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Abstract. We give two g-supercongruences. One is modulo the fifth power of a cyclotomic
polynomial, and the other is a g-analogue of the supercongruence: for odd primes p,
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which was first proved by Guillera and Zudilin in the modulus p3 case. Our proof employs Rah-
man’s and Gasper and Rahman’s quadratic transformations, the creative microscoping method
devised by the first author in joint work with Zudilin, along with the Chinese remainder theorem
for polynomials.
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1. Introduction

In 2012, Guillera and Zudilin [3] established the following two supercongruences: for odd
primes p,

(p—1)/2 l 3
Z 2 ’“ (3k+1)4* =p (mod p?), (1.1)
k=0
(p— 1)/2 1 )3
k'?’ R (3k 4+ 1)8° = p(—=1)*"Y2 (mod p?), (1.2)

k=0

where the Pochhammer symbol is defined as (a)p = 1 and (a)y = a(a+1)---(a+ k—1)
for k > 1. Clearly, we may also sum over k£ up to p — 1 on the left-hand sides of (1.1) and
(1.2), since the p-adic order of (1), /k!is 1 for k in the range (p+1)/2 <k <p—1.
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The first author [4] gave the following g-analogues of (1.1) and (1.2): for any positive
integer n,

n—1 o233, ("3

[3k+1]§f]fj)3’g+mz[n]q“—w (mod [n]®,(q)”), (1.3)
k=0 VAJENL

" (—1)4[3k 4+ 1] %Z%’“ = [n)(—q)™ ™ (mod [n]@,(q)?). (1.4)
k=0 11k

Here and in what follows, the g-integer is defined as [n] = [n], = (1 — ¢")/(1 — ¢), and
the g-shifted factorial is defined by (a;q)o = 1 and (a;q), = (1—a)(1—aq) --- (1 —aq™™)
for n > 1. For simplicity, we also use the abbreviated notation (ay,as,...,am;q)n =
(a1;q)n(a2; @)n -+ - (am; @)n for products of shifted factorials. Moreover, the n-th cyclotomic
polynomial ®,(q) can be written as

()= J] (a—¢)

1<k<n
ged(n,k)=1

where ( is an n-th primitive root of unity. We know that the polynomial &, (q) is ir-
reducible over the integers, and ®,-(¢) = [p]qpr—l for all primes p and positive integers
T.

In 2019, the first author and Zudilin [10] devised a method called “creative microscop-
ing” to give a new proof of (1.3) and (1.4). In addition, they also obtained the following
g-supercongruence: for n =3 (mod 4),

(n—1)/2 ( ) ((]2 q )3 2k ,
,; 3+ 1l (g% q) (¢4 aHr(% a7 =0 (mod ®,(q)"). (1.5)

In particular, for primes p = 3 (mod 4),

(»—1)/2 (l)5
> (Bk+ 1)<1)§(g)2 =0 (mod p*). (1.6)
k=0 k\4/k

For more recent work on g-supercongruences, see [1,9,13,17-19].
In this paper, we shall give the following generalization of (1.5).

Theorem 1.1. Let n be a positive integer with n = 3 (mod 4). Then

(n— 1)/2 3. 4\2
( ¢ ) (612 4 )3 * @G e 5

Letting n = p" be a prime power and taking the limits as ¢ — 1 in (1.7), we obtain
the following supercongruence, which is also a generalization of (1.6).

2



Corollary 1.2. Let p =3 (mod 4) be a prime and r a positive odd integer. Then

TR B _ Db
(6k +1)—25_ = p" (mod p°).
2 VDR = B

Employing the method of creative microscoping together with the Chinese remainder
theorem for polynomials, the first author [5] gave the following generalization of (1.3): for
positive integers n, modulo [n]®,,(q)?,

[y

3
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For a prime power n = p” with p > 3, the limiting case ¢ — 1 of the above g¢-
supercongruence reduces to

i

~ (O}
ot ViEs 3k +1)4" = p"  (mod p't?). (1.9)
k=0
A refinement of (1.9) modulo p™™* was conjectured by Sun [14, Conjecture 5.1(ii)], and
has been confirmed by Wang and Hu [16].
It is known that supercongruences may have different g-analogues. For instance, the
choice ¢ — ¢*, b = —q and a = 1 of [10, Theorem 4.8] yields that, modulo [n]®,,(¢)?,

— 3. 4\2
(—a:6*)i(a* ¢")ia (—=¢* )12
e = nlg, 1.10
ko[ Jg (@ 22 (¢ (=g )% (_q5;q4)%n_1)/2[ lo (1.10)

which is another g-analogue of (1.1). In this paper, we shall give the following general-
ization of (1.10).

Theorem 1.3. Let n be a positive odd integer. Then, modulo [n]®,(q)3,

n—1
B+ 1], (—¢ )ild a)iad®
e k (@%@ (a* a*)r(=a% ¢*)3
— % g*)? g (n=1)/2 g1
_ LSVEYSS I EE Ry 1—n
— ")? + (1.11)
(—¢% q4)% 1)/2 ! k=0 1+q4k Y

Letting n = p" be a prime power and taking the limits as ¢ — 1 in (1.11), we get the
supercongruence (1.9) again.

The rest of the paper is organized as follows. In the next section, we give the definition
of basic hypergeometric series and state Rahman’s and Gasper and Rahman’s quadratic
transformations. We shall prove Theorems 1.1 and 1.3 in Sections 3 and 4, respectively,
by making use of the creative microscoping method. In Section 5, we propose five related
conjectures for further study.



2. Preliminaries

Recall that the basic hypergeometric series ,1¢, involving r+1 upper parameters ay, . . ., 11,
r lower parameters by, ..., b,, base ¢, and argument z can be defined as

00 k
Qa1,a2,...,041 (a1,a2,~-,ar+1;Q)kz
.z :§ : )
r+1¢r|: bl,bg,...,br 1 q, :| pa (q7b1,...,br;q>k

Then a quadratic transformation of Rahman [2, eq. (3.8.13)] can be stated as follows:
(1 —aq3k)(a d,aq/d; ¢*)i(b,c,aq/bc; @)
(1 —a)(q, ag/d, d; q)r(aq?/b, ag? /¢, beg; ¢*)x

_ (Clq 7bQ7CQ7 aq2/bC;q )oo ¢ b, C, CLQ/bC q2 q
(q,aq2/b,a? /e, beq; ?)se © 2| dg, ag?/d’

and a quadratic transformation of Gasper and Rahman (see [2, (3.8.14)]) can be written
as

OM8

(2.1)

z": 1 — acg® (a,b,cq/b; q)x(f, a*>A¢ ) £, 472 @)y, 3

“~ 1—ac (cg* acg®/b,abq; ¢*)i(acq/ f, [ [acg®, acg*"+; D’
_ (acg; @)an(ac’e?/bf, abq/ f; ¢ )n
(acq/ f; q)an(abq, ac®q?/b; ¢),

x 10Wo(ac? /b; f,ac/b, ¢, cq/b, cq® /b, > f,47*"; %, ¢°), (2.2)

where

o k
Z ]_—Cl()q aOaal)"'aaT;q)kZ
1_a0 QJGOQ/alw'wan/aT;q)k

7«+3W7.+2(CL0; A1,02y...,0r; 4, 2
k=0

3. Proof of Theorem 1.1

The following result is a common generalization of (1.3) and (1.4). By making use of
Gasper and Rahman’s transformation (2.2), the first author and Zudilin [10, Theorem 4.7]
proved that it holds modulo (1 —ag")(a — ¢"), while employing Rahman’s transformation
(2.1), the first author and Schlosser [7, Theorem 6.1] confirmed the truth of it modulo [n].

Lemma 3.1. Let n be a positive odd integer. Then, modulo [n](1 — aq™)(a — q"),

N 9 . 2 2 . A2
S (3K + 1] (ag, 4/, 4; €)rla/b.4/¢.b6 D _ (b0 /0. /G Tnvy2 (3
k=0

q
(aq,q/a,q; @)r(bg?, cq?, ¢3/bc; 6%k (¢%/be, bg?, ¢q?; ¢%) (n-1) 2
where N =n—1 or (n—1)/2.

We now present a generalization of Theorem 1.1 with an additional parameter a.
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Theorem 3.2. Let n be a positive integer with n = 3 (mod 4). Then, modulo [n]z(1 —
ag*)(a — q*")(1 = bg")(b — q"),
(n—1)/2

S Bk (ag® q)e(a?/a; 4)(ba; *)i(a/; )i (0% 4 )rg™
e T (ag?; ¢*)i(?/a; )i (ba®; a*)u(a® /b q*)k(at a*)x

(ba*, */b; ") -1y /2

(bg®, ¢° /b q4)(n—1)/2
Proof. 1t is easy to see that the modulus [n],; (1 —ag®”)(a— ¢*") case of g-congruence (3.2)
follows from (3.1) by performing the parameter substitutions N = (n — 1)/2, ¢ — ¢,
b bq, and ¢ = 1.

In what follows, we shall prove the validity of (3.2) modulo (1 —bg")(b—¢"). In other
words, we need to show that the two sides of (3.2) are equal for b = ¢" or b = ¢~". To this
end, taking a = ¢*, d = aq¢®, b = ¢**", ¢ = ¢'™, and ¢ — ¢ in Rahman’s transformation
(2.1), we obtain

(3.2)

(n-1)/2 \
3+ 1 2( ¢ q)e(@®/a; a)e(d T P e(q' )k(q2;q4)k(q2;q2)quk
—0 h (aq? @*)e(@®/a; @®)i(@®s a)u(@® s a*)i(a? @)k ¢
_ (q6’q n 3 TL 4 q4)oo qb 'n,7 ql , qQ .q4 q
(q2’ q5—n 5+n (]4)00 aq , q4/a ) ’
0, (3.3)

where we have used (¢*™";¢?)x = 0 for k > (n+1)/2, and (¢*™; ¢*)e = 0. It is easy to
see that
(@ " 4 ) )2
(@, 7 q) (n-1)2
This proves that the g-congruence (3.2) holds modulo 1 — bg" and b — ¢".
Since [n]2(1 — ag®™)(a — ¢*"), 1 — bg", and b — ¢" are pairwise coprime polynomials in
q, we complete the proof of the theorem. O

n]q2 =0.

Proof of Theorem 1.1. When a = b = 1 the polynomial (1—ag*")(a—¢*")(1—bq")(b—q") =
(1—¢*")%(1 —q™)? has the factor ®,,(¢)?, which is coprime with the denominators on both

sides of (3.2). Thus, putting a = b = 1in (3.2), we are led to the desired g-supercongruence
(1.7). O

4. Proof of Theorem 1.3

In order to prove Theorem 1.3, we need three lemmas.

Lemma 4.1. Let n > 1 be an odd integer. Then

e
L m

2

(1—¢q)* (mod @,(q)). (4.1)



Proof. Using the same technique in the proof of [12, Lemma 2], the first author [4, Lemma
2.5] established the following result:

2
> == (mod @,(0)
k=1
It is easy to check that, for 1 <k <n —1,
qn—k k
R = A (mod ®,,(q)).

This implies that

q q
2 _[k]2 = _[k]2 (mod ®,(q)),
k=1 k=1
and so the g-congruence (4.1) holds. O

Lemma 4.2. Let n be a positive odd integer. Then, modulo [n](1 — ag®)(a — ¢*"),

n—1

S 13k + 1, (a®, ¢*/a, 4% ¢")e(=q, —bq, ¢* /b1 ¢*)r g™
! (aq27 q2/a7 q27 q2)k(_q57 _q5/b, bq4, q4)k

k=0
_ (=0¢% ¢/, =% ) ey o .o (12)
(=4 /b, b¢%, =% 4" ) n-1yy2~ °
Proof. Letting N =n —1, ¢+ ¢* and ¢ = —q in (3.1), we arrive at (4.2). O

Lemma 4.3. Let n be a positive odd integer. Then, modulo b — ¢*",

n—1

Z[Sk + 1] 2(aq27q2/a7 q2§q4)k(_q, —bq,qQ/b; q2)kq2k
T (a2, ¢*/a, % )(—a>, — a7 /b, bak; q*)i

k=0
_ (@0, ¢ —ag®, —¢*/a; ¢*) (n-1) 2 i3
= (=%, —¢°/b, aq", ¢*Ja; ¢ Mg (4.3)
q-,—q yaq™5, 47/ 4547 ) (n—1)/2
Proof. For b = ¢*", the left-hand side of (4.3) is equal to
n—1 _on
1= ¢ (¢ a0, ¢ /a; ¢ i(=¢, =" " e e (4.4)
LT g (@, %/ a, aq% @) r(— g, ——27, g2+ gy,
Taking a = ¢, d = a¢®>, b = —q, ¢ = —¢**!, and ¢ = ¢® in Rahman’s transformation
(2.1), we can write (4.4) as
(% —¢*, =", " " ¢ s | B S
(¢*, =% =, ¢% ¢") ag*,  q¢*fa 777
o (qﬁ? - 37 _q2n+3, q4—2n; q4)oo (—CLQS, _aq3—2n; q4>(n—l)/2
- 2 _ 45 _g5—2n 4.4 4 o2-2n. 4
(@2, =@ =" ¢4 ¢ (agh, ag®> 2" ¢*) (n-1)/2
I LI S YO \
_ (@7 ¢ —ag’, —q/a; ¢), D2 (45)

(—=¢%, —¢°72, aq*, ¢*/a; ¢*) -1y )2



where we have used the ¢-Pfaff-Saalschiitz summation (see [2, Appendix (I11.12)]):

g " ab _ (c/a,c/b;q)n
3¢2 { g "abfe T q} = (c.c/abiq)n

The right-hand side of (4.5) is just the b = ¢*" case of that of (4.3). This proves the
g-congruence (4.3). O

Proof of Theorem 1.3. Since [n](1 — ag*™)(a — ¢°") and b — ¢* are coprime polynomials,
we may determine the remainder of the left-hand side of (4.2) modulo [n)(1 — ag**)(a —
¢*")(b — ¢*") from (4.2) and (4.3) by the Chinese reminder theorem for polynomials. In
fact, using the following two g-congruences:

(b_q2n>(a’b_ 1 _a2+aq2”> 1 (HlOd (1—aq2n)(a—q2")),

(a —b)(1 — ab)
(1 — aq2n>(a — q2n> — 2n
(@— b —ab) =1 (modb—qg™).

we deduce from (4.2) and (4.3) that, modulo [n](1 — a¢®**)(a — ¢*")(b — ¢*"),

S[Bk +1], (aq®, ¢*/a, ¢ q")e(—q. —bq, ¢*/b; ¢*) g™

(ag® ¢*/a, % ¢*)k(—a% —4° /b, ba*; q*)s,
(=b¢®, q* /b, =4 4" 1) 2 (b — ¢*")(ab — 1 — a® + ag®™)
(=¢°/b,bq*, =G5 ¢*) (n-1) 2 (a — b)(1 — ab)

(@*/b.¢*, —aq®, —¢*/a; ¢") -2 (1 — ag™)(a — ¢*") [ (4.6)
(=a° —¢*/b,aq", ¢*/a; ¢*) n-1)p2 (@ —b)(L —ab)

k=0

[n] q?

Letting b = 1 in (4.6) and using the following identity:

(1- ) +a? —a—ag™) = (1 a) + (1 - ag™)(a - ™)
we acquire the following g-congruence: modulo ®,,(¢)*(1 — ag®")(a — ¢*"),
—1

> (3% + 1,2 (aq®,4*/a, 4% 4")k(=4; =4, 4*; ¢*Jrg™
T (ag?, ¢%/a, 4% 42 (=45, — @, ¢*; )i

3

k=0
_ (—q3; q4)%n_1)/2 [n] - [n] . (q4, q4)%n_1)/2
(_q5§ q4)%n_1)/2 ! ! <_q5> q4)%n_1)/2
y (1—ag®)(a— ¢*") <_q37q4)%n—1)/2 B (—aq®, —¢*/a; ¢*) (n-1))2 ‘ (47)
(1 - a)2 (q47 q4)%n_1)/2 (aq4, q4/a§ q4)(n—1)/2



By L’Hopital’s rule, we have

lim (=" Vv (—ad®,—¢*/a;q") 1o
2 (¢ qh);
(

a=1 (1 —a )(n 1)/2 (aq*, ¢*/a; q4)(n—1)/2
n—1)/2

_(—q?’,ffl)?n 1)/2 g ! n q*
(14 q%—1)2 " (1— g2 [~

(@40 =

In view of Lemma 4.1, there holds

(n—1)/2 .
Z = (mod ®,(q)).

Hence, taking the limits of the two sides of (4.7) as a — 1, and using the above ¢-
congruence, we conclude that (1.11) holds modulo ®,(¢)*. But the proof of [7, Theorem
6.1] indicates that it also holds modulo [n]. The proof then follows from the fact that the
least common multiple of the polynomials @,,(¢)* and [n] is just [n]®,(¢)3. O

5. Concluding remarks and open problems

As the reader might see, the method of creative microscoping is very useful in dealing with
g-supercongruences. Nevertheless, there are still many g-supercongruences that cannot
be settled by this method. We believe that the following conjecture on generalizations of
(1.5) modulo ®,,(¢)? is such an example.

Conjecture 5.1. Let m and n be positive integers with n =3 (mod 4). Then

mn—1
(i@ d)E o 2
[Bk + 1], ¢" =0 (mod ®,(q)%), (5.1)
kzzo (@ @it (a3
mn+(n—1)/2
()il a)8 o 2
[Bk + 1] 2 ¢"=0 (mod ®,(q)%). (5.2)
kz_% (% a®)i(ah a)ula® g}

For more similar conjectures, we refer the reader to [6].
On the basis of numerical computation, we believe that the following supercongruence
related to (1.6) should be true.

Conjecture 5.2. Let p =3 (mod 4) be a prime. Then

(P*—1)/2

> Bk+ 1)% =p* (mod p%). (5.3)



Perhaps, in order to prove (5.3), we need to establish a g-analogue of it. However, we
did not find any g-analogue of the supercongruence (5.3) even in the modulus p? case.

Motivated by Swisher’s work [15], the first author [4] conjectured that, for any odd
prime p and positive integer r,

-1)/2 (r1=1)/
(%)2 _ e 3
2Bk +1)4 =p Z o ~278(3k 4+ 1)4F  (mod p*"), (5.4)
k=
r_l l r l
> (lj— 3k+1)4F =p (k?—)(Bk +1)4%  (mod p*r—os), (5.5)
k=0 k=0 '

where ¢ is the Kronecker delta with 6;; = 1 if 7 = j and 6;; = 0 otherwise. Super-
congruences of the form (5.4) or (5.5) are called Dwork-type supercongruences. The
supercongruence (5.5) still remains open so far. The first author and Zudilin [11, The-
orems 1.2 and 3.1] have proved (5.4) and (5.5) modulo p*" by establishing g-analogues
of them. Numerical computation implies that the following new g-analogue of (5.4) and
(5.5) modulo p3", which is also a generalization of (1.10), should be true.

Conjecture 5.3. Letn > 1 be an odd integer and letr > 1. Then, modulo [n"][T}_, ®ni(q)?,

(n"—1)/d
S 3k 41, (—4:6*)ile* 4"} 7
— (@ )i (e ae(—a% a*)}
_ (—¢*; q4)%nr71)/2(_(15n5 q") nr-1-1)/2 n]
f— 2
(@%@ 1y o (=" ) 1oy
(nm1-1)/d
( 7 ) (q aq ) 2nk
X 3k + 1 2n q n s
kZ:O [ ]q (q2n’q2n) <q n. ) ( q5n’q n)z

where d =1, 2.
We believe that the g-supercongruence (1.8) can be extended as follows.

Conjecture 5.4. Let m and n be positive integers with n odd. Then, modulo ®,(q)*,

mn—1 k41
(¢:4°)ia” ("3) 1—n)/2 (n?—1)(1—-q)?
3k + 1] b = [n]g 2 1+ n
kZ:O[ ](Q7 )i(q27q2>k [ ] 24 [ ]
m—1 n2 2v g _(kt+1Y),2
(@ O
X Bk +1 .
% (@ 4" )2 (@ ¢ n

Similarly, the g-supercongruence (1.11) modulo ®,(q)* should possess the following
extension too.



Conjecture 5.5. Let m and n be positive integers with n odd. Then, modulo ®,(q)*,

e 2\2( 2. 4)\3
Z[3k+1]q2 (2 q?Q)k(qﬂq)k q2k2

(% )3 (q% a*)e(—0°; ¢*)}

k=0
— (_q37 q4)%n*1)/2[ ] 1 (1 2n>2 1 - TZ2 I (n1)/2 4]“*1
fr— 2 - -
(_QS; q4)%n_1)/2 1 k=1 1 + q4k 1
m—1 2 2
(=" ™)™ ")} ok
X [3/@ + 1} n2 q e
; q? (q2 - g2n ) (q4n27q4n2)k(_q5n2;q4n2>i

It would be very interesting if someone can confirm or make progress on any of these
five conjectures in this section.
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