ky+1. Since

v, @) +<4, 2¥) =<@) T, 2¥),
we get .
kot <2, 0"y <{@) Th, a¥) <kg+<{4,av)+1.

But (v) T; € Ay.. This implies that k;, = k,+ {4, a¥). For ae®—,
k«; = _k,—a = _(k—a+<'1! (V)= ka+<'1’ av)
and the result is proved.

From Lemmas 3.1 and 3.2, we get the following result immediately.

THEOREM 3.3. For any we W and A€ Q, let w = wT). Then the equation
k(w, &) = (4, V) +k(w, a)
holds for any ae®.

By Lemma 3.1 and Theorem 3.3, one can easily show that for any j, 0 <j </,
and ac®,

0 if oo # oy,
k(s 0) =41 ifa=—ua, 3.3.1)
-1 ifa=a.

We can deduce the following result from Theorem 3.3.

PROPOSITION 3.4 Let we W,. Then for any ae®,
k(w™1, o) = k(w, — () W).

Proof. Write w=wTI; with weW and AeQ. Then w™'=w'T_; 4. By
Theorem 3.3, we have

k(w, —(@®) = {4, (=(@)P)" ) +k(W, —(«) ®),
kw™, o) = (=) w7, a¥ Y +k(w?, a)

for any ae®. To show that k(w™!, @) = k(w, —(x) W) is equivalent to showing
that k(w™!, a) = k(@w, — (o) w). It is enough to show that k(w™, a) = k(w, — (o) W)
for ae®*t. If —()wed*t then () (W)= (x)Wed~ and so k(W a)=—1.
Also (—(@®w)w'!=—aed~ implies that k(w, —(@)®w)=—1. Thus
k(w™!, &) = k(w, —(a) W) in this case. If — (@) We®~ then () (W)= () Wed+,
which implies that k(w,a)=0. Also, k(W,—(a)Ww)=—k(W,(x)#). But
()W) w ! = ae®* implies that k(w, () #) = 0 and hence that k(w, — (o) @) = 0.
Also we have k(w!, o) = k(w, —(a)®). This implies that we always have
k(w, o) = k(w, — () W) and the result follows.

ExampLES 3.5. Recall that in Examples 1.5 we drew the diagrams for the alcoves
of E when ® has type A4,, B, or G,. We labelled each alcove by the corresponding
@ *-tuple there. Now we shall label them by the corresponding elements of W, instead
of ®@+*-tuples. We assume that s, = 5, and s, = sz and denote s, by i for short.
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FiG. 4. Type 4,

1201021 121021 | 12101 120101 | 2120101
201021 | 2t021 210t | 20101 212010
0102t | 1021 101 0101 12010

010121 021 01 010 2010

10121 21 1 10 210
0121 121 1 0 1210
01212 1212 2 02 12102
101212 212 12 102 2102
0101212 0212 012 0102 02102
010212 | 10212 1012 10102 102102

FiG. 5. Type B,

4. The actions of W, on the alcoves of E

Let w' = 5;w with we W, and 0 <j < /. We wish to express the k(w’, a) in terms
of the k(w, p).

Write w = #wT, with we Wand Ae Q. First assume that 1 < < /. Thenw’ = s;wT
with s;we W. By Theorem 3.3,

k(w, ) = {4, aV ) +k(w, )
and
k(w’, a) = k(w, a)+k(s; W, &) —k(W, o)
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12120121 10121 1021 12010 | 012010
2120121 0121 021 2010 01210
120121 20121 o1 | o10 201210
S 21 | 21 210 | 1210
o
/o221 2121 1 10 21210
S
~v
012121 | 12121 1 0 121210
0212121 | 212121 2 20 1212120
N
S \jo21212] 21212 12 120 212120
5 1212 | 212 2120 | 12120
-4 ﬁ ~ =)
& 012 | 1012 S
2, 8|8 /o 0212 21012 012120\ &§
03, S
1210? 2>
25 101212 | 10212 121012 | 0121012

Fic. 6. Type G,

for any ae®*. When (q)#w* #+a, we have (@)@ 'e®* if and only if
() w1 s;€®*. So k(W, a) = k(s; W, @) and thus k(w, @) = k(w’, ) in this case. When
(w!=0, we have () we®* and (o) w's;€®~. Thus k(s;®, ) =—1 and
k(w, @) = 0 by Lemma 3.1. This implies that k(w’, a) = k(w, ) — 1.

Next assume that j = 0. Then w’ = s, WT} . (_q,) - By Theorem 3.3, we have, for
any ae®*, '

k(w', o) = k(w, ) + { — 0, () W~ 1)V > +k(s,, 7, &) —k(W, ).

When ( —a, () =)V ) = 0, we have (a) e @ * if and only if () #~* 5,, e ®*. Thus
k(s,, W, @) = k(w, ®). So in this case, k(w’, a) = k(w, ®). When (—o, () #)V) > 0
and () w! # +a, we have () w1ed* and (—ay, ()@ )V) =1 since —a is
the highest short root of ®. We also have () s, € ®~. Thus k(w’, @) = k(w, ).
When (—op, ()" ")V) <0 and (x)#w'# tx, we have ()@ 'e®~ and
(=0, (0#w1)V) =—1. We also have (x)w's,,e®*. Thus k(w', a) = k(w, @).
When () 7! = —ay, we get () 71 e D, (@) w15, € P~ and {—o, ()7 )V ) = 2.
Thus k(w’, &) = k(w, &)+ 1.
To sum up, we get the following result, by using (3.3.1).

PROPOSITION 4.1.  Let w' = s;w with we W, and 0 < j < I. Then for any ac®*,
we have k(w’, a) = k(w, ) +Kk(s;, () @?).

Now assume that, w’ = ws; instead of w’ = s5;w in the above. We shall find the
relations between the k(w, ) and the k(w’, p).

First assume that 1 <j < [ Then w’ = ws; = wT}s; = ws; ;). By Theorem 3.3,
k(w, o) = {4, 2V > +k(W, @) and k(w', @) = {4, (&) )V > +k(Ws;, &) for any ae®P+.
This implies that

k(w', (@)s) = k(w, @)+ k(s;, (@) ;) —k(, a).



ALCOVES CORRESPONDING TO AN AFFINE WEYL GROUP

When a # ay, we have (@)s;e®*. We also have (®)w'e®* if and only if
(a)s;5,w1e®*. So k(ws;, (x)s;) = k(w, «) and hence k(w’, () s;) = k(w, @) in that
case. When a = ay, we have (a)s; = —a;e®@~. Thus

k(W', o) = —k(w, &) +k(W, a) +k(s,, ).

Since (o) W' € ®* if and only if (ay) s; W~ e ®~, we get k(W, o) + k(Ws;, &) = —1 and
so k(w’, a;) = —k(w, o) — 1.

Next assume that j = 0. Then w' = ws, = W5, T_, = Wsy, Ty, @ = (1) S, — %,
Hence

k(w', @) = <A, ((0) $p) ¥ D+ =%, &V )+ k(54 @)

for any ae®*. When (—o,, aV) =0, we have (a)s, =a, and ()@ 'edt if
and only if ()5, @ 'e®*. In that case, k(w', @) = k(w, @). When (—oq, aV) # 0
and a # —o,, we have (—a,, «¥) =1 and () 5, € @~ by Lemma 2.3. Thus

k(w', —(2)55,) = {4, (—0)V D>+ 1 +k(Wsy,, — (%) Sg,)-
Since (a) ®2e®* if and only if (—(®) Sy,) So, W 1€ D™, we get
k(w, o)+ k(Ws,,, —(a)s4,) = —1.
Thus k(w’, —(®)s,,) = —k(w, ®). When a = —ay, we have
kW', — o) = —k(w, —0g)+24+K(, — ) + k(W55 — %)-
Since, (— ) w*e®* if and only if (—ay) s, #'e D, we have
k(®, — o) +k(Wy,, —%) =—1

and hence k(w’, —ay) = —k(w, —a)+ 1.
To sum up, we get the following, by using (3.3.1).

PROPOSITION 4.2.  Let w' = ws; withwe W, and s;€ A. Then for any a.e ®, we have
k(w', a) = k(w, () 5;)+k(s;, ).
For any we W,, we associate two subsets of A:
Lw) ={seA|sw < w},
R(w) ={seA|ws < w}.
Now we can describe an element w of W, in terms of the k(w, a).
PROPOSITION 4.3 Suppose that Ay, = (\zeo* H, kw, o) fOr we W,
(i) The length l(w) of w is equal to ¥, .o+ | k(w, ®)|.
(ii) R(w) = {s;€ A|k(w, a;) < 0}. '
(ii)) L(w) = {s;€A|k(w, (oy) W) > 0}.

The proof of this result is the same as that in [3, Chapter 7).
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5. The map ¢: W, - F,

In this section, we shall characterize any element of W, in terms of a ®-tuple
over Z.

Let F be the set of ®-tuples (k). satisfying k, = —k_, for any ae®. Let F
be the subset of F consisting of all (k,),co such that for any &, fe @+ with a+fed™,
the inequality

lod® ke + 18P kp+ 1 < o+ BIP (ko g+ 1) < ol by +1B17 kg + 1o + | B + o+ BI* — 1

holds. Any ®-tuple in F is called a special ®@-tuple.

Define a map ¢: W, — F be sending A4,, = ﬂaed) H} . k. o) t0 (k(W, @))gco. Then
from Lemma 1.2, we see that the image of ¢ is in F, and hence ¢ can be regarded
as a map from W, to F,. Now we shall show that ¢ is bijective. It is obvious that ¢ is
injective. So it is enough to show that ¢ is also surjective.

Define a right action of W, on Fas follows: fork = (k4.0 € F,s;€Aand x, ye W,

@) k) 8¢ = (k;)aecb with k; = k(a) S¢+8wt, where

0 if o # +a,
g ={—1 ifa=a,
1 ifa=—a,

(i) (k)xy = ((k)x)y.

One can easily check that this action of W, on F is well defined. By noting that
k(s @) = g, , for 0 < t < /and e @, we see that the map ¢: W, — Fis W,-equivariant
and so ¢(W,) is a W, -orbit of Fin F,

Now we are ready to show the following.

PROPOSITION 5.1. The map ¢: W, — F, is bijective.

Proof. 1t is sufficient to show that F, is a single W -orbit. Call k = (ky)yco € F
a minimal element if, for any s€A,

z k< T Ik
e ae

where k' = (k) s = (kg);co- It is clear that k is minimal if and only if k4, > 0 for all
t, with 0 < r < /. It is not difficult to show that F, contains a unique minimal element,
namely ¢(4,). So it suffices to show that if k’ = (k) s, for some ke F, and s, € A then
k’ € F,; that is, we must show that for any a, fe ®* with a+fe®*, the inequality

lod® kz+ | B2 kp+ 1 < la+ B (kg p+ 1) < ol kg + 1 B2 K+ lod® + 1 B2 + o+ B2 — |
holds, or equivalently, the inequality
02 kiay, + Bk gy, 1o e+ 1B g+ < Joot B (R gy, + B+ 1)
< |ty s, +1BI2 ks, + 1ol &, o+ B g, + lo® + | BP + |+ B2 =1 (1)

holds.
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When r # 0 and o, # o, §, the result is obvious. When r # 0 and a, €{«, f}, say
o, = a, (1) becomes
laP ka + '(ﬁ) S — a|2 k(ﬂ) 5,~a +1< K:B) jr|2 (k(/l)s, + l)
< |0k +(B) 8, — a2 kigy 5, + |0 +1(B) 5, — ol + [(B) 5,1 — 1,
which holds since ke F, and «, () 5,, (B)5,—aec®+.
Now assume that »r = 0. Then one of the following cases must occur:
() —g=o0+p; (i) —ope{o, B}; (i) —op¢{a, B, x+p}

First assume that we are in case (i). Then ¢, o = €5, =0, 6,45, =1 and a+f is
a short root. By Lemma 2.2, one of «, 8, say «, must be a short root. If § is also a
short root then (1) becomes

| = () Sol* K-y 50+ 1= (B) 5ol Ky sy + 1 < |—0l? (koo +1)
<= (@ 52k _ gy, + 1= (B Sol2k_ gy 5, +1— (@) Sol? +1 = (B) 5ol + | — a2 — 1
which holds since ke F, and —(a)3,, —(B8)5,, —a,e®*. If §is a long root, (1)
becomes
lod? ko 4| =02 kg, + 1 < |=(B) Sol* (k—(py5,+ 1)

SofP kg +[— ol k_ gy +1aP +[—2l* +] = (B) S — 1

which holds because ke F, and — ()3, = a+(—a). *

Next assume that we are in case (ii), say « = —a,. Thene, o = 1,65 = €545, = 0.
Let @'+ be the positive subsystem of @ spanned by a, # over Z. Then @'+ is either
of type B, or G, and ais the highest short root of @’ *. By the condition that a+ e @'+
and by Lemma 2.2, # is a positive short root of @ and a+f is a positive long root
of @', If &'+ has type B, then (1) becomes

1B kg+|— = Bl*k_qy—p+1 < | =" (k_g,+ 1)
S|BPkg+|—o =Bl k_g,—p+ 1B+ =0 =B +| =" — 1.

This holds because ff, —oy—f, —o,e®* and ke F,. If @'+ has type G, then (1)
becomes

| =02k gy + = (B) 5ol k_(gyg,+ 1 S | == (B)S0l* (k gy~ (g5, + 1)
SI= 0Pk o, H = (B) Sl k_ (g5, + | — %l + 1= (B) Sol* +| =t — (B) S,l* — 1.

This holds because —a,, —(f) 5, —,— ()5, @+ and ke F,. So (1) holds when one
of a, B is equal to —a,.

Finally assume that we are in case (iii). Then ¢, , = &3y = &,45 = 0 and one of
the following cases must occur:

(@) (@) 3y, (B)S,€®*; (b) (%) S, (B)So€®@™;
©) @)35,e®*, (B5e®; (d) (D)5€P, (B)SeP*.

One can verify (1) in case (a) by Lemma 2.3, in case (b) by Lemma 2.4 and in cases
(c), (d) by Lemma 2.5.

An immediate consequence of the above proposition is the following.
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THEOREM 5.2. Let Ay = ﬂae¢+ Hj .y withk,€Z. Then Ay is an alcove of E if and
only if for any a, fe @+ with a+fe D+, the inequality

oy + B2 kg+ 1 < lo+ B2 (Ko gt 1) < [P hy+ 1B kg+|o®+ B2+ o+ B — 1
holds.

This theorem characterizes an alcove of E by a special ®-tuple.

6. The facets of an alcove

We know that each alcove of E has the form (4,)w for some we W,. So by
Lemma 1.1, any alcove of E has /+ 1 facets. We know that the right action of W, on
E induces a permutation on the set of facets of all alcoves of E. It is well known that
each W,-orbit of such facets intersects the closure of any alcove in a unique facet.
So we can label any facet of an alcove by an element s€ A if it is in the W,-orbit of
facets containing the common facet of A4, and 4;.

LemMA 6.1.  Ifw, w'e W, have the relation w’ = s, w for some s, € A then the alcoves
A, and A, share the common s,-facet. Conversely, if A,, and A,, are two alcoves of
E which share a common facet then the labelling of this facet for A,, is the same as for
Ay, say s-facet. We have w' = s, w.

Proof. First assume that w = s,w. We have 4,, = (4,)w, 4,, = (4 s) W, and 4,
and A, share the common s,-facet, this implies that 4,, and 4, share the common
s,-facet.

Conversely, assume that 4,, and A4, share a common facet. Then by the definition,
the labelling of this facet for 4,, and for 4,, must be the same, say s,-facet. Lety = s, w.
Then by the above argument, 4, and 4,, share the common s,-facet. This forces
A, = A, and hence w' = s, w.

Now we can give another description of the length function /(w) on W, which is
a direct consequence of Lemma 6.1.

COROLLARY 6.2. For any we W,, l(w) is the minimum number of facets of alcoves
of E which separate the alcove A,, from A,. In other words, [(w) is the smallest number
r such that there exists a sequence of alcoves Ay = A, A,, ..., A, = A, where any two
consecutive alcoves in this sequence share a common facet.

Recall that in §1 we assumed that
H . =H) ,={veE|-k<{(v,aV) < —k+1} foracd+*.

So Hy;, (respectively H' ,..) is bounded by two parallel hyperplanes H,., and
H, 4, (respectively H,._, and H,._;,). We define H_,., by H,.,,, for any integer
h and any positive root e ®*. Then H ., is also bounded by H_,., and H_,.4,.
So we can say that for any integer kK and any root ae®, Hj}., is bounded by H, .,
and Hy 4y,y.

For any we W, and integer ¢, 0 <t </, we denote k, = k(w, () ®) in the
remainder of this section. Let H,(w) be the hyperplane of E supporting the s,-facet
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of the alcove 4,,. Then we have H,(w) = (H,(1)) w = (H,,,,) w. So Hy(w) has the form
H(y) i, for some ke fk,, k, +1}.

Now we wish to decide H,(w).

By Corollary 6.2 and Lemma 6.1, we see that 5,& £(w) if and only if 4,, and 4,
are on different sides of H,(w), where Z(x) = {se A|sx < x} for any xe W,. On the
other hand, by Proposition 4.3 (iii), we see that s,e £(w) if and only if k, > 0, or
equivalently, s, ¢ Z(w) if and only if &, < 0.

First assume that s, £(w). Then H}, , 5., and 4, are on different sides of H(w).
So Hy(w) = H,, w;, by the fact that k, > 0.

Next assume that s, ¢ £ (w). Then H}y ., and A4, are on the same side of H,(w).
In that case we have k, <O0. If k, <0 then Hy(w)=H,p,r, If k,=0 then
Ht(w) = H(a:,)w;l'

So we can summarize the above results as follows.

PROPOSITION 6.3. For any we W, and integer t, 0 <t <, let H(w) be the
hyperplane of E supporting the s,-facet of the alcove A,,. Let k, = k(w, (o) ). Then

Hoymn, ik #0,
Ht(w)=[ (o) @ K, if k,

H(a,)w;l ifk,=0,
and so A, = ﬂogt@H&‘)w;kt.
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