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Abstract. By making use of a very-well-poised g¢5; summation, the creative microscop-
ing method, and the Chinese remainder theorem for coprime polynomials, we establish
some new g-supercongruences, including some Dwork-type g-supercongruences. As a con-
sequence, we obtain the following result: for any prime p =1 (mod 4) and integer r > 1,
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1. Introduction

India’s mathematician Ramanujan discovered a number of interesting infinite series iden-
tities, such as
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(see [2]). Here I'(x) is the classical Gamma function and (a), = a(a+1)---(a +n — 1)
is the Pochhammer symbol. The identity (1.1) was first proved by Hardy [13]. In 1997,
Van Hamme [20] observed that Ramanujan’s series have amazing p-adic analogues. For
instance, the series (1.1) corresponds to the following result: for any prime p = 1 (mod 4),

(p—1)/4 1\4 1 1
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where I')(z) denotes the p-adic Gamma function. Some generalizations of (1.2) are given
by Barman and Saikia [1] and Pan, Tauraso, and Wang [18].



Liu and Wang [15] proved that (1.2) can be deduced from the following g-supercongruence:
for positive integers n with n =1 (mod 4), modulo [n]®,(q)?,
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(see [9, Theorem 4.3] for a generalization). Here and in what follows, [n] = (1—¢")/(1—¢)
denotes the g-integer, the q-shifted factorials are defined as follows:
= (%3 @)oo
Qoo = | [(1 —2¢"), and (z;¢), = ———=—.
e = J[0 et (wia)n = o
For convenience, we shall also use the condensed notation (z1, ..., Zm;q@)n = (1, ¢n - (Tm; On

forn =0,1,... or n = co. Moreover, we let ®,(q) stand for the n-th cyclotomic polyno-
mial, i.e.,

()= J] (a—¢)
1<k<n
ged(k,n)=1
where ( is an n-th primitive root of unity. Employing the creative microscoping method
[10] and the Chinese remainder theorem for polynomials [6], Liu and Wang [16] further
proved the following refinement of (1.3): for n =1 (mod 4), modulo [n]®,(q)?,
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Recently, using the same method along with a terminating very-well-poised ¢¢5; summation
(see [4, Appendix (I1.21)]), the first author |7, Theorem 1.1] gave an extension of (1.4).
For some other interesting g-supercongruences, see [21,22].

The first aim of this paper is to establish the following new g-supercongruence.

Theorem 1.1. Let n =1 (mod 4) be a positive integer. Then, modulo ®,(q)?,

(n—1)/2
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We shall also give a more general form of Theorem 1.1. Then we will take the n = p
and ¢ — 1 case to deduce the following result.

Theorem 1.2. Let p =1 (mod 4) be a prime and let r > 1. Then
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Swisher [19] built the following supercongruence similar to (1.2): for primes p = 3
(mod 4) and p > 3,

Z(8k +1) (k')‘l = 3 I;Zigj();p(z) (mod p*). (1.7)

The first author and Schlosser [9] gave the following g-analogue of (1.7): for positive

integers n = 3 (mod 4), modulo [n]®,(q)3,

3
—
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The second aim of this paper is to establish the following result, which is a companion
of (1.5) modulo @,,(q)>.
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Theorem 1.3. Let n =3 (mod 4) be a positive integer. Then

n—
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Similarly, we can deduce the following conclusion from Theorem 1.3.

Theorem 1.4. Let p =3 (mod 4) be a prime and let r > 1 be an odd integer. Then

r

pX_:(Sk’ + 1)% =3p" (mod p?). (1.9)

Swisher [19, (G.3)] conjectured that the supercongruence (1.2) can be extended as
follows: for primes p =1 (mod 4) and positive integers r,
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(1.10)

This conjecture can be considered as a particular example of Dwork-type supercongru-
ences [3,17]. The supercongruence (1.10) remains open so far. Some other Dwork-type
supercongruences are given in [5,8,11,12, 14, 23].

The third aim of this paper is to establish the following Dwork-type supercongruences:
for any prime p =1 (mod 4) and positive r,

(p—1)/d 1\3/1 (pr'-1)/d 1\3/1
2 <8k+1>(,;)3’}(;)1’“ =p > <8k+1>(,§,)’“(§2)1’“ (mod p™), (1.11)



where d = 1,2, and for any prime p =3 (mod 4) with p > 3 and integer r > 2,
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We shall prove (1.11) and (1.12) by building the following two Dwork-type g-supercongruences.
Theorem 1.5. Let n =1 (mod 4) be an integer with n > 1 and let r > 1. Then, modulo
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where d =1, 2.
Theorem 1.6. Let n = 3 (mod 4) be a positive integer and let v > 2. Then, modulo
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If n>7 orn=3andr>3is odd, then the denominators on the two sides of (1.14)
are coprime with ®,,(q) for any j > r. Further, assuming that these n are primes and
taking the limits as ¢ — 1 in (1.14), we get the supercongruence (1.12) and for odd r > 3,

i(8k+ 1)(13) (<§)> =9 Z (8k + 1)—(];23 (%)’“ (mod 3%72),

Similarly, the supercongruence (1.11) can be deduced from the limiting case of (1.13).
From Theorem 1.5, we can deduce the following conclusion.

Theorem 1.7. Let p =3 (mod 4) be a prime and r > 2 even. Then
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where d =1, 2.

The paper is arranged as follows. We shall prove Theorems 1.1-1.4 by using a very-
well-poised g¢5 summation in Sections 2—5, respectively. The proof of Theorems 1.5-1.7
will be given in Section 6. In the final Section 7, we raise several related conjectures on
supercongruences and g-congruences.



2. Proof of Theorem 1.1

In order to prove Theorem 1.1, we first give the following lemma.

Lemma 2.1. Let n be a positive odd integer. Let a and b be indeterminates. Then

M
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E+1 b = d ®,(q)),
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where M = (n—1)/2 ifn=1 (mod 4), and M =n —1 if n =3 (mod 4).

Proof. Recall that a very-well-poised g¢5 summation (see [4, Appendix (I1.20)]) can be
stated as follows:

[e.e]

3 1 —ag* (a,b,c,d; q)x (ﬂ)k _ (ag,aq/bc, aq/bd, ag/cd; ¢)o
1—a (q,aq/b,aq/c,aq/d;q), \bed (aq/b,aq/c,aq/bed, aq/d; q)os

(2.1)

For n = 1 (mod 4), letting ¢ — ¢*, a = ¢"™, b = aq, c = ¢/a, and d = ¢*"/b? in
(2.1), we obtain
(n—1)/2 -n —n —n
L— g™ (¢ aq, q/a, " /0% ¢ )

b**q" = 0.
L—q'= (¢ q* " /a,aq* =", b*¢% q*)i

k=0
For n = 3 (mod 4), letting ¢ — ¢*, a = ¢' ™", b =aq, ¢ = q/a, and d = ¢*73"/b* in (2.1),

we get

n—1 —3n —3n —3n /1,2.
L— g™ (¢, ag, q/a, 7" /6% q")x
L—g' = (", ¢ /a, aq* =", b2 )i

kaqk = 0.
k=0

The proof then follows from the g-congruence ¢" =1 (mod ®,(q)). O

We also require the following easily proved lemma. For a short proof of it, see [6,
Lemma 2.1].

Lemma 2.2. Let n be a positive odd integer. Then

/2 (1 _ an)q—(n—1)2/4
(1 —a)an—1/2

(¢;@)n-1 =n  (mod @,(q)). (2.3)

(aq®, ¢*/a; ¢*)n-1yy2 = (1) (mod ,,(q)), (2.2)

We now present a parametric extension of Theorem 1.1.



Theorem 2.3. Let n > 1 be an integer with n = 1 (mod 4). Let a and b be indetermi-
nates. Then, modulo ®,(q)(1 — aq™)(a — ¢"*)(b— ¢"),

(n—1)/2
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Proof. For a = ¢" or a = ¢~ ", the left-hand side of (2.4) can be written as
(n—1)/2
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k=0
Performing the parameter substitutions ¢ — ¢*, a = ¢, b = ¢'™, ¢ = ¢! ™", and d = ¢*/V?
in (2.1), we deduce that (2.5) is equal to
(q57 q37 b2q2inv b2q2+n; q4)oo (q57 q3/62; q4)(n71)/4 b(n_l)/2q(1_n)/2.

(¢, ¢, 0263, 0%¢; Moo (4, 02635 44) (n1)4

Since the polynomials 1 — aq” and a — ¢" are coprime with each other, we obtain the
g-congruence: modulo (1 — ag")(a — ¢"),

(n—1)/2
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(4,0%¢% ¢*) (n-1)/a

For b = ¢", the left-hand side of (2.4) can be written as

(n—1)/2 —on
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Putting ¢ — ¢*, a = ¢, b =aq, ¢ = q/a and f = ¢* 2" in (2.1), we see that (2.7) is equal
g
to
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This establishes the g-congruence: modulo b — ¢,
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It is clear that ®,(q)(1 —aq™)(a — ¢™) and b — ¢" are coprime polynomials. In view of
the Chinese reminder theorem for coprime polynomials, we can determine the remainder
of the left-hand side of (2.4) modulo ®,(¢)(1 — aq™)(a —¢")(b — ¢") from (2.6) and (2.8).
For this purpose, we need the following two g-congruences:

(b—q")(ab—1—a?+ aq")

(a—b)(1 — ab) =1 (mod (1—ag")(a—q"), (2.9)
(1 —ag")(a—q") _ i
(a — b)(1 — ab) =1 (modb—g"). (2.10)

The g-congruence (2.4) then follows from (2.6), (2.8), (2.9) and (2.10) immediately. O

We are now able to prove Theorem 1.1.

Proof of Theorem 1.1. Since
(q57q3;q4)(n—1)/2 = (q3;q2)n71 = [an; q2>(n—1)/2<qn+2; q2>(n—1)/27
in light of(2.2) and (2.3), we get

> 6% 4") - 0% 0" - 1 —a)a® b7
(@ @50V _ [0)(a,6%¢*) 01 _ [nn(l—a)a (mod @, (q)?).
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Moreover, we have the identity:
1—¢1+a*—a—a¢")=(1—-a)*+(1—aq")(a—q"). (2.12)

And, when b = 1 the polynomial b — ¢" = 1 — ¢" has the factor ®,(q). Hence, letting
b = 11in (2.4) and making use of (2.11) and (2.12), we arrive at the following g-congruence:
modulo @,,(¢)*(1 — aq™)(a — ¢"),

(n-1)/2
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By the L'Hopital rule, we have

o (=)@ =) (1= @ = n(l = )™ 2) (w2~ 1)1 = ¢)?

a1 (1—a)? (1—an) - 24 )

which first appeared in [6]. Hence, taking a — 1 in (2.13) and applying the above limit,
we get the desired g-supercongruence (1.5). a



3. Proof of Theorem 1.2

We first prove the following lemma.

Lemma 3.1. Let n =1 (mod 4) be a positive integer and r > 1. Then

i (¢.09,9/a,¢* ¢ ) a
8k +1 A At h S ¢"=0 (mod ®,;(q)), 3.1)
,; | ](q"‘,q"‘/a,aq‘*,q?’;q‘*)k ( ]Hl @) (
where d =1, 2.

Proof. From Lemma 2.1, we know that

(n—1)/2 .
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We now assume that 7 > 2 and 1 < s < r. Since n = 1 (mod 4), we have n® =
(mod 4). Consequently, replacing n +— n® and b = 1 in (3.2) yields the g-congruence:

(n®*-1)/d

(¢,0q,q9/a,¢*¢" ) 5 _
> [8k+1] g e = 0 (mod ®,:(q)), (3.3)
k:O ) ) ) b

where d = 1,2. Let ¢ be an n®-th primitive root of unity and ¢,(k) the k-th term on the
left-hand side of (3.3), i.e.,

(¢,a9,9/a, 6% ¢* )k
(q47 q4/a7 CLq4, q37 94)k

c,(k) = [8k + 1]

Thus, the g-congruence (3.3) means that

ns—1 (nS—l)/Q
Yok = Y elk)=0.
k=0 k=0

It is easy to see that, for any non-negative integers [ and k,

S S k,
ce(ln® + k) - cn*+k) o (k).
ce(In®) —C  cq(In?)
Therefore,
n"—1 n""%—-1n%-1 n""%—1 n®—1
ce(k) = cc(In®+ k) = ce(In?) ce(k) =0,
k=0 I=0 k=0 1=0 k=0
(n"—1)/2 (n"=5-3)/2 ns—1 (n®—1)/2

doelky= D> i) celk)+ Y e(n”—n?)/2+ k) =0.
k=0 1=0 k=0 k=0



This indicates that the sums ZZ;_OI ¢q,(k) and Z(n D/ ? ¢,(k) are both congruent to 0
modulo ®,,:(q) for 1 < 7 < r. Since ®,(q), P,2(q), ..., P, (q) are pairwise coprime poly-
nomials in Z[g|, we conclude that the g-congruence (3.1) holds. O

Proof of Theorem 1.2. Replacing n by n” in Theorem 1.1, we obtain

(n"—1)/2

(B HUS S
;; Be+ 1 (5 a2 (@ )
= qU=/2]r] {1 + (n*" — 12%4(1 —q) [nT]Q} (mod @, (¢)). (3.4)

Since [n'] is divisible by [];_, ®.s(g), we conclude from Lemma 3.1 that (3.4) is true

modulo ®,,(q)* | Py 1 ®,,;(¢). Letting n = p be a prime and taking the limits as ¢ — 1 in
this g-congruence, we obtain the supercongruence (1.6). O

4. Proof of Theorem 1.3

Like the proof of Theorem 1.1, we first present a parametric version of Theorem 1.3.

Theorem 4.1. Let n be a positive integer with n

= 3 (mod 4). Let a and b be indeter-
minates. Then modulo ®,(q)(1 — aq"™)(a — ¢")(b — q"),

n—1
8k’+1 qaa3Q7q/a37q2/b2‘ 4) b2k k
— (@q*, q*/a?, ' b2 ¢ )

(b—q")(ab—1—a® +aq") (¢°, ¢ /0% ¢*) 3n—1)/a(b/q) B~ 1)/
(a—0)(1 — ab) (023, 45 ¢*) (3n—1)
(1—ag")(a—q") (@°,4% ") m-1)2

. 4.1
(a=5)(1—ab) (@q"q"/a% g1y 41
Proof. For a = q" or a = ¢~ ", the left-hand side of (4.1) can be written as
n—1
<Q7 ql—l—?m’ ql ) q2/b q )k 2k k
Z[8k +15 4=3n_gitin 2 b™q". (4.2)
par (¢*,q 002635 g )i

Making the substitutions ¢ — ¢*, a = ¢, b = ¢"™*", ¢ = ¢"7*", and d = ¢*/b? in (2.1), we
see that (4.2) is equal to

3 b2 2—3n b2 2+3n.

(¢, ¢°, oo (/00 ) n-1/a 1, an))
4-3n 413n 12,3 P2 = 2 (b/q )
(q ".q + n7b ab q;9q )oo (Q7b q v q )(371—1)/4



This implies that, modulo (1 — ag¢™)(a — ¢"),

n—1
Z[gk—i_ 1] (Q7a3Q7Q/a37q2/b2;q4)k‘ ka k = (q qg/b27q ) 3n— 1/4(b/ )(371 1) / (43)
prd (¢* ¢*/a®, a3q*, b2 ¢3; 4, (¢,5°6% q") (3n-1)/a

For b = ¢, the left-hand side of (4.1) can be written as

n—1

3 3 2-2n. .4
Z[8k+1](q,ciq73qéa 74q : ,3q2)kq4
adqt, q*/ad, 3 gty

k':O (q )
Putting ¢ — ¢* a = q, b = a®q, c = q/a® and d = ¢*?" in (2.1), we conclude that (4.4)
is equal to

k+2nk

(4.4)

(@°,¢*, 7" [0 P ¢ ) (%0 w1y
(¢*/a3, a3q*, T2, 127 ¢h) (a3q4,q4/a3;q4)<n_1)/z'

This establishes the g-congruence: modulo b — ¢,

n—1 2-2n. k+2nk 5 3. 4
S+ 1] q,an/a,q $ M )rq _ (@°, 4% ¢*)(n-1)/2 | (45)

— (', a*q*, q"/a®, " qY ) (6", 4" /0P ¢") -1y 2

By the Chinese reminder theorem for coprime polynomials, we obtain the g-congruence
(4.1) from (2.9), (2.10), (4.3) and (4.5). O

Proof of Theorem 1.3. In view of (2.12), the b = 1 case of (4.1) reduces to the following
g-congruence: modulo ®,(¢)(1 — aq™)(a — ¢")

n—1

2[8]{; + 1] (q7 a3(]’ Q/aga (]2, q4)k (]k
pr (¢*,q"/a3,a3q*, ¢ q*)x
= q(1—3n)/2[3n] + (1 — a’qn)(a’ _ qn) <q(1—3n)/2[3n] . (q57 q37 q4)(n—1)/2 )
(1—a)? (a3q*, q*/a3; ¢*) (n-1))2
= q(1*3")/2[3n]. (46)

This is because (¢?; ¢*),,_1 only contains the factor @,(q), but does not contain the square
of ®,(q). Finally, letting n = p and ¢ — 1 in (4.6), we finish the proof of (1.8). O

5. Proof of Theorem 1.4

We can prove that (3.1) also holds for n = 3 (mod 4) and d = 1, and so we can show that
(6.5) holds modulo []_, ®,i(¢). This, together with the n + n" case of Theorem 1.3,
implies that

n"—1 r—1

> 8k +1] (2?;_244))23((22;242)’; ¢ =q" 2B (mod 04 (@) [ wila)  (5.1)
k=0 A

=1

The proof then follows from (5.1) by taking n = p and ¢ — 1.

10



6. Proof of Theorems 1.5, 1.6 and Theorem 1.7

To prove Theorem 1.5, we need to establish the following parametric g-congruence.

Lemma 6.1. Let n = 1 (mod 4) be an integer with n > 1 and let r > 1. Let a be an
indeterminate. Then, modulo

, (- 1-1)/d
(H D (CI)> (1= agW*I™)(a — g WM |
j=1

=0
we have
(nri)/d[gwrl] (ag,q/a,q, 4% ") 4,
— (ag*,q¢*/a,q* ¢* q*)x
(1= 1)/d a2 g
o E e LTI
where d =1, 2.

Proof. In view of (3.1), the right-hand side of (6.1) is congruent to 0 modulo ®,(q) [T;—; LD, (q).
Since ®,,;(¢") is divisible by ®,;+1(q), we see that both sides of (6.1) are congruent to 0

modulo []7_, ®,.;(q).
In order to prove (6.1) modulo

(n"~1-1)/d A .
H (1 . aq(4j+1)n)(a . q(4j+1)n)7 (6.2)

=0

we need the following identity: for n =1 (mod 4),

(n—1)/4 —n _14n 2. 4
( » 4 4,4 §Q)k k 1-n)/2
8k + 1] ¢* = ¢*/2[n], (6.3)
,; a4t 3 e

which is equivalent to the b = 1 case of (2.6).
For a = ¢~W+)" or g = ¢+ with 0 < j < (n"~! — 1)/d, in view of (6.3), the
left-hand side of (6.1) is equal to

(n"-1)/d 1+(45+1)n

(¢'~Wtn g Tk k- grmy 2y
Z 8k + 1] (g n i@ n g g3, q4)kq =q W (47 + 1)n], (6.4)
k=0 ’ o

where we have used the facts that (n" —1)/d > ((4j+1)n—1)/4for 0 < j < (n" ' —1)/d,
and (¢'~W+bn. ¢*), = 0 for k > ((4j + 1)n — 1) /4. Similarly, in this case the right-hand
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side of (6.1) is equal to

(n"~1-1)/d
¢ (n] ¢"*[8k + g
k=0
= gl g + 1

(q—4jn’ q(4j+2)n7 qn’ q2n; q4n)k
<q(374j)n, q(4j+5)n, q4n, q3n’ q4n)k

which is the same as the right-hand side of (6.4). This proves that both sides of (6.1) are
equal for a = ¢+ with 0 < j < (n"~' — 1)/d. Namely, the g-congruence (6.1) is true
modulo (6.2). O

Proof of Theorem 1.5. It is not hard to see that the limit of (6.2) as a — 1 incorporates
the factor

[T @ui(g® " ifd=1,
H;:1 D, (q>nr7j+1, if d=2.

Furthermore, the denominator of the right-hand side of (6.1) divides that of the left-hand
side of (6.1). The factor involving a in the latter is (ag*, ¢*/a; ¢*)(nr—1y/a, the limit of
which as a tends to 1 merely owns the following factor

{H;Zl ®,i(q)* 772 ifd=1,
[T ()" 7Y, ifd=2.

related to @,,(q), ®,2(q), ..., Pnr(g). Therefore, taking a — 1 in (6.1), we conclude that
(1.13) holds modulo []_, ®,i(q)*, as desired. 0

The proof of Theorem 1.6 is analogous, and we need to construct a parametric ¢-
congruence as follows.

Lemma 6.2. Let n =3 (mod 4) be a positive integer and let v > 1. Let a be an indeter-
minate. Then, modulo

j=1 J=0
we have
n"—1
Sk + 1] (aq,q/a, 0. %4 e &
— (aq*, q*/a,q*, 4% ¢*)k
n" 21 n? n? n?2 2n2. 4n?

(aq4n27 q4n2/a7 q4’r127 q3n2; q4n2)k
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Proof. We have already mentioned in Section 5, the g-congruence (3.1) is also true for
n =3 (mod 4) and d = 1. This enables us to show that (6.5) holds modulo [];_, ®,(q).
In order to prove (6.5) holds modulo

n"2-1

H (1 — agW ") (q — WD), (6.6)

Jj=0

it suffices to show that both sides of (6.5) are equal when a = ¢~ 4+ or ¢ = ¢(4/+1n*
for all 0 < j < n"~2 — 1, namely,

n'—1 1—(4j4+1)n2  14+(4j+1)n2 2. 4
> lsk+1 (q4_<4-+1>n2 T L
prt (gt~ WHDn® gt 0n® gt g3 qt)y,
n""2-1 _4in2 19n2  n2 n2. 4n?2
Z sk 1 1), (a9, ¢ g™, ¢ g ) 6.7)
q (q(374j)n2’ q(4j+5)n2’ q4n27 q3n2; q4n2)k ’ ’
It is easy to see that n” —1 > ((4j+1)n*—1)/4for 0 < j < n"~2—1, and (¢'~W+D"*; g4), =
0 for k > ((45 + 1)n%? — 1)/4. In light of (6.3), the two sides of (6.7) are both equal to

g (4 4 D) = g0 P G+ 1],
This completes the proof of (6.5) modulo (6.6). O

Proof of Theorem 1.6. Obviously, the limit of (6.6) as a — 1 contains the factor

H (I)nj (Q) ' :
j=2

On the other hand, the denominator of the left-hand side of (6.5) is divisible by that of
the right-hand side of (6.5). The factor of the former containing the indeterminate a is
(aq®, q*/a; q")pr 1. Tts limit as a tends to 1 only has the factor

[T @2
j=2

that is relevant to ®,2(q), ®,3(q), ..., P, (¢). Hence, letting a — 1 in (6.5), we complete
the proof of (1.14). O

Proof of Theorem 1.7. For any positive integer n with n = 3 (mod 4), we have n? = 1
(mod 4). Putting n +— n? and r +— r/2 in (1.13), we acquire the following g-congruence:

modulo H;/:21 P2 (q)3,

(v -1)/d
o G aNi D
2[8 + s a4
k=0 (q 1 q )k(q 14 )k
(n"2-1)/d n?. 4n2\3(,2n%. 4n?
_ _(1-n?2)/2y, 2 n2k (@5 ™)™ 54" )k
=q n q" "8k 4+ 1] 2 , 6.8
[ ] — [ ]q (q4n2;q4n2>%<q3n2 q4n2) ( )
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where d = 1,2. Letting n = p be a prime and taking ¢ — 1 in (6.8), we get the desired
supercongruence (1.15). O

7. Concluding remarks and open problems

In this section, we put forward several related conjectures for further investigation. We
first propose the following generalization of Theorem 1.2.

Conjecture 7.1. Let p =1 (mod 4) be a prime with p > 5 and let r > 1. Then

" gy WG
Z (8k + 1 M—f =p" (mod p"*?).
k=0 KBk

A natural idea to tackle Conjecture 7.1 is to give a generalization of (1.5) modulo
®,(q)8. However, it seems rather difficult to provide such a generalization, even in the
modulus ®,,(¢)° case.

Although we did not find a generalization of (1.8) modulo ®,(q)*, on the basis of
numerical calculation, we believe that the following extension of (1.9) modulo p"*2 should
be true.

Conjecture 7.2. Let p =3 (mod 4) be a prime and r > 1 an odd integer. Then

(S (DEG)x 2 PR 1

s p T
§ (8k+1) ];1 (;) =3+ § 2 (mod p"*?).
k=0 4 ]

Jj=1

We have the following generalization of (1.11) for d = 2. Note that the r = 1 case is
also open.

Conjecture 7.3. Let p=1 (mod 4) be a prime and let r > 1. Then

(mod p®—%3)

I

where 0 is the Kronecker delta with ¢;; =1 if i = j and 6; ; = 0 otherwise.
We also observe that (1.12) has the following companion.

Conjecture 7.4. Let p =3 (mod 4) be a prime and let v = 2. Then

(r"—1)/2 1)3(1 1)3(1
> B+ 1)% = p2 Z 8k+ 1 (1;4)’“((;)) (mod p*~Y).  (7.1)
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Although there exists a parametric g-congruence similar to (6.5) when the left-hand
side is truncated at (n” — 1)/2 and the right-hand side is truncated at (n"~2 —1)/2, we
cannot use this g-congruence to get a g-analogue of (7.1). Therefore, in order to confirm
(7.1) we perhaps need to employ new methods and techniques.

It is easy to see that Theorem 1.1 implies the following g-supercongruence: for n = 1
(mod 4), modulo ®,(q)?,

n—

< )(q 0k (1-n)/2p,,
k:08k+ g i@ et &

We end this paper with the following two challenging conjectures.

Conjecture 7.5. Let m and n be positive integers withn =1 (mod 4) and n > 1. Then,
modulo ®,,(q)3,

A (@:4(a* 0Dk _ o o ! B
%[8k+1](q4;q)(q q)q §8k+1 A (%)

Conjecture 7.6. Let m and n be positive odd integers with n = 1 (mod 4) and n > 1.
Then, modulo ®,,(¢)*,

(mn—1)/2
Sk + 1] (@ a")i(d% dY)r &

HM

ot (a% ¢k (¢% ")
n? —1)(1 —q)?
= q(l—n)/Q[n] {1 + ( 2)51 q) [n]2}
(m—1)/2 n? n2 n2. 4n?
y Sk 1], (4" 3¢ )i(d™ 54" )
P (q4n2 : q4n2 )% <q3n2 : q4n2)k
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