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¥ The Riemann-Liouville derivative is historically the first (developed in works of Abel, Riemann and Liouville
in the first half of the nineteenth century) and the one for which the mathematical theory has been established

quite well by now, but it has certain features that lead to difficulties when applying it to “realworld” problems
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1.4 SE Y B8UFTE Fractional Diffusion Processes

The field of fractional (more generally anomalous) diffusion processes in recent decades has won more and more
interest in applications in the sciences, in physics and chemistry, and even in finance.
First consider the Cauchy problem for the classical diffusion equation

2
augi,t) =7 gi«i D u@.0%) = f@)a e Rt 20 (1.12)
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In fractional diffusion equations the differentiations with respect to ¢ and x are replaced by differentiations of non-
integer order. For (1.12) it is well known that its solution w(z, t) has the essential properties we expect from a diffusion
process, that is a process of re-distribution in space  and time ¢. Considering u(x,t) as the spatial density of an

extensive quantity, e.g. mass, charge, or probability, we have

(1) conservation of the total quantity:

—+oo +oo
/ u(z,t) dz = / w(z,07) dz, V¢ > 0.

— 00 — 00

(2) preservation of non-negativity:
u(z,07) > 0,Vo € R implies wu(z,t)>0,VzeR,t>0.

(3) Another essential characteristic of problem (1.12) concerns the law of spreading (or dispersion) of the quantity.
With the special initial condition u(x, 0") = §(z) (the Dirac generalized function), the variance grows linearly
in time, that is o2(t) = fjs u(z,t) dz = 2t. More generally, in a classical diffusion process the variance,
which is a natural and common quadratic measure of the spread of a diffusing substance, grows linearly in
time, that is, if we allow a drift, we have o2(t) £ fjoooo 2?(u(z,t) — m(t))dz ~ Ctast — oo with
m(t) 2 fj;o au(z,t) dz, for some constant C' > 0.

The above properties (1), (2) and (3) are indeed shared by many processes governed by second-order linear parabolic
equations. Usurping the term diffusion for processes having properties (1) and (2) but not necessarily (c), we follow
the custom to call processes of anomalous diffusion those in which, for initial condition u(x,07) = 6(z), the variance
does not exhibit essentially linear grow with ¢ — co. Among these processes we single out the sub-diffusive ones for
which the variance grows (for large ) more slowly than linearly, and the super-diffusive for which it grows (for large ¢)

faster than linearly, or even does not exist (i.e is infinite).

Consider the Cauchy problem for the (spatially one-dimensional) space-time fractional diffusion equation
DS u(z,t) = . Dy u(x,t), u(z,0) =4d(z),z € Rt >0, (1.13)

where
0<a<?2 and O<a<l.

Here ; D u(x, t) denotes the Caputo fractional derivative of order o

1 /t ou(x,t) ds
0

DO =500y ), "o Gos

and , D§ u(x,t) denotes the symmetric Riesz—Feller fractional derivative of order «

+Df (e, 1) = ’ e

Fl+a)  rary [ ulx+s)—2u(z,t)+ulr—s,t)
——sin (—) ds.
0
The above representations of the space fractional derivatives are based on a suitable regularization of hyper-singular

Ou(

integrals. In the limits & = 1 and a@ = 2 we recover the first time derivative T?) and the second space derivative

8%u(x,t) ivel
“ox2 respectively.

These representations mirror the fact that time-fractional (for 0 < o < 1) processes are processes with long

memory whereas space fractional (for 0 < o < 2) are processes with spatial long-range interactions.
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£ MR

2.1 45TREEL

2.1.1 Gamma EBEL

EX 2.1 Gamma REKZEXA

I'(x) é/ t*le7tdt, Re(x) >0, (2.1
0

j’_:‘: tr—1 e(ac l)ln(t)

‘ ’" Gamma PREULFR A 88 2K Euler 343 (Euler integral of the second kind )

AT A Z BRI, Bl 2 € R.
i S, S )
(1) = / e tdt = lim [-e ') =1.
0

MHER x> 0, AL AT 1

L(z+1)= / tYetdt = t*(—e ")
0

T / ot (et dt = 2T(z).
0 0

5|38 2.1 Gamma RFHER T EH X RN

I'(z+1) =a2T'(x). (2.2)

ME R — B e
I'(n+1) =n!
R, Gamma PREE: I Tt S e

PHHEIE z < 0 WAIE. W E] Gamma BREUNIEEARE SC 2.1) R ABURBA E M, WS 2 <0
IFZRBUP AL, (ABATAT LA R AR (2.2) R 3. B e 2.2) Bl

HIF D(x) KT o > 0 #AE XL, NIERTRIAETFIXE (-1,0) B X T(x), W‘Fﬁi_ﬁﬂ@] (=2,-1) k. 4Rtk
SR, ATLLKS Gamma pREIHE (2R SEROS, BR T 0 ANGAAY R B, B R N {0, — ..}, FH5E, Gamma

PRESCAT LASEARERR 1 0 AR R Z S By S 250

13



14 LIl

& Gamma BB Sh— AN E R

nln®
I'(z) = i
(2) ngréom(m—i—l)(x—l—n)

ZFIEE N Gauss 24 HH.
S LA SO, TRATTAT AR T A R
EI 2 kR EEH 0 R FAKH I

, zeC\{0,-1,-2,...}.

(- (@ —k+1I'(k—a) =T(—a)l(a+1). (2.3)

Gamma PR 75— HEZNE U

EIE 2.2 (Reflection Formula) % 0 < 2z < 1, A

MNa)r'(l1—=a) =

sin(mz)

EERI ATl

Gamma PRECA T 1 AT ER 50

TEIE 2.3 (Stirling Asymptotic Formula) & z € R, I

[(z) = V2ra® /2e® (1 +0 (1>> . a— Fo0.

T

Gamma PR —LE A T
(1) Y 2— 0" B T(2) = +o0
) T(2)I(z+ 3) =272 /7 (22)
B) T(2)T(z + DDz + 2)---T(z + 1) = (20) "7 n3 T (nz)
(2n)/7

4nn)

B 2.1 —SERIH) Gamma PREUHE:

1(0) = o0, T(1) = 1, T (%) VR T @) NG

@T(n+d)=

2.1.2 Beta BREL
Beta PREE I R BN, HoE h

1
B(z,w) & / 7711 —7)""tdr, Re(z) > 0,Re(w) > 0. (2.4)
0



2 2% 3k 15 -

1 B(w, 2) = B(z,w), H. Beta BRET LAF] Gamma BRECKR R, HJ

2 % Tk

(1]

M. Caputo, Linear model of dissipation whose ) is almost frequency independent — II, Geaphys. J. R. Astr. Soc.,
13 (1967), 529-539. Cited on page 5.

M. Caputo, Elasticiti e Dissipazione, Zanichelli, Bologna, 1969. Cited on page 5.

E. C. de Oliveira and J. A. Tenreiro Machado, A review of definitions for fractional derivatives and integral Math-
ematical Problems in Engineering, 2014 (2014), Article ID 238459. Cited on page 1.

K. Diethelm, 7he Analysis of Fractional Differential Equations — An Application-Oriented Exposition Using Differen-
tial Operators of Caputo Type, Springer, 2010. 4 Cited on pages 1, 3, 5, and 6.

L. Podlubny, Fractional Differential Equations: An Introduction to Fractional Derivatives, Fractional Differential
Equations, to Methods of Their Solution and Some of Their Applications, Mathematics in Science and Engineering,
Vol. 198, Academic Press, 1999. 2 Cited on pages 1 and 9.

I. Podlubny, A. Chechkin, T. Skovranek, Y. Chen and B. Vinagre Jara, Matrix approach to discrete fractional
calculus II: Partial fractional differential equations, Journal of Computational Physics, 228 (8) (2009), 3137-3153.
Cited on page 6.

TR, HFR, BRE, o a7 2 & AL M, B4 HRRAL, 2011. Cited on page 1.



YR B




	1 分数阶微分方程
	1.1 分数阶导数
	1.1.1 分数阶积分
	1.1.2 Riemann-Liouville 分数阶导数
	1.1.3 Caputo 分数阶导数
	1.1.4 Grünwald-Letnikov 分数阶导数

	1.2 相关性质
	1.3 右分数阶积分和右分数阶导数
	1.3.1 右分数阶积分
	1.3.2 R-L 右分数阶导数
	1.3.3 Caputo 右分数阶导数
	1.3.4 G-L 右分数阶导数
	1.3.5 对称 Riesz 分数阶导数

	1.4 分数阶扩散方程 Fractional Diffusion Processes

	2 附录
	2.1 特殊函数
	2.1.1 Gamma 函数
	2.1.2 Beta 函数


	参考文献

